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NEAR MISS abc-TRIPLES IN COMPACTLY BOUNDED SUBSETS

YUKI WADA

ABSTRACT. In the present paper, we study the existence of near miss abc-
triples in compactly bounded subsets. In more concrete terms, we prove that
there exist infinitely many abc-triples such that:
(1) |abc| exceeds a certain quantity determined by the product of the distinct
prime numbers of abc, and, moreover,
(2) a certain value X\ determined by a, b, ¢, which corresponds to the quantity
“X” in the Legendre form of an elliptic curve, lies in a given compactly
bounded subset.

0. Introduction

First, we review the definition of an abc-triple (cf. Definition 1.5).
Definition 0.1. Let a,b,c € Z be such that

a+b+c=0,
(a,0) =1,
a#0,0#0,c#0.

Then we shall say that the triad of integers (a, b, ¢) is an abc-triple. For an abe-triple
(a, b, c), we define

— )
N(a,b,c) = H b, )\(a,b,c) = T

pEPrimes
plabe

Next, we state the abc Conjecture.

Theorem 0.2 (abc Conjecture). For vy € Ry, there exists a C,, € R such that,
for every abe-triple (a,b, c), the following inequality holds:

max{|al, |b], ||} < ch(lafgc).

In 1988, Masser proved that the v = 0 version of the abc Conjecture does not
hold. The result obtained by Masser (cf. [M], Theorem) is as follows:

Theorem 0.3. Let Ny,vy € R be such that v < % Then there exists an abe-triple
(a,b,c) such that

(Masser 1) Na,b,c) > No,
(Masser 2) |abe| > N(?’mb,c) exp ((log N(a,;w))%*”) .
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Since any infinite collection of abc-triples as in Theorem 0.3 for Ny — +oo yields
a counterexample to the v = 0 version of the abc Conjecture, we shall refer to such
abc-triples as near miss abe-triples.

On the other hand, in [GenEll], Mochizuki introduced the notion of a compactly
bounded subset (cf. [GenEll], Example 1.3, (ii)) and showed that the abc Conjecture
holds for arbitrary abe-triples if and only if it holds for abe-triples that lie (i.e.,
for which the associated “A(,.)” lies) in a given compactly bounded subset (cf.
[GenEll], Theorem 2.1). Before proceeding, we review the definition of a compactly
bounded subset (cf. Definition 1.6).

Definition 0.4. Let r € Q, € € Ry, and X a finite subset of the set of valuations
on Q which includes the unique archimedean valuation co on Q. Write

Kies:={r"eQ||r—rl,<e VveX}h
We shall refer to K, . s as an (r, ¢, 3)-compactly bounded subset.

(Here, we remark that the use of the indefinite article “an” preceding the expres-
sion “(r, e, X)-compactly bounded subset” results from the usage of this expression
in [GenEll], where one considers compactly bounded subsets of more general hy-
perbolic curves than just the projective line minus three points (which corresponds
to the situation considered in the present paper) over more general number fields
than just Q.)

In the present paper, we prove that there the existence of near miss abc-triples
that lie in a given compactly bounded subset. The main result of the present paper
is as follows:

Theorem 0.5. Letr € Q; €, No,v € Rsg; X a finite subset of the set of valuations
on Q which includes the unique archimedean valuation oo on Q; and K,.s an
(r,e, ¥)-compactly bounded subset such that vy < % Then there exists an abc-triple

(a,b,c) such that

(Main 1) Nap,e) > No,

(Main 2) |abe| > N(Sa,b,c) exp ((log log N(a@c))%fv) ,
(Main 3) Aabe) € Krex.

In §1, we establish the notation and terminology used in the present paper. In
§2, we review the statement of Theorem 0.5 (cf. Theorem 2.1) and state the elliptic
curve version of Theorem 0.5 (cf. Theorem 2.7). In §3, we review well-known
consequences of the Prime Number Theorem. One such consequence is Theorem
3.9, which estimates the cardinality of the set

{2/ €Z+o|2<2 <z, LPN(z') <y, and (2',n) = 1},

where LPN(—) denotes the largest prime number dividing the integer in parenthe-
ses. This estimate plays an important role in §4. In §4, we prove Theorem 0.5
(i.e. Theorem 2.1). In §5, we state various related conjectures. In §6, we give,
for the convenience of the reader, an exposition of the proof of Masser’s result, i.e.,
Theorem 0.3, via arguments similar to the arguments given in the proof of Theorem
0.5 in §4. For instance, Lemmas 6.1 and 6.2 correspond to Lemmas 4.1 and 4.4,
respectively.

