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Abstract

The middle convolution, introduced by Katz and developed by Dettweiler-
Reiter, Oshima and others, defines an operation of reduction of linear or-
dinary differential equations with polynomial coefficients. In this paper,
employing an idea of the exact steepest descent method proposed by Aoki-
Kawai-Takei, we study how to determine the complete Stokes geometry
and how to obtain the Borel summability of WKB solutions of a higher
order linear ordinary differential equation with a large parameter when it
is reduced to a second order equation via middle convolution. To show
the practical usefulness of the method, we also investigate some concrete
examples numerically.

1 Introduction

Let

n

P<P(9Uﬂ7) = Za’j(x)(n_law)j@(xan) =0 (1'1)
=0

be an ordinary differential equation with polynomial coefficients containing a
large parameter n > 0. Here n is a positive integer, d,, = 9/0z, a,(x) = ano # 0
(non-zero complex constant) and a;j(z) (j =1,...,n — 1) is a polynomial

dega;

a;(x) = Z ajra” (1.2)
k=0
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with a;, being a complex constant. For Eq. (1.1) there exists a formal (diver-
gent) solution, called a WKB solution, of the following form:

p(z,n) =n""?exp (/ de)

=n2exp </I(775_1(x) +So(x) +n71S1(x) +---) dx)
= exp (77 /L S_1(x) dx) Wiwm(x)ﬁ_m_l/27 (1.3)

where the top order term S_;(z) is a root of the characterstic equation

o0(P)(x,¢) =Y aj(x)¢? =0 (1.4)

j=0

of (1.1) and lower order terms Sp,(z) (m > 0) are uniquely determined once
S_1(z) is fixed. In the case of second order equations (i.e., n = 2), as is dis-
cussed in, e.g., [8], [14], etc., the exact WKB analysis, that is, the analysis based
on the use of Borel resummed WKB solutions, provides a very powerful tool for
analyzing the global behavior of solutions of (1.1) in the complex domain. The
most important ingredients there are the Stokes geometry and the connection
formulas: The Stokes geometry describes regions (sometimes called Stokes re-
gions) where WKB solutions are Borel summable and the connection formulas
describe relations between the Borel sums of WKB solutions in different Stokes
regions. In the case of higher order equations (i.e., n > 3), however, the com-
plete structure of the Stokes geometry is not fully understood yet. As was first
pointed out by Berk-Nevins-Roberts ([6]), Stokes curves of a higher order equa-
tion may cross in general and what they call a new Stokes curve appears from
some crossing points of Stokes curves. To determine the complete structure of
the Stokes geometry for higher order equations is one of the most important
problems in the exact WKB analysis.

On the other hand, recently Oshima ([17]) has developed a systematic study
of ordinary differential equations with polynomial coefficients and produced
many remarkable results by using middle convolutions and additions. The mid-
dle convolution is an operation of reduction and plays a central role in his study.
It was first introduced by Katz ([13]) and reformulated as an operation on Fuch-
sian systems by Dettweiler-Reiter ([9]). The following definition, a modified one
of that given in [17], of the middle convolution for Eq. (1.1) containing a large
parameter 7 is given by Iwaki-Koike ([11]), where they apply the middle convo-
lution to the computation of the so-called Voros coefficients.

Definition 1.1. Let u € C\ {0} be a non-zero complex constant. For a dif-
ferential operator P of the form (1.1) we define its middle convolution (with a
large parameter 7)) by

me P = (1710,)" 0 Ad(9; )P,



where | = max{k — j;a,; # 0} and
Ad(O;#"MP = 9 1o Po Ok,
Since
A0z = & — o, Ad(@;9M)a* = (- pnd; ), Ad@; P02 = o

hold, the middle convolution of an operator P of the form (1.1) is explicitly
given by

meunP = (7'0:)' Y 0 > agi(x — pmoy ) (n10,) . (1.5)

dega;
j=0 k=

(=)

In particular, mc,, P is a differential operator of order n +{. In what follows
we denote mc,, P simply by P. Note that, if ¢(x,n) is a solution of Eq. (1.1),
then a solution @(x,n) of P = 0 is provided by the Euler transform

. 1 ‘ -1
P, n) = 7/ (z = 2)""p(z,m) dz, (1.6)
L(un) Je
where ¢ is a suitably chosen point. The right-hand side of (1.6) is known to be
the Riemann-Liouville integral or the fractional derivation of p(x,n).
Then, a natural question arises:

If P is the middle convolution of a differential operator P, how
is the Stokes geometry of P related to that of P ?

The purpose of this paper is to consider this problem by employing an idea of
the exact steepest descent method for the Laplace transform developed by Aoki-
Kawai-Takei ([3, 4]). As its consequence we will show that, when a higher order
ordinary differential equation is reduced to a second order equation via middle
convolution, we can obtain important information (almost the characterization)
for the Stokes geometry of the higher order equation from that of the second
order equation.

The paper is organized as follows: In Section 2, after preparing some notions
and notations, we state our main theorem. Then we explain our proof of the
main theorem in Sections 3 and 4. In Section 3 we deal with the local aspect
of the problem and in Section 4 we consider the problem in the global setting.
Finally, in Section 5 we study some concrete examples with the aid of a computer
to examine the main result practically.

2 Main result

In this section we formulate and state our main result. Before stating the main
theorem, we review some basic properties of WKB solutions to prepare some
notions and notations.



We denote the roots of the characteristic equation (1.4) by (i (), ..., Cn(a:)
and let ¢;(x,n) be a WKB solution of Eq. (1.1) determined by S_1(z) = ¢;(z),

that is,
x 00
@;(x,m) = exp (77/ Gi(x) dx) > im(@n ™2 (2.1)
m=0
As @;(x,n) is not convergent in general, in the exact WKB analysis we con-

sider the Borel sum of ¢;(x,n), which is defined as follows: Let ¢; p(z,y) (or
Blg;l(z,y)) be the Borel transform of ¢;(z,7), i.e

05(e.) = Blg|(x.v) = }jgﬁﬂllw+%@w*”% (22)

— T'(n+1/2)
where s;(x) = [* (j(z)dx and T'(z) denotes Euler’s gamma function. Then the
Borel sum (x,n) of p;(x,n) is, by definition,

@mm:/’Umemam@. (2.3)
—Sj xT

Here the path of integration is taken to be parallel to the positive real axis.
For the basic properties of the Borel sum and the Borel transform we refer the
reader to [5], [7]. When the Borel sum (2.3) is well-defined, ¢;(z,n) is said to
be Borel summable. To be more precise, ¢;(z,7) is Borel summable when there
exists a positive constant 0 so that ¢; p(z,y) can be analytically continued to
a tubular domain

B =y eCily—t+s;(x)| < 6}

t>0

in y-plane and further ¢; g(x,y) satisfies an exponential estimate

lpj.8(2,y)| < C1exp(Calyl)

in Efsj(w) with some positive constants Cy, Cs.
To describe the region where a WKB solution is Borel summable, we intro-
duce the following

Definition 2.1. (i) When the characteristic equation (1.4) has a multiple root
(for ¢) at @ = a, a is said to be a turning point. In other words, a turning
point is a zero of the discriminant of (1.4). In particular, a simple zero of the
discriminant is called a simple turning point. When two roots ¢;(z) and ¢;/ (z)
(j #4’) of (1.4) merge at a turning point & = a, a is said to be of type (j,j').
(ii) Let = a be a turning point of type (j,5’). Then, a curve emanating from
a defined by

S [ (G0~ e =0

is called a Stokes curve of type (j,7’). In particular, a Stokes curve is said to
be of type j > j' (resp., j < j') when Eﬁ‘,f;(cj(x) — (s (x))dx > 0 (resp., < 0)
holds on it.



A region surrounded by Stokes curves is called a Stokes region. Note that at
a simple turning point = a there exist exactly two roots {;(z) and (j/(x) of
(1.4) that merge at x = a and

doo(P
Ug( ) 20
T @ o=(ag; ()
holds.
In the case of second order equations (i.e., n = 2), the region where a

WKB solution is Borel summable is completely described by Stokes curves.
That is, the following Theorem 2.1 holds. Here, and throughout this paper, we
assume the following condition to avoid some difficulties caused by degenerate
situations:

There exists no Stokes curve that connects two turning points. (ND)

Note that the condition (ND) means that every Stokes curve emanating from a
turning point flows into the point at infinity.

Theorem 2.1 ([15]). Let n = 2 and suppose the condition (ND). Then a WKB
solution is Borel summable except on Stokes curves. That is, a WKDB solution
1s Borel summable in each Stokes region.

Furthermore, in the case of second order equations WKB solutions enjoy the
following properties (Theorems 2.2 and 2.3) on a Stokes curve emanating from
a simple turning point.

