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Abstract. Commutative sets of Jucys-Murphy elements for affine braid groups of A, BM ¢ p)
types were defined. Construction of R-matrix representations of the affine braid group of type C'V) and
its distinguish commutative subgroup generated by the C(M-type Jucys-Murphy elements are given. We
describe a general method to produce flat connections for the two-boundary quantum Knizhnik- Zamolod-
chikov equations as necessary conditions for Sklyanin’s type transfer matrix associated with the two-boundary
multicomponent Zamolodchikov algebra to be invariant under the action of the CV-type Jucys-Murphy el-
ements. We specify our general construction to the case of the Birman—Murakami—Wenzl algebras (BMW
algebras for short). As an application we suggest a baxterization of the Dunkl-Cherednik elements Y's in
the double affine Hecke algebra of type A.

Mathematics Subject Classification (2010). 81R50, 16T25, 20C08.

Key words. C(W-type affine braid group, Jucys-Murphy subgroup, Yang Baxter equations of types
A and C, Baxterization, affine Hecke and Birman—Murakami-Wenzl algebras, Bethe subalgebras, Gaudin
models. Flat connections and two-boundary Knizhnik—Zamolodchikov equations.



1 Introduction

The quantum Knizhnik—Zamolodchikov equation (q-KZ equation for shot) is a system of difference equations
which has been introduced by F.Smirnov [40], [41], during the study of form factors of integrable models,
and independently, by I. Frenkel and N.Reshetikhin, [10] during the study of the representation theory of
quantum affine algebras. Since that time the literature that enter into the treatment of qKZ equations, their
generalizations and applications, are enormous. We mention here only a few:

e [20], which is concerned to the study of correlation functions of integrable systems;

e [4], which is devoted to applications to the representation theory of affine Hecke algebras;

e [25], [44], [36], which are concerned to the study of variety applications to Algebraic Combinatorics
and Algebraic Geometry of certain class of solutions to (boundary) g-KZ equations.

e [37], devoted to the study of Jackson integral solutions of the boundary quantum Knizhnik-Zamolodchikov

—

equation(s) with applications to the representation theory of quantum affine algebra U, (s((2)).

In the present paper we describe a general method for construction of two-boundary quantum KZ equa-
tions associated with affine Birman-Murakami-Wenzel algebras (BMW algebras [1], [28], [43], [8], and
give several examples to illustrate our method. The underlying idea of our construction is to describe re-
lations/equations among the generators of the multicomponent two-boundary Zamolodchikov algebras [11]
which imply that the natural action of the distinguish commutative subgroup of the affine braid group
B, (CM) of type CV) generated by the Jucys-Murphy elements {JM;}, i = 1,2,...,n,  preserves the
“monodromy matrix” associated with the Zamolodchikov algebras in question , see Sections 2, 3 and 4 for
details. For example, in Section 2 we describe distinguish commutative subgroups in the (non-twisted) affine
braid groups of classical types. The generators of these distinguish subgroups will be called universal Jucys—
Murphy elements, or JM-elements for short. Note that the well-known JM-elements in the group ring of
the symmetric group [23], or Hrcke, Birman—Murakami-Wenzl and cyclotomic Hecke (and cyclotomic BMW)
algebras, are images of the universal JM-elements. The main objective of our paper is to construct Bazter-
ization of the JM-elements in the affine Birman-Murakami-Wenzl algebras of type CM), i.e. to construct
mutually commuting family of elements JM;(z) € BMW (CY) ® Q(z) depending on spectral parameter z,
such that JM;(0) = JM;, Vi.

Now let us say few words about the content of our paper.

As it was mentioned, in Section 2 we recall definitions of distinguish commutative subgroups in the affine
braid groups of classical types. Since the generators of these commutative subgroups are the major origin of
the Jucys—Murphy elements in a big variety of algebras, we include the definitions and proofs of universal
J M-elements basic properties.

We want to stress that in all known cases, such as the group ring of the symmetric groups, (affine,
cyclotomic) Hecke, Brauer, BMW algebras, the corresponding JM-elements come from the distinguish
commutative subgroup in the corresponding (affine) braid group of classical type. In fact, birational rep-
resentations of affine braid group associated with semisimple Lie algebras, give rise to the well-known and
widely used integrable systems such as Heisenberg chains and Gaudin models, [13], [12], Painlevé equations,
[33] and the literature quoted therein.

In Section 4 we describe a way how to construct R-matrix representations of the affine braid group
B, (CW) of type CM | and use these constructions to define the corresponding quantum qK Z equations and
two sets of flat connections associated with the former.

Section 5 contains one of our main results concerning of construction of flat connections based on the
study of two-boundary (multi-component) Zamolodchikov algebras. Namely, ¢KZ equations are making
their appearance to ensure that the two boundary Zamolodchikov algebra in question is invariant under
the action of the distinguish commutative subgroup in the corresponding affine braid group. In Section 5.2
we present our main construction, namely that of flat connections for quantum Knizhnik—Zamolodchikov
equations derived from the study of two boundary Zamolodchikov algebra and the B,,(C (1)) universal Jucys—
Murphy elements.

In Section 6 we specify our general constructions presented in Section 5 to the case of affine BMW
algebras, and construct flat connections for the algebra BMW (CM). To pass from general construction to



the case of the affine Birman-Murakami-Wenzl algebras of type C1)| we rely on the use of embedding the
braid group B, (C) into the algebra BMW (C'™M).

In Section 7 we construct bazterized Jucys—Murphy elements in the affine BMW algebras. Our ap-
proach is based on Sklyanin’s transfer matrix method !, [38],[39]. The key to apply the Sklyanin transfer
matrix method to construction of bazterized JM-elements yn(; Z(r)), see (7.4), lies in the fact that the
family of algebras {BMW,,(C)},>1 can be provided with the Markov trace, namely, there exists a unique
homomorphism

Trpi1: BMWyy1(C) — BMW,(C), Vn>1

which satisfy a set of “good” properties, stated in Proposition 7.2 (cf [21], [22], [13], [7]). Let’s point out
here on another important fact is that the Jucys—Murphy element y,,(x) satisfies to the reflection equation
(7.5). We also introduce a family of mutually commuting elements 7, (x;; Zn)) € BMW,(C), the so-called
dressing J M -operators which are an analogue of the Sklyanin transfer matrices [38], and the coefficients in
the expansion of 7, (;; Z(,,)) over the variable z (for the homogeneous case z; = 1,V ) are the Hamiltonians
for the open Birman—Murakami—-Wenzl chain models with nontrivial boundary conditions, see e.g. [13], and
example at the end of Section 7.1.  Section 7.2 is devoted to construction of the Bethe subalgebras in
the affine BMW, (C) algebras and a factorizibility property of the corresponding ¢KZ connections. We
will show that the flat connections Aj(z), see (7.26), are images under the map (7.28) of certain elements
Ji € B, (C) which under the special limit (6.31) one can deduce the BMW analog (7.29) of the Cherednik’s
connections have been introduced in [4] Hecke algebras. As an application, in Sections 7 we construct a
bazterization of the type A Dunkl-Cherednik elements Y; € DAH A, which have been in-depth studied in
[4].

2 Affine braid groups of type AV, B, ¢ DU and Jucys—Murphy
elements
First consider affine braid group B, (C")) with generators {Tp, ..., Ty} subject to defining relations
LiTinTi=TiaTiTiyn, i1=1,...,n—2, (2.1)

TWToThTo =Ty ThTo 11 , (2.2)
2.2
Tnfl Tn Tnfl Tn = Tn Tnfl Tn Tnfl 5

where Ty, T,, — two affine generators. Let ||m;;|| be symmetric matrix with integer coefficients m;; > 2.
The structure relations (2.1), (2.2) of the group B, (C") can be written as T; 7; ;- -+ = T; T, T; - - - and

mij Myjq

correspond to the Coxeter graph of the type C'(1)

Ty T Too Tu1 Ty
o——
(2.3)

where the number of lines between nodes i and j is equal to (m;; — 2). Note that for the group B, (C'"))
defined by (2.1), (2.2) we have two automorphism p; and ps:
pU(T) =T;7",  pa(Ty) =T - (2.4)

The well known statement is:

INaive replacement of generators T; in (2.5) by its baxterization T;(u/v) defined in (6.15), leads to the set of elements in
the BMW algebra, which do not commute in general



Proposition 2.1. The affine braid group B, (CV) contains the commutative subgroups which are gen-

erated by the following sets of elements

. Ji=<T;11-~-Tf1) To---Tn) Tn_l---Tz), i=1,...,n,
T.—1>, i=1,...,n,
(2.5)

° J¢_<Ti1~~T1> TO"‘Tn> Tn—jl... ;

o (Jucys — Murphy elements) a; := (Til Ty ) Ty (Tl x -Ti1> , 1=1,...,n,

o (Jucys — Murphy elements) b; := <Ti-~~Tn_1 T, <Tn_1---ﬂ> i=1,...,n

Proof. The proof of commutativity of the elements a; is straightforward and follows from the fact that
[a;, T;] = 0 for ¢ > j. The commutativity of the elements b; follows from the commutativity of elements a;

since we have by,_;1+1 = p2(a;), where automorphism ps is defined in (2.4).
Now we prove the commutativity of the elements J; (it will be important for our consideration below).
We introduce the element .
X:H T, =Ty T, . (2.6)

k=0

For this element we have the following identities
XT;=Ti1 X,
(2.7)

T X2=T1 Ty W To (ToTh) (T3 12) -+ (T Ty2) Ty Ty1 Ty = X2 Ty

where in the proof of these identities we have used (2.1), (2.2). With the help of the operator X (2.6) the

i=1,...,n—=2),

element J; (2.5) can be written as
Je=Tew_1 Ty ~X-T,:,11-~-T,;1 =Tpq--Th -X~Tn_1Tlel ..kal .

