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Abstract

In the present paper, we study the ordinariness of coverings of stable curves.

Let f : Y −→ X be a morphism of stable curves over a complete discrete valuation

ring with algebraically closed residue field of characteristic p > 0. Suppose that the

generic fiber Xη of X is smooth and the morphism of generic fibers fη is a Galois

étale covering whose Galois group is a solvable group G. We prove that if the special

fiber Xs is sturdy (i.e., the genus of the normalization of each irreducible component

of Xs ≥ 2) and fs is not an admissible covering, then fs is not new-ordinary. This

result extends a result of M. Raynaud concerning the ordinariness of coverings to

the case of stable curves.

Introduction

Let R be a complete valuation ring with algebraically closed residue field k of characteristic

p > 0, K the quotient field and K an algebraic closure of K. We use the notation

S to denote the spectrum of R. Write η, η and s for the generic point, the geometric

generic point and the closed point corresponding to the natural morphisms SpecK −→ S,

SpecK −→ S and Spec k −→ S, respectively. Let X be a stable curve of genus gX over

S. Write Xη, Xη and Xs for the generic fiber, the geometric generic fiber and the special

fiber, respectively. Moreover, we suppose that Xη is smooth.

Let Yη be a geometrically connected curve, fη : Yη −→ Xη a Galois étale covering

with Galois group G. By replacing S by a finite extension of S, Yη admits a stable model
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over S and fη can be extended to a unique G-stable covering f : Y −→ X over S (cf.

Definition 1.10). It is natural to pose the following question:

Question 0.1. What is the special fiber Ys of Y (e.g. the p-rank, the dual graph,

properties of morphism of special fibers fs and so on) ?

In order to approach this question, first, let us consider the case that (♯G, p) = 1,

where ♯G denotes the order of G. By the specialization theorem of prime to p log étale

fundamental groups (cf. [18, Proposition 1.1]), we have fs is an admissible covering (cf.

[7] for the definition of (log) admissible coverings). Thus, the covering fs is simple. But

the p-rank and the ordinariness of prime to p covering Ys is to become complicated.

For example, there are well-known results as follows. If G is abelian, and Ys is a curve

corresponding to a geometric generic point of the moduli space, then fs is new-ordinary

(cf. Definition 1.5) (cf. [10], [22]). If G ∼= Z/ℓZ, where ℓ is a prime number, this result

be generalized to the case of the geometric curves corresponding to a geometric generic

point of an irreducible component of the p-strata of the moduli space (cf. [11]). On the

other hand, if Ys can be defined over Fp, then there exists an abelian G-stable covering

(i.e., G is abelian) f such that fs is not new-ordinary (cf. [19]). Moreover, there exists a

non-abelian solvable G-stable covering (i.e., G is non-abelian solvable) such that fs is not

new-ordinary (cf. [14]).

In the case that p|♯G. If G is a p-group and fs is an admissible covering, then the

p-rank of Ys can be calculated by using Deuring-Shafarevich formula (cf. Proposition 1.3).

However, fs is not an admissible covering in general. The problem that whether or not

fs is a finite morphism, moreover, an admissible covering was studied by A. Tamagawa

and the author (cf. [17], [20], [21]). On the other hand, for the p-rank of Ys, M. Raynaud

proved that if X is smooth and fs is not an admissible covering (note that if Xs is smooth,

then the definitions of étale coverings and admissible coverings are equivalent), then fs is

not new-ordinary (cf. [12], [13]).

In the present paper, if G is a solvable group, we generalize Raynaud’s theorem to the

case of stable curves as follows, see also Theorem 3.4.

Theorem 0.2. Let G be a finite solvable group, f : Y −→ X a G-stable covering.

Suppose that Xs is sturdy (i.e., the genus of the normalization of each irreducible com-

ponent of Xs ≥ 2) and the morphism of special fibers fs is not an admissible covering.

Then fs is not new-ordinary.

Notations and Conventions

Curves:
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By a curve over a field, we mean a finite type, separated, connected, one dimensional

reduced scheme over a field.

An semi-stable curve X over a scheme S consists of a flat, proper morphism X −→ S

such that for each geometric point s of S, the geometric fiberXs is a reduced and connected

curve of genus g with at most ordinary double points (i.e., nodes).

An n-pointed stable curve (X,DX) of type (g, n) over a scheme S consists of a flat,

proper morphism X −→ S, together with a closed subscheme DX ⊆ X such that for each

geometric point s of S:

(i) The geometric fiber Xs is a reduced and connected curve of genus g with at most

ordinary double points (i.e., nodes).

(ii) Xs is smooth at the points of DX .

(iii) The composite morphism DX ⊆ X −→ S is finite étale of degree n.

(iv) Let E be an irreducible component of Xs of genus gE. Then the sum of the degree

of the restriction of DX to E and the number of points where E meets the closure of the

complement of E in Xs is ≥ 3− 2gE.

(v) dim(H1(Xs,OXs
)) = g.

In this situation, one verifies easily that 2g − 2 + n is ≥ 1.

We shall say that an S-scheme X is a stable curve of genus g over S if (X, ∅) is a

0-pointed stable curve of genus g over S.

We shall say that a pointed stable curve (X,DX) over a scheme S is smooth if the

morphism of schemes X −→ S is smooth.

We denote X• := (X,DX) a pointed stable curve over S with divisor of marked points

DX and underlying scheme X.

For more details on stable curves, pointed stable curves and their moduli stacks, see

[3], [4].

Galois categories and their fundamental groups:

We denote the categories of finite étale and finite admissible coverings of “(−)” by

Cov(−) and Covadm(−), respectively.

