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RECONSTRUCTION OF INERTTA GROUPS ASSOCIATED TO
LOG DIVISORS FROM A CONFIGURATION SPACE GROUP
EQUIPPED WITH LOG-FULL SUBGROUPS

KAZUMI HIGASHIYAMA

ABSTRACT. In the present paper, we study configuration space groups. The
goal of this paper is to reconstruct group-theoretically various log divisors of a
log configuration space of a smooth log curve from the associated configuration
space group equipped with log-full subgroups.

0. Introduction

Let p, [ be distinct prime numbers; k an algebraically closed field of characteristic

zero or p; S def Spec(k); (g, r) a pair of nonnegative integers such that 2g—2+r > 0;
X'°g — S a smooth log curve of type (g,7) (cf. Notation 1.3, (iv)); n € Z~1. In the
present paper, we study the n-th log configuration space X°¢ associated to X'°8 —
S (cf. Definition 2.1). The log scheme X°¢ is a suitable compactification of the
usual n-th configuration space Ux, associated to the smooth curve determined by
X', Write II,, 7Tt (X1o8) for the pro-l configuration space group determined
by X[°& (cf. [MzTa], Definition 2.3, (i)), i.e., the maximal pro-I quotient of the
fundamental group of the log scheme X!°8. We shall refer to an irreducible divisor
of the underlying scheme of X!° contained in the complement of Ux, as a log
divisor of X1°¢. The log divisor V determines an inertia group Iy (~ 7Z;) C Il,,
which plays a central role in the present paper. Let Vi,...,V, be distinct log

divisors of X8 such that Vi N--- NV, # 0. Then we shall refer to P def Vin
-+ NV, as a log-full point (cf. Definition 2.2, (i), and Remark 2.3, (ii)). The
log-full point P = V4 N --- NV, determines a log-full subgroup A(~ Iy, X -+ X
Iy, ~ Z7") C 1, (cf. Definition 2.2, (iii)). It is known that log-full subgroups
of a configuration space group may be characterized group-theoretically whenever
the configuration space group is equipped with a suitable action of a profinite
group (cf. [HMM], Theorem 3.7). In the present paper, we reconstruct group-
theoretically inertia groups associated to log divisors in a configuration space group
from the configuration space group equipped with log-full subgroups. Moreover, we
reconstruct group-theoretically inertia groups associated to tripodal divisors (cf.
Definition 3.1, (ii)) and drift diagonals (cf. Definition 3.1, (v)), as well as drift
collections (cf. Definition 8.14) and drift fiber subgroups (cf. Definition 9.1).
Our main result is as follows:

Theorem 0.1. For O € {o, e}, let pH, 19 be distinet prime numbers; k5 an alge-
braically closed field of characteristic zero or p=; S5 def Spec(k); (g7, r5)
1

a pair
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of nonnegative integers such that 2g% — 2 415 > 0;
Xlog[l N SD
a smooth log curve of type (g5, 75); nP € Zoy; Xil(’é;m the nB-th log configuration

. def e
space associated to X980 — S0 TIH = 7P : (Xlogm);

¢: I1° S 11°

an isomorphism of profinite groups. We suppose that r= > 0; ¢ induces a bijection
between the set of log-full subgroups of II° and the set of log-full subgroups of 11°.
Then the following hold:

(i) ¢ induces a bijection between the set of inertia groups of 1I° associated to log
divisors of X:loogo and the set of inertia groups of II® associated to log divisors
of X[%8* (c¢f. Theorem 5.3).

(i) ¢ induces a bijection between the set of inertia groups of 1I° associated to
tripodal divisors of Xitoogo and the set of inertia groups of 11° associated to
tripodal divisors of X,lf.g° (cf. Theorem 6.4).

(#i) ¢ induces a bijection between the set of inertia groups of II° associated to
drift diagonals of X\%8° and the set of inertia groups of II* associated to drift
diagonals of X\%8* (cf. Theorem 7.3).

(iv) ¢ induces a bijection between the set of drift collections of II° and the set of
drift collections of 11* (cf. Theorem 8.15).

(v) ¢ induces a bijection between the set of drift fiber subgroups of 1I° and the set
of drift fiber subgroups of TI* (cf. Theorem 9.3).

Note that one may define the notion of a log-full point even if r = 0 (cf. [HMM],
Definition 1.1). Since there is no log-full point if » = 0, we however suppose that
r > 0 in the present paper. Note also that, roughly speaking, Theorem 0.1, (i),
asserts that we may extract group-theoretically a “geometric direct summand Z;”
(i.e., a log divisor) from “ZF™” (i.e., a log-full subgroup).

This paper is organized as follows: In §1, we explain some notations. In §2, we
define log configuration spaces, log-full points, and log divisors. In §3, we define
tripodal divisors and drift diagonals, and we study the geometry of various log
divisors. In §4, we reconstruct scheme-theoretically non-degenerate elements (cf.
Definition 4.5, (i)) of a log-full subgroup. In §5, we reconstruct log divisors. In §6,
we reconstruct tripodal divisors. In §7, we reconstruct drift diagonals. In §8, we
reconstruct drift collections. In §9, we reconstruct drift fiber subgroups.

1. Notations

Notation 1.1. (i) Let G be a group. If we apply the notation “e” to an element
of G, then “e € G” always denotes the identity element of G.
(ii) Let G be a group, H C G a subgroup, and o € G. We write

Zg(H) d§f{g€G|gh:hg for any h € H}

for the centralizer of H in G|

def

Ng(H) = {geG|gHg " = H}
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for the normalizer of H in G;

Za(a) € Za((a) = {g € G | ga = ag}.

Notation 1.2. Let S'°¢ be an fs log scheme.

(i)
(i)
(i)

(iv)

(v)

(vi)

Write S for the underlying scheme of S'°8.
Write Mg for the sheaf of monoids that defines the log structure of S'°8.
Let 5 be a geometric point of S. Then we shall denote by (5, Mg) the ideal of
Og,s generated by the image of Mg 5\ Og 5 via the homomorphism of monoids
Mg s — Og s induced by Mg — Og which defines the log structure of S'°g.
Let s € S and 5 a geometric point of S which lies over s. Write (Ms35/Og ;)8
for the groupification of Mg/ Ok;g. Then we shall refer to the nonnegative
integer rank(Mss/Og )8 as the log rank at s. Note that one verifies easily
that rank(Ms5/Og )P is independent of the choice of 3, i.e., depends only
on s.
Let m € Z. Then write

Gloa<m def {s € S| the log rank at s is < m}.
Note that S°8<™ is open in S.
Write Ug & §108<0 und refer to Ug as the interior of S1°8.

Notation 1.3. Let (g,7) be a pair of nonnegative integers such that 2g —2+7r > 0.

(i)

(i)

(iii)
(iv)

Write M, for the moduli stack of smooth curves of type (g,r) over Z and
Mg’r for the moduli stack of pointed stable curves of type (g, r) over Z. Here,
we assume the marking sections to be ordered.
Write

Cyr = Mg,

for the tautological curve over M, ,; D, , o Mg, \ M, for the divisor at

infinity.

! . o . Wi
Write M ;f for the log stack obtalne(i by equipping the moduli stack M, ,
with the log structure determined by D, ..

The divisor given by the union of the divisor of Eg,r corresponding to the
marked points with the inverse image in C, - of D, ,- determines a log structure

on ég,r; we denote the resulting log stack by @;Of,. Thus, we obtain a morphism
of log stacks
—log ——log

Cor = Mg
which we refer to as the tautological log curve over ﬂ;of If S'°8 is an arbitrary
log scheme, then we shall refer to a morphism

Olog N Slog
which is obtained as the pull-back of the tautological log curve via some
morphism S'°% — m;f as a stable log curve (of type (g,r)). If C — S is
smooth, i.e., any geometric fiber of C' — S has no nodes, then we shall refer
to C1°2 — S8 as a smooth log curve (of type (g,7)).
A smooth log curve of type (0,3) will be referred to as a tripod. A vertex of a
semi-graph of anabelioids of pro-l PSC-type (cf. [CmbGC], Definition 1.1, (i))
of type (0,3) (cf. [CbTpl], Definition 2.3, (iii)) will be referred to as a tripod.
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2. Log configuration spaces and log divisors

Let p, [ be distinct prime numbers; k an algebraically closed field of characteristic

zero or p; S def Spec(k); (g, r) a pair of nonnegative integers such that 2g—2+r > 0;
Xle 5 8
a smooth log curve of type (g,7); n € Z~o. We suppose that
r > 0.
In the present §2, we define log configuration spaces, log-full points, and log divisors.