Theorem 2.2 ([18],[1],[12]). Let n = 2 and suppose (ND). We denote the
roots of the characteristic equation (1.4), which is quadratic, by ¢ = (4 (). Let
x =0 be a simple turning point and ¢+ be WKB solutions of (1.1) normalized
at x = 0. Then, when x lies on a Stokes curve of type + > — emanating from
x =0, the Borel transform ¢4 p(z,y) of a WKB solution ¢4 has a singularity
aty = — foz (—dx. This is the unique singularity of v+ p(x,y) in a neighborhood

of
{ye@;y:—/ C+dm+v,v>0}.
0

Furthermore, the Borel transform ¢_ p(x,y) of v— has no singularity in a neigh-

borhood of
{yEC;y—/ g_dx+v,v>0},
0

and hence p_ is Borel summable on a Stokes curve of type + > —.

Here WKB solutions ¢4 of (1.1) normalized at a simple turning point = a
mean WKB solutions of the form

1 [T a(z) /‘T
pte) = o (n [ 3o [“swadr). @




where Sodqq (resp., Seven) denotes the odd (resp., even) part of (9/0x)logy,
ie., (0/0z)log vt = £Ssdd + Seven, and the integral of S,qq in the right-hand
side of (2.4) is considered to be a contour integral starting from z and returning
to = after encircling a. Note that, since

10 a1 (z)
—— T og Soqq —
2 0x 08 Sodd n2a2(x)

Seven =

holds in the case of second order equations, (2.4) actually gives a WKB solution
of (1.1).

Theorem 2.3 ([18],[1]). Let n = 2 and suppose (ND). Let z = 0 be a simple
turning point and C' a Stokes curve of type + > — emanating from x = 0. Then
for the Borel transforms ¢+ g(x,y) of WKB solutions ¢4+ normalized at x =0
the following relation holds:

Ayzf Jo ¢—dx ¢+,B($7y) =V _150*,B(xay)7 (25)

where Ay—q () f(2,y) stands for the discontinuity of f(x,y) along the cut {y;y =
o(x) +v,v > 0}, that is, the difference of the boundary value of f(x,y) from
upper-side of the cut and that from lower-side of the cut. Furthermore, if we de-
note two Stokes regions neighboring along C by Uy (k = 1,2) and the Borel sums

of p+ in Uy by <I>(k), we have the following relation (“connection formula”):

{@(j) S JRERVAST 120

2.6
o) — o® (2:6)
Here we take the +-sign (resp., —-sign) in the right-hand side of (2.6) when
the path of analytic continuation from Uy to Uy crosses C' in an anti-clockwise
(resp., clockwise) manner viewed from x = 0.

In the case of higher order equations (i.e., n > 3), however, the situation
becomes much more complicated. Stokes curves are not sufficient to describe the
region where a WKB solution is Borel summable. As a matter of fact, as already
explained in Introduction, Berk et al. ([6]) first pointed out that Stokes curves of
a higher order equation may cross in general and that the Borel summability of a
WKB solution may break down on what they call a new Stokes curve emanating
from a crossing point of Stokes curves, in particular, an ordered crossing point
of Stokes curves which is defined as follows:

Definition 2.2. Let j, k,I be a triple of mutually distinct indices. Then a
crossing point of a Stokes curve of type j > k and a Stokes curve of type k > [
is called an ordered crossing point. A crossing point which is not an ordered
crossing point is called a non-ordered crossing point.

Later, by making use of microlocal analysis, Aoki-Kawai-Takei ([2]) intro-
duced the notion of virtual turning points and defined a new Stokes curve to
be a Stokes curve emanating from a virtual turning point. Note that the Borel



summability of a WKB solution does not break down on all portions of new
Stokes curves. For example, the Borel summability does hold near a virtual
turning point; the Borel summability breaks down only on the portion of a
new Stokes curve after passing over an ordered crossing point. In this way the
Borel summability of WKB solutions of higher order equations is a very subtle
problem. For the precise definition of virtual turning points and more detailed
properties of virtual turning points and new Stokes curves we refer the reader
to [10]. In what follows, if there is no fear of confusions, new Stokes curves are
also called Stokes curves for short.

Now, in this paper, to discuss the Borel summability of WKB solutions of a
higher order equation, we consider the relationship between the Stokes geometry
of P and that of P when P is the middle convolution of P. In particular, we
investigate the case where a higher order equation ]51/) = 0 is obtained from a
second order equation Py = 0 via middle convolution. For that purpose we
employ an idea of the exact steepest descent method developed by Aoki-Kawai-
Takei ([3, 4]).

In [3, 4], for a differential equation of the form (1.1), its solution given by
the integral

o(z,n) = / "™ Py, dé (2.7)

is studied, where ¢y, is a WKB solution of the Laplace transform (with a large
parameter with respect to the independent variable x)

n dega;

) oNF
P@(fﬂ?) = Z Z ajk <_7718€> 5‘7@(6777) = O

j=0 k=0

of Po = 0. The integrand of (2.7) has the form exp(nFy, + O(n")) with some
function Fj and hence, if we take a steepest descent path of R F}, passing through
a saddle point §;(x) of Fj, (i.e., a zero of 0Fy/0¢ in {-plane) as the integration
path of (2.7), we can expect that the integral (2.7) gives a WKB solution of
Py = 0. Here one important point is that, when the steepest descent path in
question crosses a Stokes curve of P of type k > k/ (k # k'), we have to bifurcate
another steepest descent path of RF}), passing through the crossing point. We
repeat this bifurcation process of steepest descent paths until no further new
crossing point of a steepest descent path and a Stokes curve appears and call the
totality of such steepest descent paths “an exact steepest descent path” passing
through a saddle point &;(z) when the process terminates. The exact steepest
descent method deals with the integral of the form (2.7) along such an exact
steepest descent path. In [3, 4] it is examined that the integral (2.7) along an
exact steepest descent path gives the Borel sum of a WKB solution of Py = 0
and further that a Stokes phenomenon occurs with the Borel sum of a WKB
solution if and only if an exact steepest descent path passes through another
saddle point. Note that such an exact steepest descent path also appears in
the study of the Borel summability of some formal solutions of second order
inhomogeneous linear ordinary differential equations (cf. [16]).



We apply this idea of the exact steepest descent method to our problem. In
our current situation a solution of Py = 0, obtained from Py = 0 via middle
convolution, is given by

b(e,m) = / (2 — 2 oy (2 ) d, (2.8)

where ¢y, is a WKB solution of the original equation Py = 0. Since the integrand
of (2.8) again has the form exp(nfi + O(n°)) with

fre = plog(x — 2) + /Z Ck(2) dz,

where (i (z) denotes a root of the characteristic equation (1.4), we take a steepest
descent path of R fj, passing through a saddle point z;(z) of fi as the integration
path of (2.8). Then we can expect that the integral (2.8) gives a suitably
normalized WKB solution 7~ /24; of Py = 0. (For the precise definition of
1 see (3.13) below.) Furthermore, when the steepest descent path in question
crosses a Stokes curve of Py = 0 of type k > k' (k # k'), we bifurcate another
steepest descent path of R fx passing through the crossing point and repeat this
bifurcation process of steepest descent paths until the process terminates, that
is, until no further new crossing point of a steepest descent path and a Stokes
curve appears. Following the terminology of [3, 4], we call the totality of such
steepest descent paths “an exact steepest descent path” of (2.8) passing through
a saddle point z;(z).
Then our main theorem can be formulated as follows:

Main Theorem. Let Pw = 0 be obtained from Py = 0 via middle convolution.
Suppose that P is of second order and that all the turning points are simple and
the condition (ND) holds for Po = 0. Let z;j(x) be a saddle point of (2.8)
which does not coincide with a turning point. We further assume that the above
bifurcation process terminates in finite steps so that an exact steepest descent
path passing through z;(x) is well-defined. Then, for a given x, if the exact
steepest descent path passing through zj(x) does not pass through any other
saddle point, a WKB solution n’l/zwj(x,n) of PYp = 0 corresponding to the
integral (2.8) along an (exact) steepest descent path passing through zj(x) is
Borel summable at x.

Corollary 2.1. Under the situation of Main Theorem, a point x is not located
on any Stokes curve of Py = 0, if any exact steepest descent path passing through
a saddle point of the integral (2.8) does not pass through any other saddle point.

Remark 2.1. As we will see in Section 5, it sometimes happens that, although
the exact steepest descent path passing through z;(z) hits another saddle point,
a WKB solution 771/24;(x,7) becomes Borel summable due to some subtle
cancellations of connection coefficients. However, except for such cases where
subtle cancellations occur, it is expected that the converse of Main Theorem is
also true. In other words, the geometry of exact steepest descent paths of the
integral (2.8) almost characterizes the Stokes geometry of 15@/1 =0.



Remark 2.2. As mentioned in Introduction, the Borel summability of WKB
solutions and the complete structure of Stokes geometry are well understood
only for second order equations at the present stage. This is the reason why in
Main Theorem we impose the constraint that P is of second order. However it
is expected that Main Theorem also holds without this constraint. For example,
as is clear from the discussion in the subsequent sections, Main Theorem does
hold also for a higher order operator P if the structure of its complete Stokes
geometry is known.

In the subsequent two sections we will give a proof of Main Theorem. In
Section 3 we consider the relationship between the integral (2.8) and a WKB
solution 17*1/21/@-(167 1) locally near a saddle point and then discuss their global
correspondence in Section 4 by taking the effect of an exact steepest descent
path into account.

