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ABSTRACT. We prove upper bounds on the transition probabilities of random walks with
i.9.d. random conductances with a polynomial lower tail near 0. We consider both con-
stant and variable speed models. Our estimates are sharp. As a consequence, we derive
local central limit theorems, parabolic Harnack inequalities and Gaussian bounds for the
heat kernel. Some of the arguments are robust and applicable for random walks on gen-
eral graphs. Such results are stated under a general setting.
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1. Introduction and Results

The work presented below mainly concerns the Random Conductance Model (RCM)
with polynomial lower tail. We shall obtain various heat kernel bounds, Harnack inequal-
ities and a local central-limit theorem for such models under sharp conditions on the
fatness of the tail of the conductances near 0. Some of our arguments exploit specific
features of the model - mainly some geometric information on the field of conductances
and its spectral implications - while other arguments are general properties of random
walks on graphs. In the rest of this introduction, we will separate results that are more
robust from those that are specific to the RCM. The robust results will be discussed in
the first subsection below, and results specific to the RCM and references to the existing
literature will be given in the second subsection. Readers who are interested in RCM

may start reading this paper from the second subsection.
Notation: We use ¢ or C' as generic positive constants.
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1.1 Part I: Framework and the results.

In this subsection, we give some sufficient conditions for various heat kernel bounds,
Harnack inequalities and a local central-limit theorem on a general graph. The results
will be used in the next subsection for a concrete RCM.

Let (G, ) be a weighted graph. That is, G is a countable set and wy,, = wy,; > 0 for each
z,y € G. We write z ~ y if and only if wyy, > 0. For « # y, {(z,y) = {x0, 1, -+ ,Tm} is
called a path from from x toy if x = zg, 21, -+ ,xm =yand x; ~ x;4q fori =0,--- ,;m—1.
Write [¢(z,y)| = m. Define the graph distance by d(z,y) = min{|l(z,y)| : l(z,y) €
P(z,y)} where P(x,y) is the set of paths from x to y. We define d(z,z) = 0 for z € G.
We assume (G, ) is connected and it has bounded degree, that is, d(z,y) < oo for each
x,y € G and there exists M > 0 such that |[{y € G : wyy > 0} < M for each z € G.
Write B(z,R) := {x € G :d(z,y) < R} and B(z,R) := {z € G : d(x,y) < R}. For
A C G, define m(A) = >, 4 m(x) where m(z) = >, way, and v(A4) = 3_ 4 vy Where
v, = 1.

We will consider VSRW (variable speed random walk) and CSRW (constant speed
random walk) that correspond to (G, 7). Both are continuous time Markov chains whose
transition probability from z to y is given by wyy/m(x). The holding time at x is ex-
ponentially distributed with mean 7(z)~! for VSRW and with mean 1 for CSRW. The
corresponding discrete Laplace operator and heat kernel can be written as

Lol (@) = 5 YU ) = S@, 17 (w,) = PX = )0,

Y

where 6, = 6(z) = w(z) for CSRW and 6, = 1 for VSRW. Thus the notation £, and
X (™ correspond to CSRW and £,, X correspond to VSRW. We may and will often

remove the script when results are valid for both types of random walks.
Let d(-,-) be a metric defined by

m—1
d(z,y) = min{Z(l /\w;iiﬁl) l(z,y) = {xo, 21, ,xm} € Plx,y)}.
=0

Note that by definition, it is clear that d(z,y) < d(z,y) for all 2,y € G. Write B(z, R) :=

{xeZ% :d(x,y) < R}. For AC G, let T4 =inf{t >0:X; ¢ A}.
In the following, we fix 6 (which is either 7 or v) and consider either CSRW or VSRW.

Assumption 1.1 Let xg € G be a distinguished point.
(i) There exist 6 > 0,c; > 0 and Tp(xo) € [1,00) such that

pt(xay) < Clt_d/2 V.%', ye B(x07t(1+6)/2)7 t > TO(xO)' (11)

(ii) There exist 6 > 0,ca > 0 and Ro(xo) € [1,00) such that the following hold:
(CSRW case: 0 =) cor® < E*[1p(y ] for all x € B(zo,7%%) and all r > Ro(xo).
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(VSRW case: § = v) car? < E""[TB(%T)] for all x € B(xg,r'19) and all r > Ro(xo).
(i41) There exist Cp > 0 and Ry(wo) € [1,00) such that if R > R1(wo) and a positive func-
tion h : B(xg, R) — R4 is harmonic on B = B(xo, R), then writing B’ = B(xo, R/2),

sup h < Cginf h. (H)
B B’

(iv) Let 0 be as above. There exist § > 0, c3,c4 > 0 and Ra(xzg) € [1,00) such that

csR? < 0(B(z0, R)) < sup 0(B(z, R)) < c4R%,  for all R > Ry(x).
x€B(xo,R119)

(v) (CSRW case: 0 = ) There exist k > 0 and R3(zg) € [1,00) such that

i > R7F Il R>R .
veBlom ") 2 B Jor all B 2 Ry(wo)

(VSRW case: 6 = v) There ezist cs > 0 and Ry(zo) € [1,00) such that for any x €
B(zo, R), R > Ry(x¢), if d(x,y) > R then it holds that

d(z,y) > esd(z,y).

Under the assumption, we have the following.

Heat kernel estimates

Proposition 1.2 Assume Assumption 1.1 and let ¢ € (0,0/(1 + 0)). There exist
c1, 05 >0 and Ri(xg) € [1,00) such that for x,y € G and t > 0, if

c1(d(z,y) V t7%) > R, (x0), (1.2)
and X
d(zo,x) < er(d(x,y) Vt2-<), (1.3)
hold, then
pr(,y) < cat™ P exp ( - 03d(w,y)2/t) for t>d(z,y), (1.4)

n(ey) < eresp (- cxda o)1V log(d(z.)/0)) for t<d(ry).  (15)
Corollary 1.3 Assume Assumption 1.1. There exist ¢; > 0 and R.(zo) € [1,00) such
that if R > R.(x0), then

sup ps(z,y) < e1T~Y? for all x,y € B(xo,2R) with d(z,y) > R,
0<s<T

where T = R2.

For a subset A C G, let {X/"};>0 be the process killed on exiting A and define the
Dirichlet heat kernel pf(-,-) as

pi(a,y) = PY(X{ = 1)/,
Then the following heat kernel lower bound holds.
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Proposition 1.4 Assume Assumption 1.1. Then there exist c1,0¢ € (0,1) and Ty (xo) €
[1,00) such that
/
ptB(Imtl 2)($7y) 2 cltid/27 \V/x, Yy € B(CEOa 50t1/2)

for all t > Ty (o).
Parabolic Harnack inequalities and Hoélder continuity of caloric functions
For x € G and R,T > 0, let Cy, > 2, Q(z, R, T) := (0,4T] x B(z,CyR) and define
Q_(z,R,T):=[T,2T] x B(z,R), Q+(x,R,T) := [3T,4T] x B(zx, R).

Let u(t,z) be a function defined on [0, 4T] x B(x, C.R). We say u(t, ) is caloric on Q if
it satisfies the following: for ¢ € (0,47) and y € B(z, CyR):

Owu(t,y) = Lou(t,y).

We then have the following.

Theorem 1.5 (Parabolic Harnack inequalities)
Assume Assumption 1.1. Then there exist ¢y > 0,Cy > 2 and Rs(xo) € [1,00) such
that for any R > Rs(x0), and any non-negative function uw = u(t,z) which is caloric on
Q(xo, R, R?), it holds that

sup u(t,z) < ¢ inf u(t, x). (1.6)

(t,z)eQ—(z0,R,R?) (t,)€Q+(z0,R,R?)

Corollary 1.6 Assume Assumption 1.1. Then there exist c1,8 > 0, Cy > 2 and
Re(z0) € [1,00) such that the following holds: For any R > Rg(wo) and T' > R? + 1,
let R' = /T' and suppose that u is a positive caloric function on Q(xo, R',T"). Then for
any x1, 73 € B2, R) and any t1,ts € [4(T' — R?),4T"], we have

|u(ty, x1) — u(te, z2)| < cl(R/Tll/Q)ﬂ sup  u.
Q+ (w0, R, T")

Local central limit theorem

In the following, we write the Gaussian heat kernel with covariance matrix ¥ (which is a
positive definite d x d matrix) as
1 Xz

ki(x) := exp(—
(@) 2rh)ldet P

).

When G = Z%, 2y = 0 and d > 2, if we further assume the invariance principle, we can
obtain the following local limit theorem.