Definition 2.1. The smooth log curve X'°8 over S determines a “classifying mor-
—1 —1 —1
phism” S — M go’f. Thus, by pulling back the morphism M, o, — M ;f given

g,7+n
by forgetting the last n marked points via this morphism S — M

log .
we obtain a
morphism of log schemes

g,m?

Xles 5.
We shall refer to X°8 as the n-th log configuration space associated to X'°& — S.
Note that X% = X'°&. Write X8 ' 5.

Definition 2.2. (i) Write
I, < e ()

for the maximal pro-l quotient of the fundamental group of the log scheme
Xlog,
(i) Let P be a closed point of X,,. We shall say that P is a log-full point of X8
if
dim(Ome/I(P, Mxn)) = 07

i.e., P is of maximal log rank (cf. Notation 1.2, (iv)).

(iii) Let P be a log-full point of X8 and P the log scheme obtained by restrict-
ing the log structure of X'°® to the reduced closed subscheme of X, deter-
mined by P. Then we obtain an outer homomorphism 72" (P°8) — II,,. We
refer to Im (P! (P°8) — II,,), well-defined up to conjugation, as a log-full
subgroup at P.

(iv) Let G be a semi-graph of anabelioids of pro-l PSC-type and G the underlying
semi-graph of G. Then we shall write

Cusp(9)
for the set of cusps of G and
Cusp(G)

for the set of cusps of G. Thus, we have a natural bijection Cusp(G) =
Cusp(G).

(v) Let P be a point of X!°8. Then P parametrizes a pointed stable curve of type
(g,7+n) (cf. Definition 2.1), which thus determines a semi-graph of anabelioids
of pro-l PSC-type. We shall write Gp for this semi-graph of anabelioids of pro-I
PSC-type.
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(vi) Let us fix an ordered set

Crn df {c1,...,¢ry 1 def Craly. - Tp def Crgn }-
Then, by definition, for each point P of X!°¢ we have a natural bijection
Crn = Cusp(Gp). In the following, let us identify the set Cusp(Gp) with
Crn-

(vii) We shall refer to an irreducible divisor of X,, contained in the complement
X, \ Ux, of the interior Uy, of X!°% as a log divisor of X!°8. That is to
say, a log divisor of X!°¢ is an irreducible divisor of X,, whose generic point
parametrizes a pointed stable curve with precisely two irreducible components
(cf. Definition 2.1).

(viii) Let V be a log divisor of X!°¢. Then we shall write Gy for “Gp” in the case
where we take “P” to be the generic point of V.

(ix) For 1 <i < n, write p;: X!°8 — X1°¢ for the projection morphism of co-profile
{i} (cf. [MzTal, Definition 2.1, (ii)). Let ¢ Lof (Pi)i<icn: X8 — X198 xg...xg
Xlog.

Remark 2.3. (i) By establishing a similar theory to the theory discussed in
[Hsh2], §3, one verifies easily that, for each finite collection of log divisors
Vi,..., Vi, the intersection V3 N --- NV, is isomorphic, over S, to

Xi, xs (Mo,iy43 Xz - Xz Moi;43 Xz 5)

for some nonnegative integers j, i1,...,%;. Thus, the intersection Vi N---NV,,
is irreducible (cf. also [Hsh2], Proposition 3.1, (i)).

(ii) By the definition, together with (i), for distinct log divisors Vi,...,V,, if
Vin---NV, #0, then PdéfVlﬁ-nﬂVn is a log-full point.

3. Various log divisors

We continue with the notation of the preceding Section. We suppose that n € Z~1.
In the present §3, we define various log divisors and study the geometry of various
log divisors.

Definition 3.1. (i) For positive integers 1 < ¢ < j < n, write
Tij: XXS'“ XsX*)XXSX

for the projection of the fiber product of n copies of X — S to the i-th and
Jj-th factors. Write 0; ; for the inverse image via ; ; of the image of the
diagonal embedding X — X xg X. Write d; ; for the uniquely determined
log divisor of X°¢ whose generic point maps to the generic point of 627]- via
Xn = X Xg---xgX (cf. Definition 2.2, (ix)). We shall refer to the log divisor
8;.; as a naive diagonal of X8

(i) Let V be a log divisor of X!°8. We shall say that V is a tripodal divisor if one
of vertices of Gy is a tripod.

(iii) Let y1,y2 € Cy, be distinct elements. We shall use the notation V (y1,y2) to
denote a tripodal divisor which satisfies the following condition (if it exists):
Since V (y1,2) is a tripodal divisor of X 08, Gv (y1,y2) has precisely two vertices
v1, Vg, one of which is a tripod. Let v; be a tripod. (Note that since n > 1
and (it is immediate that) vg is of type (g,n+r—1), vy is not a tripod.) Then
Y1, Y2 are cusps of Gy (y, y.)|v, (cf. [CbTpI], Definition 2.1, (iii)).
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(iv) Let V be a log divisor of X!°¢. We shall say that V is a (g,)-divisor if one
of vertices of Gy is of type (g,7).
(v) Let V be a log divisor of X!°8. We shall say that V is a drift diagonal if there
exist a naive diagonal § and an automorphism « of X!°® over S such that
V = a(f).
Remark 3.2. (i) One verifies immediately that a tripodal divisor which satisfies
the condition in Definition 3.1, (iii), (i.e., “V(y1,y2) for fixed y1,y2”) is unique
(if it exists).
(i) Let V be a tripodal divisor of X!°6. Then it follows immediately that there
exist distinct elements y1,y2 € Cy,, such that V =V (y1,y2).

Proposition 3.3. The following hold.
(i) It holds that

{naive diagonals} = {V(x;,x;) |1 <i<j<n}.

(i) If (g,7) # (0,3), then
{tripodal divisors}

={V(y1,y2) | y1,y2 € Cyn are distinct elements, {y1,y2} € {c1,...,¢}}.
(iii) If (9,7) = (0,3), then
{tripodal divisors} = {V (y1,y2) | y1,y2 € Cy., are distinct elements}.

(iv) Let V be a tripodal divisor and o an automorphism of X!°8 over S. Then
a(V) is a tripodal divisor.

Proof. First, assertion (i) follows immediately from the various definitions involved.
Next, assertions (ii), (iii) follow immediately from Remark 3.2, (ii), together with
the definition of tripodal divisors. Finally, assertion (iv) follows from the fact that
a lifts to an automorphism of X,°¢, relative to the natural morphism X,°¢, — X0
(cf. [NaTa], Theorem D), which thus implies that Gy is isomorphic to Go(vy. O

Proposition 3.4. The following hold.
(i) It holds that

{naive diagonals} C {drift diagonals} C {tripodal divisors} C {log divisors}.
(i) If (g,7) # (0,3),(1,1), then
{naive diagonals} = {drift diagonals}.
(iii) If (g,r) = (0,3) or (1,1), then
{drift diagonals} = {tripodal divisors}.

Proof. First, we verify assertion (i). The first and third inclusions follow imme-
diately from the various definitions involved. The second inclusion follows from
Proposition 3.3, (i), (iv). This completes the proof of assertion (i). Next, assertion
(ii) follows from [CbTpII], Lemma 2.7, (iii). Finally, we consider assertion (iii).

Let us first suppose that (g,r) = (0,3). Then it follows immediately that X°¢ is

. . ——log def 5—log . .
isomorphic to (Mg, 3)k = Mg, 45 x2S over S, on which the symmetric group on

n + 3 letters naturally acts. Thus, by considering the automorphism of C,.,, = Cs ,
which permutes the third (resp. first; second; fourth) marked point to the (n+3)-rd
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(resp. fourth; third; (n+3)-rd) marked point, we obtain an automorphism «; (resp.
ag; ag; ay) of X8 over S. Then it holds that

ar(V(xg,xn)) = V(zg,e3) (1 <i<n-—1), agar1(V(21,2,)) = V(xn,cs),
az(V(wi,21)) = V(zi 1) (2 <i<n), auea(V(zy,an)) = Ve, a),
asay (V (i, x,)) = V(zg,c2) (1 <i<n—1), agazar1(V(x1,2y,)) = V(zg, c2),
azaraa(V(zy,m,)) = Ve, e2), acnagazar(V(z1,z,)) = Vea, c3),
asa1 (V(x1,2,)) = Ve, c3).