The proof of Theorem 0.5 is divided into Lemmas 4.1, 4.2, 4.3, and 4.4. Lemmas
4.1 and 4.4 are based on the arguments of Masser’s proof. In particular, by applying
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Lemma 4.1 (which corresponds to Lemma 6.1), we obtain an abc-triple that can
in fact be shown (i.e., by applying the arguments of Lemma 4.4 or Lemma 6.2)
to satisfy the conditions (Masser 1) and (Masser 2) of Theorem 0.3, but whose
associated “\” is not necessarily contained in the compactly bounded subset K, . »
of condition (Main 8). This state of affairs is remedied as follows:

e First, we apply Lemma 4.1 to construct a pair of integers (a,b;) which
satisfies the conditions (Masser 1) and (Masser 2) of Theorem 0.3, and
whose associated “\” is contained in a (1, e, X)-compactly bounded subset.

e Next, we apply Lemma 4.2 to construct a pair of integers (ag,bs) (which
does not necessarily satisfy the conditions (Masser 1) and (Masser 2) of
Theorem 0.3, but) whose associated “\” is contained in an (r,e, X\ {o0})-
compactly bounded subset.

e Lemma 4.3 is the key step in the proof of Theorem 0.5 and may be sum-
marized as follows: It follows immediately from the inequalities

b r+e
<o <=
(which are an immediate consequence of the construction of (a1,b1) in

Lemma 4.1), by considering the elementary geometry of the real line, that
there exists an o’ € Z such that

’
o
12 () —rlle <=

We define (a3, b3) to be the unique pair of relatively prime positive integers
such that

by . by (b;)”‘

az = az \ a1 .

Then it follows formally from the defining property of a non-archimedean
valuation that the “A\” associated to the pair of integers (as, b3) is contained
in an (r, e, X)-compactly bounded subset.

e Finally, in Lemma 4.4, we estimate the quantity N, ;) associated to the
abe-triple (a := a3, b := —bs,c:= —a — b) and thus conclude that this abc-
triple (a, b, ¢) satisfies the conditions (Main 1), (Main 2), and (Main 3) of
Theorem 0.5.
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1. Notation

Elementary Notation
Here, we introduce some elementary notation.
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Definition 1.1. Let X be a finite set. Then we shall write X for the cardinality
of X.

Definition 1.2.

(1) Write Z for the ring of rational integers, Q for the field of rational numbers,
R for the field of real numbers, and C for the field of complex numbers.
(2) Let A € {Z,Q,R} and a € A. Then we define

Asg:i={d €eA|d >a}, As,:={d €A]|d >a}.
(3) Let m,n € Z\ {0}. Then we shall write (m,n) for the greatest common
divisor of |m| and |n|.

Definition 1.3.

(1) Write Primes for the set of prime numbers.

(2) Write V for the set of (archimedean and non-archimedean) valuations on
Q. We denote the unique archimedean valuation on Q by co. Write V2'¢ :=
{o0}, Vo := V\{oo}. Here, we suppose that ||—||, is normalized as follows:
|Allv = |A| for A € Q if v € V2'¢; there exists a (unique) p, € Primes such
that ||py|l, = py ! if v € VRO,

(3) For p € Primes, write Z, for the ring of p-adic integers and Q, for the field
of p-adic numbers.

Definition 1.4.
(1) Let X be aset and f,g: X — C. We shall write

f=0(9)
if there exists an M € R+ such that, for every z € X,
|f(2)] < M|g(x)].

We shall also write f(x) = O(g(z)) instead of f = O(g).
(2) Let X,Y be sets, U a subset of X x Y, and f,g: U — C. We shall write

f=0y(9)
if there exists an My : Y — Ry g such that, for every (x,y) € U,

We shall also write f(z,y) = Oy(g(z,y)), f(z,y) = Oy(g(z,y)), or f =
O,(g) instead of f = Oy (g).

abe-Triples and Compactly Bounded Subsets
Here, we define abc-triples and compactly bounded subsets, which play an es-
sential role in the present paper.

Definition 1.5. Let a,b,c € Z be such that
a+b+c=0,
(a,0) =1,
a#0,b#0,c#0.
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Then we shall say that the triad of integers (a, b, ¢) is an abe-triple. For an abe-triple
(a,b,c), we define

. )
N(a,b,c) = H b, A(a,b,c) = T a

pEPrimes
plabe

Definition 1.6. Let r € Q, € € Ry, and ¥ C V a finite subset which includes co.

Write
Kies:={r"eQ||r—rl,<e VveT}h

We shall refer to K, . 5 as an (r,e, X)-compactly bounded subset.

Functions Related to Prime Numbers
Here, we define various functions related to prime numbers.
Definition 1.7. Let z,y € Ryg, n € Z\ {0}.