The notations π1(−) and πadm
1 (−) will be used to denote the étale and admissible

fundamental groups of “(−)”, respectively; the notation (−)ab denotes the abelianization

of the group (−)

For more admissible coverings and their fundamental groups for (pointed) stable

curves, see [7], [8], [18].



On the Ordinariness of Coverings of Stable Curves 4

1 Preliminary

In this section, we give some definitions and propositions which will be used in the present

paper.

Definition 1.1. Let X be a semi-stable curve over an algebraically closed field of

characteristic p > 0, πp
1(X) the maximal pro-p quotient of the admissible fundamental

group πadm
1 (X) (by choosing a base point). It is well-known that πp

1(X) is a finitely

generated free profinite group. We define the p-rank σ(X) of X as follows:

σ(X) := rank(πp
1(X)).

Remark 1.2. If X is smooth, then the p-rank σ(X) is equal to the dimension of the

p-torsion points of the Jacobian JX as a Fp-vector space.

If X is a singular curve. Write ΓX for the dual graph of X, v(ΓX) for the set of vertices,

Xv for the irreducible component of X associated to v ∈ v(ΓX), X̃v for the normalization

of Xv, respectively. Then the p-rank σ(X) of X is equal to

∑
v∈v(ΓX)

σ(X̃v) + rank(π1(ΓX)),

where rank(π1(ΓX)) denotes the rank of the topological fundamental group of the dual

graph ΓX .

The p-rank of a p-Galois covering (i.e., the Galois group is a p-group) of a smooth

projective curve can be calculated by Deuring-Shafarevich formula as follows (cf. [2]).

Proposition 1.3. Let f : Y −→ X be a Galois covering (possibly ramified) of smooth

projective curves over an algebraically closed field of characteristic p > 0, whose Galois

group is a finite p-group G. Then

σ(Y )− 1 = (♯G)(σ(X)− 1) +
∑
y∈Y

(ey − 1),

where ey denotes the ramification index at y.

Definition 1.4. Let X be a semi-stable curve of genus gX over an algebraically closed

field of characteristic p > 0. X is called ordinary if σ(X) = gX .

Definition 1.5. Let f : Y −→ X be a non-constant morphism (which is not neces-

sarily finite) of semi-stable curves over an algebraically closed field of characteristic p > 0.

Write gX and gY for the genera of X and Y , respectively. f is called new-ordinary if

gY − gX = σ(Y )− σ(X).
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Remark 1.6. The original definition of new-ordinary is as follows. Let X and Y be

two smooth projective curves over an algebraically closed field of characteristic p > 0, gX

and gY the genera ofX and Y , respectively, f : Y −→ X a finite étlae covering with Galois

group Z/nZ. f is called new-ordinary if the new part of the Jacobian JY respect to the

morphism f is ordinary. Moreover, this definition is equivalent to gY −gX = σ(Y )−σ(X).

Remark 1.7. Let f : Y −→ X be a Galois covering (possibly ramified) over an

algebraically closed field of characteristic p > 0, whose Galois group is a finite p-group

G, n the cardinality of the set of branch points of f , gX and gY the genera of X and Y ,

respectively. By Hurwitz formula, we have

2gY − 2 = (♯G)(2gX − 2) + deg(R),

where R denotes the ramification divisor of f . By applying Deuring-Shafarevich fomula,

we have f is new-ordinary if and only if deg(R) = 2n(p− 1).

Definition 1.8. Let X be a projective curve over an algebraically closed field of

characteristic p > 0, x a closed point ofX. x is called geometrically unibranch if SpecOhs
X,x

is irreducible, where Ohs
X,x denotes a strict henselization of OX,x.

Remark 1.9. Suppose the singular points of X are either nodes or geometrically

unibranch. By taking the normalization of X at the geometrically unibranch singular

points, there is a unique semi-stable curve Xss such that the normalization morphism

δ : Xss −→ X is a homeomorphism. We call Xss the semi-stable curve associated to X.

From now on, we fix some notation as follows. Let R be a complete valuation ring

with algebraically closed residue field k of characteristic p > 0, K the quotient field and

K an algebraic closure of K. We use the notation S to denote the spectrum of R, η, η and

s stand for the generic point, the geometric generic point, the closed point corresponding

to the natural morphisms SpecK −→ S, SpecK −→ S and Spec k −→ S, respectively.

Let X be a semi-stable curve over S, Xη, Xη and Xs the generic fiber, the geometric

generic fiber and the special fiber, respectively. Moreover, we suppose that Xη is smooth.

Definition 1.10. Let f : Y −→ X be a morphism of semi-stable curves over S, G

a finite group. f is called a semi-stable covering (resp. G-semi-stable covering) if the

morphism of generic fibers fη is an étale covering (resp. an étale covering with Galois

group G). f is called a stable covering (resp. G-stable covering) if X and Y are stable

curves.

Remark 1.11. For any G-étale covering fη : Yη −→ Xη of smooth, geometrically

connected projective curves over SpecK. By applying the semi-stable reduction theorem

of curves and Proposition 4.4, by replacing S by a finite extension of S, fη can be extended

to a G-semi-stable covering, moreover a G-stable covering f : Y −→ X over S.
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Definition 1.12. Let f : Y −→ X be a semi-stable covering. Suppose that the

morphism of special fibers fs : Ys −→ Xs is not finite. A closed point x ∈ X is called

a vertical point associated to f , or for simplicity, a vertical point when there is no fear

of confusion, if dim(f−1(x)) = 1. The inverse image f−1(x) is called the vertical fiber

associated to x.

The following proposition was proved in [21, Proposition 2.4].