3 Proof of Main Theorem, I — Local analysis
near saddle points

In this section, as the first step toward the proof of Main Theorem, we consider
the relationship between the integral (2.8) and a WKB solution 1~'/24¢;(z, )
of P = 0 locally near a saddle point.

Let P = 0 be a differential equation of the form (1.1). Let x = a be
a simple turning point of this differential equation and ¢g(z,n) be a WKB
solution normalized at @ = a with S_;(z) = (x(x). Then we can rewrite (2.8)
as follows:

[y totmas = [ @ - 2 e ( / k() + - >dz) az

:/exp (n (,ulog(m —)+ / Ck(z)dz) . ) d.

where --- denotes lower order terms with respect to 7. Here, and throughout
this paper, we define fj as

e = plog(x — 2) + /z Cr(z)dz. (3.1)

Let zj(z) be a saddle point of fj and Cif()x) be the steepest descent path of R fj
passing through z;(z).
There is the following relation between z;(z) and characteristic roots of P.

Proposition 3.1. The following statements (i) and (i1) are equivalent.

(i) There exists k such that z is a saddle point of fy.

(it) £ is a characteristic root of P.

To prove Proposition 3.1 we make use of the following lemma verified in [11].



Lemma 3.1 ([11], Lemma 2.5). Let P be a differential operator of the form
(1.1) and P = mc,, P be its middle convolution. Then the total symbol of P is

given by
\k ko
o(P)(w,0) = 3y, T (32

k>0

where oo(P)(x,() = 0 denotes the characteristic equation of P and
);
).

In particular, by taking the leading part of (3.2) with respect to n, we find that
the characteristic equation oo(P)(x,() =0 of P is given as follows:

0
1

Y

e = 1 (k
T O (=Y (k

o0()(z,¢) = C'on(P) (x -2).

Proof of Proposition 3.1. By the definition of z;(z), (i) is equivalent to — +

z
Cr(z) = 0. In terms of w = —£— we can rewrite this as ((x — u/w) = w, that is,

r—z

o0(P)(z — p/w,w) = 0. It then follows from Lemma 3.1 that this is equivalent

to oo(P)(z,w) = 0, that is, oo(P)(z, -£=) = 0. Hence we obtain (i7). O

T r—z

Corollary 3.1. There exist n + [ saddle points of fi.

From now on we assume that the order of all zeros of dfx/0z is 1.
Taking the steepest descent path C’S()x) as the integration path of (2.8), we
now consider the integral

/C(k) (@ = 2)"1= 1Py (2,1)dz, (3:3)
zj(z)

where ®;,(z,7) is the Borel sum of a WKB solution ¢y (z,7) of Py = 0. In what
follows we will see that (3.3) is related to a WKB solution of Py = 0 of the

form . J
o -1/2 _ Hexr 4
=1 exp (77/ T — 2@ + ) . (3.4)
We let fro = fr(z;(x)) and parametrize C’if()m) by fi = fro—u?(u € R).
Then we have '

" (x — 2)"17 1Py (2)dz
c

zj(z)

= — k=1 ] N
/C(k) (@-2) A:— I} Gzt e”"onp (2, §)dydz (3.5)
v>0

zj(z)

_ R N L5
- /C““z ) /:, I (et exp(n(plog(x — z) — §)pr,B(2,9)(x — 2)~ dydz
zj(x v>0

10



o o M era e+ log(a — ) (e~ )y
) v>0

u€ER

- Ak:fk o—u? /!:*fk otw e "or p(2,y + plog(r — 2))(z — Z)ildydz
uéR u)Zuz

™ [ ey ot ) ) My
w>0 —Vw<u< Vo

Here we have used a change of variable y = § — plog(x — 2) in the third equality
and put w = u? + v in the fourth equality.
On the other hand, since

d d zj(2)
2];,‘0 _dx <Mlog( (:L'))—l—/a Ck(Z)dZ>

p(l - z;(a:))

=@ " 25 (2)Ck (25 (2))

:#j@)—i_zj( )32 (,ulogx—z / ule )Z—Zj(x)
. H

Cw— (@)

holds, we can write

* dx
fr,0 :/ A
a T —zj(v)

with an appropriately chosen point a satisfying fi(z;(@)) = 0. Hence we obtain

_ S \un—1 — -y
L(k) (‘T Z) (I)k(Z)dZ - /7_‘[; - “Zdl(.l:)—i_ € X(Ivy)dyv (36)

2 (@) w>0

where

x(z,y) = /fk:fk a2 o2,y + plog(z — 2))(z — z)_ldz. (3.7)
—Vo<u<yw

Taking Proposition 3.1 into account, we find that the integration path in
the right-hand side of (3.6) coincides with the integration path of the Borel sum
of (3.4). Thus it is expected that x(x,y) is equal to the Borel transform of a
suitably normalized WKB solution ; of Py = 0. As a matter of fact, we can
prove the following theorem.

Theorem 3.1. The function x(x,y) given by (3.7) is equal to the Borel trans-
form of 17?4 in a neighborhood of y = — [ pde

a x—zj(x)”

Before we give a proof of Theorem 3.1, we prepare some lemmas. Let w =
Y+ fa “dxz) and assume that |w| is sufficiently small. Let z(*) be points

r—=z

11



satisfying fx(z(*)) = fro — w. Since the integrand of the right-hand side of
(3.7) has square-root type singularities at z = 2(&) by the definition of Yk, B,
X(z,y) can be considered as the following contour integral:

©(w9) = § [ onney+ plosta =) —2)dz,

Here C' is a path of Jordan-Pochhammer type shown in Figure 1. If there is no
fear of confusions, we omit C' and 1/4 in what follows.

» /
z(._) | Z(.+)

Figure 1: A path C.

Lemma 3.2. For all j € N, x(z,y) salisfies the following equalities:

8gx(:v,y):/ ((,i)j@k,B(Zat)

o) = [ (2) puote

(z — Mayax_l)jX(xvy) = / [Zj@k,B(Zat)Ht:y_HLlog(x_z) (z — Z)_ldz + Fj.
(3.10)

(z — 2)"tdz, (3.8)

t=y+plog(z—=2)

(x — 2) " dz, (3.9)

t=y+plog(z—=2)

Here we use the notations 0, = 0/0x, 0, = 0/0y and F; denotes a function
satisfying 03 F; = 0.

Proof. We first note that (3.8) is trivial since x(z,y) is a contour integral.
To prove (3.9), it suffices to prove the case j = 1. By integration by parts,
we have

/¢k73(z,y + plog(x — 2))(x — z)*zdz
:/W“B(z,y—k,ulog(a:—z))%(z—z)_ldz
:—/%(@k’B(z,y—s—ulog(x—z)))(m—z)_ldz

=—/ li@k,B(%t)

(x—2)""
t=y+plog(z—=2)

12



0
- a%,B(Z:t)

p(x — 2)2] dz.

t=y+plog(z—=2)

Hence we have

0zx(2,9) :/ [;@k,B(Z,t)

—gnp(zy + plog(e — 2))(@ — )] dz

plx —2)~°
t=y+ulog(z—=2)

(x —2)"tdz.
t=y+plog(z—=z)

= [ Lonntz)

This verifies (3.9).
We prove (3.10) by induction on j. First, since

(x — 2)"dz
t=y+plog(z—=z)

_ _ 0
40,0, x(z,) = 10, [ S orn(zt

=0; / —¢r,B(2,y + plog(x — 2))dz
= /sﬁk,B(Z,y + plog(x — 2))dz + Fi,

we have

(&= 10,0 (2.9) = [ orslesy+ plogt - 2) ( - 1) det By

T—2z
:/ [Zgok’B(Z’t)]|t:y+ulog(w7z) (x —2)"'dz + F).

This shows that (3.10) is true in the case j = 1. We next assume that (3.10) is
true for 7 > 1. Then we have

(x — pdy0; ) x(2,y)
:(J}—/,l/aya;l) (/ [Z]SOkB z, t |t y+plog(z—2) (l‘ — Z)_le+FJ)
:/ (27T o (2, 1)] N,— vt log(z—2) (x —2) 7Yz + Fy + (x — pdy,0; ) F;

where I is such that 9, F; = 0. Since

ITVE) + (x — pdy 0, V) Fy) =051 (2 F)) — 40, 0 F;
—w0I U F, + (j+ 1)0LF, =0
holds, (3.10) is also true for j + 1. This completes the proof of Lemma 3.2. [
Using Lemma 3.2, we now prove that x(z,y) satisfies some partial differential

equation.
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Proposition 3.2. Let Py be the following partial differential operator:

n dega;
s =0 > aju(x— pdy0; kool
k=0

5=0
Then Pgx(z,y) = 0 holds.