(1) If n # £1, then we denote the largest prime number dividing n by LPN(n).
If n = £1, then we set LPN(n) := 1.
(2) We define

m(x) = t{z’ € Primes | 2’ < z}.
(3) We define
U(z,y):=8{z' €Z|2<2a’ <z, LPN(z') < y}.
(4) We define
U(z,y;n):=8{a’ € Z|2<2’ <z, LPN(z') <y, (2',n) = 1}.
(5) We define
O(x) := Z log p.

Primesdp<x

Facts Related to Elliptic Curves
Here, we review facts related to elliptic curves.

Definition 1.8.
(1) Write Gy, := Spec Z[T,T~*] for the multiplicative group scheme over Z
and G, := Spec Z[T] for the additive group scheme over Z.
(2) Let k be a field. We shall say that E is an elliptic curve over k if E is
an irreducible smooth projective curve over k, dimy I' (E, wE/k) =1, and
there exists a k-morphism e: Spec k — F.

Definition 1.9. Let us consider the equation
E: y? = 23 4 a12? + asx + as for a1, as, a3 € Q.

We define the discriminant Dg of E to be the discriminant of the cubic equation
23 4+ a12? + agx + az. Note that E defines an elliptic curve E over Q if Dy # 0.

Remark 1.10. Let E be as in Definition 1.9. Note that Dg differs from the quantity
“A” that is referred to as the “discriminant” in [S], III.1, p. 42. According to [S],
II1.1, p. 45, it holds that A = 24 Dg.
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Remark 1.11. Let E be an elliptic curve over Q. Then, in general, an equation “E”
as in Definition 1.9 that gives rise to E is not uniquely determined. In particular,
it does not make sense to speak of the “discriminant Dg associated to E”. On the
other hand, it does make sense to speak of the minimal discriminant associated
to E, as defined in [S], VIIL.8, p. 243. We shall write D" for the minimal
discriminant associated to E.

Definition 1.12. Let p € Primes and & := Z,/pZ,.

(1) We shall say that E has good reduction at p if there exists a smooth pro-
jective Zy-scheme E’ such that E' xz, Q, and E xqg Q, are isomorphic as
Qp-schemes.

(2) We shall say that E has multiplicative reduction at p if there exists a smooth
group scheme E’ over Z, such that E’ xz, Q, is isomorphic to E xg Q,
as a group scheme over Q,, and E’ xz,  is isomorphic to G, as a group
scheme over some algebraic closure of .

(3) We shall say that E has additive reduction at p if there exists an smooth
group scheme E over Z, such that E’ xz, Q, is isomorphic to E xg Q,
as a group scheme over Q,, and E’ xz « is isomorphic to G, as a group
scheme over some algebraic closure of .

(4) We define the conductor Ng of E to be the product

Np = H plr(E)
pEPrimes
where f,(E) := 0 if E has good reduction at p; f,(E) := 1 if E has
multiplicative reduction at p; and f,(E) := 2 if E has additive reduction
at p.

2. The Main Result

The following theorem is the main result of the present paper. The proof of this
result is given in §4.

Theorem 2.1. Let r € Q; €, Ng,v € Ryg; X CV a finite subset which includes
oo; and K, ¢ 5 an (r,e,X)-compactly bounded subset (cf. Definition 1.6) such that
v < % Then there exists an abc-triple (a,b, ¢) such that

(Main 1) Nap,c) > No,
(Main 2) |abe| > N(3a,b,c) exp ((log log N(a,b,c))%_v) ,
(Main 3) AMabe) € Kre s

For the sake of comparison, we also state Masser’s result. Masser’s proof of this
result is reviewed in §6.

Theorem 2.2. Let Ny,vy € R be such that v < % Then there exists an abe-triple
(a,b,c) such that

(Masser 1) Na,b,c) > No,
(Masser 2) |abe| > N(?’mb,c) exp ((log N(a,;w))%*”) .
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Our result is motivated by Masser’s. Unlike the abe-triple (a, b, ¢) of Theorem
2.2, the abe-triple (a,b,c) of Theorem 2.1 is subject to the condition that it lie
inside an (r, e, X)-compactly bounded subset (i.e., (Main 3)); on the other hand, the
inequality of Theorem 2.1 (i.e., (Main 2)) is weaker than the inequality of Theorem
2.2 (i.e., (Masser 2)).

Theorem 2.1 may be translated into the language of algebraic geometry (cf.
Theorem 2.7 below), by applying the so-called Frey Curve, which we review in the
following lemma.