Proposition 1.7 Assume Assumption 1.1 and the following;

There exists c; > 0 such that lim R™%m(B(0,R)) = c1,

R—o00

lim P°(n~'?X,, € H(y,R)) = / ki(2)dz,  VyeRY R t>0,
H(y,R)

n—oo



HARNACK INEQUALITIES AND LOCAL-CLT 5

where H(y, R) =y + [~ R, R]%. Then there exist a > 0 such that for each Ty, T > 0 and
each M > 0, we have

lim sup sup |n%p%,(0, [nx]) — aky(x)| = 0,
=00 14| <M te[Ty,Ts]

where we write [x] = ([x1],-- -, [24]) for & = (x1,--- ,24) € RY,

1.2 Part II: Models and results.

In this subsection, we will consider the specific RCM with polynomial lower tail. In Part
I, we consider a general weighted graph, but in Part II we consider G = Z% and the
conductance is nearest neighbor and random.

Let us first define the model precisely (for more information on the RCM, see Biskup
[12] or Kumagai [27]). Consider the d-dimensional hypercubic lattice Z? and let E4 denote
the set of (unordered) nearest-neighbor pairs, called edges or bonds, i.e. E; = {{z,y} :
z,y € Z% |xr — y| = 1}. We use the notation = ~ y if (z,y) € Eg, and we = wyy = wys to
denote the random conductance of an edge e. Let (2, F,P) be the probability space that
governs the randomness of the media. We assume {w. : e € E4} to be positive and i.i.d..
We define w, CSRW, VSRW, their Laplace operators and heat kernels etc. as in Part I.
Note that we have two sources of randomness for the Markov chain: the randomness of
the media and the randomness of the Markov chain. In order to clarify the randomness
of the media, we often put w € €. For example, we denote by (P%, x € Z%) the Markov
laws induced by the semigroup Pf, := et“0, and by p¥(z,y) = P*(X; = y)/0(y) the heat
kernel. Let ET be the expectation with respect to P2. As in the last subsection, we use
the same notation for CSRW and VSRW when it is clear which Markov chain we are
talking about.

Our purpose is to investigate the effects of fluctuations in the environment on the
behavior of the random walk. We shall in particular get bounds on the long time behavior
of the return probability PY(X; = 0).

It is well known that when the conductances are bounded and bounded away from 0
(the uniformly elliptic case), then the decay of the return probability obeys a standard
power law with exponent d/2: there exist constants ¢ and C such that for all ¢, x and v,
then

et~ < PY(X, =y) < Ct™P,

both for CSRW and VSRW. We refer to Delmotte [20].

The first sharp results for non-uniformly elliptic conductances were obtained in Mathieu
and Remy [30] in the case of random walks on super-critical percolation clusters. Then
conductances are allowed to take two values only, 0 and 1. We assume that P(w, > 0) >
pe(d), where pe(d) is the critical threshold for bond percolation on Z¢ and we condition on
the event that the origin belongs to the infinite cluster of positive conductances. Mathieu
and Remy showed that there exists a constant C' such that, for almost all realizations of
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the conductances, for large enough ¢, we have

sup PO(X; = y) < Ct~ %2, (1.7)
Yy

The results in [30] were later improved in [4].

Quite often in statistical mechanics, results in percolation help understanding more
general situations through comparison arguments; the present paper is no exception.

The bounds on the return probability in the percolation case eventually lead to the
proof of functional central limit theorems and local C.L.T. . We refer to Sidoravicius and
Sznitman [31], Berger and Biskup [10] and Mathieu and Piatnitski [29] for the percolation
model, and Barlow and Hambly [9] for the local C.L.T., and to Mathieu [28], Biskup and
Prescott [14], Barlow and Deuschel [7], Andres, Barlow, Deuschel and Hambly [1] for
more general models of random conductances.

In the other direction, examples show that a slow decay of the return probability is
possible for random positive conductances. In Fontes and Mathieu [23], the authors
computed the annealed return probability for a model of random walk with positive
conductances whose law has a power tail near 0. They showed a transition from a classical
decay like t=%/2 to a slower decay. In [11], Berger, Biskup, Hoffman and Kozma proved
that for d > 5, given any sequence \,, T 0o, there exists a product law P on (0, oo)]Ed such
that

PY(X, = 0) = ofw)(Anyri) 2
along a deterministic sequence (ny), with c¢(w) > 0 almost surely. In this construction,
although the conductances are almost surely positive, their law has a very heavy tail
near 0 of the form P(w,, < s) ~ |log(s)|~%, 6 > 0. (Here we write f ~ g to mean that
f()/g(t) =1+ o(1) for functions f and g.)

One may then ask for what choice of P does the transition from a classical decay with
rate t~%2 to a slower decay happens. A partial answer to this question is in the papers
of Boukhadra [16]-[17].

Let us consider positive and bounded conductances, with a power-law tail near zero:
let v > 0 and assume the following conditions : for any e € Eg,

we € [0, 1], Plwe <u) =u"(1+0(1)), u—0. (P)
It is proved in Boukhadra [17] that, when (P) is satisfied with v > d/2 , then
PY(X; = 0) = ¢=2+el), (1.8)

for almost all environments and as ¢ tends to +oc.
On the other hand, it is proved in [16] that, still for an environment satisfying (P),
then
PY(X, =0) > C(w)n~ 3+, (1.9)
where 6 = §(7y) is a constant such that §(y) — 0 as vy — 0.

The next theorem improves upon (1.8) in two respects: first we have extended the
domain of admissible values of ; secondly and more importantly, we obtain a much
sharper upper bound on the return probability, to be compared with (1.7).
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In this subsection, we use an equivalent and more appropriate definition of the box:
B(x,n) =z + [-n,n]* N 24
for all € Z¢ and write B,, = B(0,n).

Theorem 1.8 Let d > 2 and suppose that the conductances (we,e € Ey) are i.i.d.
satisfying (P). Then we have :
(1) For the CSRW, for any v > %d%%, there exist positive constants ,c1 > 0 such that

P-a.s. for all z,y € B(0,t149/2) and for t large enough,
Py (x,y) < et 2 (1.10)

(2) For the VSRW for any v > 1/4, there exist positive constants 0',co > 0 such that
P-a.s. for all z,y € B(0,t1%9)/2) and for t large enough,

P (m,y) < et Y2, (1.11)

Using the results in Part I, we obtain the following.

Theorem 1.9 Let v > %d%‘{/Z for CSRW and v > 1/4 for VSRW. Then the conclusions

of Proposition 1.4 (Heat kernel lower bound), Theorem 1.5 (Parabolic Harnack inequal-
ity), Corollary 1.6 (Hélder continuity of caloric functions) and Proposition 1.7 (Local
central-limit theorem) hold.

Remarks 1.10 (1) Let us discuss in what sense the statements in Theorem 1.8 are
optimal.

The restrictions on the value of v are related to trapping effects on the random walk
induced by fluctuations of the conductances. These trapping effects depend on the model,
CSRW or VSRW.

The CSRW cannot be trapped on a site but it might be trapped on an edge. Indeed,
assume there exists in B,, and edge e = {z, y} of conductance of order 1 that is surrounded
by edges of conductances of order n™* for some u > 0.

Starting at x, the random walk will oscillate between x and y for a time of order n*.
If we insist that p¥(z,z) < ¢1t~%? when t is of order n2, as in part (1) of Theorem 1.8,
this imposes p < 2.

It is not difficult to see that, under assumption (P), there will P-a.s exist edges of
conductance of order 1 that are surrounded by edges of conductances smaller than n™*
for all p such that py(4d —2) < d. Thus we deduce that it is not correct that p{(z,x)
decays faster than ¢~%?2 uniformly on the box B i When v < % dj 73

The VSRW may be trapped on a point: let  be such that all edges containing x have
conductances of order n™#. Then the VSRW will wait for a time of order n* before its
first jump. Thus the estimate pY(z, x) < c1t~%2 when t is of order n? cannot hold unless
p < 2. It is easy to deduce from that fact that statement (1.11) in part (2) of Theorem
1.8 is false when v < 1/4.
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(2) For d = 2 or d = 3, the return probability PY(X; = 0) a.s. decays like t~%?2 even when
our restrictions on v are not satisfied (in fact for any choice of i.i.d. positive conductances)
as was proved in [11].

(3) One may also compare our estimates with the results in [2]. In [2], the authors consider
stationary environments of random conductances under some integrability conditions.
When applied to i.i.d. conductances satisfying (P), they obtain heat kernel upper bounds
as in Theorem 1.8 provided that v > 1/4 for both models CSRW and VSRW. (See [2,
Proposition 6.3] for CSRW. The same argument also works for VSRW see the discussion
in [2, Remark 1.5].)

Thus statement (2) in Theorem 1.8 is not new but statement (1) improves upon [2].
Observe also that our strategy strongly differs from the one in [2]. The authors of [2]
first establish elliptic and parabolic Harnack inequalities from Sobolev inequalities, and
then deduce heat kernel bounds. We approach the problem the other way around: we
shall first establish Theorem 1.8 using probabilistic arguments (in particular percolation
estimates) and deduce the Harnack inequality from Theorem 1.8.