Let k > r. Then by using (2.1), (2.2) and (2.7) we have
.kal) (Tpr---Th 'X'T{_lr"Tr_l) =

-~T,;1)-X~(T,;11--~TT_1) —

jkjrz(qu-“TrX-T,:_ll“
"Tr_l):

= (Txr---T) - X - (Toy--Th) - (T, -
= (Th—y - T0) - (T Tp) 'X‘X'(TJEQ"'TE_ll)'(T7:11

=Ty Ty) (Thy---Ty)- X2 (T7:1 S Thy . (T;}1-~-T,;1
T) - X2-T), - (T,:,ll"'Tfl) . (T;jl"'

~-T*1)-X~(T7;11-~~T,;1 =

=Tr—1--T1) (Th1 -
r+

=(Tpo1-T1) X (Th—o--Th) - (T}
= (T ) - X (T T (Toea - Th) - X - (T, - T ) =

where to obtain the last line we use identity (k > r)
(T ---Ty) - (Tn—_ll . "Tr_+11) (Ty—g---Tp) - (Tpy -+~ T1) - (Tn_—ll Ty
- (Tn—_l1 .. 'Tk_l)(Tk—2 ST - (Tk_—ll . Tr—_‘_ll)(Tr_1 ST

T T2 ) (T Thma - 1) - (T - T ) (T -+ )
TN Ty T)(Tor---Th) = (Tn_—ll T Ty - Th)

)=

T

-1
(T
-1 -1 -1

= (T T (T
The commutativity of the elements .J; follows from the commutativity of the elements .J; since we have

]

, where automorphisms p; and ps are defined in (2.4).
1 (Vi) is called Coxeter group of the

p1(p2(Jn—is1)) = J;
The quotient of the group B, (C™) by additional relations T7?
type C(1). This group is denoted as Wn(C’(l)). At the end of this Section we present the explicit realization



of W,(C™) which we use below. Introduce the set of spectral parameters (z1,...,2,), 2z € C. Now we
define a representation s: T; — s; of By:

Si ¢ (Zlv"'azivzi+17"'azn) — (Zl,...,Zi+1,Zi,...,Zn) (7,:1,,TL—1),
so : (21,22, -y2n) — (0(21),22,-+,2n) » (2.8)
Snot (21,00 y2n-1,2n) — (21,-.+,2n-1,0(2n)) ,

where o, & are two involutive mappings C — C such that (¢)? = 1, ()% = 1. We specify these involutions
in next Sections. From (2.8) one can check that operators s, s;, s, satisfy (2.1), (2.2) and moreover we have
st = 82 = s? = 1. Thus, equations (2.8) give the representation of the Coxeter group W,,(C")). For special
choices of o and 7, namely o(z) = 1 — z and 6(z) = —z, the representation (2.8) have been used in [4],[42].
Remark 1. Denote by B, (C) the subgroup of the affine braid group B, (C")) generated by elements T;
(1 =0,...,n—1) with defining relations given in (2.1) and in first line of (2.2). The group B, (C) is associated
to the Coxeter graph of C-type

TO Tl Tn -2 Tn -1

Consider the homomorphism (projection) p: B, (C")) — B, (C) such that p(T;) =T; (i =0,...,n — 1) and
p(T,,) = 1. Tt is clear that under this projection we have a; = p(J;) and it means that the commutativity
of a; follows from the commutativity of .J;. The elements a; given in (2.5) generate the commutative set in
the subgroup B, (C) C B,(CW).

Remark 2. Denote by B,(A(M) the affine braid group which corresponds to the affine A-type Coxeter
graph

T Ty Ty R A
We call group B, (A™M) (n > 2) a periodic A-type braid group. This group is generated by invertible elements
T! (i =1,...,n) and according to its Coxeter graph we have the defining relations
Tl(ﬂ+1H=H+1HTi/+1, i=1,....n, (2.9)

where we impose the periodic conditions 77, = Tj.

Note that the group Bn(A(l)) possesses automorphisms
p3(T}) =Ti11, pa(T)) =Ti1, ps(T]) = Tfl . (2.10)

Define the extension B, (A™M) of the group B,(A™M) by adding an additional generator X with defining
relations (cf. (2.7))

XT! =T/

WX (=1,...,n) = T{-X*=X*-T

n—1 -

(2.11)

Namely, we add operator X which serves the automorphism ps: p3(7}) = X T/ X " in (2.10). Then for the
group Bn(A(l)) one can construct the following commuting sets of elements

J=T" T X T T (k=1,...,n),

_ _ (2.12)
Ji=ps(J)=T}_, - T{- X-T,° T, (k=1,...,n),

where we have defined ps(X) = X (this is compatible with (2.11)).



Now we introduce the element T}, in B, (C") as following
T, =X'T\ X=XT, 1 X! € B,(CY), (2.13)
where X is given in (2.6). The element (2.13) satisfies periodic braid relations
T, T Tn =Ty 1T, Thy, T, TWT, =TT, Ty,

where we have used (2.7). Thus, we have the homomorphic maps (embeddings) p': B,(AM) — B, (C™M)
and p": B,(AM) = B, (C™M) such that

PITH=T; (i=1,...,n—-1), "T)="T,,

T =T (i=1,....n—1), p"(T)=T,, p"(X)=X.

7

A

It means that ﬁn(A(l)) and Bn(A(l)) are subgroups in Bn(C(l)) with generators (T1,...,T,,_1,T,) and
(Th,...,Th—1,Ty, X), respectively.

Remark 3. Consider the braid group Bn+1(B(1)) which is associated to the graph

To
Tl Tn -2 Tn— 1 Tn
O——C—0

T 4
The defining relations for this group are
LT Ti=TiTiTiy, 1=01,...,n-1,
T LT =TT 1Ty, T 1To=TT-1, (2.14)
T T T =T, T 1T, Th—1 .

Introduce the element ~
To=T 11Ty, (2.15)

which in view of (2.14) satisfies relation
ToTWTo Ty =Ty Ty Ty Ty (2.16)

So, B,(CM) is a subgroup in B, 1(B™") and we have the homomorphism (embedding) p: B,(C™V) —
B,+1(BW) which is defined by the map

p:To =Ty, T, =T, (i=1,...,n). (2.17)

Thus, according to the Proposition 2.1 we have the following commuting sets for the group Bn+1(B(1))

L:(ﬁ Uﬁ*(lﬁjﬂ (i=1,...,n),

B b=i-1 k=n—1 (2.18)
L(]j n)x( I 7?) (i=1,...,n),
k=i—1 k=n—1

where X = Ty Ty - - - T}, is the image of the element X € B,,11(CM) presented in (2.6).
Remark 4. The braid group Bn+2(D(1)) which is associated with the graph



has defining relations
LTl =T TiTiyr, i=0,1,...,n,
TATT =TT Ty, T aTo=ToT 1, (2.19)
ThiToi T =Th1Tha Ty, TaThr1 =Thpi T
Note that the element T}, = T}, T,+1 obeys relations
T Tt Ty Ty = Ty Ty, Trm1 Ty -

Thus the elements (T_1, Ty, T4, - -, Tn-1, Tn) generate the subgroup Bn+1(B(1)) in Bn+2(D(1)) and we have
the homomorphism (embedding) po : Byy1(B™M) — B, 12(DM) such that

po:T;, — T, (i=-1,0,1,....n—1), po:Tp — Ty. (2.20)

Define the element (cf. (2.6)) 3 3
X" =TyT - Ty1 Ty,

where Tj is defined as in (2.15). Then we again have two sets of commuting elements (cf. (2.5), (2.18))

J{’—( 111 T,;l)X“( f[ Tk> (i=1,...,n),

k:;’—l ki=n—1 (2.21)
Jf:( [1 Tk>XH( I1 Tk1> (i=1,...,n).
k=i—1 k=n—1

Finally we stress that the quotient of the group B,,o(D™®) with respect to the relations Ty = T_; (or
T, = T,+1) is isomorphic to the braid group B,y2(D) associated to the Coxeter graph of classical D-type.
The commutative elements in this case are given by the same formulas as in (2.18), where instead of X we
have to substitute element X (D) =TT, ---T,, 1Ty, (or X(D) = Ty Ty - - Tpy_1T2).

3 General picture

1. Affine root systems and affine Weyl groups (see [5, Section 1]).

Let R, be a root system of type A, B,, ..., F,,G,. We will write R also for the type of the root system.
Let avq,...,a, € Ry, be simple roots, wy, ... ,w, — fundamental coweights, (w;’, o;) = &7, § — the maximal
root. The Dynkin diagram of the affine root system R%l) is obtained by adding the root — @ to the simple
roots a, ..., a,. The affine simple root is ap = [— 6, 1] in the notation of [5].

For a € R, denote o = 2a/(av, ). Let Q¥ = @, Za be the coroot lattice, PV = @, Zw,’ be the
coweight lattice, and PY = @, Z>ow,’

Let s, be the reflection corresponding to a root o € Rsll), and s; = So,. The Weyl group W of type R,

is generated by the reflections sq, ..., sy.

The affine Weyl group W@ of type RS) is generated by the reflections sg, s1, ..., s, and is isomorphic to
the semidirect product W x QV, with s = 6Vsg. Here we identify W and @QV with the respective subgroups
of We.

The extended affine Weyl group W® of type Rg) is the semidirect product W=WnxPV. Itis also
isomorphic to the semidirect product II x W%, where Il = P¥/Q"V. The elements of the subgroup II C W
“permute” the reflections so, ..., s, — for any i and w € I, ws;m~! = s; for some j = 7li].

Define the length on W by {(s;) =1 and £(m) = 0 for w7 € II. Then for b,' € P} C W,

U+ = 6b)+ L), (3.1)



see [5, Proposition 1.4].

The affine braid group B(Rgll)) is generated by the elements Sy, ..., .S, subject to the same braid relations
as 8o, - .-, Sy (we use S; to keep distinction from the generators T; in Section 2.) The extended affine braid
group B(R,(ll)) is the semidirect product IT x B(RS)) — for any ¢ and 7w € II, wS;m~ ! = Sy, (cf. with
relations (i), (ii) in [5, Definition 3.1]).

For & € W with a reduced decomposition @ = TSiy ... Si, ™ € II, k = {(w), the element Sz =
w5, ... S, € W does not depend on the reduced decompos1t10n and Sggz = SpSz provided f(ww') =
U() + £(@'), w,@ € W. Hence, the elements Sp, b € PY C W generate a commutative subgroup of W
because S, Sy = Sb+b/ = Sy Sy for any b, b’ € PY C W, see (3.1). (Cf. with [5, formula (3.8)].)

For fundamental coweights wy’, ..., wY, set

Y, =S, i=1...n. (3.2)
The elements Yi,...,Y, € W pairwise commute.