Thus, it follows from Proposition 3.3, (i), (iii), that every tripodal divisor is a drift
diagonal. This completes the proof of assertion (iii) in the case where (g,7) = (0, 3).

Next, suppose that (g,7) = (1,1). Thus, the underlying scheme X of X'°& = X°%
is naturally equipped with a structure of elliptic curve over S. (The group operation

of this elliptic curve will be written additively.) Now we have two automorphisms
of Ux, over S

a:Ux, S Ux,: (21, y20) = (20 — 215+ -+, Zn — Zn1, Zn),
B:Ux, S Ux,: (21,y2n) = (21,21 — 22, ..., 21 — 2n)
which thus induce the automorphisms a, 8 of X2 over S. Then
a(V(zi,zn)) =V(zi,e1) 1 <i<n—1), B(V(2n,21)) = V(n,c1).

Thus, it follows from Proposition 3.3, (i), (ii), that every tripodal divisor is a drift
diagonal. This completes the proof of assertion (iii) in the case where (g,r) =
(1,1). O

Definition 3.5. Let G be a semi-graph of anabelioids of pro-l PSC-type.
(i) We shall say that a vertex of G is a terminal vertez if precisely one node abuts
to it.
(ii) We shall say that a node of G is a terminal node if it abuts to a terminal
vertex.
(iii) Write
Node(G)
for the set of nodes of G.
(iv) Write
TerNode(G) C Node(G)
for the set of terminal nodes of G.

(v) Write
Vert(G)
for the set of vertices of G.
(vi) Write
Edge(G)

for the set of edges of G.

Proposition 3.6. Let P be a log-full point of X'°® and A a log-full subgroup at P.
The following hold.
(i) It holds that tNode(Gp) = n and Gp has a precisely n + 1 vertices, one of
which is of type (g,r) and other vertices are tripods. Moreover, the underlying
semi-graph of Gp is a tree.



8 KAZUMI HIGASHIYAMA

(i) Write Node(Gp) = {e1,...,en} (¢f. (i)). Then for each 1 < i < n, there exists
a unique log divisor V; such that there exists a natural isomorphism of Gy, with
(GP)wNode(Gr)\{e:} (cf- [CbTPI], Definition 2.8) which preserves ordering of
the sets of cusps. In this situation, let us identify Gv, with (Gp).Node(Gp)\{e:}-
Moreover, these V;’s satisfy that P=ViN---NV, and A = Iy, x --- x Iy,
where Iy, C 1L, is a suitable inertia group associated to V; contained in A.

Proof. Assertion (i) and the first assertion of assertion (ii) follow immediately from
the various definitions involved. The final assertion of assertion (ii) follows from
[CbTpl], Lemma 5.4, (ii). O

Definition 3.7. Let P be a log-full point of X!°8 and V3,...,V,, the log divisors
such that P = V; N --- NV, (cf. Proposition 3.6, (ii)). We shall say that V; is a
terminal divisor of P if there exists a terminal node e € TerNode(Gp) such that
gvi e (gP)WNOde(gP)\{e} (Cf Proposition 3.6, (ll))

Lemma 3.8. Let P be a log-full point of X!°8 and Vi, ..., V,, the log divisors such
that P=ViN---NV, (c¢f. Proposition 3.6, (ii)). The following hold.
(i) If V; is a terminal divisor of P, then V; is a tripodal divisor or a (g, r)-divisor.
(i) If V; is a tripodal divisor, then V; is a terminal divisor of P.

Proof. Assertion (i) follows from Proposition 3.6, (i). Assertion (ii) follows imme-
diately from the various definitions involved. [l

Theorem 3.9. For O € {o, e}, let pD, 9 be distinct prime numbers; k9 an alge-
braically closed field of characteristic zero or p9; SU def Spec(k); (g7, r5)
of nonnegative integers such that 2g% — 2 419 > 0;

XlogD_>SE|

a pair

a smooth log curve of type (gD,TD); nH e Zoy; X;ODgD the nB-th log configuration

. def -
space associated to X980 — SO TIH = 7P : (Xloégm)'

¢: I1° S 11°
an isomorphism of profinite groups. Then the following hold:
(Z) (gov e, no) = (g.v e, n.)'

(ii) If (g7, r5) # (0,3),(1,1), then ¢ induces a bijection between the set of fiber
subgroups (cf. [MzTa], Definition 2.8, (iii)) of 1I° and the set of fiber subgroups
of I1°®.

(iii) We suppose that (¢5,759) # (0,3),(1,1). Write (F: TIZ — OF x - x 0T
for the outer homomorphism induced by X;OSD — X8 xop - xgn XlosD

(cf. Definition 2.2, (iz)), where TP def 7Pt (x1os0)  Then ¢ induces a
commutative diagram

o o ~ ° [
IS x -+ o x II§ - IIY X - -+ x IO

Proof. Assertion (i) follows from [HMM], Theorem 2.4, (i). Assertion (ii) follows
from [MzTa], Corollary 6.3. Assertion (iii) follows from assertion (ii). |
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4. Reconstruction of non-degenerate elements of log-full subgroups

We continue with the notation of the preceding Section. In the present §4, we
reconstruct scheme-theoretically non-degenerate elements (cf. Definition 4.5, (i),
below) of a log-full subgroup (cf. Theorem 4.14, below).

Proposition 4.1. Let P be a log-full point of X1°¢, V,...,V, the log divisors such
that P=VinNn---NV,, and A = Iy, x --- x Iy, the log-full subgroup at P (cf.
Proposition 3.6, (ii)). The following hold.

(i) There exists a tripodal divisor in {V;}1<i<n. Suppose that Vi is a tripodal
divisor. Thus, Gy, has precisely two vertices vy, v}, one of which is a tripod.
Suppose that vy is a tripod.

(i1) If r =1, then there exists a (g,r)-dwvisor in {V;}1<i<n. Suppose that V,, is a
(g,7)-divisor.

(ii) In the situation of (i), if (g,r) # (0,3), then there exists ig € {1,...,n} such
that x;, is a cusp of Gy, |v, (c¢f [CbTpl], Definition 2.1, (iii)). In this case,
write p: X108 — X,llo_gl for the projection morphism of profile {io} (cf. [MzTa],
Definition 2.1, (ii)).

(iv) In the situation of (i), if (g,r) = (0,3), then there exists ip € {1,...,3+n}
such that c;, is a cusp of G, |, In this case, write p: XI°8 — X!°8 ' for the

morphism determined by the morphism (ﬂiﬁiw)k — (ﬂgji_m)k obtained by
forgetting the ig-th marked point (cf. the proof of Proposition 3.4, (iii)).
(v) In the situation of (iii) or (iv), it holds that V{ Lot (V1) = Xp—1 and V/ e
p(V;) is a log divisor of X\°%, (2 <i<n).
(vi) In the situation of (v), it holds that V{ # V! (1 <i < j<mn).
(vii) In the situation of (v), it holds that p(P) is a log-full point of X\°%,.
(viii) In the situation of (iii) or (iv), for each (g,7), by abuse of notation, we write
p: I, — II,,_1 for the outer homomorphism induced by p. Then A’ def p(A)
is a log-full subgroup of I1,,_1 and we obtain eract sequences

p

1 —— 10,1 < Ker(p) 10, m, 1

1 Iy, A A’ 1.

Proof. Assertions (i), (ii) follow from Proposition 3.6, (i), and Lemma 3.8, (i).
Assertion (iii) follows from Proposition 3.3, (ii). Assertion (iv) is immediate. As-
sertion (v) follows from our choice of p: X8 — X!°% . We verify assertion (vi).
By assertion (v), it holds that Vi # V/ (1 < ¢ < n). Thus, we may assume without
lose of generality that Gy, has precisely two vertices v;, v; such that z;, is a cusp
of Gv, [, Let us recall that we have identified Cusp(Gy;, ), Cusp(Gy;) with C,.,, (cf.
Definition 2.2, (vi)). We assume that V; = V/. Then one verifies easily that Gy,
has precisely two vertices v;, 1); such that

(Cusp(Gv:l,,) N Cusp(Gv;)) U {zi,} = Cusp(Gv; |,
tCusp(Gv;,,) + 1 = £Cusp(Gy; |, );

(Cusp(Gu, ) 1 Cusp(Gy;)) U (i} = Cusp(Gs ) 1 Cusp(Gry)

) N Cusp(Gy,);
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#Cusp(Gv; |, ) + 1 = §Cusp(Gvi |, );

9(vi) = g(v;), g(vi) = g(v}),
where we write g(v(_)), g(v(_,) for the “genus” of Gy, | ‘W—) Gvi, |v£_) (cf. [CbTpI],

Definition 2.3, (ii)). Thus, we obtain a contradiction (cf. our choice of p: X8 —
X8 ). In particular, we conclude that V;/ # V/. Assertion (vii) is immediate.
Assertion (viii) follows from assertion (v), (vii). O

Proposition 4.2. Let P be a log-full point of X'°8; V, Vi, ..., V, log divisors such

n

that P=ViN---NVy; Iy an inertia group associated to V. Then it holds that
P €V < there exists a log-full subgroup A at P such that Iy C A.