Lemma 2.3. Let (a,b,c) be an abe-triple. Thus, the equation
E: y* = z(z +a)(z — b)
defines an elliptic curve E over Q. Then there exists e € {0,1} such that
|Dg| = |abe|®, Ng = 2°N(qp.0).

Proof. Tt follows from the definition of Dy that

|Dg| = |abe|?.
It follows from [S], pp. 257 - 258, Chapter VIII, Lemma 11.3 that

Ng =2°Ngp,c)-

This completes the proof. ([l

Remark 2.4. According to [S], pp. 257 - 258, Chapter VIII, Lemma 11.3, it follows
that there exists an ¢’ € {0,1} such that

Dgin _ 247126,|abc\2 _ 24712e’|D]E|7
where D" is the minimal discriminant associated to E (cf. Remark 1.11).

Before mentioning the elliptic curve version of Theorem 2.1, we review the state-
ment of (a slightly weakened version of) the Szpiro Conjecture, which is proved by
Mochizuki’s inter-universal Teichmiiller theory (cf. [IUTchIV]; [GenEll], §2), and
which played an important role in motivating both [M] and the present paper.

Theorem 2.5 (Szpiro Conjecture). Let v € Rso. Then there exists a C, € Ryg
such that, for every equation E as in Lemma 2.3, the following inequality holds:

|Dg| < C Nt
Remark 2.6. The original Szpiro Conjecture is as follows:

Let v € Ryg. Then there exists a C, € Ry such that, for every
elliptic curve E over Q, the following inequality holds:

Dgin < C’yNg-i_’yv

where DB is the minimal discriminant associated to E (cf. Re-
mark 1.11).

It follows immediately from the above statement and Remark 2.4 that Theorem 2.5
holds.

By Lemma 2.3, we obtain the following elliptic curve version of Theorem 2.1.
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Theorem 2.7. Letr € Q, e € Ry, ¥ C V a finite subset which includes oo, K, . »
an (r,e, X)-compactly bounded subset (cf. Definition 1.6), and
My s = {E|E: y* = 2(x + a)(x — b) for an abe-triple (a,b,c) s.t.
)‘(a,b,c) € Kr,5,2}~

Note that A(qp,c) may be regarded as the quantity “A” that appears in the Legendre
form of the corresponding elliptic curve. Then, for Ny,v € Rsqg such that v < %,
there exist infinitely many equations E € A, .5 such that

Ng > Ny, |Dg| > Np exp ((loglogNE)%—W) ,

In particular, even on M, . s, if one takes the “y” of Theorem 2.5 to be 0, then the
resulting inequality does not hold.

3. Review of Well-Known Consequences of the Prime Number Theorem

We shall use (the version that includes the error term of) the Prime Number The-
orem without proof. A proof may be found in [T], I1.4.1, Theorem 1.

Theorem 3.1 (Prime Number Theorem). Let x € R>o. Then there exists a C' €
R~ such that the following estimate holds:

m(x) =1li(z) + O (x exp(—C(log m)%)> ,
where we write

xr
li(z) = /2 Lot

Before stating various consequences of Theorem 3.1, we prove the following
lemma.

Lemma 3.2. Let x € R>o, n € Z>1. Then the following estimate holds:

x L B
/2 Toggm dt = On <7<1ogxx>") :

flz):= 27””+/ —Ldt for x > 2.
2

Proof. Write

"~ (log z)™ (log t)™

Since

— 1 2n _ 1 2n
fl(m) — 7 (logx)™ + (logz)"*T — = (logx)™ (1 - logm)
is < 0 for z sufficiently large, it follows that there exists an M,, € R~ such that

~ Toeay +/2 Tt = f(z) < My

Thus, it follows that

x
1 2x
0 S/2 Mozt I < Togayn + Man

Since — 400 as x — +0oo, this completes the proof. ([

oz
(log z)™

Theorem 3.1 and Lemma 3.2 easily implies the following two corollaries.
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Corollary 3.3. Let x € R>y. Then the following estimate holds:

n(@) = 5 + ot + O (e )

Proof. First, it follows from Theorem 3.1 that there exists a C' € Ry such that the
following estimate holds:

m(x) =li(z) + O (ac exp(—C(log x)%)>

Next, by applying partial integration to li(x), it follows from Lemma 3.2 that

li(z) :/ logtdt
2
__x 2 1
“Togz  Tog2 +/2 oz 7t
xr
_ 2 xT 2 2
—Togz  Tog2z | Toga)? ~ Tog2)? +/2 oz 07 0t

logz + (log:c)2 +O( logm)3) .

Finally, it follows from an elementary calculation that

exp(—C(logz)¥) = O (m) .