The organization of the paper is as follows. The proofs of the results in Part I and
IT are given in Sections 2 and 3 respectively. The key tool in the proof of Theorem 1.8
(the main theorem in Part II) is Proposition 3.2, and its proof is given in Section 6. The
proof of Proposition 3.2 requires some preliminary percolation results and spectral gap
estimates, which are given in Section 4 and 5 respectively. Some relatively standard proof
is given in Appendix (Section 7) for completeness.

2. Proof of the results in Part I

In the following three sections, we prove results in Part I. We first give a preliminary
lemma.

Lemma 2.1 (i) Assume Assumption 1.1 (i), (iv). Then there exists ¢y > 0 and R7(xo) €
[1,00) such that
Ey[TB(x,r)] < 617”2, (21)

for all x € B(xo,r'™%/2), all y € G and all r > Rq(xo).
(i1) Assume Assumption 1.1 (i), (ii), (iv). Then there exist co2 > 0,p € (0,1) and Rg(xo) €
[1,00) such that

Pm(TB(:c,'r) < t) <p+ CZt/r2a (22)
for all 2 € B(xo,r'*%), t >0 and all r > Rg(x).
Proof. (i) Let Ry7(x¢) := T01/2($0) V Ry(x). For R > Ry(xzo) and z € B(zo, R'?), if

y,z € B(x, R) and t = ¢, R? where ¢, > 4 is chosen later, we have .y, 2 € B(zg,2R'™) C
B(z0,t19/2) and t > Ty. Thus, by Assumption 1.1 (i), (iv), we have

PY(Xy € B(x,R)) = Y p(t,y,2)0(z) < cit”¥?0(B(x, R)) < ereat” ¥?R* < %
z€B(z,R)
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where we chose cf/ 2 > 2cy1c4. This implies

PY(Tp(z,r) > 1) <

N | =

By the Markov property, for m a positive integer
1
Py(TB(w7R) > (m + 1)t) < Ey[PYmt(TB(m7R) > t) * TB(z,R) > mt] < §Py(TB(I7R) > mt)
By induction,
Py(TB(I7R) > mt) < 27m,

and we obtain EY[Tp(, g)] < cR?>. When y ¢ B(z,R), clearly EY[1p(,r)] = 0, so the
result follows.
(ii) Write 7 = 7p(, ). Using (i) and Assumption 1.1 (ii), we have

cor? < E¥[r] <t + E$[1{7>t}EXt [7]] <t +er?P¥(r > t) <t +cer?(1 — PE(r < t)),
for x € B(zo, '), 7 > Ro(xo) V Ry(xg) =: Rs(xo). Rewriting, we have
P <t) <1—eafe+t/(er?),
and (2.2) is proved. O
The following lemma is from [6, Lemma 1.1].

Lemma 2.2 Let {1}, H be non-negative random variables such that H > 7" &;.
If the following holds for some p € (0,1), a > 0,

P(&§ <tlo(&,--,&i-1)) <p+at, t>0,
then
log P(H < t) < 2(amt/p)*/? — mlog(1/p).
Given Lemma 2.1, we have the following.

Proposition 2.3  Assume Assumption 1.1 (i), (i), (iv), and lete € (0,0/(1+9)). Then,
there exist cy1, ca, c3 > 0 such that the following holds for p,t > 0 that satisfy p>~¢ <t and
t/p > c1Rs(zo);

P (Tpg,p) <t) < c2 exp(—cap?/t), for all x € B(xo, p). (2.3)
Proof. The following argument has been often made for heat kernel upper bounds on

fractals. We closely follow [4, Proposition 3.7].
Let 7 = |p/m] > 1 where m € N is chosen later. Define inductively

o0=0, oy =inf{t > 0,1 : d(X,, |, Xs) =71}, r>1.

Let & = 0; — 0;—1 and let Fy = 0(X; : s < t) be the filtration of X. By Lemma 2.1, we
have

Pz(fz < U‘ng—l) <p+ clu/r2 (2‘4)
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if X,, , € B(wo,r'*°), 7 > Rg(z) and u > 0. Note that d(z, X,,,) = d(Xo, Xo,,) <
mr < p so that oy < Tg(z ) and X, € B(z,p) for i = 0,1,--- ,m. Using Lemma 2.2
with a = ¢1 /72, we obtain

10g P*(Tp(ap) <t) < log P*(oy, <t) < 2(crmt/(pr®))/* — mlog(1/p)
< —com(1 — (estm/p?)M/?) (2.5)

N

if

x € B(zo,1°/2), p <r1*9/2 and r > Rg(xo). (2.6)
Let A = p?/(2¢st). If A < 1, then (2.3) is immediate by adjusting co in (2.3) appropriately,
so we may assume A > 1. If we can choose m € N with A\/2 < m < X and (2.5) hold,
then we have the desired estimate. So let us now verify the conditions (2.6). Set m =
[A/2] +1 € [A/2,\); then since m > 1, we have r < p. By definition, r = |p/m| > cat/p
for some ¢4 > 0, so the assumption implies 7 > c5Rg(zo). The assumption p>~¢ < ¢ and
the fact £ € (0,8/(1 + 6)) implies (noting that one can choose p > r large) r'0 > 2p.

Since x € B(xo, p), we have verified that (2.3) holds. O
Let dg(-,-) be a metric that satisfies
0," ) " do(z,y)*wey <1 forall x€G, (2.7)
y

and dp(z,y) <1 for all x ~ y € G. The following estimates, which are generalizations of
[19, Corollary 11, 12], are given in [22, Theorem 2.1, 2.2].

Proposition 2.4 There exist c1,--- ,cq4 > 0 such that the following hold for xz,y € G;

ey < ——exp (= cadg(w,y)/t) for t> do(a,p), (2.8)
\/ 00
. Y

pi(z,y) < ———exp ( — cadp(z,y)(1V log(de(x,y)/t))) for t < dp(z,y). (2.9)

V xey

We are now ready to prove Proposition 1.2.

Proof of Proposition 1.2. We first consider CSRW, namely 6, = 7w(x). In this case
the graph distance d(-,-) satisfies the condition of dy in (2.7). Write D = d(x,y) and
R = d(xg,x).

Case 1: Consider first the case D>7¢ > t. By (1.2), we have ¢;D > R.(x), and by
(1.3), R<c¢1D. So

Substituting (c1 + 1)D to R in Assumption 1.1 (v), we have min,ep(zq, (c;+1)0) 7(¥) >
oD% if (c1 + 1)D > Rs(xg), so taking R.(xg) > c1R3(zo)/(c1 + 1) and plugging this
into (2.8) and (2.9) gives the desired estimates by noting

Drtd/2 < prtd2—e)/2 < exp(cyD?) < czexp(cyD?/t), for D*° > t,

with ¢4 > 0 smaller than c3/2 in (2.8).
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Case 2: Consider the case D?>° < t and let p = [D/2] +1if D > 1, p = 0 if
D = 0. Note that d(zo,y) < (2D) V (2R). By (1.2), R.(zo) < c1t"/2=9). Also by (1.3),
R < ¢1t1/(279) g0 that d(zo,y) < 5t/ (279) < {(149)/2 by the choice of . Since D*7¢ < t,
(t/2)/p > cgt(19)/(2=9) which is larger than cg(R.(x0)/c1) %, So the assumption for
Proposition 2.3 is satisfied by choosing R.(xo) > c«Rs(20)"/(1 79 for large ¢, > 0. Let
Ay ={z€G:d(z,z) <d(y,2)} and Ay = G\ A,. Then

pe(z,y) = P(Xi=y, X2 € Ay)/0y+ PY(Xy =y, Xy)p € Az)/0y
= Pm(Xt = ant/Q € Ay)/ﬂy + Py(Xt = $,Xt/2 S Ax)/Hx = I+II (210)
Write 7 = 7g(; ). Then
I =P (Xy =y, X2 €Ay)/0y

P (r <t/2,X; = y, X¢/o € Ay)/0y

< P (e P (Xir = ) /0y

< Pt <t/2) sup Pi—s(2,9)
z€0B(x,p),s<t/2

< ¢ sup  pis(z,y)exp(—esD? /1),

2€0B(z,p),s<t/2

where Proposition 2.3 is used in the last inequality. Noting that d(zg,z) < R+ p <
gt/ 272) < t(040)/2 we obtain I < cgt~%? exp(—cgD?/t). I can be bounded similarly,
so that we obtain (1.4).