Proposition 1.13. Let f : Y −→ X be a G-stable covering, x a vertical point of X. If

x is a smooth point or a node which is contained in only one irreducible component (resp.

a node which is contained in two different irreducible components), we use the notation

Xv (resp. Xv1 , Xv2) to denote the irreducible component (resp. irreducible components)

which contains x. Write y and Yv (resp. Yv1 , Yv2) for a point of the inverse image of x and

an irreducible component (resp. the irreducible components) of Y such that fs(Yv) = Xv

and y ∈ Yv (resp. fs(Yv1) = Xv1 , fs(Yv2) = Xv2 such that y ∈ Yv1 or y ∈ Yv2). Write

Iv ⊆ G (resp. Iv1 ⊆ G and Iv2 ⊆ G) for the inertia subgroup of Yv (resp. the inertia

subgroups of Yv1 and Yv2 respectively). Then, Iv ̸= {1} (resp. Iv1 ̸= {1} or Iv2 ̸= {1}). In
particular, if fs is generically étale, then fs is an admissible covering.

Proof. By using [1, 6.7 Proposition 4], we can contract f−1
s (x) and obtain a contrac-

tion morphism c : Y −→ Y ′. Since Y ′ is a blowing-up of the integral closure of X in the

function field of Y , Y ′ is a fiber surface over S (i.e., normal and flat over S) and there is

natural commutative diagram as follows:

Yη −−−→ Y

cη

y c

y
Y ′
η −−−→ Y ′

f ′
η

y f ′

y
Xη −−−→ X,

where cη is an identity morphism.

If x is a smooth point and Iv is trivial. Then, f ′ is étale at the generic point of c(Yv).

By applying Zariski-Nagata purity, we have the image c(y) is a smooth point.

If x is a node, and Iv (resp. Iv1 and Iv2) is (resp. are) trivial. Then, f
′ is étale at the

generic point (resp. generic points) of c(Yv) (resp. c(Yv1) and c(Yv2)). The completion of

the local ring at x is ÔX,x
∼= R[[u, v]]/(uv − πpen′

), where π denotes an uniformizer of R

and (n′, p) = 1. Since the étale fundamental group of Spec ÔX,x \ {x̂} is isomorphic to

Z/n′Z, where x̂ denotes the closed point of Spec ÔX,x, we have the image c(y) is a node.
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Then Y ′ is the stable model of Y ′
η over S in either case, so that Y = Y ′. This contradict

to the assumption dim(f−1(x)) = 1. Thus Iv ̸= {1} (resp. Iv1 ̸= {1} or Iv2 ̸= {1}). This
completes the proof of the proposition.

The following result was proved by Raynaud (cf. [12, Théorème 1 and Proposition 1]).

Proposition 1.14. Let G be a finite p-group, f : Y −→ X a G-semi-stable covering

and x a vertical point associated to f . If x is a smooth point of Xs, then the p-rank of each

connected component of the vertical fiber f−1(x) associated to x is equal to 0. Furthermore,

by contracting the vertical fibers f−1(x), we obtain a curve Y c over S. Write c : Y −→ Y c

for the contracting morphism. Then the points of c(f−1(x)) are geometrically unibranch.

2 P -ranks of vertical fibers of a stable covering

From now on, we only consider stable coverings. In this section, we study the p-ranks of

vertical fibers of a stable covering.

Let f : Y −→ X be a Z/pZ-stable covering , x a vertical point. Moreover, we suppose

that x is a singular point of Xs. Then there are two irreducible components Xv1 and

Xv2 (which may be equal) such that x ∈ Xv1

∩
Xv2 . Write Vx ⊆ f−1(x) for a connected

component of the vertical fiber associated to x (in fact, f−1(x) is connected), Γx for the

dual graph of Vx. Write Yv1 (resp. Yv2) for an irreducible component of Ys such that

fs(Yv1) = Xv1 (resp. fs(Yv2) = Xv2) and Yv1
∩
Vx (resp. Yv2

∩
Vx) is not empty. The

action of Z/pZ on the generic fiber Yη induces an action of Z/pZ on Yv1 (resp. Yv2). We

use the notation IYv1
(resp. IYv2

) to denote the inertia subgroup of Z/pZ. Since x is a

vertical point, by Proposition 1.13, we obtain either IYv1
= Z/pZ or IYv2

= Z/pZ. Thus,

we may assume that IYv1
= Z/pZ. Moreover, we have a lemma as follows:

Lemma 2.1. (a) If IYv1
= Z/pZ and IYv2

is trivial, then σ(Vx) = 0. In particular, Vx

is not ordinary. (b) If IYv1
= IYv2

= Z/pZ, then one of the following conditions will be

satisfied: (i) σ(Vx) = 0; (ii) σ(Vx) = p− 1 and π1(Γx) = p− 1; (iii) σ(Vx) = p− 1 and Γx

is a tree.

Proof. Write X̃ for the quotient Y/Z/pZ of Y . Note that X̃ is a semi-stable curve

over S whose generic fiber X̃η is isomorphic to Xη (cf. [12, Proposition 5]). We obtain

two morphisms of semi-stable curves q̃ : Y −→ X̃ and b̃ : X̃ −→ X such that b̃ ◦ q̃ =

f . Write X̃v1 (resp. X̃v2) for the irreducible component of the inverse image b̃−1(Xv1)

(resp. b̃−1(Xv2)) such that X̃v1 (resp. X̃v2) is finite over Xv1 (resp. Xv2). There exists

a chain of projective lines C̃ := P̃1P̃2, ......, P̃n of the special fiber X̃s of X̃ that meet
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b̃−1(Xs − {x}) at two points. More precisely, {Pi}i are closed subschemes of X̃s satisfy

the following conditions: (1) Pi ̸= Pj if i ̸= j; (2) ♯(P̃1

∩
X̃v1) = 1; (3) ♯(P̃n

∩
X̃v2) = 1;