Thus, it follows that

(@) = gz + Tosa T O ((lo§w>3) :
This completes the proof. (I
Corollary 3.4. Let x € R>o. Then the following estimate holds:
0(z) =z +0 (m)

Proof. The estimate in question may be obtained by computing Lebesgue-Stieltjes
integrals and applying Lemma 3.2 as follows:

m(x)

T
Z logp; = / logt dr(t)
2-0

loga:f/
2-0

_$+10gaz +0 (ogr ) / (@J’_O(logt) ))dt
2-0
—2+0(wiy)-
Here, we note that the estimate of the third equality follows by applying the esti-
mate of Corollary 3.3. (]

In order to prove Theorem 2.1, it will be necessary to apply certain estimates
concerning ¥ functions. First, we obtain an estimate concerning ¥ functions. Let
i € Z>1. We denote the i-th smallest prime number by p;. This notation will
remain fized throughout this section.
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Proposition 3.5. Let x € R5g,y € R>3. Then the following inequality holds:

() m(y)
(log z)™¥) (log )™ ¥) log pi
— < U(p,y)+1 < —2 + :
w(y)'(]_[zr:“{) logpi) ( y) - W(U)'(H:Qi) IOgPi) pye) logz
Proof. Let j € Z>o. Write t := 7(y) and
t
A= {(ny,...,n) €7 |an log p; < logx,
i=1
n; >0fori=1,...,t},
t—1
Aj = {(n1,.oneer) € 21| milogp; < log — jlogpr,
i=1

n; >0fori=1,...,t—1},

t
V = {(Tla"'arrt) € Rt |Zrllogpz S 10g$,

i=1
T ZOfori:l,...,t},
t—1

Vi ={(r1,...,r4_1,7¢) € R’ |Zrilogpi <logx — jlogp,
i=1

rp >0fore=1,...,t—1,
jgrt <,7+]-}7

t t
Vi={(ry,...,7) € R |Zrilogpi Slogx—&—Zlogpi,
i=1 i=1
ri>0fori=1,...,t}.

Note that

A =V(z,y) +1,
_ (log )"
,U(V) = “‘(Hf:l logp,i) s

) — _(ogz—jlogpy)"~"
p(Vi) = (t—1)!-(TTiZq logpi )’

t t
N (10g TH+Y 10gm>t o (log z)* log p;
M(V) - “'(Hﬁzllogm) B “'(Hﬁzl Ingi) 1+ ; logz ’

where we write p for a Lebesgue measure. B
In the following, we compare $A with p(V) and p(V).
First, let us prove that

w(V) < gA.

We shall use induction on ¢.
The case where t = 1 is clear, since, in this case, #A is the smallest integer which

is larger than llogx .
og P1
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Next, we consider the case where t > 2. It follows from the induction hypothesis
that

u(Vy) < 8A;.
Thus, we obtain the inequality
oo oo
p(V) <D on(Vy) <Y _tA; =tA.
j=0 j=0
Next, let us prove that
A < (V).

Write

t

Ingomgy =] [ [nirni +1) SR
i=1
Since (I, ... n,)) = 1, it clearly follows that

= U Ty ong) | S (V).

(n1,...,n¢)EA

This completes the proof. ([l

By restricting the size of y and applying Corollary 3.3, we obtain the following
two corollaries. The first one was obtained by V. Ennola [E] (cf. [N], p.25). Readers
may skip it because it is not used in the present paper.

Corollary 3.6. Let z,y € Ryq be such that 2 <y < (log x)%. Then the following
estimate holds:

U(z,y) +1 = — g (1+0(72)).

Yy
()1 (TIY ot ) ogwTog y

Proof. We apply the inequalities of Proposition 3.5. Thus, it suffices to estimate
the expression

x(y) () m(y)

1+ lﬁ)ggz;i =exp | m(y)log | 1+ 711?;:

i=1 i=1

Since log(1+z) < z for z € Ry (recall that the function z — log(1+z) is concave),

() (y)
exp | m(y)log | 1+ 3 REE | | <exp | 7)) D R |
=1 i=1

and it follows immediately from Corollary 3.4 that

m(y)
exp | m(y) D 2 | = exp (TRAL) = exp (0 (452)) -
=1

Note that, for M € Ry, there exists a C' € R such that exp(z) < 1+ Cz for
0 < z < M (recall that the function z — exp(z) is convex). Since the assumption
that 2 <y < (log x)% implies that

2
exp (%gg(i,)) <z <
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we obtain the estimate

exp (0 () =140 (£2).

Finally, it follows from Corollary 3.3 that

y7(y) 2
1+0 ( logx ) =1+0 (logmlogy)
This completes the proof. ([

The second corollary is an exponential version of Proposition 3.5, obtained by
V. Ennola [E] (cf. [N], p. 25).