We next discuss the VSRW case (i.e. 6, = 1) briefly. In this case the metric d(-,-)/v/M,
where M is the maximum degree of the vertices, is relevant; indeed it satisfies the condi-
tion of dg in (2.7). So the conclusion (w.r.t. d) holds if (1.2) and (1.3) hold w.r.t. d. Using
Assumption 1.1 (v), it is easy to verify that (1.2) and (1.3) w.r.t. d imply (1.2) and (1.3)
w.r.t. d. Finally let us deduce (1.4) and (1.5) for d from those for d. When t > d(z,y)?,
(1.4) is an on-diagonal estimate, so no distance appears there. When ¢ < cZ(x,y)2, (1.2)
for d implies R (o) < crd(z,y) =9 so by taking (R.(xo)/c3)'™¢ > Ry(xo), we can
apply Assumption 1.1 (v) (since d(z,y) < d(z,y)) and deduce (1.4) and (1.5) for d from
those for d. Thus the desired estimates are established. g

Remark 2.5 In order to obtain similar estimates, [1, Theorem 4.5] uses the approach
introduced by Grigor’yan for manifolds (see [22, Theorem 1.3] and [18, Theorem 1.2] for
the graph setting close to ours). However, it does not seem that our Assumption 1.1 (i)
is strong enough to apply the method — compare [1, Corollary 4.3] with our assumption.

Proof of Corollary 1.3. 1t is easy to check (1.2) and (1.3), so we can apply Proposition

1.2. If s > R, then the result follows directly from (1.4). If s < R, then (1.5) implies
ps(x,y) < c1exp ( —cR(1V log(R/s))) < cr1exp(—cR) < esR74,

so the result holds. O

We next prepare some propositions in order to prove Proposition 1.4. The idea of the
proof is based on that of [24, Theorem 3.1].
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A function u is said to be harmonic in a set A C Z¢ if u is defined in A (that consists
of all points in A and all their neighbors) and if Lu(x) = 0 for any x € A.

As a first step, we should check the elliptic oscillation inequalities. For any nonempty
finite set U and a function v on U , denote

0SC U := maxu — minu.
U U U

Proposition 2.6 Assume Assumption 1.1 (iii). Then, for any ¢ > 0, there exists
o = o(e,Cg) < 1 such that, for any cR > Ri(xg) and for any function u defined in

B(zg, R) and harmonic in B(xg, R), we have

< , Vre (R , R/2]. 2.11
somon) " = %y 1 € () B2 =
The proof is standard. For completeness, we give the proof in Section 7.

We write
E(z,R) := max EY[rp R

yeB(z,R)
Then, under Assumption 1.1 (i) and (iv), we have the following due to Lemma 2.1:
E(z,R) < CR?,  Vz € B(xo,R), R > Rz(x0). (2.12)

The next proposition can be proved similarly as [25, Proposition 11.2]. For complete-
ness, we give the proof in Section 7.

Proposition 2.7 Assume Assumption 1.1 (iii) and let R > Ry(x¢), u be a function on
B(xo, R) satisfying the equation Lu = f with zero boundary condition. Then, for any
positive r < R/2 with or > Ry(xo),

osc u < 2(E(zo,7) + cE(z0, R)) max |f], (2.13)

B(xo,0r) B(zo,R)

where o and € are the same as in Proposition 2.0.
We now give some time derivative properties of the heat kernel.

Proposition 2.8 Let A be a nonempty finite subset of Z¢.
(i) Let f be a function on A.

ur(z) = P f ().
Then, for all0 < s <t,

1
10 ullz < —[lue—sll2- (2.14)
(ii) For all x,y € A,
1
0upi ()| < <) Pl (529) (2.15)

for all positive t,s,v such that s +v < t.
(iii) Under Assumption 1.1 (i), for all x,y we have

‘8tp24(1',y)‘ v latpt<1',y)| < Cti(%+1)a Vx,y € B($0,t(1+6)/2), t> TO(xO)' (216)



HARNACK INEQUALITIES AND LOCAL-CLT 13

The proof is an easy modification of the corresponding results in [25] for discrete time.
For completeness, we give the proof in Section 7.
We are now ready to prove Proposition 1.4.

Proof of Proposition 1.4. Let ¢ < 1/2 (we will impose some further bounds of ¢ later).
Let R = (t/e)Y/2, A = B(zo, R) and for any = € B(zg,eR) = B(xo, (¢t)'/?), introduce
the function

u(y) == p(x,y).
First, we claim that u(z) > c¢t~%? for large t > 0. Let B = B(x,"/*R); we choose ¢
small enough so that B C A. Using the Schwarz inequality, we have

pi(e,x) = Zpt/2 z,2)0:)°/0(B) = (1 - P*(X, ¢ B))*/0(B)

> (1-P° (TB(w51/4R <4)*/0(B) > (1 —p—csc'/?)?/0(B) = ¢/0(B),
where (2.2) is used in the third inequality and we take £ > 0 small enough. (We take R
large so that e'/4R > Rg(x).) So, using Assumption 1.1 (iv), the claim follows.

Now let us show that .
lu(x) —u(y)| < §t‘d/2 (2.17)
for all y € B(zo,eR) so that d(x,y) < 2(et)'/?, which would imply u(y) > (¢/2)t~%? and
hence prove the desired result.

u is the function on A that solves LA u(y) = O, u(y). Noting that x € B(xg,eR) C
B(xo, R), by Proposition 2.8 (iii),

max !@pf(w,y)‘ < C’t_(%ﬂ), for large ¢. (2.18)
yEB(Io,R)

By Proposition 2.7, we have, for any 0 < r < R/3 and for some o € (0,1),

osc u < 2(E(zo,7) + e*E(z0, R)) max |8tpt z,y)|, (2.19)
B(zo,0r) yEB(zo
for all or > Ry (o) where € in Proposition 2.7 is now written as €2,
Estimating max |9, ptA(x,y)‘ by (2.18) and using (2.12), we obtain, from (2.19),
r? + 2 R?
B(gsgr)u <C e Va € B(xg,r), t,r large.
Choosing r = eR and noting ¢t = e R?, we obtain
osc u<20et™4? < € y-d/2 (2.20)
B(zo,or) 2
provided e < ¢/(4C), z € B(xg, (et)'/?) = B(xo,eR) and t large.
Note that
o\ /2
or =oceR = o¢ <> =o04/e /2 = 50151/2,
€
where 6y = o'/2. Hence (2.20) implies (2.17), which was to be proved. O

Let us briefly mention other proof of the results in Part I.
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Proof of Theorem 1.5 is given in Section 7.
Proof of Corollary 1.6. Given Theorem 1.5, the proof is standard and similar to the proof

of [8, Corollary 4.2]. (Given Theorem 1.5, one can also modify the proof of [2, Proposition
4.6] and [9, Proposition 3.2].) So we omit the proof. O

Proof of Proposition 1.7. Given Corollary 1.6, the proof is similar to [2, Theorem 1.11]

and [9, Theorem 4.2], so we omit it. O

3. Proof of the results in Part II

3.1 Strategy and proof of Theorem 1.8.

We now discuss the strategy of the proof of Theorems 1.8 and how one compares random
walks with random conductances with random walks on percolation clusters.

Choose a threshold parameter & > 0 such that P(wy, > &) > p.(d) where p.(d) is the
threshold percolation cluster. The i.i.d. nature of the probability measure P ensures that
for P almost any environment w, there exits a unique infinite cluster in the graph (Z%, Ey),
that we denote by ¢ = ¢ (w).

Provided ¢ is small enough, the complement of ¢ in Z%, here denoted by #%, is a
union of finite connected components that we will refer to as holes, see Lemma 4.1. Thus,
by definition, holes are connected sub-graphs of the grid. Note that holes may contain
edges such that wy > £.

Consider the following additive functional :

t
A(t) = /0 1 x,cpeyds. (3.1)

We shall need to make a time change for the process X to bring us back to the situation
that we already know, namely random walks on an infinite percolation cluster.

Recall A(t) from (3.1) and let A71(¢) = inf{s; A(s) > t} be its inverse. Define the
corresponding time changed process

th = XA—I(t),

which is obtained by suppressing in the trajectory of X all the visits to the holes.

For the proof of Theorem 1.8, we need the fact that X¢ behaves in a standard way in
almost any realization of the environment w (see for eg. [28, Lemma 4.1] or [1, Theorem
4.5]). Recall that we use here the box B, = [-n,n]?NZ%.

Lemma 3.1 There exists a constant c¢1 such that P-a.s. and for t large enough,

sup PY(XE = y) < e t92, (3.2)
Yy

for all x € By N E~.
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The key tool in the proof of Theorem 1.8 is the following control on the time spent by
the process outside %%.
Call 7, the exit time of the random walk X from J#¢; if Xy ¢ ¢, then 7, = 0.