(4) ♯(P̃i

∩
P̃i+1) = 1. Write B̃x for b̃−1(x), {B̃x − C̃} for the closure of B̃x − C̃ in B̃x,

B̃1, ......, B̃m for the connected components of {B̃x − C̃}. By the general theory of semi-

stable models, for any i, B̃i is a tree which consists of projective lines and B̃i

∩
C̃ is a

smooth point of C̃. By contracting {B̃i}i, we obtain a semi-stable curve Z whose generic

fiber Zη is isomorphic to Xη (cf. [1, 6.7 Theorem 1] and [6, Lemma 10.3.31]), a contracting

morphism of semi-stable curves cX : X̃ −→ Z and a natural morphism q̃′ : Z −→ X such

that q̃ = q̃′ ◦ cX . On the other hand, by contracting q̃−1(
∪

i B̃i), we obtain a curve W over

S whose generic fiber Wη is isomorphic to Yη, and a contracting morphism cY : Y −→W .

Note that, by Proposition 1.14, the singular points ofWs are either nodes or geometrically

unibranch. Write Wv1 (resp. Wv2) for the image cY (Yv1) (resp. cY (Yv2)). Moreover, by

the construction of the contracting morphism (cf. [1, 6.7 Theorem 1]), the action of Z/pZ
on Y induces an action of Z/pZ onW . Write I1 ⊆ Z/pZ (resp. I2 ⊆ Z/pZ) for the inertia
subgroup of Wv1 (resp. Wv2). Then we have I1 = IYv1

and I2 = IYv2
. Moreover, by the

constructions of W and Z, we obtain a natural morphism g : W −→ Z induced by q̃

satisfies the following commutative diagram:

Y
cY−−−→ W

q̃

y g

y
X̃

cX−−−→ Z
q̃′−−−→ X,

where q̃′ ◦ cX ◦ q̃ = f , q̃ and g are finite morphisms.

Write Zv1 (resp. Zv2 , C, Pi) for the image cX(X̃v1) (resp. cX(X̃v2), cX(C̃), cX(P̃i)).

Note that C is a chain of projective lines that meet the other irreducible components of the

chain at most two points, and for any i, cX(B̃i) is a smooth point of the special fiber Zs. By

Proposition 1.8, the p-ranks of all the connected components of (cX ◦ b̃◦ q̃)−1(cX(
∪

i B̃i)) =

q̃−1(
∪

i B̃i) are equal to 0. Thus, the lemma is equivalent to the following form: (a’)

If I1 = Z/pZ and I2 is trivial, then the σ(g−1
s (C)ss) = 0, where g−1

s (C)ss denotes the

unique semi-stable curve associated to g−1
s (C) defined in Remark 1.9. Moreover, either

q̃−1(
∪

i B̃i) is not empty or g−1
s (C)ss is not ordinary. (b’) If I1 = I2 = Z/pZ, then one of

the following conditions will be satisfied: (i) σ(g−1
s (C)ss) = 0; (ii) σ(g−1

s (C)ss) = p − 1

and π1(Γg−1
s (C)ss) = p− 1; (iii) σ(g−1

s (C)ss) = p− 1 and Γg−1
s (C)ss is a tree, where Γg−1

s (C)ss

denotes the dual graph of semi-stable curve g−1
s (C)ss.

Let us prove (a’). If there exists an irreducible component Pi of C such that 1 ≤
i ≤ n − 1 and the morphism of special fibers gs : Ws −→ Zs is generically étale over

Pi. Contacting Pi+1, Pi+2, ......, Pn and (g ◦ cY )−1(
∪

i+1≤j≤n Pj), we obtain two curves Z ′

and Y ′ over S, respectively. Since C is a chain of projective lines that meet the other
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irreducible components of the chain at most two points, by [6, Lemma 10.3.31], Z ′ is a

semi-stable curve. By Proposition 1.13, we have Y ′ is a stable curve over S. This is a

contradiction. Thus, gs is purely inseparable over Pi (i.e., the extension of residue fields

at generic points induced by gs is purely inseparable extension) for each 1 ≤ i ≤ n− 1.

If gs is purely inseparable over Pn. Then g
−1
s (C) ⊂ Ws is a chain of rational curves and

the p-rank of σ(g−1
s (C)ss) is 0. Moreover, since Y is a stable curve, we have q̃−1(

∪
i B̃i) is

not empty.

If gs is generically étale over Pn and purely inseparable over Pj for each 1 ≤ j ≤ n−1.

Then the p-rank σ(g−1
s (C)ss) is equal to the p-rank σ(g−1

s (Pn)). Since I2 = 0, we have

gs|g−1
s (Pn)

: g−1
s (Pn) −→ Pn is a generically étale morphism. By Proposition 1.13, we have

(
∪

i B̃i)
∩
P̃n = Ø, then g−1

s (Pn) is smooth. Thus, gs|g−1
s (Pn)

has only one branch point.

Thus, by Proposition 1.2, σ(g−1
s (Pn)) = 0. Moreover, since g−1

s (Pn) is not ordinary,

g−1
s (C)ss is not ordinary. This completes the proof of (a’).

Let us prove (b’). If gs is purely inseparable over C, then σ(g−1
s (C)ss) = 0. This is

Case (i).

If gs is not purely inseparable over C, then there exists an i such that gs is generically

étale over Pi and purely inseparable over Pj for all the i+ 1 ≤ j ≤ n. The following two

cases will appear: (1) gs is purely inseparable over Pj if j ̸= i; (2) there exists i′ < i such

that gs is generically étale over Pi′ .