2. Groups E(C’r(ll)) and E(C,(f)).
The group B\(CT(LU) is generated by the elements Ty, ..., T, € B(C’,gl)), see (2.1), (2.2) and by the element

U with relations
UT,U '=T,_;, i=0,...,n. (3.3)

In other words, UGU ! = py(G) for any G € B(C’,g ))7 where ps is given by formula (2.4). The element U?

is central.
Set I, = Jy...J;, i =1,...,n, where Jy,...,J, are given by (2.5). Also,

I = (XT,_1...T))", i=1,...,n, (3.4)
where X =Tp...T,, see (2.6). Let
Z=Ty...Th1To...Tno ... ToTy Ty U . (3.5)

The element Z commutes with T7,...,T;,,—1 and X, and hence by (3.4), commutes with I, ..., I,,. Moreover,
Z? = I,U?. One more nice formula

L =X'T, ;.. T\ Tpiyr1...To ... Tpyy...Ty. (3.6)

The group E(Cy(,,l)) is the quotient of E(Cy(bl)) by relation U? = 1. The identification is S; = T}, i = 0,
on,and IT={1,U}. Also, V; =1;, i=1,...,n—1,and Y,, = Z.

3. Groups B(B (1)) and E(BT(LI)).

The group B(Bfl )) is the quotient of B(CT(LI)) by relation 7§ = 1. The identification is S; = Tj, i = 1,
ey, SO = ToTlTo, and IT = {1 To} Thus S()Sl 5150 and SQSQSQ = SQSQSQ Also Y = Iz, 1= 1,. cey
n. The commutative subgroup in B(B( )) is generated by the products J1J; = I I; Il_ 1, t=1,...,n. Here
Iy=1.

The relation with elements (2.18), (2.21) is explained farther.

4. Groups B(Dﬁl ) and B(D 1))

The groups B( n ) and B(D )) are subquotients of E(Cr(f)) Let E’(Cﬁl)) be the quotient of E(C’,(ll))
by relations T¢ = 1, T2 = (Recall that U2 = 1 in B(CY ))) The subgroup B(DS) ¢ B/(CV) is
generated by Sy = To11 7o, Sn =TT, 1T,,and S; =T;, 1 =1,...,n—1.

Let I, = {1, ToU, (ToU)?, (ToU)?} = {1, ToU, Ty T, T, U} if n is odd, and II,, = {1, ToTp, U, ToT,U} if n
is even. The subgroup E(DS)) C E’(C’ﬁl)) is generated by B(D;l)) and 1T = II,,.



Also V;=1;,i=1,....,n—2, Y,_1 =1, 1Z ' and Y,, = Z. The subgroup II,, can be recovered from
the requirement that I; and Z belong to the subgroup generated by B(DSLI)) and II =1L,.

The commutative subgroup in B(D,&l)) is generated by the products J1J; = I I; I[_ll, i=1,...,n. Here
Iy =1.

5. Recursive definition of I,...,I,.
Let 1Y, ...,T)_, denote the generators of B(Cflljl), and similarly for I7, ..., I}, _;. There is an embedding

) = B(CY), (3.7)

M(/IZ) = T”iv i:()?"'7n_27 /'L(Tylzfl) = nflTnTnfl'

Then
pwI) =1, i=1,...,n—1. (3.8)

This suggests a proof that the elements I, ..., I,_;, Z pairwise commute. Since Z? = I,,U?, by induction it
suffices to prove only that Z commutes with Iy,..., I, 1. This follows from the fact that Z commutes with
Ty,...,Tp—1 and X, and formula (3.4).

The recursive definition of Iy,..., I, is reminiscent of the construction of Gelfand-Zetlin subalgebras,
though I, is not central.

6. Relation with elements (2.18), (2.21).
To get elements (2.18) compose the embedding p with automorphisms (2.4) for B (Cy(bl_)l) and B (Cf«bl)):
A =pz0poph,
)\(Tz,) = Lj4+1, = ].7 ey, — 1 y A(Té) = T1TOT1 . (39)
The elements of the image A\(B (Cflljl)) commute with 7. The next formulae define one more embedding
X:B(CM) = B(CV):

NT)) =Tiq, i=1,....n—1, XNT}) = ToT\ToT} . (3.10)

K2

Taking the quotient by the relation 7§ = 1 projects B(C’T(Ll)) into E(Bfll)) and formulae (3.10) into

MT)) = Siy1, i=1,....,n—1,  XT}) = SoS1. (3.11)

(Recall that Sy = ToT1Tp and S; = T;, i = 1,...,n.) Formulae (3.11) coincide with the embedding g in
(2.17) up to relabeling of generators.
To get elements (2.21), the game is similar. First take an embedding B(Cflljz) — B(C,gl)),
7}-” — T’H—l s = 1, R 3, Tél — TQT1T0T1 s T'r/z/—Q — Tn—lTnTn—lTn s (312)
where T/, ..., T)_, are the generators of B (07(1122), and then the quotient by the relations 72 = 1, T2 = 1.
Then formulae (3.12) induce an embedding B(C’SJQ) — E(BT(Ll)),
TiN — Si+1, 1= 1,...,”—3, Tél |—>SQ;5’1, T,,/ll_z |—>Sn_15n. (313)

Recall that Sy = TyT1To, Sp = TnTh-1Tn, and S; = T;, i = 1,...,n — 1. Formulae (3.13) coincide with
the embedding pg in (2.20) up to relabeling of generators.



7. One more automorphism of B(C’,(Ll)).
Consider the element Z, see (3.5). In addition to commutativity

ZT,=TiZ,i=1,....n—1, ZX = XZ, (3.14)

we also have
Zh .. T,=1Ty... T, 12, Zhy .. Ty 1 =Ty... Ty 1 Z, (3.15)

that is, ZTy ' X = XT,;'Z and ZT, ' XT; ' = T, ' XT,; ' Z. Consider an automorphism
0:B(CV) = BCW),  o@G) = 2ZGz7". (3.16)
Then o(T}) = T;, i =1,...,n — 1,
o(To) = ToTy ... T T T T = XT, X (3.17)
o(T,) =T, .. Ty 0Ty ... Ty = T X ' ToXT, = J.T,Y (3.18)

Notice that Z commutes with Iy, ..., I, given by (3.4), that is, o(I;) = I;, i =1,...,n.

The subgroup B (C’y(ll)) is invariant under the automorphism ¢.

4 R-matrix representation of B,(C).
Define an R-operator acting in the tensor product V ® V of two N-dimensional vector spaces V
R(m,y) ’ (gkl ® gkg) = (521 ® 512) R?flzz (xvy) . (41)

Here vectors {€1,...,éy} form a basis in V' and components R?fé (z,y) are functions of two spectral pa-
rameters x and y. Let operator R satisfies Yang-Baxter equation:

Ria(z,y) Ris(z, 2) Ras(y,2) = Ras(y, 2) Ris(z,2) Ria(z,y) € End(VRV V), (4.2)

where we have used the standard matrix notations [9]. Now we introduce two matrices || K JZ|| € Mat(V') and
||?;H € Mat(V) with elements which are operators acting in the spaces V and V', respectively. In other

words we have two operators K € End(V ® V) and K € End(V @ V'). Let these operators be solutions of
the equation

Rya(,y) Ki(z) Ra1(y, @) Ka(y) = Ka(y) Ria(z,9) Ki(2) Rt (3,7) € End(VRVeV), (4.3)
which is called reflection equation and equation (cf. (4.3))
Riz(z,y) Ka(y) Rar(§, @) K1 (2) = Ki1(2) Ria(#,y) Ka(y) Ra1(§,#) € End(Vo VeV, (4.4)

which is called dual reflection equation. We explain this terminology and the meaning of the equations (4.2),
(4.3) and (4.4) in the next Section. In equations (4.3) and (4.4) we have used notations

T=o0(x), x=d(x), (4.5)
where o and & are the same involutive mappings C — C which were introduced in (2.8).

Using operator R(z,y), which is defined in (4.1) and (4.2), we introduce the set of R-operators Ry r+1(z,y)
(k=1,...,n— 1) which act in the space V®"

Ry psa(2,y) = 1907V @ R(z,y) @ 1907FD. (4.6)
For us it will be also convenient to introduce operators

Rk(xa y) = Rk,k-‘rl('xay) = I®(k71) QP R(.I) ® I®(nik71) (k = 1a s, 1) ) (47)
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Ry (w,y) = Pr g1 - (1% @ R(z) ® I®0~+1) “Prpyt, (4.8)

where P is a permutation operator in V @ V'
P-(v1®@u3) = (v2@wv1) Vo, €V,
and P, = Py, is the permutation operator in V" such that
P ®  Qup®@ - Q0,Q - QUp) =01 Q- @0, Q- QuUp Q-+ Q) .

In terms of operators (4.7) equations (4.2), (4.3) and (4.4) can be written in the form

Rk(xvy) ( ) Rk(yv ) RkJrl(yvz) Rk(l',Z) Rk+1(x7y) ) (49)
Rip(x,y) Ki(x) R 2(y,7) Ki1(y) = Ki1(y) Ria(,7) K1(2) Ri2(7,7) (4.10)
Rix(z,y) Ka2(y) Ri2(§,2) Ka(z) = Ka(z) Ri2(2,y) Ka(y) Ri2(3, ) (4.11)

where
Ki(z) = 120D @ K(2) @ 1" *1 | K (2) = I°F D@ K(z) @ I®" k1 (k=1,...,n—1).

Introduce the set of spectral parameters {z1,...,2,}. By using the group of the elements s; (see (2.8))
and matrices Rk(zk, zk+1), K1(21), Kn(zn) we construct the representation p of the affine group Bn(C(l))
nVevergy

p(Ti) = S; Ri(zi,ziﬂ) (i: 1,...,n— 1), p(To) = Kl(zl)so, p(Tn) = Fn(zn) Sn - (4.12)

One can directly check that p(T;) (i = 0,...,n) satisfy defining relations in (2.1), (2.2) if Rg(zx, zry1) and
Ki(z1), Kn(2,) satisfy relations (4.9), (4.10), (4.11).