Proof. = is immediate. We consider <=. We suppose that Iyy C A = Iy, x--- X
Iy, . We apply induction on n.

First, we suppose that n = 2. Write p;: X2 — X°¢ for the projection mor-
phism of profile {i} (i = 1,2) and, by abuse of notation, p;: IIs — II; for the outer

homomorphism induced by p; (i = 1,2). Then we obtain exact sequences

p1

1]—— Kel‘(p1> H2 Hl 1>

D2

1 —— Ker (pg) H2

IT; 1.

Suppose that p;(Iy) = {e}, which thus implies that Iy C Ker(p;). Then it
follows that Iy may be regarded as an inertia subgroup of Ker(p;) associated to
a cusp of the fiber of p;. Now let us observe that one verifies easily that p;(P) is
a log-full point. In particular, Ker(pi|4) is isomorphic to Z;. Moreover, one also
verifies easily that Ker(pi|4) may be regarded as an inertia subgroup of Ker(p;)
associated to a cusp or node of the fiber, at p;(P), of p;. Thus, since Iy, C A, by
[CbGC], Proposition 1.2, (i), it holds that Iy, = Ker(pi|a), which thus implies
that Ker(pi1|a) is an inertia subgroup of (not a node but) a cusp. In particular,
it follows immediately that Ker(pi|a) = Iy, for some j = 1,2. Thus, by again
[CmbGC], Proposition 1.2, (i), we conclude that V' = Vj. In particular, P € V.

Suppose that p;(Iy) # {e} (i = 1,2). Then one verifies easily that p;(Iy ), p;(A)
are log-full subgroups of II; (i = 1,2). By [CmbGC], Proposition 1.2, (i), it holds
that p;(Iv) = pi(4) (i =1,2) and p;(V) = p;(P) (i = 1,2). Then one verify easily
that there exists j = 1,2 such that V = Vj. In particular, P € V.

Next, we suppose that n > 3, and that the induction hypothesis is in force.
Write p;: X8 — Xilofl for the projection morphism of profile {i} (¢ = 1,2) and,
by abuse of notation, p;: II,, — II,,_1 for the outer homomorphism induced by p;
(¢ =1,2). Then we obtain exact sequences

1 —— Ker(p1) 1L, II,,_1 1

P2

1 —— Ker(ps) I1,, I,y 1.

If py(Iyv) = {e}, then it follows immediately from a similar argument to the
argument applied in the proof in the case of n = 2 and “py(Iyy) = {e}” that there
exists 1 < j < n such that Iy = Iy, and V = V;. In particular, P € V.

If p;(Iv) # {e} (i = 1,2), one verifies easily that p;(A) is a log-full subgroup of
II,—1 (i =1,2) and p;(Iy) is a inertia group associated to p;(V') (¢ = 1,2). Since
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pi(Iy) C p;(A) (i = 1,2), by the induction hypothesis, p;(P) € p;(V) (i = 1,2).
Then one verify easily that there exists 1 < j < n such that V' = V;. In particular,
pPeV. O

Proposition 4.3. Let V. W be log divisors and Iy, Iy inertia groups associated to
V, W, respectively. Then it holds that

V =W <= there exists g € I,, such that Iy = glyg~".

Proof. 1t follows from a similar argument to the argument applied in the proof of
Proposition 4.2. ([

Proposition 4.4. Let P;, Py be log-full points of X!°¢, Ay a log-full subgroup at
Py, and As a log-full subgroup at Py. Then it holds that

P, = Py <= there exists g € II,, such that Ay = gAsg~".

In particular,
#{log-full points} = t{conjugacy classes of log-full subgroups}.

Proof. The final assertion follows from the first assertion. Let us prove the first
assertion. = is immediate. We consider <=. We suppose that A; = A,. Let
Vi,...,V, be log divisors such that P, = V; N ---NV,. Thus, we obtain that
Ay = Iy, X+ --xIy, . In particular, for each 1 < j <n, Iy, C A; = A. In particular,
it follows from Proposition 4.2 that P, € V;. Thus, P, e VinN---NV, = P;. O

In the remainder of the present §4, we shall apply the notational convention
introduced in the statement of Proposition 4.1.

Definition 4.5. Let a € A and
A:IV1 ><~-~><IV"ZOH—>(0,1,...,G,TL).

(i) We shall say that « is scheme-theoretically non-degenerate if a; # e for any 1.
(ii) We shall say that « is group-theoretically non-degenerate if Zy, (o) is an
abelian group.

Theorem 4.6. [t holds that
{scheme-theoretically non-degenerate elements of A}
= {group-theoretically non-degenerate elements of A}.

Proof. If r # 1, this follows from Claim 4.8 and Claim 4.11, below.
If » = 1, this follows from Claim 4.8, Claim 4.11, and Claim 4.13, below. O

Lemma 4.7. It holds that
N, (A) = A,

i.e., a log-full subgroup is normally terminal in IL,.

Proof. We apply induction on n. By the definition, N, (A) D A. Let a € Ny, (4).

Since aAa~t = A, it follows that p(a)A’p(a) = = A’, where A’ ef p(A). Note that
it follows immediately from Proposition 4.1, (viii), that A’ is a log-full subgroup of
II,_;. Since A’ is normally terminal (by the induction hypothesis and [CmbGC],
Proposition 1.2, (ii)), it follows that p(a) € A’. Thus, p(Np, (A)) € A’. Since

p(Nm, (A)) D p(A) = A', it follows that p(Np, (A)) = A'.
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By Proposition 4.1, (viii), Ny, (4) N1, -1 D Iv;. Let o € Nyp, (A) N1, /1.
Since aAa~1 = A, it follows that aly,a~! C A. Thus, since a € I, /,—1, it follows
from Proposition 4.1, (viii), that aly,a™! C AN L, /n—1 = Iv,. By replacing a by
o~ !, it follows that aly,a™" = Iy, ie., that « € Nr, _, (Iv;) = Iy, (cf. [CmbGC],
Proposition 1.2, (ii)). Thus, we conclude that N, (A) NI, /1 = Iv;.

It follows from the above discussion that we have an exact sequence

1—— Iy, —— N, (A) L>A’ —1.
By the five lemma (cf. Proposition 4.1, (viii)), it follows that Ny, (A) = A. O

Claim 4.8. Let (a1,...,a,) € Iy, X - x Iy, = A. If a1,...,a, # e, then
Zm, (a1 -+ - ay) is an abelian group.

Proof. Let X}ffl — X8 he the projection morphism of profile {n + 1}. This
projection induces an exact sequence

1] —— KeI‘(Hn+1 — Hn) Hn+1 Hn 1,

which gives rise to an outer representation p: I, — Out(Ker(Il,,+1 — II,,)). It
follows that p is injective (cf. [Asd], Remark of Theorem 1). Then there exists an
isomorphism Ilg, — Ker(Il,4; — II,,) such that p determines an isomorphism

A 5 Dehn(Gp)

(cf. [CbTpl], Definition 4.4; [CbTpl], Proposition 5.6, (ii)), and, moreover, it holds
that

AUt(gP> = NOutC(Ker(Hn+1~>Hn))(Dehn(gp))
(cf. [CbTpl], Theorem 5.14, (iii)).