In (1), the dual graph of g−1
s (C)ss is a tree and the p-rank σ(g−1

s (C)ss) is equal to

the p-rank σ(g−1(Pi)). Note that by Proposition 1.13, we have (
∪

j B̃j)
∩
P̃i = Ø, then

g−1
s (Pi) is smooth. Moreover, since the morphism gs|g−1

s (Pi)
: g−1

s (Pi) −→ Pi is generically

étale with two branch points, by Proposition 1.2, we have σ(g−1
s (Pi)) = p − 1. This is

Case (iii).

In (2), if i′ ̸= i − 1. Contacting Pi′+1, ......, Pi−1 and (g ◦ cY )−1(
∪

i′+1≤j≤i−1 Pj), we

obtain two curves Z ′′ and Y ′′ over S. Since C is a chain of projective lines that meet the

other irreducible components of the chain at most two points, by [6, Lemma 10.3.31], we

have Z ′′ is a semi-stable curve. By applying Proposition 1.13, we obtain Y ′′ is a stable

curve over S whose generic fiber is isomorphic to Yη. This is a contradiction. Thus, we

have i′ = i− 1 and gs is purely inseparable over Pj if j ̸= i− 1, i. By Proposition 1.13, gs

is étale over Pi−1

∩
Pi. Thus, we obtain that the rank of dual graph of g−1

s (C) is equal to

p− 1. On the other hand, by Proposition 1.13, we have (
∪

j B̃j)
∩
(P̃i

∪
P̃i−1) = Ø, then

g−1
s (Pi) and g

−1
s (Pi−1) are smooth. Since gs|g−1

s (Pi−1)
: g−1

s (Pi−1) −→ Pi−1 (resp. gs|g−1
s (Pi)

:

g−1
s (Pi) −→ Pi) is generically étale morphism with one branch point, by Porposition 1.2,

we have the p-rank of all the irreducible components of g−1
s (C)ss is equal to 0. This is

Case (ii). This completes the proof of the lemma.
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Remark 2.2. Note that similar arguments to the arguments given in the proof of the

lemma imply that the lemma also holds for the case of Z/pZ-semi-stable coverings.

Remark 2.3. In Section 4 of the present paper, we construct some examples of Z/pZ-
stable coverings which satisfy the conditions of Lemma 2.1.

3 New-ordinariness of stable coverings of a sturdy

stable curve

In this section, we prove the main theorem of the present paper.

Lemma 3.1. Let f : Y −→ X be a Z/pZ-stable covering. Then fs is new-ordinary if

and only if for each irreducible component Yv ⊆ Ys, one of the following conditions hold:

(i) if fs|Yv is a constant morphism (i.e., f(Yv) is a point), then Yv is ordinary; (ii) if fs|Yv

is finite, then fs|Yv is new-ordinary.

Proof. The lemma follows from the definition of new-ordinary.

Definition 3.2. Let Z be a stable curve over an algebraically closed field. Z is called

sturdy if the genus of the normalization of each irreducible component of Z is ≥ 2.

Remark 3.3. For any stable curve Z over an algebraically closed field, we have an

admissible covering W −→ Z such that W is sturdy (cf. [9, Section 0 Curves]).

Now, let us prove the main theorem.

Theorem 3.4. Let G be a finite solvable group, f : Y −→ X a G-stable covering.

Suppose that Xs is sturdy and the morphism of special fibers fs is not an admissible

covering. Then fs is not new-ordinary.

Proof. Since G is a finite solvable group, we have the derived series of G as follows:

{1} ⊂ G(m) ⊂ G(m−1) ⊂ ...... ⊂ G(0) := G.

Then we obtain the following sequence of stable coverings:

Y =: Y0 −→ Y1 −→ ...... −→ Ym −→ X

such that fi : Yi −→ Yi+1 is a G(i)/G(i+1)-stable covering and fm ◦ ...... ◦ f0 = f . Since

fs is not an admissible covering, there is a 0 ≤ w ≤ m such that (fi)s is an admissible

covering for each i ≥ w + 1 and (fw)s is not an admissible covering. Note that since an
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admissible covering of a sturdy stable curve is sturdy, we have Yw+1 is sturdy. Since fs

is new-ordinary if and only if fi is new-ordinary for each i, we only need to prove that

(fw)s is not new-ordinary. Thus, for proving our main theorem, we can assume that G is

an abelian group. Write Gp′ (resp. Gp) for the prime to p part (resp. p-part) of G. Since

the morphisms of special fibers of Gp′-stable coverings are admissible coverings (i.e., the

specialization isomorphism of log étale fundamental groups (cf. [18, Proposition 1.1])),

we can assume that G = Gp is a p-group. Furthermore, by Deuring-Shafarevich formula,

we can assume that G = Z/pZ.
Write V for the set of vertical points associated to f . If V contains a smooth point of

Xs, then by applying Proposition 1.14 and Lemma 3.1, fs is not new-ordinary. Thus, we

can assume that either V = Ø or V consists of singular points.