Corollary 3.7. Let z,y,v € Rsq be such that 2 < y < (logx)Y and v < 1. Then
the following estimate holds:

U(xz,y) = exp (W(y) loglogz —y + O, (m)) .

Proof. We apply the inequalities of Proposition 3.5. Since

(log 2)™®) 7(y) m(y)
log z)™ " o .
—5 - =—exp | 7(y)loglogx — logi — log log p;
o (D o) — P (y)loglog ; g ; glogp; | .
it suffices to estimate the expressions

m(y)

m(y)

m(y)
Zlogz Zloglogpz, 1+ Z lloogTz;i
i=1

First, let us estimate the expression Z logz By applying Stirling’s formula,
we obtain the estimate

m(y)
; logi = <7r(y) + ;) log7(y) — 7 (y) + O(1).

Moreover, by applying Corollary 3.3, together with the estimate log(1+
for M € R+, we obtain the estimates

log m(y) = logy — loglogy + O (10gy)

m(y) + % = (logy + (logy)2 +O( logyy)s)) ’

Then it follows from the above two estimates that
1 log lo, log lo:
(vt + 5 ) omnt) =+ g~ st s+ 0 ()

Thus, we obtain the following estimate

M )< M
logy/ — logy

7(y)
S logi =y - veslony _loslogy 4 o (Y,

Next, let us estimate zﬂ(y) loglog p;. By computing Lebesgue-Stieltjes integrals,
it follows that
m(y)

Y y
Z loglogp; = / loglogt dm(t) = w(y)loglogy — / ;{é;)t dt.
2-0 2-0
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By applying Corollary 3.3 and Lemma 3.2, we obtain the following two estimates

log lo, log lo
m(y)loglogy = % lfgygy + y(loggy)g;y +0 ((logyy)"’) ’

y Yy
w(t) y
/Q_O“Ogtdt /2 0 (ke ) dt = 0 (e ) -
Thus, it follows that
m(y)

_ yloglogy yloglogy Y
Zloglogpl logy + (log y)? +O((10gy)2)'

By combining the above estimates, it immediately follows that

(log z)™®) B ( B ( y ))
ﬂ(y)!_(mr:(g;)logpi) =exp (7(y)loglogz —y + O o) ) -

m(y)
Finally, let us estimate (1 + Z::(‘l{) lf)()gTz;i . By a similar calculation to the
calculation applied in the proof of Corollary 3.6, we obtain the estimate

() 7(y)

1+) e ) e (0(52)).
i=1
<y>_0<y>20( )
log z 1 Y\ (logy)2 )’
y’y

it follows immediately that

Since

m(y)
14 llC;ggZ;i = exp (Ov (W)) '

i=1

This completes the proof. (I
Finally, we give estimates for various versions of V.

Theorem 3.8. Let x,y,y € Ry such that 2 < y = (logx)Y and v < 1. Then the
following estimate holds:

\I'(x,y):exp(( )y+vlogy+0 (logy)Q))
=exp ((7 - 1) (logz)” + =2 l(cl)(;giowg)x + 0O, (%)) .

Proof. By applying Corollary 3.3 and Corollary 3.7, we obtain the following esti-
mate

U(z,y) =exp (lﬂ(y) logy —y + O, (ﬁ))

= (4 (v + sty + 0 (i) ~ v+ O ()
_ 1 Y

=exp (( 1) Y+ ey + 0, ((logyﬁ))

—exp (- 1) Gloga) + 822 + 0, (g,

This completes the proof. O
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Theorem 3.9. Let z,y,7 € Ryo, u € Z>1, and q1, ..., ¢, € *Primes such that, for
i=1,...,u, 2 < ¢ <y=(logz)” and v < 1. Write D := [[}_, q;. Then the
following estimate holds:

V(z,y; D) =exp ((7 - 1) y+ wlogy + Oy ((logy) ))
logx log z)”
=exp ((* - 1) (logz)” + =3 l(ogglog:c + Oy (@JW)) :

Proof. First, we introduce some notation. Let z € R. We denote the largest integer
< z by [z]. Let w; € Ryg\ {1}, wa € Rsg. Then we define log,, wy := log ws

log wy *

1
Note that wlog“’1 = we.

It follows immediately from the definitions that ¥(z,y; D) < ¥(z,y). Next, by
classifying the “x2”’s” that occur in the definition of “¥(z,y)” by the extent of their
divisibility by the ¢;’s, we obtain the following estimate:

S s

Jj1=0 Ju=0

=

< ( (Llogy, =] + 1)) V(2,4 D).