Further we will use the operator D,, such that for any wave function ¥(zy,...,2,) and any operator
f(z1,...,2,) we have

D, - f(z1y s 2k y2n) = f(215 s 2y ooy 2n) - Dsy
i ) i (4.13)
D, (21, Zkyees2n) = V(21,0 oy Zhy ey Zn)

where 2, = 5(0(z)). We note that the operator D,, in (4.13) can be written in the representation (2.8) as
D, = (sg—1---51)(S0 " 5n)(Sn—1-"5k) =s(Jg) , (4.14)
where elements Jj, were introduced in (2.5).
Theorem 4.1. The images of the commutative elements (2.5) are operators in V @ V" @ V'’
p(Ji) =A; = Rlz_11(zk71, z1) - Ry Y21, 21) Ki(z) Ri(z1,2k) - Re1(zr-1, Z)-
Ri(2k41, %) -+ Rue1(2n, Zk) Kn(Z) - Dz - Ruc1(2k, 20) - - Rio(2k, 2041

p(Ji) = Ai = Ri—1(zk, 26-1) -+ Ru(2n, 21) Ka(2) Baz1, %) - Rie1 (201, Z)- )
Rk(ZkJ,_l, Zg) Rn_l(zn, Ze) Kn(Zk) - Ds, - Rnll(zn, 2k) ]:E,Zl(zkH, 2k)

form two sets of flat connections for quantum Knizhnik-Zamolodchikov equations

ék(zl,...,zk,...,zn) E(zl,...,zk,...,zn) :E(zl,...,zk,...,zn) , (4.16)

Ap(z1y ek 2n) U(21, ey Zhy ooy 20) = V(21,0 oy 2y o5 20)
where functions U, 0 € V@ Ve @ V',
Proof. Formulas (4.15) are obtained by direct calculations. The flatness of the connections (4.16)

(A, Ajl =0 =[Ar, Aj]

follows from the Proposition 2.1. [ ]
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5 Flat connections for quantum Knizhnik-Zamolodchikov equa-
tions. Approach with Zamolodchikov algebra.

5.1 Zamolodchikov algebra.

Introduce a set of operators A%(z) (i = 1,2,..., N) which act in the complex vector space H. Each operator
A'(z) is a function of the spectral parameter z. The operators A*(z) are generators of the algebra Z with
quadratic defining relations (see e.g. [11] and references therein)

A () A% (y) = R, (w,y) A% (y) AV (2) . (5-1)

where R;;i’f? (z,y) € C are functions of the spectral parameters z and y and also are components of an R-
operator acting in the tensor product V ® V of two N-dimensional vector spaces V' (see (4.1)). The algebra
Z is called Zamolodchikov algebra. Relations (5.1) can be written in concise matrix notations [9] as following

AV (x) A% (y) = Raa(a,y) AP (y) AV (x) . (5.2)
Consider the product A (z) A% (y) A% (z) of three operators and reorder it with the help of (5.1) as following
AR (@) AR (y) A% (2) = AR(2)AR(y) A" (@)
in two different ways in accordance with the arrangement of brackets
(A" (x) A" (y)A™ (2) = A" (2) (A" (y) A" (2)) - (5.3)

As a result we obtain the self-consistence condition for the matrix R(x,y) in the form of the Yang-Baxter
equation (4.2). The solutions R(x,y) of the equation (4.2) define Zamolodchikov algebra (5.1).

Now we extend (see [11]) the algebra Z by adding new "boundary” operators B® (o = 1,2, ..., M) which
act in ‘H and obey relations

Al(z) B* = Kj%(x) A¥(z) B = AY(z) B=K;(x) AY(z) B,

7=o()eC, (5:4)

where Z is a reflected spectral parameter and o — involutive operation C — C such that ¢2 = 1. E.g., for
rational and trigonometric R-matrices (pay attention to the special dependence of spectral parameters)

R(z,y) = Rz —y), R(z,y) = R(z/y) (5:5)

one can take 0 = o, and o = o!™, respectively, where

ou(x)=a—z, of(z)=0b/z, (5.6)

and a,b € C are parameters which specify involutions o, ™. Matrix K with components K }C% (z) acts in the

space V ® ‘7, where V is M-dimensional vector space. This matrix is called reflection matrix and describes
a reflection of particles from right boundary [11]. For simplicity, in the second formula in (5.4) and below,
we omit indices «, 3, ... related to the space V.

In the same way as in (5.3), one can consider two different ways for the reordering of special product of

3 generators (including B®):
[A" () A(y)] B = A" (2) [A(y) B] — AM(z) A%(y) B.

As a result, in addition to the Yang-Baxter equation (4.2), we obtain new consistence condition for the
reflection matrix K in the form of the reflection equation (4.3).
Now besides the "right” boundary operators B with relations (5.4), we also introduce the ”left” boundary

operators By (o/ =1,..., M") with relations

By Ai(z) = Ky (z) Bar AME) =

B AV (z) = K1(x) B AV(3)
T=0o(r)eC,

(5.7)
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where & is another involutive operation in C: 62 = 1 (e.g., one can define & as in (5.6) but with another
parameters a,b). Equations (5.7) and operator K (z) € End(V ® V'), where V' is M’-dimensional vector
space, describe the reflection of particles from the left boundary. Two different ways for the reordering of
the product of 3 generators (including B):

B A (z) A(y)  — B AM(3) AF2(p),

give additional consistence condition in the form of the dual reflection equation (4.4).
Note that applying defining relations (5.2), (5.4) and (5.7) twice, we deduce three unitary relations for
matrices R, K and K

Rio(z,y) Rot(y,2) =11, Ki(z2)K(2)=I®I, Ki(l2)K:(&)=I&T, (5.8)

where I, I and I’ — unite operators in V, V and V' , correspondingly.

In physics the matrices R and K, K which satisfy equations (4.2), (4.3), (4.4) and (5.8) describe the
factorizable scattering on a half line [11], [3], or define the integrable spin chains with nontrivial boundary
conditions [38].

Note that if matrices R, K and K satisfy unitarity conditions (5.8), then for the representation (4.12)
we have (p(T}))? = I, where I is the unit operator in V ® V& @ V’. Thus, in this case equations (4.12)
define the representation of the Coxeter group W, (C'1).

5.2 Flat connections for quantum Knizhnik-Zamolodchikov equations.

Consider the boundary Zamolodchikov algebra Z1p with generators {A’(z), B®, Bg }. Namely, the alge-
bra Zp g includes the generators A'(z) of the Zamolodchikov algebra Z and both left and right boundary
operators B and Bg/. Consider the special element in Zj p:

(WG] " (2, 2k oy 21) = Bgr A (2) -+ A% (21) -+ A" (1) B, (5.9)

and push the k-th operator A% (z;), in the ordered product (Ai“' (2) -+ AR (21)) in the right hand side of
(5.9), with the help of equations (5.1) to the right. Then we reflect this operator from the right boundary
operator B with the help of (5.4), and push the reflected operator A (zx) backward to the left with
the help of (5.1) up to the left boundary operator Bg. Then we reflect the operator Ay (2x) from this
boundary operator and finally place the operator A(k)(,?k) on its initial k-th position in the ordered product
Ay (2n) -+ - A(2)(22) A1)(21). As a result we obtain the equation

(\Ilg/)““'i” (Zry e ey Zhy ey 21) = [Ak(Z1, 0oy 2Ry e o oy zn)];llzz s (Wg,)jl"'j“ (Zny e v vy 2y v ey 21) 5 (5.10)
gk = 5’(0(Zk)) R
where involutions o and & were introduced in (5.4) and (5.7) while the matrix
[Ar(21, - 2k, Zn)12em = Ki(zis Z0,6-1)) - Ki(Zki Zes1,n))
Z(I,k:fl) = (217 RN} Zk—l) ) Z(k+1,n) = (Zk-‘rla EREE) Z’ﬂ) ’
is defined by means of dressed reflection matrices
Ky (w5 20 k—1)) = Rep—1(%, 21-1) - - Rea (2, 21) Ky () Re1(21,2) - R p—1(20—-1,7) =
= R (zk-1,2) - Ry (22,2) Ry (21, 2) Ki(x) Ri(21,7) Ro(20,%) -~ Ry—1(25-1,7) = (5.11)
= Ryt (o1, @) K1 (25 20— 2)) Rt (2021, @)
Ki(Z; Zht1,n)) = Bir1.k(2k41, &) -+ Roi (20, &) Ki(Z) Rien (%, 2n) -+ - Ricoy1 (7, 2041) =
Rk(zk+1a f) T Rn—l(zny :f) ?n(j) Rn—l('%a Zn) e Rk@a Zk-l—l) = (512)

= Rk(zk+1aj)Fk+l(j§ Z(kt2,m)) Rk(i Zgg1) -
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To write expression (5.11) for the matrix Ky (w; 2(1,5—1)) We take into account the unitarity condition for the

g =0, ,

R-operator Ry(x,z) = R; (2, ).
trigonometric case :

1
For rational and trigonometric R-matrices (5.5) the involutions ¢ and & could be defined as in (5.6)
rational case: oc=o0,, 0 =04 ; i =0l
and we respectively obtain
- . . b
T=op (ol (7)) = i (5.13)

T=o0u(o.(z))=(d —a)+ux,

i.e., for the rational case the spectral parameter T is a shift of z by a constant (a’ — a), while for the

trigonometric case the parameter 7 is a multiplication of 2 by a constant & /b. In view of this, for rational
and trigonometric cases the operator D, (4.13), (4.14) can be considered as finite difference derivatives. Note

(5.14)

that 6o # 05.
y2n) = U(21, .00y Zhy ooy Z0)

One can write eqs. (5.10) in the form of quantum Knizhnik-Zamolodchikov equations (see (4.16):
s Ry oo

Ap(z1, ooy 2ky ooy 2n) P21, ..
where we interpret ¥ (5.9) as a wave function and introduce connections
Ak(z1, s 2y om) = Ak(21, -y 2k oo 20) Doy = Ki(2ks Za6—1)) - Kk(Zes Zi1,n)) D, (5.15)
= Ky (2k; Z(1,6-1)) - Ki(Zks Zot1,m)) .
In the right hand side of (5.15) we use the dressed reflection matrix (5.11) for z = z; which can be written
in the representations (2.8) and (4.12) as following
(5.16)

Ky (25 Z0,5-1)) = R;;ll(zk—l,zk) Ry (21, 2) Ka(zk) Ri(z1,2) - Re—1 (21, 21) =

p(T Ty ToTy - Tim1) - (Sk—1 -+ 8180 81+ 8k—1) = p(ax) - s(a) ,

where a; = Tkill . TflTOTl -+ Tp—1 and elements aj, were defined in (2.5). Besides this we also define new
(5.17)

dressed reflection matrix
Ki(@5 Z1.m)) = Kk (%5 Ze1m) Do = Ri(2641, ) - Kyt (85 Zpromy) - Bie(@, 2541) =
= Rk(Zk.t,_l,fE) e Rn—l(zna f) Fn(g_j) . Dr : Rn_l(l', Zn) o Rk(zv'zk+1) )

which includes the finite difference operator D, (4.13). In the representations (2.8) and (4.12), for z = z,
(5.18)

the matrix (5.17) can be written as following
. Tn—l Tn Tn—l ce Tk) = S(ak) . P(bk) )

Rk(fk; 5(k+1,n)) = (Sk—l crr818081 Sk—l) : P(Tk
where ay and by, were defined in (2.5). To obtain relations (5.16) and (5.18) we have used formulas (4.14)

and
Zp = (Sk—1"""518081 """ Sk—1) 2k (Sk—1""" 515051 "~ Sk—1) -
Finally, using (5.16) and (5.18) one can write connections (5.15) in the form
s2n) = plag) - p(bk) = p(Ji) - (5.19)

Ak(Zl, .
Applying equation (5.14) twice (for two different indices k and r) we deduce the consistency condition

[Ak, AT] \I’(Zl, I
(5.20)

and our conjecture is that the connections Ay, explicitly given in (5.15) and (5.19), are flat:
[Ak, A;]=0.
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One can prove this identity directly by using the fact that connections Ay (5.19) are the images of the
commuting elements Jj, € B, (C()) (see Proposition 2.1). Note that commutativity (5.20) of connections Ay
(5.15), where matrix Ky (zr; Z(1,5—1)) is taken in the form (5.16), is valid even for the case when R-matrix is
not satisfies unitarity condition. So, we have proved the following statement:

Theorem 5.1. Connections Ay, which were defined in (5.15), (5.16), (5.17) are flat (5.20) for any matrices
R, K and K satisfying eqs. (4.9),(4.10) and (4.11) and any involutive operations o,G.