Proof. Tt follows from (3.8) that

n degaj
Pox(w,y) =0, Y > aji(z — po,d, ) oy 7 dlx(x,y)
j=0 k=0
n dega;
=0, > > aglw — pdy ;) (x - pd, 0, 1) 0]

j=0 k=0

x/ [3f7jcpk73(z,t)}

(z — 2) " tdz.
t=y+plog(z—=z)

Furthermore, we have
(x0y — uay)/gakyB(z,y + plog(x — 2))(z — 2) " 'dz
— [ (60105 0) — 00215 Oy oy (0 = 2)

:/ [(1 + miz> 0.01.8(2,t) — . ﬁ Zat@k,B(Zat)]

— [ 0ona sy (o = 2)
dz

+/ |:<8z_ - &s) sok,B(Zat)]
r—z t=y+plog(z—=z)

:/ (20,01 B(Z, t)]|t:y+ulog(1_z) (x —2)"tdz

dz
t=y+plog(z—=z)

+ /az(@k,B(Z» y + plog(x — z)))dz
:/ [20:0k,8(2, )] |1y s p10g(z—2) (T — 2)"tdz. (3.11)
Hence, using (3.11) and the following formulas of differential operators

(2 — D, Y908 = (20, — pdy) (w0 — iy — 1)+~ (20 — iy — (] — 1),
20, (x0y — 1) -+ (20, — ( — 1)) = 2707,

14



we can calculate Pg(z,y) as follows:

Ppx(z,y)
n degaj .
=05 anle — pd, 05 ) I (10, — 4, )20y — pdy — 1)+
J=0 k=0
20y —pdy — (= 1)) | [ .t ‘ — )l
(@0, =0y~ = 1) [ [ oen] @)
n degaj;
=0 Y ag(e — pd,0; )t
j=0 k=0
></ [zaz.--(zaz (- 1))6?%1@,3(2,75)} (z —2)"ldz
t=y+plog(z—=)
n degaj
=0, > > agilw — pd,0; ")
=0 k=0
X / [zjagaf_jgok,g(&t)} ‘ (x — 2)"tdz.
t=y+plog(z—z)
Finally, by using (3.10), we thus obtain
Ppx(z,y)
n degaj;
=9t ) k—j i 57 gn—7 -1 .
6362 Z ajg (/ {z 22920, gpk73(z,t)”t:y+ulog(x_z) (x — 2) dz—i—Fk_])
j=0 k=0
n degaj
=0, / [PBok,5(% )]y 4 p10g(a—z) (T — 2) "tz + Z Z ajkFr—;
=0 k=0
=0.
O
As 9; satisfies
n dega;
Py =0 0Ly Y agr(x — pundy )y 00 = 0
j=0 k=0

due to (1.5), its Borel transform 1, p(x,y) also satisfies Ppip; p = 0. That
is, x(z,y) and the Borel transform of 1); satisfy the same partial differential
equation. Now we will prove that x(z,y) is a constant multiple of the Borel
transform of n~1/24);.

Substituting the definition of the Borel transform into the integrand of

15



x(z,y), we have

x(,y)

/Z Fflk_: 1/2) (y + plog(x — z) + /az Ck(z)d2> o (x—2)"'dz

’ z
:/f Z (p(k nj_ 5/)2)) (y + fk,o — u2)n_1/2 (m o Z(u))flafdu
VW p>0

Y e eran(z(w) L0z ne1/2
“[ R D A o)

Here z(u) denotes an implicit function from u to z defined by fi(z)
and we put w =y + fi 0 in the last equality.
We will prove that

Bun(u) = 2 I 0 )

is holomorphic at « = 0. By the Taylor expansion of fj, we have

fro =1 = fi
Ofk 10% fi, )2
=fro+ 0 | e (2 — z()) + 2022 | _ (z — zj(2)” +
102%f; 2 1 9% fr
=fr0 + 3022 ) (2 = z(2))" + 31 923 o

which implies

(3.12

= fro—u

(2= z(@)* +-,

2 _ (L _ L% fi @) e
v = (2 RO &~ NG S
On the other hand,
> fi
072 70

z=z;(x)

holds since z;(x) is a simple zero of df;/0z. Therefore we have

L 02 fy
u = \/—2 5.2 (2 = zj(2))g(2)

z=z;(x)

)

2

where g¢(z) is holomorphic at z = z;(x) and satisfies g(z;(x)) = 1. Hence we

have

Ju
0z

#0,

z=z;(x)

_ | 1P
z=z;(x) B 2 022

16



which means dz/0u is holomorphic at u = 0. Thus @y, (u) is also holomorphic
at u = 0.

Next we will prove that the integrand of (3.12) converges absolutely and
uniformly on [—+v/w, y/w] for sufficiently small w. We take sufficiently small R
so that

U:={ueC;lul <R}
C (domain of holomorphy for ®, ,,(u) including u = 0)

holds. We also take sufficiently small w so that {u € C; |u] < /|w|} C U holds.
Then there exists a constant M > 0 independent of n such that

_10z
(@~ o)) 2

S <M (jul < Vwl).

Note that z;(z) #  because 2(0) = z;(z) is a zero of df;/0z and = is a pole of
Ofk/0z. Let U be the closure of U and put K = z(U). Since K is a compact
set of C\ {turning point of P}, there exist constants A, C' > 0 such that

sup |or,n(2(u))| = sup [orn(z)| < AC™n! (n=0,1,2,...).
uelU zeK

On the other hand, we have

_1 |
. n 2n.:
Iim ——=1

n—oo I'(n + 1/2)

by Stirling’s formula. Hence, if we take a constant C” such that n'/? < (C’/C)"
forall n =0,1,2,..., we have

AC™n)
B ()] < S5 M < AMC™
’ n=1/2n!

on |ul < /|w| for all n = 0,1,2,.... We rewrite AM and C" as A and C,
respectively. Then the integrand of (3.12) converges uniformly on |w| < 1/4C
since the following estimate holds on |w| < 1/4C:

[P () (w = u?)"| < AC™ (2fuw])" <

A
27.
Therefore we can write x(z,y) as follows:

x(xyy)=2/

n>0""

Vo
Dy (u)(w — u2)"_1/2du
Vo

where w = y + fro. Let @y n(u) = 2120 anul be the Taylor expansion of

17



Oy (u) at u = 0. Then we have

x(x,y) Z/ Zan’lul(w —u?)" 24y

n>07 =V >0

—ZZanl/ u w—u2)"_1/2du
n>01>0 w

:ZZanl/ Vwt) (w — wt?)" 2 Jwdt
n>01>0

I U
n>01>0

=>_ > anx / 21— )" 2 dtw"
n>01>0 1

Here we have used a change of variables w = /wt in the third equality and
the fact that the integral is equal to 0 when [ is odd in the last equality. The
constant term of this series is

1
a0 / (1 — £2Y9-3 gt =y, o(0)

i or.0(2(2)) 0

Thanks to the assumption that a saddle point z;(x) of fi is not a turning point
of P, ¢ro(zj(x)) # 0 holds. Furthermore, as we have already dicussed above,
(0z/0u)|u=o # 0 holds. Therefore, if we put w = y+f “zdmm), x(x,y) is a holo-
morphic function of w in a neighborhood of w = 0 and satlsﬁes X (2, y)|w=0 # 0.

Having these facts in mind, we will prove Theorem 3.1. We rewrite x(z,y)

as follows:
y) = Z Xnw™
n>0
¥ pdx "
¥ [ 25)
>0 o ©—z(x)
:B n 1 —n—l
o0 (o] 55) Sre
Define T; by

exp (D Tin™ | = xal(n+ 1)y~

1>0 n>0

18



then we can write
x(z,y) =B |n " exp 77/ +ZTm :
1>0

It follows from Proposition 3.2 that

_ T
B |n""'P | n exp n/ Y a
a T —2Zj

’I‘

=Pp "exp n +ZTml

:pBX (E7y

Therefore we have

Py 2exp 77/ +Zﬂnl =0.
@ 1>0

Thus both n'/28~1x(x,y) and ®; are infinite series of the same form with the

same (leading part of the) exponential factor and satisfy Py = 0. Hence,
thanks to the uniqueness of WKB solutions, we can conclude they coincide (up
to constant multiple). That is, we have

T
by =n""exp n/ +ZTml : (3.13)

>0

(To be more precise, we determine the normalization of ¢, by the right-hand
side of (3.13).) Thus x(z,y) = B[n~/?¢;], which completes the proof of Theo-
rem 3.1.