Since A ~ Zfa" is an abelian group, to verify that Zp, (a1 ---ay) is an abelian
group, it suffices to verify that Zr, (a; - - ay,) = A. Since A is an abelian group and
ay---a, € A CII,, it follows that Z, (a1 -+ a,) D A. By [NodNon], Theorem A,
and [CbTpl], Corollary 5.9, (ii), it follows that p(Zn, (a1 - an)) € Aut(Gp). Thus,
it follows that

p(Zn, (a1 an)) € Aut(Gp) N p(Iln) = Nowe (Ker(11, 41 —11,,)) (Dehn(Gp)) N p(1L,,)

= Ny, (Dehn(Gp)) = Ny, (p(A)) = p(Ni,, (4)).
In particular, Zr, (a1 -+ an) € N, (A). By Lemma 4.7, it follows that

Zn, (a1 -a,) = A.
(]

Definition 4.9. Let G be a semi-graph of anabelioids of pro-I PSC-type and G the
underlying semi-graph of G. Suppose that G is a tree.

(i) Let e € Edge(G); v € Vert(G) such that e abuts to v; b a branch of e that
abuts to v. By replacing e by open edges e, eo such that e; abuts to v and
e2 abuts to the vertex # v to which e abuts (resp. e; abuts to v and es is an
edge which abuts to no vertex) if e € Node(G) (resp. e € Cusp(G)), we obtain
two connected semi-graphs. Write G, for the semi-graph (among these two
connected semi-graphs) that does not contain b. Write Gsy, for the semi-graph
(among these two connected semi-graphs) that contains b.
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(ii) Let ey, es € Edge(G); b1, b the two branches of ey; b, b} the two branches of
ea. We suppose that Gy, N Gyp, = 0. Write H for the semi-graph obtained
by considering the “intersection” of Gsp, and Gsp,. Then we define the semi-
graph of anabelioids of pro-I PSC-type

gbl Yba2

as follows: We take the underlying semi-graph of Gy, v, to be the semi-graph
obtained by “gluing” H, G,, and Gy, by the correspondence “the branch
of H corresponding to b; <+ the branch of Gy, corresponding to b5”, “the
branch of H corresponding to by <+ the branch of Gy, corresponding to b}”.
Then the various connected anabelioids in G naturally determine a semi-graph
of anabelioids of pro-l PSC-type Gy, s, whose underlying semi-graph is the
above resulting semi-graph.

Proposition 4.10. Suppose that r # 1 (resp. r = 1). Let 1 < i < n (resp.
1<i<n—1). Then there exists a log divisor H # V; such that

Vin-—-NViesNHAVig N---NV,
s a log-full point.

Proof. Tt follows from Proposition 3.6, (ii), that there exists e € Node(Gp) such
that Gy, = (GP)—Node(gr)\fe}- Let wi,wo be distinct vertices of Gp such that e
abuts to wy, ws.

First, let us suppose that wy,ws are tripods. Let e, y1,y2 be cusps of Gp|,, and
€, Y3, Ya cusps of Gp|uy,, where y1,vy2,¥3,y1 € (Crp [[ Node(Gp)) \ {e} are distinct
elements.

Let b; be a branch of y; that abuts to wi; by a branch of y3 that abuts to

wa; G def (GP)byye, (cf. Definition 4.9, (ii)). Then it follows immediately from
the definition that there exists a log divisor H # V; such that Gy is naturally
isomorphic to G’ Node(g)\{e} and ViN---N Vi NHN Vi N---NV, is a log-full
point. This completes the proof of Proposition 4.10 in the case where wy, w2 are
tripods.

Thus, we may assume without loss of generality that ws is not a tripod. Then it
follows from Proposition 3.6, (i), that wy is a tripod and ws is of type (g,7) # (0, 3).
Next, let us observe that r # 1. Indeed, if » = 1, then it follows immediately from
the fact that wsy is of type (g,7) # (0,3), together with the definition of V,, (cf.
Proposition 4.1, (ii)), that V; = V,. Thus, we obtain a contradiction (cf. our
assumption that ¢ < n—1if r = 1). Thus, in summary, we are in the situation that
wy is a tripod, ws is of type (g,7) # (0,3), and r # 1.

Let e, y1,y2 be cusps of Gp|y, , where y1,y2 € (Cy.,, [[ Node(Gp))\{e} are distinct
elements. Since r # 0,1, it follows that » +1 > 3. Let e,ys,...,yr+1 be cusps of
Gplw,, where ys, ..., yry1 € (Crn [[Node(Gp)) \ {e,y1,y2} are distinct elements.

Let b1 be a branch of y; that abuts to wy; by a branch of yo that abuts to wy; b3 a
branch of y3 that abuts to wy; Gp the underlying semi-graph of Gp. Then it holds

that Cusp((Gp)sp,) N{c1,...,¢} = 0 or Cusp((Gp)aw,) N{c1,...,cr} = 0. We

suppose that Cusp((Gp)zp,)N{c1,...,¢,} =0. Let ¢’ ef (GP)p,yp,- Then it follows

immediately from the definition that there exists a log divisor H # V; such that Gy
is naturally isomorphic to G’ .Node(g/)\fe} and ViN---NV; i NHN Vi1 N---NV,
is a log-full point. O
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Claim 4.11. Suppose that r #1 (resp. r =1). Let 1 <i<n (resp. 1 <i<n-—1)
and (a1, ...,an) € Iy, X -+ x Iy, = A. Then Zy, (a1 ai—1G;41 - ayp) 18 a noN-
abelian group.

Proof. By Proposition 4.10, there exists a log divisor H # V; such that VN ---N
ViciNnHN Vg1 N---NV, is a log-full point. Since

a1~--ai_1ai+1---anelvl ><'--><Iv'n,[\/'1 X"'XIV},,l ><IH><IViJrl X--'XIVn

and Iy, X - - x Iy, Iy, x - x Iy, X Ig x Iy, x--- X Iy, are abelian groups, it
follows that

Iy,

Y X"'XIVn,Ivl X--~XIV171 XIHXIViJrl X"'XIVn - Znn(a1-~-ai_1ai+1~--an).
Since Iy, x <+ X Iy, Iy, X -+« x Iy,_, x Iy x Iy, x -+ x Iy, are distinct log-
full subgroups (cf. Proposition 4.4) and contained in Zyy, (a1 -+ - G;—1G;41 -+ @p ), Dy

Lemma 4.7, it follows that Zi, (a1 - a;—1Gi4+1 - - ay) is a non-abelian group. O

Proposition 4.12. If r = 1, then there exists 1 < i < n such that q induces an
isomorphism ViN---NV,_1 = X, where q: X!°8 — X°8 js the projection morphism
of co-profile {i} (c¢f. [MzTal, Definition 2.1, (ii)).

Proof. Let wy be the unique vertex of Gp of genus g. (Note that since r = 1, it holds
that g # 0.) Then it follows immediately from Proposition 3.6, (i), together with
our assumption that » = 1, that there exist a unique vertex wy of Gp and a unique
node e € Node(Gp) such that e abuts to wy,ws and, moreover, ws is a tripod.
Let e, y1,y2 be cusps of Gp|y,, where y1,y2 € (Crp, [[ Node(Gp)) \ {e} are distinct
elements; b; a branch of y; that abuts to wsy; by a branch of y, that abuts to wo;
Gp the underlying semi-graph of Gp. Then it holds that Cusp((Gp)zp, ) N{c1} =0
or Cusp((Gp)zp,) N{c1} = 0. We suppose that Cusp((Gp)zp,) N {c1} = 0. Now
let us observe that it follows immediately from the definition that there exists
x; € {z1,...,2,} such that x; be a cusp of (Gp)xp,. Then it follows immediately
from our choice of 7 that the projection morphism ¢ of co-profile {i} satisfies that
gVin---NV,_1 5 X. [l

Claim 4.13. Let (ay,...,a,) € Iy, x---x Iy, = A. Ifr =1, then Zn, (a1 -+ ap_1)
is a non-abelian group.