Remark 1. One can think about boundary operators B® and By in (5.4), (5.7) and (5.9) as about boundary
states |[B*) € H and (By/| € H* with the same conditions as in (5.4), (5.7). In this case the operator (5.9)
is represented as the matrix element

(UG (2, 20, 21) = (Bar| AP (2,) - - A% (20) A (1) |B%) (5.21)

and equation (5.14), with the wave function ¥ which is given in (5.21), is nothing but the quantum Knizhnik-
Zamolodchikov (q-KZ) equations for the system with nontrivial boundary conditions. One can put V = V’,
B =« in (5.21) and sum over a. As a result we obtain the following form of the solution of q-KZ equation

W (2,2, 2) = Trgg (A7 (20) -+ AR (22) A% (21) p ) (5.22)

where p = |BY)(B,| can be considered as a density matrix.

Remark 2. For systems with periodic boundary conditions one can deduce q-KZ equations by using the
same method as was used above for the systems with nontrivial boundary conditions and open boundaries.
Consider the function (5.22) with any operator p and require that this operator satisfies commutation
relations with generators A*(z):

Al(2)p=Qi(2) pA'E), & =5(o(a). (5.23)

Here functions Q;(w) are components of a numerical matrix. Taking into account (5.23) we obtain the
following periodicity condition for the wave function (5.22)

\I/i""‘il (va R 22’21) -

. . ) ) o X L (5.24)
= Trgg (Al (20) - AP (23) A%(22) Q}y (1) p A7 (31) ) = Q}h (20) Witin 2B, 2, 2)

The associativity equation A" (z)(A™(y) p) = (A" (x)A™(y) )p requires consistency condition for matrix
Qj(x) -

Ri2(z1, 22)Q1(21)Q2(22) = Q1(21) Q2(22) Ra2(21, 22) - (5.25)
We also require the condition

Ri2(Z1,22) = Ri2(21,22) < D, D, Ri2(21,22) = Ri2(21,22) D., D, ,

which is obtained automatically for the rational and trigonometric cases, when involutions &, o are fixed as
in (5.13). In this case equation (5.25) is written as

(D2, Q1(21)) (D2, Q2(22)) Ra2(21, 22) = Ri2(21, 22) (Q1(21) D3, ) (Q2(22) Ds,) -

Now we again pick up the generator A% (z;) in the right hand side of (5.22) push this generator to the right
with the help of (5.1), then use relation (5.23) and cyclic property of the trace and finally place the operator
A% (%) on its initial k-th position. As a result we obtain equation

U(zn,...,22,21) = Ap(Z1,n)) ¥(zn, .. 22,21) s (5.26)

—

where Z(1 ) = (21,. .., 2n) and A(Z(1,n)) is the flat connection for q-KZ equation in the periodic case [10]:
Ar(Zam) = Rigp—1(2k, 26—1) - Re2(2k, 22) R 1 (21, 21) Qi (21) Dz, -

(5.27)
Rin (21, 2n) Rien—1(2k, 2n—1) - Rie ko1 (2k, 2041) -
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Here the finite difference operator D,, is the same as in (4.13). Using for the periodic braid group elements
T; the same R-matrix representation (4.12) we write connection (5.27) as (cf. (2.12))

Ac(Zam) = p(Toer---T1) - X - p(T, 2 - T ),

X = Ql(zl) D, 85,1,

(5.28)

where §; = P 1115, and we have used unitarity conditions T? = 1. We have (for simplicity we write 7T;
instead of p(T3))

TiSit15 =Siy15i Tiv1, Tiy158i41 =8%8i11 715,
XT;=T1 X, (i=1,...,n—2),
Ti-X?=TQ1D.,Q2D.,(31--5,1)* = Q1 D-,Q2 D, Ty (31---5,1)% = (5.29)
=Q1D:,Q2 D, T1 (8251) - (8352) - -+ (Sn—150-2) =
= Q1 D:,Qa Dy, (3281) - (3n-150-2) Tr1 = X? Ty

One can check that the element
T, =X'Ty - X=XT, 1 X", (5.30)

satisfies periodic braid relations
T, T T, =T, 1T, 1o, T, W, =T1T,T .
Let Ty be unitary operator 72 = 1. In this case the connection (5.28) satisfies the periodicity condition
Ak(5(1,n)) =Ty 1--T)-X - Trj—ll .. .kal =T 1--Tp-X - Tn_lTn’_ll .. .kal )
Proposition 5.2 [10]. For the periodic chain the connections (5.28)are flat, i.e. satisfy (5.20).
Proof. The proof is the same as the proof of the Proposition 2.1 in Section 2. [ ]
Remark 3. Consider operator Tyy(z) € End(V ® V) which satisfies the intertwining relations
Ryy(z,y) Tiv(x) Tiv (y) = Tiv (y) Tiv(z) Ryv (z,y) € End(VeVe)) (5.31)

Riy (2,9) Tiv(z) Tov(y) = Tov(y) Tiv(z) Ry (z,y) € End(VoVeV), (5.32)

where we denote by V' the second copy of the vector space V, the numbers 1,2 numerate vector spaces V,
and the matrix Riz(z,y) € End(V®V), as well as the matrix R(z,y) € End(V®V’), satisfy the Yang-Baxter
equation (4.2). Consider the transfer-matrix

T(21,...,2n) = Try (TnV(Zn) - Top(z2)Thv(21) PV) ) (5.33)

where the operator py € End(V) is such that

Ry (@, y)pvpv: = pypy Ryy (2, y) - (5.34)
Then we have
Proposition 5.3. Transfer-matrices 7(z1,...,2,) and 7(21,...,2}), defined in (5.33)), are commutative
generating functions
[T(z15--s2n), T(2],.--,20)] =0, (5.35)
if parameters (z1,...,2n), (21,...,20) and the matriz R(x,y) are such that
R(zn,2,) = R(zk,2,) Vk=1,2,...,n—1. (5.36)
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Proof. Let V' be the second copy of the space V. Then we have
T(21s ey o) T(2, sy ) = Try (Tnv(zn)Tnv,(z;) Ty (20) T (2)) p,,pv,) -
= Tryyr (R%l;/(zm 2p) - Ty (20) Ty (20) - - - Tav (1) Trv (21) - Ryyr (21, 21) Pwpv) =
= Trvw (T (+0)Tav (20) -+ Towr (A1) Tiv(z1) prpy ) = (2,0 20) 721, 20)

where Tryyr = TryTryr and we have used relations (5.31), (5.34). [ ]

Note that for the rational (or trigonometric) R-matrices, when we have R(z,y) = R(z —y) (or R(x,y) =
R(z/y)), relation (5.36) is fulfilled for the choice 2z, — 2}, = x — y (or z/z;, = x/y) for all k, where x and y
are two fixed parameters. For example, in the trigonometric case the commutative transfer-matrix can be
taken in the form 7(x;21,...,2,) = 7(x 21,..., z,) and commutativity condition (5.35) is written as

[T(x;21,. - 2n), T(Y;21,.-.,2,)] =0.

Now, in addition to the relation (5.34), we require that the operator py satisfies (cf. (5.23)):

Tiv(z) py Q1= py Q1 Tiv(Z), Q€ End(V) (5.37)

where for the invertible matrix @ we have (cf. 5.25)

Ria(z,y)Q1Q2 = Q1Q2R12(Z,7) .

Equation (5.37) serves twisted periodic boundary conditions of the type (5.24) for the transfer-matrix (5.33).
At the end of this Section we formulate the following statement.

Proposition 5.4. Flat connections (5.27) commute with the transfer-matriz (5.33)

Ap(z1, oy 2n) T(21, oy 20) = T7(21, ooy 2n) Ak(21, o0, 20) (5.38)

Proof. Take the operator Tyy(zx) (in the right hand side of (5.33)) and use the same procedure as in
Remark 2. for the cyclic moving of Tyy(2x). After direct calculations with the use of the relations (5.37),
(5.32) and identity

T(21y ey 2hye ooy 2n) = Doy T(21, 00y 2y ooy 20) Dz_k1 ,

we deduce relation (5.38). |

Consequence. By using the statement of the Proposition 5.4 we deduce the following result. Let U(z,, ..., 21)
be any solution of the periodic quantum Knizhnik-Zamolodchikov equation (5.26). Then, the vector

U (zpyooy21) =721, 5 20) - U(2n, .., 21)

is also a solution of the periodic quantum Knizhnik-Zamolodchikov equation (5.26).

6 Flat connections for Birman—Murakami—Wenzl algebra.

1. Birman—Murakami—Wenzl algebra. Definition and basic relations.
The Birman—Murakami—Wenzl algebra BMW, (q,v) was defined in [1], [28] and [29]. It is generated over
C by invertible elements Ty, ..., T,,—1 with the following defining relations

Ti Ti+1 Ti = Ti+1 Tz Ti+1 s Tz Tj = T]‘ T,L' fOI‘ |Z — ]| > 1 s (61)
ki Ty =Tk =VHK;, (6.2)
RiTi ki =V "R , K T kg =v "k withe =21, (6.3)
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where
T,-T,!
q—q '
Here ¢ and v are complex parameters of the algebra which we assume generic in the sequel; in particular, the
definition (6.39) makes sense, the denominator in the right hand side does not vanish. Note that the algebra
BMW,(q,v) with defining relations (6.1)—(6.3) possesses the automorphism po(T;) = T,,—; (cf. (2.4)).