4 Proof of Main Theorem, II — Global aspect
and exact steepest descent paths

T pdx
a x—zj(x)

In the previous section we studied the behavior of x(z,y) near y = —
by making use of properties of the integral (3.3) near saddle points. In this sec-
tion, to complete the proof of Main Theorem, we investigate the global behavior
of x(z,y) by taking account of the geometry of the integration path of (3.3),

i.e., the steepest descent path C’ikgw)
In what follows, as in the preceding section, we assume that P is of second

order and (j; (z), (i (x) denote the roots of its characteristic equation. We further
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assume fr o = fr(z;(z)) and Cz(,f()x) is parametrized by fy = fro — u? (u € R).
)

We first consider the case where Cgc(z) does not cross any Stokes curve of Py =
J
0. In this case, as variables y and w > 0 are related by

Y pdx
y= */{~z ) +w=—fro+w=—filz) +w
in the integral (3.6), the second variable of the integrand ¢, g of the definition
(3.7) of x(z,y) can be written in terms of w as follows:

y+ plog(z — 2) = = fu(z;(x)) + w+ plog(x — z)
=— fr(2) = u® +w + plog(x — 2)

__ / u(2)dz — u? + w. (4.1)

Since CS?()E) does not cross a Stokes curve by the assumption, it follows from
J

Theorem 2.1 that ¢x(z,7n) is Borel summable when z is on Cgc()wy that is,
k. B(2,y) is analytically continuable along y = — f; (xdz +v, v > 0. Hence, in
this case, the integration path of (3.7) does not hit a singularity of ¢y 5(z,y +
plog(z — z)) when u satisfies —v/w < u < y/w in view of (4.1). This implies
that x(x,y) is analytically continuable along y = — ;x_“z‘ﬁx) +w,w > 0.
Furthermore, the Borel summability of ¢ (z,n) implies the following exponential
estimate:

oun (2= [ Gt o) < G+ D eniCatl) (02 0)

where «, C1,Cy are positive constants. (The constant « is determined by the
coefficients a;(z) of Po = 0. See [15] for the details. In this paper, however,
the value of « is irrelevant.) Therefore we have

‘x (x—/j%ﬁw)‘ = |x(z,y)|

["Mz):fk_o—uz ©k,B (2, —/ Cedz +w — U2> (z—2)""dz

—Vw<uJw
< / L0+ D) exp(Calw — w?)) — 2| dz]
fr(z)=fro—u
—Vw<u<J/w
< €y exp(Caluw)) / L exp(=Cau?)(j2] + 1)0 — 2| |dz]
fr(z)=fro0—u
—Vw<uS o

for w > 0. Since the integral in the last equality is bounded by a positive
constant M, we obtain the following estimate:

‘X <a:, —/ ,udmm) + w)’ < C1 M exp(Ca|w]).

x — z;(

20



Summarizing the above, we have verified the following.

Theorem 4.1. Under the assumptions of Main Theorem, if the steepest descent
path C’ifgx) of Rfx passing through a saddle point z;(x) does not cross any Stokes

curve of P =0 and, further, if it does not flow into any other saddle point of
fx, then 77_1/2% is Borel summable.

We next consider the case where the steepest descent path C’Z(f()w) crosses
a Stokes curve of Py = 0 once. In this case, a singularity appears in the
integration path of (3.7). We will study the effects of this singularity to (the
analytic continuation of) x(z,y).

Assume that the steepest descent path C’if()x)
k > k', which emanates from a turning point z = ag of P, at 2 = z in an
anti-clockwise manner. We let uy be a parameter corresponding to zg, i.e.,
fk(20) = fro — ud, and let vg := fjs(gk — (pr)dz > 0 and wo = u? + vyg. We

denote by gaio)(z,n) (* = k, k') a WKB solution of Py = 0 normalized at ao,

that is, normalized at the turning point where the Stokes curve in question

emanates. Then the following relation holds between ¢, and <p5<0):

sa*(z,n):vv*exp(n /a“%*(z)dz) GO (=kK),  (12)

where W, (= W4 or W_) is defined by

crosses a Stokes curve of type

Wi =exp (:t/ (Sodd,O + Uﬁlsodd,l + .- ) dZ) .

Here Soaa = 7Sodd,—1 + Sodd,0 + 7 "Sodd,1 + -+ denotes the odd part of
(0/0x)logwy. Note that W, is independent of z and Borel summable under
our current assumptions. As a matter of fact, evaluating both sides of (4.2)
at some point z outside Stokes curves, we find both ¢, (z,7) and cpio)(z,n) are
Borel summable thanks to Theorem 2.1 and so is W,.

Using the relation (4.2) and Theorem 2.2, we now verify that a singularity
of the integrand of (3.7) appears on its integration path when z = zy. It follows

from Theorem 2.2 that goéog(z, y) has singularities at

= Gz, - [ G (2)d>

when z = zp. Then, since (4.2) implies

onp(2y) = (Wi » o) (z,y + [N o dz) (4.3)

and W, p is holomorphic near the positive real axis by its Borel summability
noted above, ¢y (2, y) has singularities at

v=—[ @ - [ @)z~ [ Gulais

21



when z = zp. Using (4.1) at z = zp, i.e.,

y+ plog(ex —29) = / Cr(z z—u0+w

for the second variable of the integrand of (3.7), we thus find that the integrand
has a singularity at

z0
w:ung/ (Ck*Ck/)dz,’:u8+f00::wo'

ao

That is, when z = 29 and y = — fi 0 +wo = — fx,0 +ud + vo, a singularity of the
integrand hits the integration path of (3.7). Therefore, to consider the analytic
continuation of x(z,y) for w > wp, we need to deform the integration path so
that we may avoid this singularity.

We denote this singularity by z.. The above discussion imples that z, is
determined by

Y+ plog(x — z,) = — /Ck' dZ—/ Cr(z (4.4)

for a given x,y. Then we can verify the following:

Lemma 4.1. The singularity z. is located on a steepest descent path

C8D s fu(2) = fulzo) — @0 (0> 0)
of Rfx emanating from the crossing point zy. Here fi is defined by fr =
plog(z — 2) + [ G (2)dz
Proof. By (4.4) we have
fur(e) =log(o = 2) + [ Gu(2)d:
——y- [ 66 - s

—fa-w- [ (@) - s (45)
while
fueo) =pulog(a = z0) + [ Gu(a)d:
—nlog(e — o)+ [ 6@z~ [ (Gule) - Golos

= fiz0) — 0 / (Ch(2) — G (=)=
= fro—wo— /ao (Ce(2) — G (2))dz. (4.6)

22



(k)

20

k> K

Figure 2: The integration path on z-plane when w > wy.

Hence

Ji(2e) = frr(20) = wo —w <0 (4.7)
holds, that is, z, is a point on Cgf/) satisfying fir(2z+) = fir(20) — @ with
Uy = w — wg. This completes the proof of Lemma 4.1. O

Lemma 4.1 neatly explains why the bifurcated steepest descent path C§§ )
enters into the theory. Taking account of Lemma 4.1, we decompose (the ana-
lytic continuation of) x(z,y) for w > wy as follows:

e = [ or3(2y + plog(e - 2))(w — 2) \dz
Czj(m):f\/f)guguo
+ [ o2y + plog(e — 2)(x — 2)dz
O moSus v
+ / vrB(z,y + plog(x — 2))(x — z)*ldz. (4.8)
¥

Here ~ designates a path that starts from zp, goes to z, along the steepest
descent path Cz(fl) of Rfy, and returns to zq after encircling z,.. (See Figure 2.)
Since C’ng) has no further crossing points with Stokes curves other than z,
in the current situation, the reasoning employed in the proof of Theorem 4.1
entails that the first two terms of the right-hand side of (4.8) can be analytically
continued to all w > wy and satisfy exponential estimates there. Thus what
remains to be proved is to verify the analytic continuability of the third term of
the right-hand side of (4.8).
Let I denote the third term of (4.8):

I:= / or.p(2y + plog(e — 2))(xz — 2) "L dz. (4.9)
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To consider the continuability of (4.8), we first note that the Stokes phenomenon
for ) on the Stokes curve in question emanating from aq is described by

ao
v =Wy exp <77/ Ck dZ) 80560)

ao
— Wy exp (7]/ Cr dz> (or (0) + zgag,)))
ag

=L+ ’L'Wka_,l exp (77/ (Cx — Crr) dZ) Pk (4.10)

in view of Theorem 2.3. Making use of this connection formula (4.10), we prove
the continuability of I by the following argument. It follows from (4.3) that

ao
I= /(Wk,B * gp,(c%) (z7y + plog(x — 2) —l—/ Cr dz) (x—2)"tdz. (4.11)
Y a

Then, when z lies on C:Eff/), that is, when fi/(2) = fx(20) — @ (@ > 0) holds, the
second variable of the integrand of (4.11) can be rewritten as

ao
y+ plog(z — 2) + / Crdz

= —fro+w+ plog(z —2) + / Cpdz

ot wt S /ck/dz+/ oz

—fro+w+ fr(z) + / (Ck — Cw) dZ—/ Crrdz

— fol) = ol - [ Guds (4.12)

0

= i (20) = fur () — it - / Codz
:w—wo—d—/zck/dz. (4.13)

Here we have used (4.5) and (4.7) in the fourth and sixth equalities, respectively.
Note that, since zy and z, correspond respectively to u = 0 and u = w — wq in
view of (4.7), (4.13) is located on a line emanating from — [ (i dz and running
parallel to the positive real axis when z is on the integration path v of I. By the
assumption that the exact steepest descent path passing through z;(x) does not
flow into any other saddle point, we find z, is not a saddle point of fi,. Hence
it follows from (4.12) that the second variable of the integrand of (4.11) has a
non-zero derivative at z = z, and consequently encircles the singularity in an
anti-clockwise manner when z encircles z, in an anti-clockwise manner. Thus
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the integral I can be represented as

/ [(WkB*SD() <z,/ Ck/derwwoﬂJriO)
zZ0 ag

(WkB*QD( ) (z,—/ Ck’d2+w—w()—fb—i0):| (x—Z)_ldz
ag
= [ By o Wi+ i) ( - [ et - u) (v~ 2)Ldz,
20 a0

where — f:o (prdz +w — wo — u %0 indicates we are taking the boundary value
of the multi-valued function Wy, g * @,&?33 from the upper-side or lower-side of
the cut. (In the current situation we place the cut along the integration path
)

We now employ the following lemma.