Proof. By Proposition 4.12, there exists 1 < i < n such that ¢: ViN---NV,,_; = X,
where ¢: X°¢ — X°¢ is the projection morphism of co-profile {i}. By abuse of
notation, we write ¢: II,, — II; for the outer homomorphism induced by ¢. Let
Vi N...N VY be the log scheme obtained by restricting the log structure of
X,llOg to the reduced closed subscheme of X,, determined by V; N---NV,_1. Then
it follows immediately that the morphism V% N ... N V°¢ — X% induced by ¢
determines a sequence of profinite groups

w‘f“"l(vllog N--N V#’,gl) — Dy, N---N Dy, _, — 1L, — I,

where Dy, def Zn, (Iy,) is the decomposition group associated to V; determined
by Iy,. It follows from a consideration of objects parametrized by the various
schemes that V;°® N ... N V8 — X198 is of type N®"~1 (cf. [Hsh], Definition 6;
the statement of [Hsh2], Proposition 3.2). Since V;°%N---N VI8 — X8 is of type
N®=1 one verifies immediately that for any connected ket covering (i.e., connected
finite Kummer log étale morphism (cf. [Kato], (3.3), and [Naka], Definition (2.1.2),
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(i) Z'°8 — X085 (V5 ... NV!8)) X yioe 2195 — V/°5 N... N V%8 is a connected
ket covering, i.e., 7P (V{6 N .- N V!°8) — 11, is a surjection. In particular, the
composite Dy, N---NDy, _, — II,, — II is a surjection, i.e., ¢(Dy,N---NDy;, ) = II;.
Thus, it follows immediately from the definitions that

I = q(Dv, N---N Dy, _,) = ¢(Zn, (Iv;) N -+ N Zn,, (Lv, )

C q(Zu,(a1) NN Zn, (an-1)) € ¢(Zn, (a1 an-1)) C q(Il,) = ;.
In particular, Zy, (aq -+ - ap—1) is a non-abelian group. a

Theorem 4.14. For O € {o,e}, let pU, 10 be distinct prime numbers; k2 an
algebraically closed field of characteristic zero or p=; S© def Spec(k™); (g7, %) a
pair of nonnegative integers such that 2g9 — 2+ 159 > 0;

XlogD N SD
a smooth log curve of type (g5, 75); nP € Zoy; X;%gl] the nB-th log configuration

&

space associated to X'°¢E — §8; 110 ¢ aProt (X:LOSD);

¢ 1I° S 11°
an isomorphism of profinite groups; A° a log-full subgroup of 1I°. We suppose that
9 >0 and A* % d(A°) is a log-full subgroup of TI*. Then ¢ induces a bijection
between the set of scheme-theoretically non-degenerate elements (cf. Definition 4.5,
(i) of A° and the set of scheme-theoretically non-degenerate elements of A®.

Proof. This follows from Theorem 4.6. O

5. Reconstruction of log divisors

We continue with the notation of the preceding Section. In the present §5, we
reconstruct the set of inertia groups associated to log divisors (cf. Theorem 5.3,
below).

Definition 5.1. Let A be a log-full subgroup of II,, and a € A. Write

L, {be Al (a) C ) or (b) C (@)},

where we write (—) for the closed subgroup generated by (—).

Lemma 5.2. The following hold.
(1) There exist subgroups By,...,B, C A and elements b;; € A (0 <i<n-—1,
1 <j<n—1) such that the following hold:
(a) Bo = {e}.
(C) Ibi,l - <Ibi,17‘[bi,2> ¢ < <Ibi,1’ .- '7Ibi,n71> (0 <i<n-— 1)
(d) Bit1 = <Ib'£,17' : "Ib'i,n—1> (O <t<n— 1)'
(e) Every element of B; is not (group-theoretically) non-degenerate (0 < i <
(ii) In the situation of (i), {B; |1 <i<n}={[licicp iz, Ivi | 1 <io <n}.
(ii) In the situation of (i), {Ivy,...,Iv,} = {Mi<i<p,izi, Bi | 1 < io < n}.

Proof. Assertions (i), (ii) follow immediately from a straightforward consideration.
Assertion (iii) follows immediately from assertion (ii). O
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Theorem 5.3. For O € {o, e}, let pH, 1D be distinct prime numbers; kB an alge-
braically closed field of characteristic zero or pH; SU def Spec(kD); (g7, rP) a pair
of nonnegative integers such that 2g% — 2 415 > 0;

XlogD_>SE|

OB, nbP € Zoy; X85 the nO_th log configuration

n

. def -0
space associated to X980 — SO [IH = 7P ! (Xloém);

n

a smooth log curve of type (g

¢ 1I° S 11°

an isomorphism of profinite groups. We suppose that r2 > 0; ¢ induces a bijection
between the set of log-full subgroups of 1I° and the set of log-full subgroups of 11°.
Then ¢ induces a bijection between the set of inertia groups of I1° associated to log
divisors of Xi;’ogo and the set of inertia groups of II® associated to log divisors of
X8,

Proof. This follows from Theorem 4.14 and Lemma 5.2. (I

6. Reconstruction of tripodal divisors

We continue with the notation of the preceding Section. In the present §6, we
reconstruct the set of inertia groups associated to tripodal divisors (cf. Theorem
6.4, below).

Lemma 6.1. Let V be a log divisor of X!°8. Write VI°8 for the log scheme obtained
by equipping V with the log structure induced by the log structure of X\°8. Let
Y8 — S be a smooth log curve of type (0,3) and, for any m € Zq, Y, )¢ the m-th
log configuration space associated to Y'°8 — S.

(i) If V is a tripodal divisor, then V1°8<! is isomorphic to Ux, .
(ii) If V is a (g,r)-divisor, then V1°8=1 is isomorphic to Uy, _,.
(iii) If V is neither a tripodal divisor nor a (g,r)-divisor, then there exists 1 <
m < mn —2 such that V'°8=1 s isomorphic to Uy, xXs Ux

n—1l—-m"

Proof. This follows immediately from a consideration of objects parametrized by
the various schemes which appear in the statements. O

Definition 6.2. We shall say that a profinite group G is indecomposable if, for any
isomorphism of profinite groups G ~ G1 x G2, where G1, G2 are profinite groups,
it follows that either G; or G5 is the trivial group. We shall say that a profinite
group G is decomposable if G is not indecomposable.

Lemma 6.3. Let V be a log divisor of X'°® and Iy an inertia group associated to
V. The following holds.
(i) Zn,(Iv)/Iy is either decomposable, isomorphic to I1,,_1 (cf. Definition 2.2,
(i)), or isomorphic to I P def 7Pl (Y18 ) (¢f. Lemma 6.1).
(ii) If (g,7) # (1,1) orn > 3, then it holds that V is a tripodal divisor if and only
if Zn, (Iv) /Iy is isomorphic to I1,,_1.
(iii) If (g,7) = (1,1) and n = 2, then t{log divisors} = 4, §{tripodal divisors} =3,
and t{log-full points} = 3.
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(iv) If (g,7) = (1,1) and n = 2, then it holds that V is not a tripodal divisor if and
only if for any log-full subgroup A, there exists an inertia group associated to
V' which is contained in A.

Proof. Assertions (i), (ii) follow from Lemma 6.1, and [Hsh], Corollary 2; Remark
B.2. Assertion (iii) follows immediately from the various definitions involved. As-
sertion (iv) follows from assertion (iii) and Proposition 4.2. O

Theorem 6.4. For O € {o, e}, let pH, 19 be distinet prime numbers; k5 an alge-
braically closed field of characteristic zero or p=; S5 def Spec(k™); (g7, r5)
of nonnegative integers such that 2g5 — 2 +r® > 0;

XlogD_>SE|

a pair

a smooth log curve of type (g5, 77); nP € Zoy; X:’é;D the nB-th log configuration

. def e
space associated to X980 — §U. TIH = 7P ! (Xloéﬂ);

n
¢:1I° S 11°
an isomorphism of profinite groups. We suppose that r= > 0; ¢ induces a bijection
between the set of log-full subgroups of II° and the set of log-full subgroups of 11°.
Then ¢ induces a bijection between the set of inertia groups of I1° associated to
tripodal divisors of X,ll%go and the set of inertia groups of II® associated to tripodal
divisors of X%8°.