Proposition 3.2 (1) Let d > 2 and choose € € (0,1). Then,
(1) For the CSRW, for any v > éd%%, there exist positive constants 6,0 and c1,--- ,cq
such that for € > 0 small enough, P-a.s. for all x € B(O,t(1+5)/2) and all t large enough,
we have

PI(A(t) <et) < cre” ", (3.3)
and

PS (i > t/2) < cge™"". (3.4)

(2) For the VSRW for any v > 1/4, there exist positive constants §',0’ and cs, -+ ,cg
such that for &€ > 0 small enough, P-a.s. for all x € B(O,t(l“‘w/?) and all t large enough,
we have

P2(A(t) < et) < cse™ " and P (1, >t/2) < cre” = (3.5)

Proof of Theorem 1.8. Let X be the CSRW with conductances satisfying (P) and assume
v > %d%/? One can follow the same argument for the VSRW with v > 1/4 and with
the counting measure instead of .

We start by reproducing here the same reasoning as in [17]. Let n = t(149)/2 with § as
in Proposition 3.2 and such that § < 1. Assume first that x belongs to ¥ N B,,. Since
the probability of return is decreasing, see for eg. [17, Lemma 3.1], we have

t
/ 1 {Xv:z}dv] | (3.6)
t/2

The additive functional A(-) being a continuous increasing function of the time and
null outside the support of the measure dA(v), so by operating a change of variable by
setting u = A(v), we get

2 [t 2
Pl Xy =x2) < - P (X, =x)dv=-E}
t t/2 t

£

t
/ ]l{Xuzm}]l{XvE‘@”f}dU]
£/2

A(t)
1 du| ,
/A(t ) {Xi=z}

t
1 du| ,
/A(m) {Xi=x} ]

t
/ ]l{szx}dU] = Ej
t/2

.

which is bounded by

E;

since A(t) < t.
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Therefore, for € € (0,1)

2
PI(X, =) < SE

t
/ ]1{A(t/2>>st/2}]1{xgx}dl¢]

i A(t/2)
2 t
+-EY / 1 1, du
; Ay AR
2 (1 e e 2 [t
<=z PE(XS =2)du+ = | P*(A(t/2) < et/2)du,
U Jet)2 tJo
and using Lemma 3.1,
t
Pi(Xy=x) < 2;1/ uw"2du+ 2P (A(t)2) < et/2)
et/2
< 2e1(1 — (/2)V"Y2) =2 L 2PT(A(t)2) < £t/2), (3.7)

which by virtue of Proposition 3.2 for ¢ large enough, is less than
Cot™ U2 4 205

Since w(z) > &, we obtain that
Pz, x) < est™ Y2,

Then Cauchy-Schwarz gives

P () < /08,200 (,y) < et (3.8)

for any x,y € B(O, t(1+5)/2) N%*¢ and all t large enough.

Recall n = t1+9/2 Suppose z € ¢ N B, and y € ¢ N B,,. Note that 2 belongs to
a hole with a size less than (logn)¢ included in Bsa, (see Lemma 4.1 below). It implies
that X,, € €% N By, if Xg = 2. Then the strong Markov property gives

X,
P3(X; = y) < Pi(mn > 1/2) + B (Lzaymy Po ™ (Xer, = ) (3.9)

which, by (3.8) and (3.4), and for ¢ large enough, is less than
63€_C4t0(1+6>/2 + max sup P3(X,=y) <crt™3n(y). (3.10)

2€ENBan selt/2,t]

Since 7(y) > &, we deduce that

Py (w,y) < cgt™ 2. (3.11)
Using the reversibility, we also deduce that

Y (x,y) < cot™ 7 (3.12)
whenever y € ¢ N B, and © € €¢ N B,,.
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Last, suppose x,y € S N B,,. The strong Markov property yields

P*( Xy =vy) _ P*(r, >t/2) 1 X
- m(y) <= m(y) + m(y) Fs (]l{ThStﬂ} Py ™ (Xpr, = y)) ’ (3.13)
which by (3.4) and (3.12) is less than
B gmeatrHO/2 + max  sup ps(z,y) < 3 pmeatr GO/ +et™2, (3.14)
m(y) 2€6$NBan selt/2,1] m(y)

Since 1/7(y) < n® with a constant ¢ depending only on d and  (cf. Lemma 4.4 below.),
the claim follows. O

The proof of Proposition 3.2 is deferred to Section 6. Section 4 contains some pre-
liminary percolation results, followed by Section 5, which provides some spectral gap
estimates necessary to the proof of the proposition.

Although the main strategy is close to the argument in Boukhadra [17], note that the
spectral gap estimates we prove here are sharper and their proof involves a much more
detailed analysis of the geometry of the percolation cluster.

3.2 Proof of Theorem 1.9.

Proof of Theorem 1.9. It is enough to check Assumption 1.1 with zg = 0 and the

hypothesis in Proposition 1.7. (1.1) is a consequence of Theorem 1.8. Assumption 1.1
(ii) holds since it is true for the time changed process X¢ as in [1, Proposition 4.7]. (H)
is proved in [1, Theorem 7.3]. Note that VSRW and CSRW share the same harmonic
functions, so this fact can be used both of them. Assumption 1.1 (iv) will be proved in
Lemma 4.5 for the CSRW case (it is trivial for the VSRW case because the reference
measure is a uniform measure). Assumption 1.1 (v) for CSRW case is true because of
Lemma 4.4 below. We have

min w(x) >n" " with k> i
x€B, Y
where v is the parameter that we see in the law of the environment (P). Assumption 1.1
(ii), (v) for VSRW case is obvious in this case because d(-,-) = d(-,-) in our setting since
we < 1 for each edge.
The first hypothesis in Proposition 1.7 holds by the law of large numbers, and the

second hypothesis is proved in [14, Theorem 2.1] and [28, Theorem 1.3]. O

4. Percolation

This section contains percolation results necessary to the spectral gap estimates in the
following section.

We consider the standard Bernoulli percolation model on the grid Z%: we independently
assign to edges the value 1 (open) and 0 (closed) with probability p and ¢ = 1 — p. Let
P denote the product probability measure thus defined on {0,1}F¢. We assume p is
supercritical so that, for P almost any environment w, there exits a unique infinite open
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cluster that we denote by %. For p small enough, the complement of ¢ in Z%, denoted
by ¢, is a union a finite open clusters that are called holes.

Let 2 € Z% and let %, be the (possibly empty) set of sites in the finite component of
Z3\ € containing .

Lemma 4.1 Let d > 2. For p sufficiently close to 1, then there exist constants C < oo
and ¢ > 0 such that for alln > 1

P(diam 74 > n) < Ce "

Here “diam” is the diameter in the | - |oo—distance on Z2.
Proof. See Lemma 3.1 in [14]. O
Recall B,, = [-n,n]? N Z? the ball in Z? centered at 0 and of radius n. We have the

following lemma on the proportion of sites belonging to % in a box B,,.

Lemma 4.2 Letn € (0,1). For p sufficiently close to 1, there exists constants C' < 0o
and ¢ > 0 such that for alln > 1

P(|BnN€| < n|By|) < Ce™". (4.1)

This estimate which is sufficient for us is probably not optimal. The expected behavior
would be an exponential decay in the perimeter of B,, as in dimension 2, [21, Theorem
3.

Proof. Let 04(p) be the bond percolation probability in the grid Z¢. Note that 64(p) tends
to 1 when p — 1 [cf. [26], Section 1.4]. Call ¢ (G) the infinite percolation cluster of a
(sub) graph G C Z.

First note that P—a.s.

Sni= > ey > > > Loew(oyxzi-ny =0 Sal0).  (42)

reBy, —n<U<n ge{l} x[—n,n]d-1 —n<l<n
Then repeating the operation we get
Sa>= D> Sullh,. o) (4.3)
—n<Ly,. o lg2<n
with

Sn(l1,... la3) = Z Locofoy s -x{tg_o}x22)-
€ 1922{4;} x[-n,n]?

The sub-graphs {¢1} x --- x {€4_5} x Z? are disjoint copies of Z? in Z<.
Now set

Y(gl, - 7£d72) = Sn<£1, R ,Ed,z)/(Qn + 1)2.
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Let n € (0,1) and choose p sufficiently close to 1 such that n € (0,602(p)). By [21, Theorem
3], for any ¢1,...,44_2 € [-n,n] and for some ¢,C > 0, we have
P(Y(ly,...,04-2) <n) < Ce . (4.4)
Combined with (4.3), it implies that

P(B. O <nBal) < P 3 Yl laa)/@n+1) <)

—n<Ly,. 0 lg—2<n

IP’( U {Y(lr,...,04-9) < 77})

—n<ly,....lg_2<n

IN

< C nd—Qe—cn
which gives (4.1). O
Write C(x) for the open cluster containing the point x. Then we have:

Lemma 4.3 For q small enough, there exists a constant c; > 1 such that
P(|C(0)] < o0) < e1¢*, (4.5)

and, for all x ~ 0,

P(|C(0)] < oo and|C(z)] < 00) < ¢1 242, (4.6)

Proof. Let us recall some necessary definitions that we can find in [26], Section 1.4. Call
a plaquette any unit (d — 1)-dimensional hypercube in R? that is a face of a cube of the
form = + [—%, %]d. Let Ly be the set of plaquettes. There is a one to one correspondence
between edges in Ey and plaquettes in L. Indeed, for any edge {z,y} € Eg4, the segment
[x,y] intersects one and only one plaquette.