Lemma 4.2. Let © denote — f; (pdz. Then, when z lies on Cg:,) and |z — zp|
18 sufficiently small, the following relation holds:

Ay—s(Wis * ol %) (2,0 +0) = (Wis * (Ay—spl 5)) (2,0 + v).

Proof. Tt follows from Theorem 2.2 that 9012033(2 y) has singularities at y =
— fazo (pdz, — f:o (xrdz and except at these two points it is analytic in a neigh-
borhood of F := {y = — f;ﬂ Crdz+ v, v > 0} when |z — 2] is sufficiently small.
Furthermore, as already mentioned above, Wy, is Borel summable and, in par-
ticular, Wy, p is holomorphic near the positive real axis. Hence we find that

(W B * ap( ) )(2,y) is also analytic in a neighborhood of E except at the above

two smgulantles.

Once we confirm the location of singularities of Wy, g * cp,(cog, we can readily

compute its discontinuity as follows:

Ayo(Wie B % 0y ) (2,0 + v)
:(Wka,gg)(z 0+ v +1i0) — (Wi g * ¢ ) (2,0 + v — i0)

/ Wi (t) 0 (2,0 + v — t + i0) dt

/ Wi, B(t SDI(CB( O+v—t—10)dt
v+v

= Wi, B(t) (Ayzﬁcpgg)(z, O+v—t)dt
0

= (Wis * (Ay—spi 5)) (2,0 + ).
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Making use of Lemma 4.2, we can write I as

/ (Wk,B * (Ayzf fazo Ck/dchgc?)B)) (Z, 7/ Ck/dZ +w — wy — ﬂ) (ﬂf - Z)*le

20

when w —wq ( > 0) is sufficiently small. Thanks to Theorem 2.3, this coincides
with

z/ (Wi, * 9053))3) (z, —/ Cprdz +w —wy — ﬂ) (z — Z)—ldz'
ao

Z0

Using (4.2) again, we have

80;(3?3(2,9) = (Wi s * 0w B) <Z,y */ G (2) dz) :

Hence we obtain the following expression for the integral I:

Zx 4

I :i/ (Wi, B * Wﬁ}B X Qp B) (z, —/ Cprdz +w — wy — 11) (x — z)_1 dz
zZ0 a

ao

a

:i/ (Wi, B * W_,}B * O B) (z,y + plog(x — 2) —I—/ (¢ — Ck/)dz)
20

x (z —2)"'dz.

(We have used (4.13) in deriving the last equality.) In view of this expression,
if we assume that Cgf/) has no further crossing points with Stokes curves of
Py =0, we find that I is analytically continuable to all w > wq since both Wy
and Wy, are Borel summable. Furthermore, the same reasoning as in the proof
of Theorem 4.1 also deduces an exponential estimate for I.

Thus we have verified the following:

Theorem 4.2. Assume that the steepest descent path CS?()I) passing through
J

a saddle point z;(x) crosses a Stokes curve of Po = 0 of type k > k' once at

zo. Let C’,gf) denote a steepest descent path of Rfx emanating from zy. We

also assume that C’ZU?) and CSOC/) have no further crossing points with Stokes

i (@)
curves other than zo.] Then under the assumptions of Main Theorem, if neither
CS()T/) nor C’gf ) flows into any other saddle point, 7]71/277/}34 is Borel summable.
Furthermore, the analytic continuation of its Borel transform x(x,y) forw > wq
18 given by the sum of the three integrals as follows:

x(@,y) = / “ o5z, y + plog(a — 2))(e — 2)"\dz
Ci:)(z>:—\/@§u§uo
+ / x5z y + plog(z — 2))(z — 2)\dz
Oy uosus v
+1, (4.14)
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where

I :i/ (Wh.B * W_,}B * Or/ B) (z,y + plog(x — 2) +/ Gk — Ck/)dz)

20

x (z—2z)"tdz.  (4.15)

Remark 4.1. If the starting point ag of the Stokes curve that crosses with Cz(f()z)
at zo is the same as the turning point a used for the normalization of ¢.(z,7),

the explicit form of I is simplified as follows:

=i [ "o nley oo - 2) (o~ )

20

Remark 4.2. The function (W g * WT}B = i(WkW_,l)B that appears in the
expression (4.15) of I is nothing but the Borel transform of the connection
coefficient (or the Stokes coefficient) for the connection formula (4.10).

We now compute the Borel sum of 5~/ Z4p; under the current situation
discussed in Theorem 4.2. We compute the contribution of each term of (4.14)
to the Borel sum separately.

The contribution of the first term to the Borel sum is easily computed as
follows:

o e_"y/ gok,B(z,y—i—,ulog(x—z))(x—z)_ldzdy
Voauig! el vesusya
-ny _ _ )1
*A:—fk,,wwe OB Jrcuca er.8(2,y + plog(z — 2))(x — 2)” dzdy
uggwgwo zj(z)" =%=%0
+ 67’79/ w5 (z,y + plog(x — 2))(x — 2) " tdzd
o™ L o nnle o)) =)y
wo <w zj(x)

= -ny _ -1
B /C'(k) u<ug [lz*fk,O*Fw € QDka(Z, Y + H IOg(IE Z))(IE Z) dde

zj(z) w?<w
_ -1 —ni i
= @yt [ ey, (2, §)dfid>
k) . g=— [ Ce(z)dz+v '
O, oy usto 050

= /Coc) (x — 2)M"7 1Dy (2,m)dz.

py (m:uguo

Here ®(z,n) denotes the Borel sum of ¢ (z,7n) and we put § = y+ plog(x — 2)
and v = w — u? in obtaining the second equality.
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Similarly, the contribution of the second term is given by

B e*"y/ or.B(2y + plog(z — 2))(z — 2) " tdzdy
Vet 0%, o <us v

ug <w<wo i

+/7,f N e_ny/ o2,y + plog(z — 2))(x — 2) " 'dzdy
Yy=—Jk,0oTWw c

(k) .
wy<w zj(m)»uoSUS\/E

= _ S\un—1 —ng 7diid
/Ci?zm):uo<u<\/wio(x ) ﬁ:_ J7 Cr(z)dz+v € @ka(z’ y)dydz
e

0<v<wo—u?

(:E - Z)Nnil \[;:7 fz Cr(2)dztv eingwk,B(za gj)dgjdz

wofu(‘)gv

=z g j)dijdz.
+/C(k) :MSu(x ?) A=_fazv<>kéz)dz+ve or,B(2,7)djdz

zj(z)

+ /
c® o <u< /wg

zj(x)

Note that the integration path of the inner integral of the first term and that
of the second term on the left-hand side lie on the same side viewed from the
singular point z, of the integrand. Hence, also in the right-hand side, the branch
of the integrand of the first term and that of the second term are the same. Thus
the contribution of the second term is expressed also by one integral as follows:

Finally we compute the contribution of the third term, that is,

e ]
y=—fr,0+w

wo <w

Zx
— -ny —1
=1 e Wi g*xW, *
[ | U
<

Z
wosw 0

ao

(z, Y+ plog(x — z) + / Gk — Ck/)dz> (x — z)_ldzl dy.

a
The inner integral (i.e., I) is taken along the steepest descent path Cgf,). In

terms of the parametrization fi/(z) = fi(20) — @ of C§§’> it is done on the
interval @ € [0, w —wy| as the points zg and z, correspond to @ = 0 and w — wy,
respectively (cf. (4.7)). Hence, by changing the order of integration, we can
rewrite the above integral as

Z. /
o 0<a

(z, y+ plog(z — 2) + /aao(Ck - Ck’)dz) (z— Z)_ldy] dz

- -1
i Wi s Wiy )

wot+u<w
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:i/c(""') oga(x - z)“n_l exp (77/(1 (Ck — Cm)dz)

20

lé_— fz Cprdz+v e_mj(Wk’B * Wi’,lB * Spk’,B)(Zv y)dy] dz.
0<v

Here we put § = y + plog(z — 2) + [°((e — Gi)dz and v = w — wy — @. Note
that § = — [~ (wdz+w —wo— @ holds in view of (4.13). Hence the contribution
of the third term is expressed as

1exp (77/ (Ck - Ck’)dz> Wkwlgl / (k) (:C - Z)”n_lq)k’ (Zvn)dzv
a C'ZO

where Wy, Wi and @ denote the Borel sum of Wy, Wy, and py, respectively.
Summing up, we obtain

Theorem 4.3. Under the same assumptions as in Theorem 4.2, the Borel sum
of 77_1/2’(/}j is expressed by the following:

/ (& — 2" By (2, )z + / (2 — )" By (2, ) dz
Ci’;)(m);uguo Cil;zm);uogu

wiow (1 7 G- qoa ) wogt [ - i,
a Czo
or, more simply,

Loy @2yt

zj(x)

+ iexp (77/ (G — Ck/)dz> Wkwlgl / W)(x — z)’"lilék/(z,n)dz.
a Czo

The case where C’Z(f()m) or C,gf " has another crossing point with a Stokes curve
of Py = 0 can be handled in a similar manner. As a matter of fact, in such a
case a singularity appears in the integration path of one of the three integrals
in the right-hand side of (4.14). Then, since all integrals in the right-hand side
of (4.14) have the same form as the integral (3.7) (except for the multiplicative
factor iWy, g * Wﬁ}B and the shift by f;o (Ck — Cxr)dz in the second variable of
(4.15), which induce no problem at all), the reasoning employed so far is again
applicable in the completely same manner as above. Further, we can repeat this
procedure in an inductive way as far as the number of crossing points of steepest
descent paths with Stokes curves is finite, in other words, under the assumption
that the bifurcation process of steepest descent paths terminates in finite steps.
As a consequence we obtain the following theorem, which completes the proof
of Main Theorem.