If fs is new-ordinary. Write {X ét
i }i (resp. {X in

j }j) for the set of semi-stable sub-curves

of Xs such that the following conditions: (a) for each i (resp. j), fs is generically étale over

X ét
i (resp. purely inseparable over X in

j ); (b) if an irreducible component Xv ⊆ Xs such

that Xv

∩
X ét

i ̸= Ø and Xv ̸⊆ X ét
i (resp. Xv

∩
X in

j ̸= Ø and Xv ̸⊆ X in
j ), then fs is purely

inseparable (resp. generically étale) over Xv. Note that since fs is not an admissible

covering, fs is not generically étale. Then {X in
j }j is not empty. Write gX ét

i
(resp. gXin

j
)

for the genus of X ét
i (resp. X in

j ) for each i (resp. j). Note that for a stable curve over an

algebraically closed field of characteristic p > 0, in order to calculate the p-rank and the

genus of a generically étale covering with Galois group Z/pZ of the given stable curve, we

can assume that the given stable curve is smooth. Thus, for proving our main theorem,

we may assume that X ét
i are smooth for all the i. Write rX := rank(π1(ΓXs)) for the rank

of the dual graph of Xs. Write ni for the cardinality of the set

X ét
i

∩
(
∪
j

X in
j ).

For each i (resp. j), we write Y ét
i (resp. Y in

j ) for the semi-stable sub-curve of Ys which

is generically étale over X ét
i (resp. which is purely inseparable over X in

j ), and gY ét
i

(resp.

gY in
j
) for the genus. By Hurwitz formula, we have

gY ét
i

= p(gX ét
i
− 1) +

1

2
· deg(Ri) + 1,

where Ri denotes the ramification divisor of fs|Y ét
i
. By Lemma 3.1 and Remark 1.7, we

obtain deg(Ri) = 2ni(p− 1).

If V = Ø. Note that the natural morphism of dual graphs ΓYs −→ ΓXs induced by fs

is an isomorphism. Write gYs for the genus of Ys, we have

gYs =
∑
i

gY ét
i
+
∑
j

gXin
j
+ rX
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=
∑
i

(p(gX ét
i
− 1) + ni(p− 1) + 1) +

∑
j

gXin
j
+ rX .

On the other hand, by the computation of the genus gYη of generic fiber Yη, we have

gYη = p((
∑
i

gX ét
i
+
∑
j

gXin
j
+ rX)− 1) + 1.

Since gYη = gYs , we obtain

(1− p)(
∑
j

gXin
j
− 1 + rX −

∑
i

(ni − 1)) = 0.

By the assumption that Xs is sturdy and rX −
∑

i(ni − 1) ≥ 0, we have
∑

j gXin
j
− 1 +

rX −
∑

i(ni − 1) ̸= 0. This is a contradiction. Then if V = Ø, the theorem holds.

If V ̸= Ø. Write mi for the cardinality of V
∩
X in

j , and Vx for the vertical fiber

associated to a vertical point x ∈ V . By Lemma 2.1 (a) and Lemma 3.1, we have

V ⊂
∪

j X
in
j , V

∩
X ét

j = Ø and moreover, the genus gVx of Vx is equal to p − 1 for each

x ∈ V . Then we have

gYs =
∑
i

gY ét
i
+
∑
j

gXin
j
+
∑
x∈V

gVx + rX

=
∑
i

(p(gX ét
i
− 1) + ni(p− 1) + 1) +

∑
j

gXin
j
+
∑
j

mj(p− 1) + rX .

On the other hand, by the computation of the genus gYη of generic fiber Yη, we have

gYη = p((
∑
i

gX ét
i
+
∑
j

gXin
j
+ rX)− 1) + 1.

Since gYη = gYs , we obtain

(p− 1)(
∑
j

(gXin
j
−mj)− 1 + rX −

∑
i

(ni − 1)) = 0.

Write ΓXin
j
for the dual graph of X in

j , v(ΓXin
j
) and e(ΓXin

j
) for the set of vertices and the

set of edges, respectively. By the assumptions that Xs is sturdy, we have

gXin
j
=

∑
v∈v(Γ

Xin
j
)

gXv + rank(π1(ΓXin
j
))

≥ 2 · ♯v(ΓXin
j
) + rank(π1(ΓXin

j
)) = ♯v(ΓXin

j
) + ♯e(ΓXin

j
) + 1.

Since ♯e(ΓXin
j
) ≥ mj and {X in

j }j is not empty, we have
∑

j(gXin
j
−mj)− 1 > 0. Then we

obtain a contradiction. This completes the proof of our main theorem.
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Remark 3.5. In the case that X is smooth, Raynaud proved the following result (cf.

[13]). Let G be a finite group and f : Y −→ X a G-stable covering. Suppose that X is

smooth and the morphism of special fibers fs is not an admissible covering. Then fs is

not new-ordinary.

Remark 3.6. On the other hand, M. Säıdi extended Raynaud’s theorem to the case

of Galois coverings (cf. [15, Theorem]). More precisely, Säıdi proved the following result.

Let X be smooth and f : Y −→ X is a morphism of stable curves over S. Suppose

that f is a Galois covering with Galois group Z/pZ (i.e., the extension of function fields

K(Y )/K(X) induced by f is a Galois extension with Galois group Z/pZ) and fs is not

generically étale. Then fs is not new-ordinary.

4 Constructions

The author does not know that whether or not exist a Z/pZ-stable covering over a spec-

trum of DVR and a vertical point associated to the stable covering such that the vertical

fiber of the vertical point satisfies (i) or (iii) of (b) of Lemma 2.1. In this section, we con-

struct some examples of Z/pZ-stable coverings which satisfy (a) and (ii) of (b) of Lemma

2.1.

Let F be a Deligne-Mumford stack. We use the notation |F| to denote the underlying

topological space of F (cf. [5, Chapter 5]). Let m : F1 −→ F2 be a morphism of

Deligne-Mumford stacks. We use the notation |m| to denotes the morphism of underlying

topological spaces |F1| −→ |F2| induced by m.

Definition 4.1. Let Mg be the moduli stack of stable curves of genus g over SpecFp.