We couple the percolation process on E; with a percolation on L; by declaring a
plaquette open when the corresponding edge is open and declaring it is closed otherwise.

Let us suppose that C(0) is finite. Then there exists a finite cutset of closed plaquettes,
say w, around the origin. (A cutset around the origin is a connected set of plaquettes ¢
such that the origin lies in a finite connected component of the complement of c.)

The number of such cutsets around the origin which contain m plaquettes is at most
'™, for some constant p = u(d) depending only on the dimension. The smallest cutset
is unique and contains 2d plaquettes. Then the usual ‘Peierls argument’ gives that the
probability on the left hand side in (4.5) is bounded by

Z P(all plaquettes in w are closed) < Z (ng)™,

o, cutset around 0 m>2d

which converges and is bounded by ¢g?¢ for some ¢ provided p is sufficiently close to 1
such that qu < 1.

As for the second estimate (4.6), we follow the same argument but we find the exponent
4d — 2 since this is the size of the smallest number of plaquettes necessary to form a cutset
around both the origin and . O
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We now describe application of the preceding Lemmas to conductances satisfying as-
sumption (P).
We recall the following result. Call B,, the set of edges in the box B,,.

Lemma 4.4 Suppose that the conductances (we,e € Eq) satisfy (P). Then P-a.s., we
have

. loginfeep, we d
lim ———*— = ——,
n—00 logn %
Proof. The proof is similar to [23, Lemma 3.6]. O

The density estimate Lemma 4.2 yields the following volume property for the measure 6.

Lemma 4.5 Letn € (0,1) and f > 1. Let P be a product probability measure satisfying
(P). Then for & > 0 small enough, for P-a.e. environment, for all x € B, s and n large
enough, we have

£n|Bn| < W(B(x,n)) < 2d|By). (4.7)

Proof. Let n € (0,1). Recall the infinite cluster € introduced in subsection 3.1. The
right-hand side inequality in (4.7) comes from the fact that 7(z) < 2d. As for the left-
hand side inequality, observe that by (4.1) and the i.i.d. character of the conductances,

IP’( U {|cgme(m,n)|<cn|Bny})g\Bnﬁye*m. (4.8)
IEBTLB

By the Borel-Cantelli lemma, we get that for n large enough, for all x € B, s, we have
¢ N B(x,n)| > n|By|. Since 7(z) > £ for € €*, the claim follows. O

In next two lemmas we construct sets of ‘good’ paths in the percolation clusters.

Lemma 4.6 Let P be a product probability measure satisfying (P).
(1) Let v > %d_ci/Q and choose a € (0,2) such that ya(4d — 2) > d. For & small enough,
P-a.s., for n large enough, for any edge e in B,,, there exists a path of conductances larger

than n~% connecting one of the endpoints of e to the frontier 0B, .

(2) Let v > 1/4 and choose « € (0,2) such that v > 1/(2a). For & small enough, P-a.s.
for n large enough, for any x € By, there exists a path of conductances larger than n=%
joining x to the frontier 0B,,.

Let %, = B, N #¢ and €, = B,, N €5.

Lemma 4.7 (1) Let v > %d_ci/Q and choose . € (0,2) such that yo(4d — 2) > d. For ¢
small enough, P-a.s. for n large enough, there exists an injective map @ on &, into 6,
such that for all edge e = {x,y} with © € 4, there exists a path {(e,p(x)) from one of

the endpoints of e to p(x) satisfying

|t(e,p(z))| < (log n)2d2 and jb <4n®, Vbelle, p(z)). (4.9)
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(2) Let v > 1/4 and choose o € (0,2) such that 2ay > 1. For & small enough, P-a.s. for
n large enough, there exists an injective map @' on H;, into 6, such that for all x € 5,
there exists a path {(x, ¢’ (x)) from z to ¢'(x) satisfying

[0(z, ¢ (z))] < (Iogn)w2 and L <4n®, Vbel(z,¢ (). (4.10)
wp

Proof of Lemma 4.6. (1) Let ay(4d — 2) > d for some a € (0,2). Recall B,, the set of
edges in the box B, and set 0B,, = B, \ B,,_;. Note that [B,| = O(n?1).

Let &, be the event: there exists an edge e € dB,, such that none of its endpoints can
be joined by a path to 0B,.1 along edges with conductances larger than n~%; this last
event is denoted by {e <» 0B,1}, i.e.

&= | {e 0Bni1}. (4.11)

eEa]Bn
Then Lemma 4.3 with ¢ = P(we < n™*7) and (P) imply that

P(&,) < cn~imlenlid=2)=d) (4.12)

By the Borel-Cantelli lemma we then get that there is a finite positive random variable
N = N(w) such that for any n > N, for every edge e € 0B, there exists a path of
conductances larger than n~% joining e to 0B,11. It implies that there exists a path of
conductances larger than n~% joining one of the endpoints of every edge in B,, \ By_1 to
OB,,+1. Indeed, consider an edge f € 0B,, for some m > N. From one of its endpoints
starts a path of conductances larger than n=* reaching 0B,,,+1. Let e € 0B,,,+1 be the last
edge of this path. Observe that the conductance of e is larger than n=“. There is a path
of conductances conductances larger than n~% starting from one of the endpoints of e
and reaching dB,, 2. But since the conductance of e is larger than n~™%, there is actually
a path of conductances conductances larger than n~% starting from any of the endpoints
of e and reaching 0B,,4+2. Thus we constructed a path from f to 0B, 2. Iterating this
construction, we obtain a path from one endpoint of f to OB, 1.

By Lemma 4.4, all conductances in By are greater than N ¢ for some positive constant
¢ depending on d and . We can choose n large enough such that N7¢ > n™%, which
ensures the existence of a path of conductances larger than n~% from one of the endpoints
of e € B, to OB, 1.

(2) For the second assertion of the lemma, we can follow the same reasoning with a slight
adaptation. Let v > 1/(2«) for some « € (0,2). Set 0B,, = {x € By, : Jy ¢ Bps.t.x ~ y},
the frontier of B,,. As before, define &, to be the event: there exists a vertex x € 0B,
such that any path from z to the boundary 9B,,+1 has at least one edge with conductance
less than n~®. Then we have by Lemma 4.3 and (P) that

P(&,) < en~!mdZerh), (4.13)

The rest of the proof is similar. O
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Proof of Lemma 4.7. First let v > %d—%m and choose a € (0,2) such that ya(4d—2) > d.

Let m € N* and set By,(2) = (2m + 1)z + By, for z € Z%. The family {By,(2)},cz4
constitutes a partition of Z%. Note that |B,,(z)| > m? Then choosing m = |(logn)®*!],
Lemma 4.2 and the Borel-Cantelli lemma yield that P-a.s. for n large enough, the vertices
in any B,,(z) with B,,(2) N B, # 0 belong to €¢ with a proportion that approaches 1
when ¢ is small enough. We choose ¢ small enough such that this proportion is larger
than 1/2. Therefore, for any box B;,(z) that intersects B, there are sufficiently many
sites in By, (2) N%,, to associate with sites in B,,(z) N7, (if any) in an injective way. Let
¢ be an injective map from .77, into %,, such that it associates a site in By, (z) N J%, to a
site in B, (z) N %y.

Let us now construct the path £(e, p(e)) for some edge e = {z,y} and x € B,,(2) N7,
with By, (2) N B, # (. By Lemma 4.6 (1), P-a.s. for n large enough, for any e of By,
there exists a self-avoiding path, say (z!, 22, 23,...) with 2! = x or y, which reaches from
e the boundary of By, with conductances larger than (2n)~®. By Lemma 4.1 together
with the Borel-Cantelli lemma, P-a.s. for n large enough, m is larger than the size of a
hole. It follows that there is some k < m such that z* € €¢. This gives us the first part
of the path £(e, p(x)).

Next we claim that it is possible to join z* with ¢(z) € B,,(2) N %, through a path
on € inside Ay, (z*) := 2 4+ By, (note that ¥ and () belong to Ay, (2*) and that
d(p(z), 0Agm(2*)) > m). Indeed, if we suppose that it is not possible to find such a path,
there would exist a closed cutset (as seen in Lemma 4.3) of conductances less than £ and
of diameter at least m separating z* from ¢(z) in Agy,(2*). But Lemma 4.1 rules out
this possibility since m is larger than the possible diameter of a hole. Therefore, there
exists a self-avoiding path from e to ¢(z) through edges with conductances larger than
(2n)® and of length less than m + (8m)? < (logn)2¢". Note here that this path may
leave the box B,,.