29



Theorem 4.4. Suppose that the same assumptions as in Main Theorem are
satisfied. We label the (finitely many) crossing points of an exact steepest descent
path passing through a saddle point z;(x) with Stokes curves of Po = 0 as
Z1,...,2N. To each steepest descent path C contained in the exact steepest
descent path we can assign a sequence (z;(x), zr,, ..., %) of crossing points, a
sequence (k, ks, ..., k) of types, and a sequence (Cy,Cr,,...,C5) of steepest
descent paths in the following way:

Starting with the steepest descent path Cy = C;k) passing through

zj(x), we bifurcate a steepest descent path Cy, from a crossing point

2y, of Co with a Stokes curve of type k > k-, and repeat this pro-

cedure. That is, when C’Tk1 crosses a Stokes curve of type kal >

k7, at z-,, then we bifurcale a steepest descent path Cr, from z,

(2 < p <1). The steepest descent path C = C-, in question is then

obtained at the final step of this procedure.

) (kokry o kir) .
Using these sequences, we denote C by C' = Czj-(a:)fzn,m,lzn' (Similarly, C;,
. (kskry o skry,)
is denoted by C;, = Zj(m)’lzm___:zw.) We also denote the exact steepest de-
, (Fkry e kry) ,
scent path passing through z;(x) by U(n,-u,n)eA zj(z),lle,-<~fz,L (where A is

a finite set of indices), and assume that it does not pass through any other
saddle point. Then 77_1/2wj(x,77) is Borel summable. Furthermore, its Borel

sum is given by the following integral along the exact steepest descent path
(k,k,. 7"'7k7') .
U(ﬁ,-ufn)GA Zj(m)ylzrl,“wlzrl'

(x — z)”"_l@k(z, n)dz

(k)
Czj(ﬂ—')
(kg oo ir,) 1
T Z Azj(w)72717"'7271 (kykry s k) (:L. - Z) (kal (Z,Tl)dz,
(Tl,“-,TL)GA,lZl Cz_j(w),zq—l,-w,zfl

where Py, P, designate the Borel sum of oy, Pk, and

AUk k) 11 )

25(@), 20y v y2my 2y
1<p<l

Here c(zﬁ;“) denotes the Borel sum of the Stokes coefficient for the Stokes phe-

nomenon

(0)

0 (kry) (0
o (0) o (0)

— +c
Tp—1 wk’ﬂlfl z k*u

observed at z = zr,,.

Remark 4.3. As we will see in the subsequent section, it sometimes happens
that several steepest descent paths with different notations introduced in The-
orem 4.4 may overlap.
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5 Examples — Verification via numerical anal-
ysis

In this section, to check Main Theorem numerically and to show its practical
usefulness, we discuss some concrete examples with the aid of a computer. We
mainly study the case where a steepest descent path crosses Stokes curves of P
more than twice.

Example 5.1. Let us consider
P =3(n"10)% 4 2¢(n~'0) + .

Note that a differential equation Py = 0 is equivalent to the Airy equation
((n™10z)?—%)@ = 0 via a change of variables p(z) = exp(—ncz/3)p(x), —3'/3% =
x — c%/3. After applying the middle convolution, we have

Pr=30n""0)% +2c(n'0)* +x(n19) —p+nt,

which is the restriction to x1 = x, x5 = ¢ of the so-called (1,4) hypergeometirc
system in two variables (1, x2) (cf. [11]). We take parameters as ¢ = —3+3i, u =
1—61 here. Following the recipe given in [2], we obtain the Stokes geometry of P
as shown in Figure 3. In Figure 3 red points, green small points, and blue small
points designate (ordinary and virtual) turning points, ordered crossing points,
and non-ordered crossing points of Py, respectively. Dotted curves indicate parts
of new Stokes curves on which no Stokes phenomenon occurs. (We will also use
these notations in Example 5.2 below.)

We let 214 denote a turning point situated near the bottom of Figure 3.
Figures 9, 10 and 11 show the exact steepest descent paths of Rf; passing
through saddle points of

f+ = plog(z — 2) —fcz:I:/ ”—f 2—702 dz

when © = 214 + 0.1exp(kni/9) (0 < k < 17). In these Figures blue points and
blue lines designate turning points and Stokes curves of Py = 0, respectively.
Red big points are saddle points of fi, red small points are crossing points of
a steepest descent path of Rfy and a Stokes curve of type + 2 — of Py = 0,
and red solid lines are exact steepest descent paths of R fy. (These notations
will be also used in Example 5.2.) We observe that an exact steepest descent
path flows into a saddle point between k = 4 and k = 5, between k£ = 10 and
k =11, and between k = 16 and k = 17. In view of Figure 3 we find that these
directions are the same as the directions of Stokes curves emanating from i 4.

Similarly we let z15 denote an ordered crossing point near (slightly lower of)
the center of Figure 3. Figures 12, 13 and 14 show the exact steepest descent
paths of Rfy when = x15 + 0.1exp(kmi/9) (0 < k < 17). We observe that an
exact steepest descent path flows into a saddle point six times, that is, between
k=2 and k = 3, between £k =5 and k = 6, between k = 8 and k = 9, between
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-10 8 -6 -4 2 0 2 4 6 8

Figure 3: Stokes geometry of P;.

k=11 and k = 12, between k = 14 and k = 15, and between k = 17 and k£ = 0.
Among these six directions, a Stokes phenomenon does not occur between k = 2
and k = 3. Indeed, the following holds.

Proposition 5.1. Let P be a second order differential operator of the form
(1.1). Let ¢4 (x) be roots of the characteristic equation and x = a be a turning
point of P. Put

fr =plog(x —2) + /Z C+(2)dz

and let zj(x) be a saddle point of fi. Let C’iji(l) be a steepest descent path of

Rf+ passing through z;(x). As shown in Figure 4, we label types of three Stokes
curves emanating from a. (A wavy line designates a cut to determine the branch

of C+.) Under these notations we assume that C’Z(:r()m) crosses a Stokes curve of
type + > — at z = zg and a Stokes curve of type — > + at z = z1. Then
a steepest descent path Céo_ ) emanating from the crossing point zg also passes
through z .

Proof. The defining equations of C’ij&) and Cg; ) are given by

Cij_()m) (f+ - f+‘z:z3- (L)) = 07

N
C,g;) :%(f, _ff‘z:zo) =0,

32



Figure 4: Steepest descent path which crosses two Stokes curves emanating from
the same turning point.

respectively. Since C’S()x) passes through zy and z;, we have

(f+|z:zo - f+‘z:zj(a:)) =0,
=0.

&
C‘}(f+|z=21 - f—i— ‘z:zj(a:))

Hence
%(f-i-‘z:zo - f+‘z:zl) =0 (51)
holds. On the other hand, we have

2k

S frlimn = Foleme) =9 [ (G =m0 (2)

a

for k = 0,1 because zy and z; lie on Stokes curves of P emanating from a.
Combining (5.1) and (5.2), we have S(f—|,=2, — f=|z=2,) = 0, which means
Cg;) passes through z;. O

It follows from Proposition 5.1 that a steepest descent path bifurcated from
C’go_ ) at 2 overlaps with C’Z(;r()w). We parametrize C’ij()x) by f+ = f+(zi(x)) —
u? (u € R) and let u = u; be a value of the parameter corresponding to z;. We
may assume u; > 0 without loss of generality. Then, if we use WKB solutions

p+ normalized at the unique turning point of P, the integral along the exact
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steepest descent path becomes

/C<+) (x— 2)"" 1D, (2)dz

zj (@)

—1 / (x —2)""7 10 _(2)dz — z/ (x — 2)"" 10, (2)dz
c'y ) uzuy

:/ (x — 2)""7 1D, (2)dz — 2/ (z — 2)"" 1D _(2)dz,
ot < cty
J
which shows that the integral along the exact steepest descent path has no
contribution from the portion of the steepest descent path CZ(,'_F()I) passing over
J

21, i.e., the overlapping portion of Ciil). Hence a Stokes phenomenon does not
J

occur between k = 2 and k = 3 since only the overlapping portion of Cij)w)
flows into a saddle point there.

In conclusion, Stokes phenomena occur five times around z15. This is con-
sistent with the configuration of Stokes curves around z;p given in Figure 3.