Let Xa (resp. Xb) be a stable curve of genus g over an algebraically closed field ka

(resp. kb) of characteristic p > 0, and ca : Spec ka −→ Mg (resp. cb : Spec kb −→ Mg)

the classifying morphism determined by Xa (resp. Xb). We say that Xa and Xb are

equivalent if the images of |ca| and |cb| are equal.

Definition 4.2. Let d1 : W1 −→ Z1 (resp. d2 : W2 −→ Z2) be a morphism of

schemes over an algebraically closed field l1 (resp. l2). We say that d1 is equivalent to

d2 if there exists an algebraically closed field l3 which contains l1 and l2 such that the

following commutative diagram:

W1 ×l1 l3
h1−−−→ W2 ×l2 l3

d1×l1
l3

y d2×l2
l3

y
Z1 ×l1 l3

h2−−−→ Z2 ×l2 l3,

where h1 and h2 are isomorphisms (which are not necessarily l3-isomorphisms).
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Let cB : B −→ Mg be a morphism of Deligne-Mumford stacks. Write Cg for the

universal stable curve over Mg, AB(Cg) for the fiber product

Mg ×∆,Mg×Mg ,cB
B,

where ∆ denotes the diagonal morphism of Mg. Note that AB(Cg) is finite, unramified

over B.
Let q1, q2 be two points of |AMg

(Cg)| such that q1 ∈ V (q2), where V (q2) denotes

the closure of {q2} in |AMg
(Cg)|. Let kq1 and kq2 be two algebraically closed field of

characteristic p > 0, a1 : Spec kq1 −→ AMg
(Cg) and a2 : Spec kq2 −→ AMg

(Cg) two

morphisms. Suppose that the images of |a1| and |a2| are q1 and q2, respectively. By the

elementary theory of algebraic geometry, we have the following lemma.

Lemma 4.3. There exists a complete DVR A with algebraically closed residue field

and a morphism aA : SpecA −→ AMg
(Cg) such that the image of |aA| is {q1, q2}. Write

kA, (resp. KA, KA) for the residue field (resp. the quotient field, an algebraic closure of

KA), sA (resp. ηA, ηA) for the closed point (resp. the generic point, the geometric generic

point) of SpecA. Moreover, we have the natural morphism aηA : ηA −→ AMg
(Cg) induced

by aA is equivalent to a2, and the natural morphism asA : sA −→ AMg
(Cg) induced by aA

is equivalent to a1.

4.1 Stable reduction of admissible coverings

Let W •
η := (Wη, DWη) (resp. Z

•
η := (Zη, DZη)) be a pointed stable curves over the generic

point η of S. Suppose that W •
η (resp. Z•

η) admits a pointed stable model W • (resp. Z•)

over S and all the nodes and the support of DWη (resp. DZη) are η-rational points. We

call a finite morphism f •
η : W •

η −→ Z•
η is a G-admissible covering if f •

η is an admissible

covering with Galois group G. We have a proposition as follows.

Proposition 4.4. f •
η can be extended to a unique morphism f • : W • −→ Z• over S.

Proof. By the uniqueness of pointed stable models, the action of G on the generic

fiber W •
η extends to an action of G on W •. Then we have the quotient morphism q• :

W • −→W •/G, whereW •/G is a pointed semi-stable model of Z•
η (cf. [12, Proposition 5]).

Thus, by the repeated contraction of the chains of projective lines of W •/G, we obtain a

contracting morphism c• : W •/G −→ Z• (cf. Remark 4.5 and [6, Lemma 10.3.31]). Then

we obtain f • = c• ◦ q•.
Let g• : W • −→ Z• be an extension of fη. Since g• is a G-equivalent morphism, g•

factors through q•. Then we obtain a contracting morphism d• : W •/G −→ Z• such that

g• = d• ◦ f •. Thus, by applying [6, Proposition 8.3.28] for all the irreducible components
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of W •/G, the contracting morphism c• coincides with the contracting morphism d•. We

complete the proof of the lemma.

Remark 4.5. In order to obtain the contracting morphism c•, we want to apply [1,

6.7 Theorem 1]. But in the assumptions of [1, 6.7 Theorem 1], we need to assume that

the curves over S is normal. In our case, we can also apply [1, 6.7 Theorem 1] to W/G

(i.e., the underlying scheme of W •/G) as follows.

For any irreducible component Ev
∼= P1 of the special fiber of W/G, there exists an

irreducible semi-stable subcurve H ⊆ W/G such that Ev is an irreducible component of

the special fiber Hs. Write H ′
η for the normalization of Eη. Thus, there exist a semi-stable

model of H ′
s and a natural finite morphism morphism H ′ −→ H. Write E ′

v for H ′ ×H Ev.

Note that H ′ is a normal curve over S. Let OH′(E ′
v) (resp. OW/G(Ev)) be a line bundle

over H ′ (resp. W/G) induced by the divisor E ′
v (resp. Ev). Thus, we obtain the following

commutative digram:

H ′ cH′−−−→ Proj(
⊕

m Γ(H ′,OH′(mE ′
v)))y y

W/G
cW/G−−−→ Proj(

⊕
m Γ(W/G,OW/G(mEv))).

Then cW/G is a contacting morphism such that cW/G(Ev) is a point.

4.2 Examples of Lemma 2.1 (a)

Let A1 be a complete DVR of characteristic p > 0 with algebraically closed residue field

k1, K1 the quotient field, K1 an algebraic closure of K1. Let C (resp. E) be a smooth

projective hyperbolic curve over S1 := SpecA1 = {η1, s1}, where η1 and s1 stand for the

generic point and closed point of S1, respectively. Write Cη1 , Cη1 and Cs1 (resp. Eη1 ,

Eη1 and Es1) for the generic fiber, geometric generic fiber, special fiber of C (resp. E),

respectively.