On the other hand, since for p € Primes, logp? > 1, and logz > 1,

H (llog,, x] +1) =exp (Z log ([log,, =] + 1))
<exp (Zu: log(2log x + 1))

i=1

<exp (u(log(3logx)))
1 ad
—exp (05 (2225 )).

Thus, it follows from Theorem 3.8 that

og T ogx)”
\11(3373/1 D) =exp ((% - 1) (IOg x)’)’ + %l(g)gglog?w + O'Yvu ((ltglg;gog)w)r"))

B 1 _ Y
=exp ((v 1) Y+ vlogy + Oru ((1ogy)2)) ’

This completes the proof. ([l

4. Proof of Theorem 2.1

First, for ease of reference, we review the statement of Theorem 2.1:
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Let r € Q; €,Ng,v € Rug; X C V a finite subset which includes
o0o; and Ky . x an (r, e, ¥)-compactly bounded subset (cf. Definition
1.6) such that v < 3. Then there exists an abc-triple (a,b,c) such
that

N(a,b,c) > N07

|abc| > N(?)a,b,c) exp ((log log N(a7b7c))%—7) :

)‘(a,b,c) € KT,E,E-
Before beginning the proof, we recall from §1 that, for r € Q, € € Ry, co € ¥ C
V such that ¥ is a finite subset,
Kees:={r"eQ||r—rl,<e VveI}

It follows immediately from the definition of “K, . x” that, given a finite subset
= C Q, we may assume without loss of generality, in the statement of Theorem
2.1, that r ¢ E and ¢ < 1. In particular, by taking = to be {0,1} we may assume
in the following that 7 # 0,1. Next, let us recall that A\, = —g. Since, for

every abc-triple (a,b,¢), Aa,cp) = 1= Nap,e), and A q.c) = , We may assume

A(a,b,c)
without loss of generality, in the statement of Theorem 2.1, that » > 1. Finally, in

a similar vein, it follows immediately from the definition of “K, . »” that we may
assume without loss of generality, in the statement of Theorem 2.1, that r —e > 1.
Next, we introduce notation as follows:

e Write
X=X\ {oo}.

e Let 6 € Ry be such that
0 < 12.
Then observe that there exists a ¢’ € Ry such that
8 <12, 20> 124

(1+36)2

o Write

D:= ] po

vEX
(so D=1if 3y =0).
e We define ¢ € Primes to be the smallest odd prime number such that
q > No
and, for v € Xy,
q #p’m ||7"||w = 17
where we write
weV

for the g-adic valuation on Q.
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e We define
< €.

- e <=t
max{[[r|lv}vexs = 7

e We define J € Z>; to be the smallest positive integer such that, for v € 3¢,

1 !
HSE,

g € Z>1 to be the smallest positive integer such that

exp (%) <1+¢.

e In the following discussion, we shall construct an element
T € Ryg

which depends only on r, ¢, ¥, Ny, and §. Note that D, ¢, ¢/, J, and g
depend only on r, €, 3, and Ny. Let

z € Rsyy.
Write
y := (log x)%.
We define G € Z>; to be the smallest positive integer such that
G > glogz.

Thus, for a suitable choice of zg, it follows from Theorem 3.9 (where we
take 7 to be 1) that

¥opi D) = exp ((oga)? + 4252+ 0 (2522 )) . ()

e Observe that there exists a unique I € Z such that
LU(z,y;D-q) <GD’q" < U(z,y;D-q). (f2)

It follows immediately from the estimate (f,) that, for a suitable choice of
o, we may suppose that I > 1.

Lemma 4.1. For a suitable choice of xq, there exists a pair of positive integers

(a1,b1) such that
(1) LPN(a1) <y, LPN(b1) <,
(2) (a1,01) =1, (a1,D-q) =1, (b1, D - q) =1,
(3) 1<a; <2, 1<b <,
(4) H%—lﬂvge' forve Xy,
(5) l<b <144,
ay

b 1

(©) CRRTRESY
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Proof. First, let us recall the estimate (f5)
GD’¢' < W(z,y;D - q).
Thus, by considering the residue classes modulo D7¢’ of the set of integers that
appears in the definition of ¥(x,y; D - q), we conclude from the Box Principle that
there exists a sequence of G 4 1 integers 2 < sg < -+ < sg < x such that
LPN(s;) <y fori=0,...,G,
(siyD-q)=1fori=0,...,G,
5 = 5; mod D7¢! fori,j=0,...,G.
_ 1
Next, let us suppose that s;41 > x9legz.g, fori =0,...,G—1. Since G > glogz,
it follows immediately that
_1 _G
x> 8sg>wIlogr g5 1> >qx9logr g0 > x5y >
— a contradiction. Thus, there exists an iy € Z such that