Example 5.2. Let us consider
Py=(nt0)*+ 2% +c
After applying the middle convolution, we have
Py= (7 '0) + (2 +0) (71 0)* + (—2px + dan~ ) (n10) + p® —3um~ 4272

We take parameters as ¢ = 1+ 0.1¢, 4 = 1 — 6i. The Stokes geometry of Py is
shown in Figure 5. Enlarging it near the center, we have Figure 6. Figure 7 is
a more enlarged version (enlarged in [0, 2] x [0, 2]).

We let 294 denote an (ordinary) turning point situated near the top of
Figure 6. Figures 15, 16 and 17 show the exact steepest descent paths of R fy
passing through saddle points of

fi = plog(z — 2) i/z (T

when © = 294 + 0.1exp(kni/9) (0 < k < 17). An exact steepest descent path
flows into a saddle point between k = 1 and k = 2, between k = 7 and k = 8,
and between k£ = 13 and k = 14. This is consistent with the Stokes geometry
around x4 given in Figure 6.

We next let zop denote an ordered crossing point situated near the bottom
of Figure 7. Figures 18, 19 and 20 show the exact steepest descent paths of R f1
when x = xop + 0.0l exp(kwi/9) (0 < k < 17). An exact steepest descent path
flows into a saddle point six times, that is, between k = 1 and k = 2, between
k=4and k = 5, between k = 6 and k = 7, between k = 10 and k = 11, between
k =13 and k = 14, and between k = 14 and k = 15. However, Figure 7 indicates
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Figure 5: Stokes geometry of Ps.

Figure 6: Stokes geometry of Py; enlarged near the center.
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Figure 7: Stokes geometry of Py; more enlarged in [0,2] x [0, 2].

that no Stokes phenomenon occurs between k = 14 and k = 15. In the following,
we discuss this inconsistency in more details.

Figure 8 shows a part relevant to the change between & = 14 and k = 15
of Figure 20. Dotted lines and wavy lines are the Stokes curves of P, and cuts
to determine the branch of (1 = £./—(22 + ¢), respectively. Solid lines are
relevant portions of the exact steepest descent path of Rfi passing through
zj(x) and a heavy line designates the most important portion which changes
between k = 14 and k = 15. We label turning points of P and steepest descent
paths as in Figure 8. Here we denote the crossing point of Cgl_) =c™7)  and

zj(),21
a Stokes curve of type + > — of P by z5. We will prove that ng) = C’S'(’m_)’;)z?
also passes through z5. Let

fj(j) = plog(z — 2) + /Z C(2)dz,

where (4(z) are the characteristic roots of Py, ie., (£(z) = £1/—(22+¢).
Further we denote

g(z) = plog(x — z), hi(z) = /z Ci(z)dz.

Then we have

(+)| . (+)|
—+ zZ=2z5 + zZ=z2

=9(25) + hy(25) — 9(22) — hy(22)
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z5)) + (9(z5) + h—(25) — g(21) — h—(21))
+ (9(21) + h4(21) — 9(20) — h+(20))
+ (9(20) + h—(20) — g(22) — h—(22))

=(hs(25) — h—(25)) + (F(25) = f(21)) + (h—(21) — by (1))

+ (S (z1) = 157 (20)) + (Bt (20) — h—(20))
+ (£ (20) = £ (22)) + (h—(22) — hy(22))

Since z5 is on Cél_) and z; is on a Stokes curve emanating from a4 etc., we thus
obtain

S amzy — F7]=20)
=S(h4(25) — h—(25) + h4(20) — h—(20))
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—3 ( / T (Coe) — C())dz + / e <_<z>>dz)

ay

—3 ( / T (Ch) = ¢ (2))dx + / () - o))z

— a4

+ / Y (Gh) — C())dz + / ) - <<z>>dz)
=0.

Here, in obtaining the second term in the fourth line, we have used the fact
that {4 (z) and {_(z) are exchanged after crossing the cut emanating from a .

It follows from this equality that C,g: ) also passes through z5. Hence several
steepest descent paths overlap on the relevant portion designated by heavy line
in Figure 8. Among them, thanks to Proposition 5.1 and computations done just

after that, c™) and C’g) = 0" have no contribution to the integral

zj () zj(x),21,23
along the portion in question. Thus, to discuss the Stokes phenomenon between

k =14 and k = 15, it suffices to compute the contribution to the integral from

C,gl_) and Cﬁ;) = CS'(I_);;) .., a steepest descent path bifurcated from C,gj)
at zs.

We denote WKB solutions of P, = 0 normalized at ay and a_ by ¥4 and
(4, respectively:

1 ® 1 ®
e = exp | £ / Sodddz |, px = exp | £ / Sodadz |,
Sodd ay Sodd a

where S1 = £S5,q4 + Seven denotes the logarithmic derivative of WKB solutions
of Py = 0 satisfying S_1 = (4 (z) (cf. (2.4)). We have the following relations
between these solutions:

(l+ a+
i = exp (-/ SodddCU) Oty Y- =exp (/ Soddd$> o

We first compute the contribution from C’gf). A Stokes phenomenon observed
when passing through z; is

a4
P4 = exp (/ Sodddx> (o
ay
— exp / Sodddz | (Y —ib_)
at
=@y —iexp 2/ Sodadz | —.
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Hence the coefficient of the integral (in terms of ¢4 ) along Cf(jl_) is

at
—1exp 2/ Soqadx | .
a—

We next compute the contribution from Cg). Since a Stokes phenomenon ob-

served when passing through z¢ is o4 — @ —i@_, the coeflicient of the integral

along Cg; ) = C’z(j_r(’;))z

passing through z along C’g; ) is

p_ = exp <—/ i SodddCU) (
— exp <—/ . Soddd$> (Y- —ipy)

ay
=@_ —iexp <2/ Sodddx> Ot

Hence, taking the coefficient of the integral along CZ(;O_ ) computed above into

, I8 = Furthermore, a Stokes phenomenon observed when

account, we find that the coefficient of the integral (in terms of ¢4 ) along C’,gj)
is given by

(J,+ (l+
—i (—i exp (—2/ Sodddx>> = —exp (—2/ S’Odddx> .

Define ¢+ by

D ! + / Sodad
P+ = exp 0ddd |,
VSodd a_—x

where the integral is taken along a path starting from a_, crossing the cut
emanating from a, and ending at x. The branch of the integrand stands for
the one at the starting point a_. We also let v, _ denote a path starting from
a_, going to a4, then returning to a_ after changing the branch at a, (that
is, after crossing the cut emanating from ay). In the following we assume the
branch of the integrand stands for the one at the starting point a_ for the
integral whose integration path is 74 _. Then the relations between ¢4 and ¢+

are
P4 = exp </ Sodddl‘> Y-, - =exp <—/ Soddd$> o
Y+ Y+

Under these notations we find that a Stokes phenomenon observed when passing
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through z5 along C’g ) is

Y+ = exp (/ Soddd:r> o
Y-
— exp (/ Soddd$> (p- —ip4)
Y-
=@y —iexp <2/ Sodddx> Y-
V-
ay
=@y —iexp 4/ Sodadr | ¢—.

Therefore the coefficient of the integral along C’g; ) (which overlaps with C’Z(I)
as discussed above) is

a4 ay ay
—exp <—2/ Sodddx> (—i exp (4/ Sodddx>> =iexp (2/ Sodddx> .

Since this is —1 multiple of the coefficient of the integral along Cgl_), the con-

tributions from C§1‘) and Cg;) are also cancelled out. Hence the relevant over-
lapping portion of the steepest descent paths in question (i.e., the portion des-
ignated by heavy line in Figure 8) has no contribution to the integral along the
exact steepest descent path.

Thus no Stokes phenomenon occurs between k£ = 14 and k£ = 15. In conclu-

sion, the behavior of the exact steepest descent paths around zsp is consistent
with the Stokes geometry given in Figure 7.
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k=3

Figure 9: The exact steepest descent paths around z14 (0 < k < 5).

Figure 10: The exact steepest descent paths around z14 (6 < k < 11).
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k=17

Figure 11: The exact steepest descent paths around 14 (12 < k < 17).

k=3 k=4 k=5

Figure 12: The exact steepest descent paths around x5 (0 < k < 5). The
third saddle point is not within the scope of these figures, but located on the
extension (in the direction indicated by an arrow in the figure for £ = 0) of a
steepest descent path.
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k=9 k=10 k=11

Figure 13: The exact steepest descent paths around z15 (6 < k < 11).

k=15 k=16 k=17

Figure 14: The exact steepest descent paths around z15 (12 < k < 17).
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Figure 15: The exact steepest descent paths around z24 (0 < k < 5).

Figure 16: The exact steepest descent paths around z94 (6 < k < 11).
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k=15 k=16 k=17

Figure 17: The exact steepest descent paths around zo4 (12 < k < 17).

k=3 k=4 k=5

Figure 18: The exact steepest descent paths around zop (0 < k < 5).
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k=9 k=11

Figure 19: The exact steepest descent paths around zop (6 < k < 11).

=17

Figure 20: The exact steepest descent paths around zop (12 < k < 17).
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