(2) The case for which v > 1/4 can be treated identically using the assertion (2) of
Lemma 4.6. O

5. Spectral gaps estimates
We work in L?(6), the Hilbert space of functions on Z? with scalar product
(f,9) =Y fl@)g(x)b(x),
z€Z4

where 0(x) = 7(x) in the CSRW and 6(z) = 1 for the VSRW.
We also define the Dirichlet form

SN =5 X (@)~ f0) ey (51)
{z,y}€Ey

For both models, CSRW or VSRW, then £ is always the Dirichlet of the corresponding
random walk when acting on L?(f).
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Consider the self-adjoint operator
Gw ()‘> =Ly — )\Mgm (5.2)
where p(z) := 1 {zewe)y and M, is the multiplicative operator by the function ¢, i.e.

My f(x) = ¢o(z)f(z). Let R, ()\) be the semigroup generated by G, (\). The Feynman-
Kac formula (see [17, Proposition 3.3]) reads

RL(\)f(z) = E® ( f(Xt)e*AA(t)> . t>0,zezt (5.3)

The semigroup of the operator G, (A) with Dirichlet boundary conditions outside the
box B, is given by
(RLS)(@) = BL | f(Xp)e Wi, > 0]
Note that the operator —G,,(A) with Dirichlet boundary conditions outside B, is a non-
negative symmetric operator with respect to the restriction of the measure 6 to B,.
Let {\;,i € {1,...,|Bn|}} be the set of its eigenvalues labelled in increasing order, and

{ti,i € {1,...,|Bn|}} the corresponding eigenfunctions with due normalization.
Then, by the min-max Theorem and (5.2), the eigenvalue \; is given by

EC(f, f)+ A 2(2)0(x
f£0 > wen, [H(x)0(x)
where the infimum is taken over functions f vanishing outside the box B,. Recall the
notation %, = B, N €5.

First, we want to prove the following key estimates on Aj.

Lemma 5.1 (1) Let X be the CSRW and take v > %%1/2. Then there exists o € (0,2)

such that for sufficiently small &, for a.e. environment, we have for n large enough
)\1 2 n_o‘ (5.5)
when we choose A = (1 +8d/&§)n™
(2) For the VSRW, for any v > 1/4, there exists o € (0,2) such that for & small enough,
for a.e. environment, for n large enough,
A >n"® (5.6)
when we choose A = 3n™°.
To obtain bounds for the exit time as in Proposition 3.2, we need to estimate another
eigenvalue.
Denote by L, the generator of the random walk with the vanishing Dirichlet boundary
condition on .7, = B,, N #¢¢. The associated semigroup is given by Ptj% = etlotn,
The operator —L j, is symmetric with respect to the measure 6 and has |.7,| nonneg-
ative eigenvalues that we enumerate in increasing order and denote as follows:

Q<@ < (5.7)

{¢i,i =1,...,]|7,]} is the set of the associated normalized eigenfunctions.



24 O. BOUKHADRA T. KUMAGAI AND P. MATHIEU

The spectral gap (; admits the variational definition

L) . €D
S T R ' Sy TR 8

where the infimum is taken over functions f vanishing outside .77,.

Lemma 5.2 (1) For the CSRW, for any v > %d%/y there exists o € (0,2) such that
for sufficiently small &, for a.e. environment, for n large enough,

Cl Z n_a. (5.9)

(2) For the VSRW, for any v > 1/4, there exists a € (0,2) such that for & small enough,
for a.e. environment, for n large enough,

G =>n"" (5.10)

Proof of Lemma 5.1. (1) Let y > %d%‘im; then choose o € (0,2) such that vo/(4d—2) > d
and « such that o/ < a < 2. Let f be a function vanishing outside B,,. We use the
notation df(b) := f(a) — f(c) for any edge b = {a,c}.

Let x € 77, and call e = {x,y} the edge such that we. = maxps, wp.

We use the paths ¢ constructed in Lemma 4.7 to get that

fla)=fl@) = fly)+ D df)+ fle()), (5.11)
bel(ep(x))
if the path (e, ¢(x)) starts at y. Otherwise,
flay=">_  df()+ f(p(2)). (5.12)
bel(ep(x))

Let us consider the case (5.11) - the case (5.12) can be treated in the same way. Observe
that Cauchy-Schwarz inequality gives

F@)? <2(f(2) = f()* +4llle,o@)] D df(h)* +4f(p(@)*. (5.13)
bel(e,p(z))

Noting that m(¢(x)) > £ and
() < 2dwe < 2d, (5.14)

we obtain that
8d
f@)?m(z) <4d(f(x) — f(y) we + 8dll(e, ()] > df(b)*+ gf(@O(ﬂc))2 m(o(x))-
bel(e,p(x))
Using the bounds from Lemma 4.7 (that we apply with o' rather than ), we get
f(a)?m(x)

< Ad(f(z) — F(y)we + 320 (ogn)?® Y df(b)zwwidf(sa(x))%(so(x)).
bel(e,p(x))
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Let us now sum this inequality for x € J%,. Observe that: - a given edge appears at
most (logn)2?® (because of the bound on the length of the path), - a given ¢(z) only
appears at most once. So

Z flz ) < 32dn” (logn)m2 (logn)?? 5“ (f, ) +— Z flx

TEI, TEGCH

Choose n big enough so that 32dn®’ (logn)2®* (logn)2?’ < n®. We have obtained the
inequality

S f@)P () <0t £, 1) (8d) S )

rEIH, TECn
To conclude, use the variational formula (5.4).
(2) The argument is the same and here we just give an outline of the proof. Let v > 1/4,
choose o' € (0,2) such that v > 1/(2¢/) and « such that o/ < a < 2.

Let f be a function vanishing outside B,,.
Let x € 5%,. Then Lemma 4.7 implies

fl@y= >  df(b)+f(¥(x)), (5.15)
bel(z,p' (x))
which by Cauchy-Schwarz inequality gives
fl@)? <2, (@) D df®)’+2f(¢ (2))%
bel(zp' (x))
Summing over J,, note that a given edge appears at most (log n)2d3 (because of the
bound on the length of the path), and a given (z) only appears once. Thus we obtain

Z f(z <210gn)2d (logn)2d n® Sw(f f)+2 Z f(z

TEHM, TECH

Y f@)? <nvE(f, 1) +3 ) )
zEB), xe%ﬁ
when n is large enough. The variational formula (5.4) then yields the desired estimate. [

and hence

We pass now to the proof of the second spectral gap (;.
Proof of Lemma 5.2. The argument is the same as in estimating ;.
(1) Let X be the CSRW and assume that v > %dfll/2'

Suppose = € %, and call e = {z,y} the edge such that w. = maxps, wp. Let f be a
function vanishing outside .7%,. Then thanks to Lemma 4.7, there exists a path ¢(e, ¢(x))
connecting e to a site p(x) € €¢ N B,. If this path starts at y, write then

fl@)=f@) - f+ > dfd). (5.16)
bel(e,p(z))
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Otherwise, write

fay="%_  df®) (5.17)
bel(e,p(x))
Consider the case (5.16) and do the same thing for the second one.
By Cauchy-Schwarz inequality, (5.16) gives

F(@)? <2(f(2) = f()* + 20z p(2))] Y df(D)* (5.18)
bel(ep(x))
Multiply (5.18) by TI'(IL’) and use (5.14) and ( 9) to obtain
S ) <4d D (f(x) = f(y))*we +8d (logn)* n™ E(f, f), (5.19)
rEI x€Hn

where o’ € (0,2) is chosen such that ya/(4d — 2) > d and we used again the fact that a
given edge appears at most (log n)Qdd (because of the bound on the length of the path).
Thus for a € (¢/,2) and n large enough,

R.H.S. of 5.19 < n*EY(f, f).
which, using (5.8), gives the lower bound (5.2).
(2) As for the VSRW, instead of (5.16), we have by Lemma 4.7,
fay=">_ df(@).
bel(z,p(x))
The remainder of the proof is the same. O

6. Proof of Proposition 3.2

With all the necessary tools in hand, we can finally provide the proof of Proposition 3.2.