Suppose that σ(Cη1) − σ(Cs1) > 0. Then by replacing S1 by a finite extension of S1,

there is a Z/pZ-stable covering ϕ : D −→ C which is not finite. By replacing S1 by a

finite extension of S1, we can choose a marked point DC of C such that DC

∩
Cs1 is a

vertical point associated to ϕ. By replacing S1 by a finite extension of S1, we can assume

that DD := ϕ−1(DC) are S1-rational points of D. Then we obtain two pointed stable

curves C• := (C,DC) and D• := (D,DD). Moreover, we obtain a natural morphism of

pointed stable curves ϕ• : C• −→ D• induced by ϕ.

On the other hand, for E, we suppose that σ(Es1) > 0. Then there exists an étale

covering ψ : F −→ E of Galois group Z/pZ. By replacing S1 by a finite extension of
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S1, we can choose a marked point DE of E such that ψ−1(DE) are S1-rational points.

Write DF for ψ−1(DE). Thus, we obtain two pointed stable curves E• := (E,DE) and

F • := (F,DF ). Moreover, we obtain a natural morphism of the pointed stable curves

ψ• : F • −→ E• induced by ψ.

By gluing C• and E• (resp. D• and F •) along the marked points, we obtain a new

stable curve X1 (resp. Y1) over S1. By Proposition 4.4, we can gluing ϕ• and ψ•. Then

we obtain a morphism f1 : Y1 −→ X1 over S1 such that f1|D• = ϕ• and f1|F • = ψ•. Write

(f1)η1 for the morphism of geometric generic fibers (f1) ×η1 η1 : (Y1)η1 −→ (X1)η1 . Note

that (f1)η1 is an étale covering whose Galois group is Z/pZ.
Let A2 be a complete DVR of characteristic p > 0 with algebraically closed residue

field k2 = K1, K2 the quotient field, K2 an algebraic closure of K2. Write S2 for the

spectrum SpecA2 = {η2, s2}, where η2 and s2 stand for the generic point and closed point

of S2, respectively. Since (f1)η1 is an étale covering, by deformation theory, (f1)η1 can be

lifted to a Z/pZ-étale covering of stable curves f2 : Y2 −→ X2 over S2 such that the generic

fiber (X2)η2 is smooth and the morphism of special fibers (f2)s2 is isomorphic to (f1)η1 .

Write (f2)η2 for the morphism of geometric generic fibers (f2)×η2 η2 : (Y2)η2 −→ (X2)η2 .

Write gY (resp. gX ) for the genus of (Y2)η2 (resp. (X2)η2). Let MgY (resp. MgX )

be the moduli stack of stable curves of genus gY (resp. gX ) over SpecFp. The curve

(Y2)η2 −→ η2 (resp. (Y1)s1 −→ s1) determines a classifying morphism α2 : η2 −→ MgY

(resp. α1 : s1 −→ MgY ). The curve (X2)η2 −→ η2 (resp. (X1)s1 −→ s1) determines a

classifying morphism β2 : η2 −→ MgX (resp. β1 : s1 −→ MgX ). On the other hand,

the action of Z/pZ on (Y2)η2 (resp. (Y1)s1) induces an injective group homomorphism

γη2 : Z/pZ ↪→ Aη2(CgY )(η2) (resp. γs1 : Z/pZ ↪→ As1(CgY )(s1)). Let τ be a generator of

Z/pZ. Then by the uniqueness of stable models Y2 and Y1, the action of a2 := γη2(τ) on

(Y2)η2 induces an element a1 ∈ γs1(Z/pZ) which acts on (Y1)s1 .

Write q′2 ∈ |Aη2(CgY )| (resp. q′1 ∈ |As1(CgY )|) for the point determined by a2 (resp.

a1). Then we obtain a point q2 ∈ |AMgY
(CgY )| (resp. q1 ∈ |AMgY

(CgY )|) via the natural

morphism |Aη2(CgY )| −→ |AMgY
(CgY )| (resp. |As1(CgY )| −→ |AMgY

(CgY )|). Note that

the image of q2 (resp. q1) of the natural morphism |AMgY )(CgY )| −→ |MgY | is equal

to the image of |α2| (resp. |α1|). Thus, by Lemma 4.3, we obtain a complete DVR A

and a morphism aA : SpecA −→ AMgY
(CgY ) which satisfy the conditions of Lemma 4.3.

Write cY for the composite of aA and AMgY
(CgY ) −→ MgY . We obtain a stable curve

Y −→ SpecA determined by cY , and an action of Z/pZ on Y determined by aA. Note

that the quotient Y/Z/pZ is a semi-stable model over SpecA. Contracting the chains of

projective lines of the semi-stable model Y/Z/pZ, we obtain a stable covering f : Y −→ X

over SpecA. Note that the stable curve X −→ SpecA induces a classifying morphism

cX : SpecA −→ MgX such that the image of |cX | is equal to Im(|β1|)
∪
Im(|β2|).
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By the construction, we see that fηA is equivalent to (f2)η2 and fsA is equivalent to

(f1)s1 in the sense of Definition 4.2. Then f is a Z/pZ-stable covering which satisfies the

conditions of Lemma 2.1 (a).

4.3 Examples of Lemma 2.1 (b)-(ii)

By replacing E of Section 4.2 by a copy of C and gluing two copies of C• along the marked

points, similar arguments to the arguments given in Section 4.1, we obtain a Z/pZ-stable
covering f : Y −→ X over a complete DVR A which satisfies the conditions of (ii) of

Lemma 2.1 (b).
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