The quotient of the algebra BM W, (q,v) by the ideal generated by the elements k1, ..., &, (in fact, this
ideal is generated by any one of these elements, say, k1) is isomorphic to the Hecke algebra H,,(q). It is also
well-known that the braid group B, (of type A) embeds in the BMW,, algebra B, — BMW,,. We shall
often omit the parameters in the notation for the algebras and write simply BMW,, and H,.

Let
M:q—q‘1+ljl—vz(q‘1+V)(g—V) . (6.5)
a-q vig—qt)
The following relations can be derived from (6.1)—(6.3):
KE = p (6.6)
then, with € = 41,
Ki Tive Ti = Tige TiKige (6.7)
Ki Kive ki = Ki, (6.8)
(Ti—(g—a ")) kire(Ti—(a—a ") = (Tize—(a—a ")) ri(Tixe —(g—q 1)), (6.9)
Tiveti Tive = T ki T, (6.10)
and
KiTive Ti = KiKite , (6.11)
RiTie T 0 = KiKige (6.12)
Kive ki (Tive —(@—q7 ")) = kige (Ti=(g—q7 "), (6.13)

together with their images under the anti-automorphism p, of the algebra BMW,, defined on the generators
by
pa(Ti) :Tz s ,%(TiTk) :Tk,Tz 5 pa(TiTj Tk> :Tk Tj Tz , (614)

2. Baxterized elements.
The bazterized elements T;(u,v) are defined by

1 1

9-q 99 = Ty(u/v), (6.15)

Ti(u,v) =T, i
(,0) + v/u—1 14+v-lgu/u

see [2], [15], [22] and [30]. They are rational functions in complex variables v and v which are called spectral
variables. The elements T;(u, v) depend on the ratio of the spectral parameters; for us it is more convenient
to have both spectral variables in the notation (6.15) for the baxterized element. However for brevity we
shall denote sometimes the baxterized elements by T;(u/v) = T;(u,v) (with one argument only).

The baxterized elements satisfy the braid relation of the form
T (ug, uz)Tiyr (w1, uz)Ti(ur, ug) = Tipr (w1, ug)Ti(ur, uz) Ty (ug, uz) - (6.16)
The inverses of the baxterized elements are given by
Ti(v,u)~ " = Ti(u,v) f(u,v) , (6.17)

where
(u—wv)?

(u—q*v)(u—q~?v)

flu,v) = = f(v,u) . (6.18)
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3. Jucys—Murphy elements.
The Jucys—Murphy elements of the algebra BMW,, are defined by

=1, g1 =Tp. .. ToT3To... Ty, k=1,....,n—1. (6.19)
The elements y1, . .., y, pairwise commute and satisfy the identities
KjYje1Ys = Yj Yje1 kg = V2 Kj (6.20)

The Jucys—Murphy elements were originally used for constructing idempotents for the symmetric groups
n [24], [31]. Analogues of the Jucys-Murphy elements can be defined for a number of important algebras
related to the symmetric group rings (e.g., the Hecke and Brauer algebras); they turn out to generate maximal
commutative subalgebras in these rings (see [16], [18], [34], [35] and references therein). The commutative
subalgebra, generated by the Jucys—Murphy elements y1, ..., y,, of the generic algebra BMW,, is maximal
as well; it follows from the results in [19],[26].

4. Affine BMW algebras of type C (see, e.g., [19] and references therein).

Affine Birman-Murakami-Wenzl algebras BMW,,(C) of type C are extensions of the algebras BMW,,.
The algebra BMW,,(C) is generated by the elements {T1,..., T,_1} with relations (6.1), (6.2), (6.3), (6.39)
and the affine element Ty = y; # 1 which satisfies

TiToTiTo=ToT1ToTy, [Tk, To]=0 for k>1,

(6.21)
k1 ToT1ToTy =281 =T1 ToT1 Tg K1,

ki TEr=2Wk | E=1,2,3,..., (6.22)

where 2, 2(%) are central elements. Initially, the affine version of the Brauer algebras (which are the special

limit ¢ — 1 of BMW,,(C)), was introduced by M. Nazarov [32]. Note that the central elements {2(*)} gener-

ate an infinite dimensional abelian subalgebra in BMW,,1(C) and we denote this subalgebra as BMW;(C).
Consider the set of affine elements (cf. with elements a; in (2.5))

y1=To, Ysk+1 =Tk Te, k=12,...,n—1.

The elements yi (kK =1,2,...,n) generate a commutative subalgebra Y,, in BMW,,(C).
Proposition 6.1 [13],[17] For the affine BMW algebra the element

Liw)= —Y%_ oo _pgtz?t, (6.23)

is the baxterized solution of the reflection equation
T;(u,v) Lj(uw) Tj(v,u) Lj(v) = L;j(v) T;(w, ) Lj(w) Tj(u,v), (j=1,...,n—1), (6.24)

where 4 = 1/(cu).

Proof. The formula (6.24) is checked by direct calculations. |
Since we have T} (u, v) =T} (17, ﬁ), the equation (6.24) is a realization of the reflection equation (4.10) if

we identify

Li(w) = Kj(v), Tj(u,v) = Rj(u,v), Z=o0(x)=—.

5. Affine BMW algebras of type C(1).

The algebra BMW,,(CM) is generated by the elements {Ty, Ty, ..., Ty} and is associated to the Coxeter
graph (2.3) of type C). The algebra BM W, (C(V)) is extension of the affine algebra BMW,,(C) (we add
new generator T,). We require that the algebra BM W,L(C(l)) possesses the automorphism ps which is
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defined in (2.4). Thus, applying automorphism ps to the relations (6.21), we obtain relations for the affine
element 73, in the form

T T T T =Tp T TnTaotr, [Te, Tu] =0 for k<n-—1,
Rp—1 Tn Tn—l Tn Tn—l =z Rp—1 = Tn—l Tn Tn—l Tn Kn—-1, (625)

Rn—1 Tf;, Rp—1 = 2/(k)f€n71 s k= 172,3, e

where 2/ = py(2), 2/ = py(2)) (as well as 2, 20)) are the central elements in the algebra BM W, (C(1).
Consider the set of affine elements (cf. with elements b; in (2.5))

Un=Tn=p2(T0), -1 =Ti-18k Tkm1 = p2(Yn—st2) , k=2,....n.

The elements 35 (k= 1,...,n) generate a commutative subalgebra Y,, in BMW, (C(1).
Since the element (6.23) is a solution of the reflection elution (6.24), the element

— U — Y; 1o
Lj(u) = ik /R p2(Ln_jr1) € BMW,(CY) | ¢ =—vg 271 = py(c), (6.26)

cduy; —1 N

is the baxterized solution of the dual reflection equation which is obtained as the image of (6.24) under the
automorphism po

Tj(u,v) Ljy1(u) Tj(v, @) Ljy1(v) = Ljy1(v) Tj(u,0) Liyi(w) Ti(u,v),  (G=1,...,n—1), (6.27)

where @ = 1/(uc’). Taking into account relations (6.17) and identities

N _ = -
Tj(0,u) = Ty(@,0) , Li(a) = = Lyw) ™!
we write (6.27) in the form
Tj (U7 U) Ej+1(1]) Tj(’[}, u) I/j+1(’l~)) = I/j+1(’l~)) Tj (’lNJ,, U) .Z/]'Jrl(ﬁ) T’j(ﬂ, ’lN)) 5 (] = 1, ey — ].) . (628)

The equation (6.28) can be represented as the reflection equation (4.11) if we identify

Li(®) = Kj(v), Tj(u,v) = Rj(u,v), &=q(x)= €

cx

6. Embedding of the braid group B,(C(")) into the algebra BMW,,(C1).
Let {z1,...,2n} be a set of spectral parameters. Consider the Weyl group generated by the operators s;
(see (2.8)) and the elements

Ti(zi,zi+1), Ll(zl), En(zn) < BMWTL(C(D)

Then we have the following statement.
Proposition 6.2 The map pj, of the affine braid group B, (C")) into BMW,,(C™) defined as (cf. (4.12))

oo(Ty) = 8 Ti(ziy2zi41) (G=1,....,n=1), pp(To) = Li(z1)s0, po(Tn) = $n Ln(zn), (6.29)

is the representation of B, (C'1).
Proof. One can directly check that p,(7;) (i = 0,...,n) satisfy defining relations in (2.1), (2.2) if
Ti(2k, 2k41), L1(21) and Ly, (z,) satisfy relations (6.16), (6.24) and (6.27), respectively. ]

Corollary. The map p. of the affine braid group B, (C) into BMW, (C)
pe(Ti) = i Ti(2i,2i41) (i=1,....,n—=1), pc(To) = Li(21)s0, (6.30)

is the representation of B, (C).
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7. Flat connections for the algebra BMW, (C()).

Flat connections for the algebra BMW,,(C(")) are defined as images p,(J;) and py(J;) of the elements J;
and J; (see (2.5)) which form the commuting sets of elements in affine braid group B, (C"). The explicit
formulas are (cf. (5.15))

/—\k(zl, ey Zn) = Pb(Jk) = Kk(Zk, Zlyeney Zkfl) . Kk(fk; Zhdly ey Zn) s (631)

where (cf. (5.16), (5.17))

Ky (25 Zak-1)) = Ty (zhe1, 20) -+ Ty (21, 21) La(2k) Ti(21, 28) -+ Tt (261, 20) = (6.32)
=pp(T T To Ty - Te1) - (Sk—1 - 818081+ sp—1) = po(ar) - s(ax) , .