Proof. Note that it follows from a well-known structure of the fundamental group
of a smooth log curve of type (g,r) over an algebraically closed field of character-
istic zero that Wlpro'lo(Xlog") is isomorphic to 7T11:)r0_l. (X8 *) if and only if [° = [*
and 2¢° — 2 +7° = 2¢g® — 2 4 r*; it follows from [Ind], Theorem 3.5, that II” is
indecomposable. Thus, Theorem 6.4 follows from Theorem 5.3, Lemma 6.3, and
Theorem 3.9, (i). O

7. Reconstruction of drift diagonals

We continue with the notation of the preceding Section. In the present §7, we
reconstruct the set of inertia groups associated to drift diagonals (cf. Theorem 7.3,
below).

Lemma 7.1. The outer homomorphism v: 11, — II; x- - - xIIy induced by ¢: Xif’g —
X108 x g x g X8 (cf. Definition 2.2, (iz)) is surjective whose kernel is the closure

of

(I'| I is an inertia group associated to a naive diagonal ).

Proof. 1t follows from [Hsh], Remark B.2, that in the commutative diagram

" (Ux,) = w7 (Ux, ) x - x w7 (Ux,)

| |

I, I x - x I,

L

where 7 (Ux ) = 7P (Ux,) x --- x 7P (Uy, ) is the outer surjective homo-
morphism induced by the open immersion Ux, — Ux, Xg - Xg Ux,, the two
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vertical arrows are isomorphisms. Thus, ¢: II,, — IIy x --- x II; is surjective. By
[SGA1], Exposé X, Théoréme 3.1,

Ker(t) = (ala=! | a € 11, I is an inertia group associated to a naive diagonal ).

This completes the proof of Lemma 7.1. (]

Lemma 7.2. Let V be a tripodal divisor and Iy an inertia group associated to V.
Write v: 11, — I} x --- x IIy for the outer homomorphism induced by v: X8 —
X8 x g ... x5 X8 (cf. Definition 2.2, (iz)). The following hold.

(i) If V is a naive diagonal, then «(Iyv) = {e}.

(ii) If V is not a naive diagonal, then t(Iy) # {e}.

Proof. Assertion (i) follows from Lemma 7.1. Assertion (ii) follows immediately
from Proposition 3.3, (i), (ii), (iii). O

Theorem 7.3. For O € {o, e}, let pH, 10 be distinct prime numbers; kB an alge-
braically closed field of characteristic zero or p9; SU def Spec(k™); (g7, r5)
of nonnegative integers such that 2g% — 2 45 > 0;

Xlog[l N SD

a pasr

a smooth log curve of type (gD,rD); nP e Zoy; XiLODgD the nP-th log configuration

. def JH
space associated to X'°8H — U, [IH = e ! (XlngEI);

n
¢: I1° S 11°
an isomorphism of profinite groups. We suppose that r= > 0; ¢ induces a bijection
between the set of log-full subgroups of II° and the set of log-full subgroups of 11°.
Then ¢ induces a bijection between the set of inertia groups of I1° associated to drift
diagonals of XTILOOgo and the set of inertia groups of 11® associated to drift diagonals
of X\8°.

Proof. Let us suppose that (¢, 75) = (0,3) or (1,1). Then it follows from Theorem
6.4 and Proposition 3.4, (iii), that ¢ induces a bijection between the set of inertia
groups of II° associated to drift diagonals of X,lfogo and the set of inertia groups of
II® associated to drift diagonals of X ilo.g ®. This completes the proof of Theorem 7.3
in the case where (¢, %) = (0,3) or (1,1).

Let us suppose that (g7, 75) # (0,3), (1,1). Write I} ef ﬂ-i)ro-lD (X'°e5), Then
it follows from Theorem 3.9, (iii), that ¢ induces a commutative diagram

@
I1° IT*

I x - oo x II§ T 11§ X -+ x II,

where (F: TIF — P x- - - xIIF is the outer homomorphism induced by (5 X;ODg H

X085 % oq -+ x oo X180 (cf. Definition 2.2, (ix)). Thus, it follows from Theorem
6.4, Lemma 7.2, and Proposition 3.4, (ii), that ¢ induces a bijection between the set
of inertia groups of I1° associated to drift diagonals of X:ﬂgo

groups of II* associated to drift diagonals of X% ®. This completes the proof of
Theorem 7.3 in the case where (g, ) # (0,3), (1, 1). O

and the set of inertia
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8. Reconstruction of drift collections

We continue with the notation of the preceding Section. In the present §8, we
reconstruct drift collections (cf. Definition 8.14, below, and Theorem 8.15, below).

Definition 8.1. Let A be a set of drift diagonals. We shall say that A is a scheme-
theoretic drift collection if there exists an automorphism a of X% over S such that
A ={a(V) |V is a naive diagonal}.

Definition 8.2. Let Vi, V; be distinct drift diagonals and Iy, , Iy, inertia groups
associated to V7, V3, respectively.

(i) Since Vi, Vs, are tripodal divisors (cf. Proposition 3.4, (i)), there exists a unique
vertex vy (resp. va) of Gy, (resp. Gy,) such that vy, vy are tripods (cf. Defini-
tion 3.1, (iii)). We shall say that {Vi, Va2} is a scheme-theoretically co-cuspidal
pair if there exists a cusp y € C,.,, that is a cusp of Gy, |4, Gva|vs-

(ii) We shall say that {V1, Va} is a group-theoretically co-cuspidal pair if there is no
log-full subgroup A such that a conjugate of A contains Iy, and a conjugate
of A contains Iv,.

Lemma 8.3. Let V1, Vs, be distinct drift diagonals. Then it holds that
{V1,Va} is a group-theoretically co-cuspidal pair
<= there is no log-full point contained in V3 N V3.
Proof. This follows from Proposition 4.2. O

Lemma 8.4. A scheme-theoretically co-cuspidal pair is a group-theoretically co-
cuspidal pair.

Proof. Let {V7, Va} be a scheme-theoretically co-cuspidal pair, v; the unique vertex
of Gy, which is a tripod, and y1,y2 cusps of Gy, |+, , where y1,y2 € C,.,, are distinct
elements. We assume that there exists a log-full point P contained in V; N V5.
Then one verifies easily that for any generization G’ of Gp, there exists a vertex
v of G’ such that y;,ys are cusps of G'|,. Thus, it follows immediately from the
assumption that {V},Va} is a scheme-theoretically co-cuspidal pair that P & V5,
which thus implies a contradiction. (I

Lemma 8.5. A group-theoretically co-cuspidal pair is a scheme-theoretically co-
cuspidal pair.

Proof. Let {Vi,Va} be a pair of distinet drift diagonals which is not a scheme-
theoretically co-cuspidal pair. There exists a unique vertex vy (resp. wvz) of Gy,
(resp. Gy,) such that vy, ve are tripods. Let yi,y2 be cusps of Gy, |,, and ys,ys
cusps of Gy, |y, where y1,v2,y3,ys € C,, are distinct elements. Then one verifies
easily that there exist a log-full point P and terminal vertices t1,t2 of Gp such
that t1, ¢, are tripods, yi,ys are cusps of Gpli,, and ys, ys are cusps of Gpls,. In
particular, P € V1N V5. Thus, {V1, V2} is not a group-theoretically co-cuspidal pair
(cf. Lemma 8.3). O

Definition 8.6. Let V7, V5, V3 be distinct drift diagonals.

(i) Since Vi, V5, V3 are tripodal divisors, there exists a unique vertex vy (resp.
va, v3) of Gy, (resp. Gv,, Gv,) such that vy, vq,vs are tripods. We shall say
that {V1, Va, V3} is a scheme-theoretically co-cuspidal triple if there exist cusps
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Y1, Y2, Y3 € Cyp, such that yi, yo are cusps of Gy, |4, ; Y2, y3 are cusps of Gy, |v,;
Y1,ys are cusps of Gy, |y, -

(ii) We shall say that {V, Va, V3} is a group-theoretically co-cuspidal triple if there
exist log divisors W, ..., W, such that Iy, x Iy, x --- x Iy, , Iy, X I",V2 X
cex Ay Iy, X Iy, % - x Iy, are log-full subgroups, where I(_), I(’i), I(L)
are inertia groups of (—).

Lemma 8.7. Let Vi, Vi, V3 be distinct drift diagonals. Then it holds that {V1, Vs, V3}
is a group-theoretically co-cuspidal triple if and only if there exist log divisors
Wy, ..., W, such that Vi " Won---NW,, VonWyn---NW,, VsNnWyn---NW,
are log-full points.