Proof of Proposition 3.2. (1) Let X be the CSRW. Take v > édfiﬂ and let o € (0,2) be
as in Lemma 5.1. Choose ¢ > 0 such that
1+0
1—a<;)>o. (6.1)

Let n = t(119)/2 and suppose z € B, /2. Observe that for any constant A > 0 (may be
P-random) and any € € (0, 1), Chebyshev’s inequality gives

PI(A(t) <et) = PI(A(t) <et;tp, >t)+ PI(A(t) <et;tp, <t)
PT (e*“‘(t) > e Mg > t) + P%(rg, <1t)

IN

< eMER (a*A(t);TBn > t> + P(rp, <1). (6.2)
By [1, Proposition 4.7]), we have for ¢ large enough,
Pi(rp, <) < Ce, (6.3)

where C, ¢ are numerical constants.
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Let us look now at the first term of the right hand side of (6.2). Recall the eigenvalues
{Aiyi € {1,...,|By|}} of the restricted operator —G,(\) and their associated normalized
eigenfunctions {¢;,7 € {1,...,|By|}}. For f = 1p, , observe first that

| Bl
(RL)@) = BS(eOirp, > 1) = Ze (i) i), (6.4)
Then
(RES)? (@)m(x) < D (REAP()m(y) =D e 2N (f ) < e 22 £]5,
yeBy, 7
which is less than
2d | B,| e~ M1,

Thus by Lemma 5.1 (choosing A = en™®) and using the fact that 1/7(z) < n¢ ¢ > 0
being a constant that depends only on d and v (cf. Lemma 4.4), we obtain

et EZS (e—AA(t);TB > t) < Cnd+c ef(lfs)tl—a(H-é)/z. (6.5)
According to (6.1) and since € € (0,1), for large enough ¢, we have
R.H.S. of (6.5) < ce” (179 (6.6)

for any 0 <1 — a1+ 9)/2. Thus (6.2)—(6.3)—(6.6) give the desired upper bound for any
o small enough.

As for the exit time estimate, suppose z € %%, = B, N3¢ with n = t(119/2 Recall the

eigenvalues {(;,7 € {1,...,|74,|}} of the restricted operator —L ;- and their associated
normalized eigenfunctions {¢;,i = 1,...,|74|}. Let f = 1, and observe that
||
Pi(r > 1/2) = PY2 f) = 3 e (f,60) du(a) (6.7)
=1

which, by Lemmas 5.2 — 4.1, yields that
o |Bn!
where we used again that 1/7T(x) < nf The claim follows for any 0 < 1 — «a(1 +6)/2.

(2) Clearly, the above argument for the CSRW holds for the VSRW with v > 1/4 and
the counting measure instead of . U

(—G1t/2 < e - b1 o002

Pw(Th > t/2

(6.8)

7. APPENDIX

Here, we give some relatively standard proof for completeness.
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Proof of Proposition 2.6. Fix a large ball B(z, R), and denote for simplicity B, =
B(xo,r). Let us prove that, for any Ri(zg) <r < R/6,

< — .
osc u < (1-9) 0sC u, (7.1)
where 6 = §(Cg) € (0,1). Then (2.11) follows from (7.1) by iterating.

The function v — ming, w is nonnegative in By, and harmonic in By, . Applying
Assumption 1.1 (iii) to this function, we obtain

maxu —minu < Cg(minu — min u),
B B3, B B3

for all Ry(zp) <r < R/6, so

oscu < (Cg — 1)(minu — minu).
Br Br B3r

Similarly, we have oscp, u < (Cg — 1)(maxp,, u — maxp, u). Summing up these two
inequalities, we get
(1+ C’E)%scu < (Cg —1) oscu,

Bs;-

whence (7.1) follows. O

Proof of Proposition 2.7. Denote for simplicity B, = B(xo, ). Let

95 (,y) = /0 " PR ()t

We then have
u(y) == Y 98y, 2)f(2)0-,

z€BR
and since E(zo, R) = 3 ¢ p,. 9B5(T0,y)0y, we obtain

I%?{x|u| < E(z0,R) njlgixlf\.

Let v be a function on B, that solves the Poisson equation Lv = f in B,. In the same
way

max |v| < E(z,r) max |f].

o o] < Bz, ) max| |

The function w = v — v is harmonic in B, C Br whence, by Proposition 2.6,

osc w < €0sC W V(or) > Ri(xo).

or

Since w = u on Bpg \ B,, the maximum principle implies that

oscw <oscw=_osc w=_osc u < 2max|ul.
Br Br BR\B, BRr\Br Br

Hence,

oscu < oscv + oscw < 2 max |v| + 2¢ n%ax\u| < 2(E(zo,7) + € E(x0, R)) nllgax|f],
R

Bo"r‘ Ba"r or or
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Proof of Proposition 2.8. (i) Let E{} be the restriction of the operator Ly on A with
Dirichlet boundary conditions outside A and denote by {\;,i € {1,...,|A|}} be the set
of eigenvalues of the positive symmetric operator —E{} labelled in increasing order, and
{ti,i € {1,...,]A|}} the corresponding eigenfunctions with due normalization. We have

= Pif = Zeﬂ\it (f, i) i,

which gives

—Opur =Y e M (f i) s,

and thus
10 uell3 =D AFe M (f,400)°

Using the inequality \;s < e**, we get

1 oy 1
190wl < =5 30 e (1,900 = = |
)

(ii) We have the semigroup identity

pi(e,y) = 0 (@, 2)pit, (2,9)0-,

z

from which we get
;i pit (z,y) va 2, 2)0; pity(2,9)0z,

whence
A A A
|0t (2, )] < Nl () lI2010e pity (3, )2,
By Proposition 2.8 (i),

1
||8tptA—v(yv )”2 < ;Hat p?—v—s(yv )H2

for any s <t —v. Since

pr( H2 va xz, Z 9 _pQ’U(x I’)

we obtain (2.15).
(iii) Choose v =~ s =~ /3, it follows then from Assumption 1.1 (i) that for any nonempty

finite set A C Z% and ¢ large enough,
pi(@,a) < O+ and ply_,_(yy) < CHY2, Wy € Blag, t0+/2),

when 2t/3 > Ty(zp), whence by Proposition 2.8 (ii),

t—v—s

d
|0 pi (2, y)| < Ot~ EFD,
By letting A — Z%, we obtain (2.16). O
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Proof of Theorem 1.5. Given Proposition 1.4, we can use the balayage argument as in the
proof of [9, Theorem 3.1]. Note that the statement of [9, Theorem 3.1] includes estimates
of very good balls, but as in the proof, we only need the heat kernel estimates.

Let Cy = 6, I and define

B = B(xo,C*R), B1 = B(.CU(),R),
Q = Q(xo, R, R*) = (0,4R*] x B, E = (0,4R? x B;.
Let u(t,z) > 0 be caloric on Q). Let Z be the space-time process on R x G given by

Zy = (Vo — t, Xy), where X is the Markov chain on G, and Vj is the initial time. Define
the réduite ug by

’U,E(t, .CC) = FE* (u(t — TE,XTE); Ty < TQ),
where Tp = inf{t > 0: Z;, € E} and 7¢g = inf{t > 0: Z; ¢ Q}. Clearly, ugp = v on E,
ug = 0on Q° and ug < won () — E. Since a dual process of Z exists and can be written
as (Vo +t, Xy), the balayage formula holds and we can write

up(t,a) = [E B (e yv(drdy), (t,z) € Q,

for a suitable measure vg. Here pP(x,7) is the heat kernel of X, killed on exiting from
B. In this case we can write things more explicitly. Set

Jf(z) = {EyeB %f(y) if x € By,

(7.2)
0 if zr € B— Bj.

The balayage formula takes the form

uE(th) = Z ptB(:z:,y)u(O,y)H(y) + Z /(O 7 pgs(xvy)k(svy)e(y)d& (73)

yEB1 yeBy

where k(s,y) is zero if y € B — By and

k(s,y) = J(u(s,-) —up(s,-))(y), ye€ B (7.4)

(See [3, Proposition 3.3]; See also [9, Appendix] for a self-contained proof of (7.3) and
(7.4) for the discrete time case.) Since u = ug on E, if s > 0 then (7.4) implies that
k(r,y) = 0 unless y € (B — By).

Now let (t1,y1) € Q- and (t2,y2) € Q4. Note that since (¢;,y;) € E for i = 1,2, we
have ug(ti,y;) = u(t;,y;). Choose Rs(xo) large enough such that Rs(xg) > C(R«(z0) +
VTo(xo) + \/Ti(x0)) for some C > 1. By Assumption 1.1 (i), Proposition 1.4 and
Corollary 1.3, we have, writing A = 9(B — B;) and T = R?,

pp_J(z,y) > aT™? fora,ye B, 0<s<T,
ps(z,y) < T~Y* forz,ye By, T <s<2T,
Pt—s(x,7) <eT™ % forzeBi,ye A 0<s<t.

Substituting these bounds in (7.3), we have
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u(ta,y2) = > pr(y2,y)u(0,y +Z/ P _s(y2,y)k(s,y)0(y)ds

yeB, yeA

chT 24(0,4)0 —I—Z/ aT~2k(s,y)0(y)ds

yEB1 yeA

> 3" ey ph (1, y)u(0,9)0(y) + > / 163 P (y1,y)k(s,9)0(y)ds
yeB: yeA

= Clcglu(tla y1)7

Vv

which proves (1.6). O
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