Ki(Zk5 Zet1,n)) =
_ (6.33)
= Tk(2k41,2k) - T1(2ns Zk) Ln(Zk) - D2y - Tt (2ks 2n) - - T (28, 2i1) = s(ak) - po(br)

where the finite difference operator D,, was defined in (4.13) with

= 5(0(2)) = a(i) =<

cz C

[N

We stress that L;(u) = D, and Ljy1(u) = D' (as well as Lj(u) = 1 and Ljy1(u) = 1) are solutions of
the reflection equations (6.24) and (6.27), respectively. For example, we can substitute solution L;;1(u) =1

into (6.33) and reduce the flat connection (6.31) into the form

Ak(zl, .. .,Zn) = Kk(Zk;Zl, .. .7216,1) -R;(Zk; Zk+41s- - .,Zn) R (634)

where
_, . - _
Ki(Zks Zht1,m)) = Th(2rg1s Ze) - Too1(2ns 26) - D2y - T (2k, 20) - T (21, 2141)

8. Braid—Hecke algebra BH,,(q,v).
The Braid-Hecke algebra BH\ (I1,v), as far as we know, was introduced in [6],[7]. It is generated over C
by the invertible braid type generators,
T, Taoa,

subject the following defining relations

TiTipTi=Tia Ti T, T, T,=T;T; for [i—j|>1, (6.35)
kiTi=Tiki =Vk;, (6.36)
Tit1 Ti Kit1 — Kikix1 = Ti Tix1 K — Kit1 Ki, (6.37)
Ki Kixl Ki — K = Rit1 R Rit1l — Rit1, (6.38)
where S
Ki=1-— q?—iq_ll . (6.39)

Here ¢ and v are complex parameters of the algebra which we assume generic in the sequel; in particular,
the definition (6.39) makes sense, the denominator in the right hand side does not vanish. Note that the
algebra BMW,,(q,v) is the quotient of the algebra BH, (1, ) by the two-sided ideal generated by the tangle
relations

Ki ki1 K — K = 0, RKix1 Ky ki1 — ki1 = 0. (6.40)

It is easy to see that

(Ti— )(Ti + ¢ (T — ) =0, /-e%:(‘fy(’j(_qq_j)”)
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It follows from (6.38), that the elements {k1,...,%,—1} generate the Hecke algebra H,,(p) corresponding to
a parameter p such that
~1
_ q—v +v
pip = G )
v(g—q)

Note that the algebra BH, (g, ) with defining relations (6.35)—(6.38) possesses the automorphism po(T;) =
Tp_i (cf. (2.4)). It is well-known that dim(BMW,,) = (2n—1)!l.  As for the algebra BH,(q,v), it is known
[7] that it has finite dimension, but as far as we know, the exact value of its dimension is still unknown.
e The baxterized elements {7;(u,v), i =1,...,n — 1} are defined by (cf (6.16), (z:=u/v)),

z(g +v)

W+a2) L) =qzTitv T+ (g—a ) = —

= Ww+q2) T;(u,v).
e The Jucys—-Murphy elements {y;, i =1,...,n—1} of the algebra BH,(q,v) are defined by (6.19). The
JM elements yo, ldots, y,—1 pairwise commute and satisfy the identities

Kj Yj+1 Y5 = Y5 Yj+1 K5, 1 <j<n-—1

e Affine braid-Hecke algebra BH,,(C) of type C is an extension of the algebra BH,,(q,v) by the the affine
element To = yo # 1, subject to the set of “crossing relations” (6.21) and (6.22). One can check that the set
of elements

v1=To, Ykt1 =Tk Yy Tk, k=1,...,n—1

generate a commutative subalgebra in BH,,(C).
o (Markov trace, cf [7]) The family of algebras {BH,(q,v) < BHn4+1(q,v)}n>1 can be provided with
(unique) set of homomorphisms

Trpi1: BHpi1(q,v) — BHu(q,v)

which satisfy the conditions stated in Proposition 7.2.

Summarizing, the all properties of the algebra BH,,(q, v) stated in the item 8 allow the use of the methods
developed in Sections 6 and 7, to construct families of commutative subalgebras in the algebra BH.,,(q,v), as
well as BH,, (g, v)-valued flat connections and associated ¢/ Z equations. Details will appear.

7 Sklyanin’s transfer-matrices for affine BMW algebra.

In this Section, to simplify formulas we make the redefinition of all spectral parameters z — ¢~ /2z. In this
case the baxterized element (6.15) does not changed (since it depends on the ratio of spectral parameters)
and statement of the Proposition 6.1 reads as following. For the affine BMW algebra BMW,,(CM) the
element

c—1/2

U=y, )y =t (7.1)

Li(cVu)y==——9 =
](C u) cl/zuyj 1

1

where ¢ = —v ¢! 271, is the baxterized solution of the reflection equation

Tj(u/v) y;(u) Tj(vu) y;(v) = y;(0) Tj(vw) y;(w) Ti(u/v) . G =1,...,n=1). (7.2)

7.1 Sklyanin’s transfer-matrix elements for the algebra BMW,,(C)

In this Subsection we generalize to the BMW algebra case results obtained in [14],[12] for the Hecke algebra
case.

Definition 7.1 Let %) = (21,...,2k) be k parameters and y;(z) € BMW,(CWY) is any local (i.e.,
[y1(z),Ty] = 0, Yk > 1) solution of the reflection equation (7.2) with j = 1:

Ty (z/2) yi(z) To(x 2) y1(2) = y1(2) Ta(z 2) ya(z) Th (2/2) (7.3)
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where solution y;(2) is given in (7.1) for j = 1. Define the elements (cf. (6.32))

Ye(@: Zk-1)) = Tro1(F5) - To( )T (55) yi (@) T (z20) To(222) - - - Th—a (w21-1) =
= T 1 (7= )Yr—1(7; Z—2)) -1 (728-1)

Zk—1

(7.4)

which we call “baxterized” Jucys—Murphy elements.
Proposition 7.1 The “baxterized” Jucys—Murphy element (7.4) is a solution of the reflection equation

Ty (2/2) yr(w; Z—1)) Te (7 2) Y& (2; Zk—1)) = Yr(2; Z—1)) Tr (@ 2) Yo (5 Z(—1)) Tk (7/2) (7.5)

Proof. The case k = 1 of the equation (7.5) corresponds to our assumption that y; (z) satisfies the equation
(7.3). The general case follows by induction using the definition (7.4) of elements ys(2; Z(x—1))- ]

For example, in the case of the affine BMW algebra BMW,,(C"), one can use the local solution (7.1)
for j =1 (recall that y; = To):

cVPr—y V2T 1
= g — —c /2
yl(m) 61/2 xyl _ 1 01/2 Z'TO _ 1 Y yl(l) c ° (76)

Further we consider only one-boundary affine BMW algebra BMW,,(C) of type C' which is obtained as
the projection T,, = 1 from the two-boundary affine BMW algebra BMW,,(C'1)) (see paragraph 4 in Section
o Consider the following inclusions of the subalgebras BMW,(C) C BMW5(C) C --- C BMW,,+1(C):

{To;T1,..., Te—1} € BMW,(C) C BMWy1(C) 2 {To; T1,. .o, Ti1, T}
For the subalgebras BM W} 1(C) we introduce linear mapping (quantum trace)

TI'(k_;,_l) : BMWk+1(C) — BMWk(C) y (/C = 1,2,.. . ,n) s

which is defined by the formula
1
Rt X1 K1 = — Triern) (Xia) s, VXkir € BMWiia(€) - (7.7)

Proposition 7.2 For the map Tr1y: BMWy1(C) — BMW(C) we have the following properties
(VXk,X]; S BMWk(C), VYit1 € BMWk+1(C))

Trisny(Te) =1, Troeny(Tp") = v, Tragn)(Xe) = v X,

X (7.8)

Tres1)(ke) = v, Tr(l)(Tlg) =vzth)
Tr(k+1)(Tk Xk T;l) = T’I“(k) (Xk) = TT(]C_H)(lel Xk Tk) 5 (79)
TT(k+1)(Tk Xk lik) = TT(k+1) (Kk Xk Tk) s (7.10)
T 1) (Xk - Yierr - Xp) = X - Ty (Vi) - X, (711)

Try Tr(eg1) (Tr - Yeg1) = Tron Troegn) (Ve - Tr)
Proof. Egs. (7.8) follow from (6.3), (6.6), (6.8) and (6.22). Using (6.11), (6.12) and (6.8) we have

% T’I“(k+1) (Tk Xk T;l),‘ﬁ‘,k_;,_l = Rk+1 Tk Tk+1 Xk Tl;il lel Rg+1 =
= Kpp1 Kk Xi bk K1 = £ Troy (X)) Brg1 Bk Brg1 = = Try (Xk) Bt

which is equivalent to the first equality in (7.9) (second equality in (7.9) can be proved analogously). Eq.
(7.10) can be proved in the following way

—1 ~1
Kk+1 T Xk Bk Bkt1 = Bk1 6k T Xk Bk Bkl = K1 Kk Xk Ty Bk Kk+1 =

= Kkg1 Kk Xk Tk Kkt -
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The first eq. in (7.11) is evident and the proof of second eq. in (7.11) is the following. First of all for any
Y1 € BMW,,1(C) we have

1
! !
KhtoRkKkt1 Y1 Bkp1RkREr2 = ;Hk+2f€k/€k+1Tr(k+1)(Yk+1) Kgkgto =

1
= ;Hk+2/€ka(k+1)(Yé+1) Kk = ﬁ”k+2ﬁkTr(k)Tr(k+1)(Yk/+1) :

Then, using this equation and relations (6.11), (6.12) we obtain

1 -1
bk 2bk T ) Tr ey 1) (Y1 Tr) = Kppakinfint Y1 Th Kot 1KkRb12 = RkgaRkhkrl Y1 Ty Kkt2hr =
= Kktokkbk+1 Yet1 Tht2 Bkt1 Kk+2Kk = Kk+2lkRk+1 Tr+2Yk+1 Kkt1 Krpt2kk =

1
= KgroheRkr1 TrYra1 Bkl Kerehk = sz Rkr2hk T Tr 1) (Te Yig) -

|
Below we use the following identities for baxterized elements (6.15):

To(z) Th(y) = an(x y)+1+ (q—q*l)u(my—1)(my+q3)ﬁn N

(I-z)(1-y) (vy+q)(vz+q)(vey+q) (7.12)
To(2) = Tly) + 4L @) 4 (=g Dvale—y) '
n n\Y (y—D(z—1) yravatq) no

1

Note that identity (6.17) is a consequence of the first relation in (7.12) if we substitute there y = = and

—1
take into account (1 — zy) Tp(zy) "—= (¢—qb).

Using the properties (7.11) of the map Tr and relations (7.12), one can prove the Lemma.