Proof. This follows from Proposition 4.4 and Proposition 4.2. (I

Lemma 8.8. A scheme-theoretically co-cuspidal triple is a group-theoretically co-
cuspidal triple

Proof. Let {V1, V5, V3} be a scheme-theoretically co-cuspidal triple. Since Vi, Va, V3
are tripodal divisors, there exists a unique vertex vy (resp. va, v3) of Gy, (resp. Gy,,
Gy, ) such that vy, ve,vs are tripods. Then there exist cusps yi1,y2,ys € Cp, such
that y1,y2 are cusps of Gy, |v,; Y2, ys are cusps of Gy, |v,; Y1, ys are cusps of Gy, |-
Thus, there exists a log divisor Wy such that Gy, has a vertex w which satisfies the
conditions that w is a vertex of type (0,4) (cf. [CbTpl], Definition 2.3, (iii)) and
Y1, Y2, Yys are cusps of Gy, |- In particular, one verifies easily that {Vi, Va2, V3} is a
group-theoretically co-cuspidal triple (cf. Lemma 8.7). (]

Lemma 8.9. A group-theoretically co-cuspidal triple is a scheme-theoretically co-
cuspidal triple

Proof. Let {V1,V2,V3} be a group-theoretically co-cuspidal triple. There exist
y1,Y2 € Cpp such that V3 = V(y1,y2). By lemma 8.7, there exist log divisors
Wa,...,W, such that ViNnWyn---NW,, VoNnWon---NW,, VaNnWyn---NW,
are log-full points. Let @ be a generic point of Wy N --- N W,,. Then there exists
a unique vertex v of Gg such that y; is a cusp of Gg|,. Since Vi NWen---NW,
is a log-full point, v is a vertex of type (0,4) and there exists y3 € C,, such
that y1,y2,ys are cusps of Ggl,. Then it follows immediately from the definitions
that {V1, V2, V3} = {V(y1,92), V(y2,y3), V(y1,y3)}. Thus, {V1, V5, V3} is a scheme-
theoretically co-cuspidal triple. O

Definition 8.10. Let A be a set of drift diagonals such that A = % We shall

say that A is a group-theoretic drift collection if there exist distinct drift diagonals

Vij (1 <i<j<mn)suchthat A={V;;|1<1i<j<n}, and, moreover, the

following hold:

(a) Forany 1 <1i <mn—2, {V;;41,Vit1.12} is a (group-theoretically) co-cuspidal
pair.

(b) Forany 1 <i < j<n-—1,if j #i+1, then {V;;41,V} 41} is not a (group-
theoretically) co-cuspidal pair.

(c¢) Forany 1 <i<j<n,ifj#i+1,{V;;,Viit1,Vit1,;} is a (group-theoretically)
co-cuspidal triple.

Theorem 8.11. Let A be a set of drift diagonals. Then A is group-theoretic drift
collection if and only if A is scheme-theoretic drift collection (cf. Definition 8.1).
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Proof. This follows immediately from Claim 8.12 and Claim 8.13, below. O

Claim 8.12. A scheme-theoretic drift collection is a group-theoretic drift collection.

Proof. Let A be a scheme-theoretic drift collection. Then it follows from Proposition
3.3, (i), that there exist distinct elements y1, ..., y, € C,, such that

A={V(yi,yj) |1 <i<j<n}.

Then one verifies easily that if we write V; ; def V(yi,y;), then V; ;’s satisfy the
condition of Definition 8.10, which thus implies that A is a group-theoretic drift
collection. O

Claim 8.13. A group-theoretic drift collection is a scheme-theoretic drift collection.

Proof. Let A be a group-theoretic drift collection. By Remark 3.2, (ii), and Def-
inition 8.10, (a), there exist y1,y2,y3 € C,, such that V1o = V(y1,92), Vo3 =
V(y2,ys3). By Remark 3.2, (ii), and Definition 8.10, (a), (b), there exist y4,...,yn €
Chn such that V; ;41 = V(ys,yi+1). By Remark 3.2, (ii), and Definition 8.10, (c),
it holds that V; ; = V(ys,y;). Thus, if (g,7) = (0,3) or (1,1), then it follows from
the proof of Proposition 3.4, (iii), that A = {V(y;,y;) | 1 <i < j < n} is a scheme-
theoretic drift collection. Moreover, if (g,7) # (0,3),(1,1), then it follows from
Proposition 3.4, (ii), that A = {V(y;,y;) | 1 < i < j < n} is a scheme-theoretic
drift collection. O

Definition 8.14. We shall refer to {Iyy | V € A} as a drift collection of I1,,, where
A is a (group-theoretic) drift collection and Iy is an inertia group of II,, associated
to V e A.

Theorem 8.15. For [ € {o,e}, let pU, 18 be distinct prime numbers; k2 an
algebraically closed field of characteristic zero or p=; S© def Spec(k™); (¢, )
pair of nonnegative integers such that 2g9 — 2+ 159 > 0;

XlogD N SD
a smooth log curve of type (gD,rD); nB e Zoy; X;ODgD the nB-th log configuration

[}

space associated to X85 — §0 . 115 Lef brot (XLngD);

¢ 1I° S 11°
an isomorphism of profinite groups. We suppose that r= > 0; ¢ induces a bijection
between the set of log-full subgroups of II° and the set of log-full subgroups of 11°.

Then ¢ induces a bijection between the set of drift collections of I1° and the set of
drift collections of T1°.

Proof. This follows from Theorem 7.3 and Theorem 8.11. O

a

9. Reconstruction of drift fiber subgroups

We continue with the notation of the preceding Section. In the present §9, we re-
construct drift fiber subgroups (cf. Definition 9.1, below, and Theorem 9.3, below).

Definition 9.1. Let H be a closed subgroup of II,,. We shall say that H is a
drift fiber subgroup if there exist an automorphism a of X over S and a fiber
subgroup F' C II,, (cf. [MzTa], Definition 2.3, (iii)) such that H = S(F'), where S
is an automorphism of II,, which arises from «a.
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Proposition 9.2. If (g,7) # (0,3),(1,1), then
{drift fiber subgroups} = {fiber subgroups}.
Proof. This follows immediately from [CbTpll], Lemma 2.7, (iii). |

Theorem 9.3. For O € {o, e}, let pD, 9 be distinct prime numbers; k9 an alge-
braically closed field of characteristic zero or p9; SU def Spec(k); (g7, 75)
of nonnegative integers such that 2g% — 2 4+ 9 > 0;

XlogD%SD

a pair

a smooth log curve of type (gD,TD); nH e Zoy; X:)DgD the nB-th log configuration

. def -
space associated to X980 — SO TIH = 7P : (Xloém);

n

¢: 1I° S 11°
an isomorphism of profinite groups. We suppose that r= > 0; ¢ induces a bijection
between the set of log-full subgroups of II° and the set of log-full subgroups of 1I°.
Then ¢ induces a bijection between the set of drift fiber subgroups of I1° and the set
of drift fiber subgroups of II®.

a]
Proof. For each j, write HJ'-:' ef Pre-t (X;Ogm). Let F° C II° be a drift fiber
subgroup of II°. Then there exists a drift collection A° of II° such that the following
holds:

Write (°: II° — @Q° for the surjection obtained by taking the quo-
tient by the normal closed subgroup generated by the elements of
a drift collection A° of II°. Now it follows from Lemma 7.1 and
[MzTa], Corollary 3.4, that there exist n° surjections Q° — II
which determine an isomorphism Q° = II$ x - -- x II$. Then there
exists a surjection p° among these n° surjections whose kernel con-
tains F°.

Next, let us observe that we have a commutative diagram

II° *>¢ II®
p°l p'i
g > 119,

where p® is the surjection corresponding to p° via ¢. It follows immediately from
Theorem 8.15, together with the definition p°, that Ker(pD) has a natural structure
of configuration space group and F° is a fiber subgroup of Ker(p®). By [MzTa],
Corollary 6.3, F*® <ef ¢(F°) is a fiber subgroup of Ker(p®). Thus, again by the
definition of p°, together with the various definitions involved, F'® is a drift fiber

subgroup of II°. O
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