(n+1)

Lemma 7.1 For all X}, € BMW(C) and all spectral parameters x and z the following identity is true:

— v2zz—q?
Tro (T’“(m) Xk T’“(Z)) = e Mo (Tk R "“"?)+

(7.13)
(®v2rz—v?zzda2v?q 2 4qu(z+2)+q?) o (q—1/q)(z2v%—¢®) (zzvg® +azv? g+ (x4 2)v—z204q)
t ot zrTa) Tr g, (Xk) G ra) @ Dat—1)a-1) X
where Ty (x) and Ty(z) are Baxterized elements (6.15).
Proof. Direct calculations with the help of properties (7.8) — (7.11). |
From eq. (7.13), for z z = ¢?v~2, we obtain the ”crossing-unitarity relation”
2, -2 1
Tr, o, (Tile) - Xe - T (P2 /) = o T () (7.14)
where F(z) = WE;’;(% Note that identity (7.14) was obtained in [13] for slightly different definition

of the baxterized elements (6.15).
Proposition 7.3 (see also [13], [14]). Let yx(x) € BMW(C) be any solution of the RE (7.5). The operators

Tk—l('r) = Tr(k) (yk(x)) € BMWk—l(C) ) (715)
form a commutative family of operators
o1 () | Tk_l(z)] —0 (Va,2), (7.16)

in the subalgebra BMW),_1(C) C BMW,(C) (k <n).
Proof. Using properties (7.9), (7.11) and relations (7.14), (7.5) we find

Te-1(2) Te—1(2) =T, (yk(2) Th-1(2)) =
= F(22) Tr, (@) Tr (Thle 2) ph(2) Tr(@P(v222) 7)) ) =
= F(@2) Tro, T, (Te@/2) v (@) Tu(02) pul(2) T (@/2) Tr(@?(v322) 7)) =
= F(x2) T, T, (yr(2) Tr(zz) yr(z) Te(¢® (VPaz) 1)) =

=Tr, (Y (2) To-1(2)) = T—1(2) 71 ()
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where F'(z) was defined in (7.14).
[

Now we consider the operators (7.15)
T (%3 Zn)) = Tr o)) (Unga (25 2n))) € BMW,(C) (7.17)

where solution yp41(x) € BMW,,11(C) of the reflection equation is taken in the form (7.4). We stress that
the elements (7.17) are nothing but the analogs of Sklyanin’s transfer-matrices [38] and the coefficients in
the expansion of 7,(x; Z(,,)) over the variable  (for the homogeneous case z, = 1) are the Hamiltonians for
the open Birman-Murakami-Wenzel chain models with nontrivial boundary conditions.

For example let us redefine all baxterized elements in (6.15)

1) - T = (- 0T =0-0(T+ O b e, )
such that the new elements 7j(z) satisfies conditions
Tiw) =(a—a"), 0Tix) . el o P
z=1 z=1 1+v-1g
Ty(u/v) Ti(v/u) = (vg® —w) (ug” — v) (7.19)

q?uv
Now we respectively redefine the Sklyanin’s transfer-matrix element (7.17) as following

n

%n(x; Z(n)) = H((l - :E/ZZ) (1 - ‘TZZ'))Tr(n+1) (ynJrl(x; Z(n))) = Tr(n+1) (ﬂn+1($; Z(n))) ’ (7'20)
=1

where ,41(x; Z(,)) is given by (7.4) with substitution T;(x) — T;(x) and & — n + 1. Le., we have

k(2 Z-1) = To1(555) - To(2) T (E) i (@) T (w21) To(w22) - T (w2p-1) =

(7.21)
= Th1 (25 Gk—1 (3 Zp—2)) T (w25 1) -
Using "unitarity condition” (7.19) we represent baxterized Jucys-Murphy elements (7.21) in the form
k—1
RS _ (z¢®—2:) (Ziq2*w)) = (e 3
Ty 2(k— == I T35 Z(k— ’
yk( (k 1)) (il;ll q?xz; yk( (k 1)) (722)

(e Ze-1) = T (2) - TN (3w (2) Th (w20) To(wzg) -+ Tpoa (w25 1) -

We will use this form below.
Then, for the homogeneous case z; = 1 (Vi), we consider the coefficient

01/2(q _ q—1)1—2n _ n—1 (q _ q_l) (q B q_l) CT(Q) _q
21/# (81 Tn($§ Z; = 1) |q::1> = ;(TZ + m :‘ii) + 9 (61/2T0 — 1)2 + constant ,

in the expansion of the generating function 7, (z;2; = 1) for commutative elements. This coefficient gives
(up to an additional constant) the element

(g—q7h) cT?)*l S (a—q 1)
H 5 @Rty +Z( R e m) € W, (C)

being the local Hamiltonian for the open BMW chain model with nontrivial boundary condition for the first
site of the chain.
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-

Consider the expansion of 7, (x; Z(,)) over x for the inhomogeneous case:

(@ Zm) = Y Pi(Zn) 2" € BUW,(C) . (7.23)
k=—o0
According to the Proposition 7.3, for fixed parameters Z(,) = (z1,...,2xn), the elements ® (%)) generate

a commutative subalgebra Bn(é’(n)) C BMW,(C). These elements are interpreted as Hamiltonians for

the inhomogeneous open Hecke chain models. Following [27] we call the subalgebras B, (Z(n)) as Bethe
subalgebras of the affine algebra BMW,,(C).

7.2 Bethe subalgebras for affine BMW algebra and q-KZ connections

In this Section and below we will use the normalized baxterized elements (7.18): Ti(z) = (1 — 2)Tk(z).
Consider the transfer-matrix operator (7.20) and fix the spectral parameter as = z,, where 1 < kK < n
(analogous results can be obtained if instead we take z = z;. ). In view of relation Ty (/21 gz, = (@—q 1)
we deduce for the transfer-matrix operator (7.20)

Zk+1

Bi(2) = oty T Fm) = T (T -+ Tt (525 Thoa (525) -+ T (25) ya (2)-
Ty(ze21) - Tho1 (zrzk—1) Tu(22) T (25 2ks1) - - - Tn(zkzn)) =
TI;,,LH)(Tk 1(Zk 1) "Tl(%)yl(zk)'

Ti(zkz1) - Troa(2rzr1) - To(22) - Toga (32) Th(23) Toa (2k2k41) - Tn(zkzn)) =

Zk+1

TI(',,LH)(Tk (22 1)"'T1(%)y1(2k)'Tl(zkzl)‘"Tk—l(zkzk—l)'

_ . o ) (7.24)
Ty(anznsn) - Taoa (o) T ()T 1 (2) - T (225) Fr(25))
Now we use relations (7.8) to obtain
2.2 2 —1
5 2 (> =22 (Pv+a7h) _ o
() = = Ve
Then for (7.24) we deduce
By(2) = N(z} )(Tk 1(525) - T (2) 'yl(zk)Tl(Zkzl)"'Tk71(2k2k71)> :
~(Tk(2k2k+1) T (zrzn) - Toa(22) - Th(52 )) = (7.25)
= N(3) Gz Zt ) * T Zra ) = N2 WH<M*ﬁg“ﬂ0Nw>
where
AL(Z) = Tk (25 Ze-1)) - Tr (20 Zir1,m)) (7.26)
ro(2es Zhr1,m) =Th(znzisn) - Tooa (zezn) - Toma (22) -+ Ton (325) T (525

and elements (7, Z(1,k-1)), (%, Z(1,k—1)) were defined in (7.21), (7.22).
Operators (7.25) are equal to the transfer-matrix operator 7,(z; Z(,,)) evaluated at the points z = z.

Thus, by definition the operators {B1(%),...,Bn(Z)} form a commutative set of elements in the algebra
BMW,(C):

[Bx(Z), B.(Z)]=0 (Vk,r=1,...,n). (7.27)
Thus, operators {B1(Z), ..., B,(Z)} for fixed parameters {z1,..., z,} can be considered as generators of the

Bethe subalgebra in BMW (C).
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The validity of the identities (7.27) can be shown in different way. For this, in view of (7.25), we need to
prove the commutativity of the set of elements A} (2) € BMW,(C) which can be interpreted as analogs of
flat connections (6.31) for quantum Knizhnik-Zamolodchikov equations. Taking into account (6.30) we see
that the map p.: B,(C) — BMW,(C):

pe(Ti) = 8 Ti(zi,2i41) (i=1,...,n—=1), pc(To) = y1(21) 50, (7.28)

where s¢ is defined in (2.8) with o(z1) = 1/2; , is the representation of B,,(C). Then we have the following
statement.

Proposition 7.4 The flat connections AL(Z) (7.26) are images p.(J;) of the pairwise commuting elements

Ji= (T T Ty - Ty ) (T Ty - Tyy -+ T;) € Ba(O)

3

which are obtained by the projection Ty, — 1 from the elements J; € B, (C1V) given in (2.5).
Proof. The formula AL(Z') = p.(J;) can be checked directly with the use of definition (7.26) of A}(Z) and
formulas (7.28) for the map p.. |

Remark. Using the special limit in (6.31), one can deduce the BMW analog of the Cherednik’s connections

2k

Ak(Z):Tk_l( )Tl(’iil“> .yl—lTl—l...T;ilDzk~Tn_1(zi).-.Tk( Z’“) e BMW,(C), (7.29)

Zk—1 n Rk+1

which were presented for the Hecke algebra case in [4] (see there eq. (4.12) in Section 4.2). The finite
difference operator D, is given in (4.13) with 2 = $z. In (7.29) we have to take into account that
Cherednik’s affine elements Y}, are related to ours by Yy = yk_l.

To rewrite our expression (6.31) to the Cherednik’s one (7.29) we need to convert the factor

_ 1
Li(zk) Th(cziz1) - Tp—1(czizp—1) - Tre(czpzis1) -+ - Tno1(czp2n) Ln(a) , (7.30)

entered into the expression (6.31) to the factor y; ' Ty --- T, 1 . It can be done if we first make in (6.31)
the redefinition of all spectral parameters z,. — tz, and then consider the limit ¢ — co. To do this we note
that only the product (7.30) in (6.31) will be dependent on ¢, where we have to use limits

lim T, (t%czpze) =T, —(q—q )+ (q—q¢ Dr, =T,

t—o00

1 1 - 1
lim Ly(tz) =~y = = T3, i Ln(—>:’n:Tn.
fi{go 1( Zk) c %1 c 0 fi{go tczy y
Here we used the expressions for baxterized elements (6.15), (6.23) and (6.26). Thus, the limit of the factor
(7.30) is
yl—l.Tl—l... T—Lil.gn:Tal.Tl—l...T—l T,=X,

n—1"

and for the limit of the connection (6.31) we obtain expression

A;(g)sz,l( “k )Tl(ﬁ) .XDzk.Tn,l(i’“)---TkH( k )Tk( Z’“) e BMW,(CW),
Zk—1 21 Zn Zk+42 Zk+1

which is a generalization of (7.29). The projection T,, — 1 for connection A} (Z) gives the BMW analog of
the Cherednik’s connection (7.29).
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