0 S iO S G- 17
_1
Sip < Sig41 S xIlogT 5,

1
Since x9ogr = exp (%) < 1+¢, it follows that
Sip < Sig+1 < (1 + 5,)51'0-

We define a1, b1 € Z>; as follows:

(alybl) = 17
by ._ Sig+1
ay * 31',0 :

Then it follows immediately from the definition of (a1,b1) that (aq,by) satisfies
conditions (1), (2), (3), (4), (5), and (6) of Lemma 4.1. This completes the proof.
(Il

Lemma 4.2. For a suitable choice of xq, there exists a pair of positive integers
as, be) such that

1
2

) LPN(az) <y, LPN(b2) <,

) (az,b2) =1, (az,q) = 1, (b2,q) = 1,

3) 1<as<z,1<by <exp (exp (3(loga:)%)),
4)

5)

||Z—2 — 71|, <e forveXy,

(
(
(
(
(
(

HZL2 - 1”w < L1
az

Proof. First, since ¢ is an odd prime number, there exists an hg € Z such that
(Z/q?Z)* is generated as a group by the image of hgy in (Z/q?Z)*. Note that
(Z/q'Z)* is also generated as a group by the image of hg in (Z/q'Z)*. Thus, it
follows from the Chinese Remainder Theorem that there exists an h € Z>; such
that, for v € Xy,

h =1mod D7, h = hy mod ¢>.
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Next, since ||r|l, = 1, there exists a u € Z such that
”u* %Hw S qi[ <1l

Thus, since (u,q) = 1, and the image of h in (Z/q!Z)* generates (Z/q'Z)*, it
follows that there exists a positive integer n < ¢! such that

h"™ =1 mod D, h" = wmod ¢'.
Let us estimate h™. First, for a suitable choice of xg, we have
h <uy.

Next, it follows from the definition of G and the inequality (},) that

At < qu = exp (qI log y) < exp (lgggﬁixlll(z,y; D. q))
< exp (215’%70&;:\11(35, y; D - q)) .
Finally, it follows from the estimate (f;) that, for a suitable choice of zg,
exp (%\P(x, y; D - q)) < exp (exp (2(10gz)%>> .
Thus, it follows that
h™ < exp (exp (2(log a:)%>> .
We define the pair of positive integers (az,b2) as follows:
(ag,b2) =1,
% =rh".
Since, for v € Xy,
[rh"™ =7y = [I7llo - A" = 1o < |I7[lv - €" <&,
T B T TS (Lt Y P S e

it follows immediately from the definition of (as, by) that (ag, be) satisfies conditions
(2), (4), and (5) of Lemma 4.2.
Let rq, 7, € Z>1 such that

(ra,m)=1,1= :—Z

For a suitable choice of xq, it follows that
re <y<x,TH <Y< exp (exp ((logx)%)) )
Thus, it follows that
1<as<ry <z, 1<by <rph™ <exp (exp ((1 —|—2)(10gx)%)) ,

and hence that (ag, b2) satisfies conditions (1) and (3) of Lemma 4.2. This completes
the proof. O
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Lemma 4.3. For a suitable choice of xq, there exist a pair of positive integers
as,bs) and an a € Zx( such that

1) LPN(a3) <y, LPN(bs) <y,

(
(
(2) (Cl3,b3) = 17 (a’?nq) = 17 ( )
(3) 1<ag <zt 1<b3<a® exp(exp( (log x) %))
(4) Hg—z—rﬂvgeforveil,
b 1
5) 2 — 1], < &,
(6) 0<a<zt

Proof. Tt follows from Lemmas 4.1 and 4.2 that, for a suitable choice of x(, there
exist a pair of positive integers (a1, b;) which satisfies the conditions of Lemma 4.1,
and a pair of positive integers (as, by) which satisfies the conditions of Lemma 4.2.
Since
l<& <l <14=rmdecrde
it follows immediately, by considering the elementary geometry of the real line, that
there exists an o/ € Z such that

/

[e%
12 ()" —rle <e.

1

Next, let us prove that, for v € X,

’
«
I (2)" e 1% (2) 1l

Since v € Xy is a non-archimedean valuation on Q, and (a1, D-q) =1, (b1, D-q) =1,
||% =1, <€, ||Z—1 — 1w < q% (cf. conditions (2), (4), and (6) of Lemma 4.1), it
follows that, for v € Xy,

Oll
) ey 1(2)" — 1 < 4

Thus, since &’ = m < o and (a1, D-q) = 1, (b1,D-q) =1, ||2—§—7"||v <
g, ||Z—§ — 1w < q—I (cf. condition (2) of Lemma 4.1 and conditions (4) and (5) of
Lemma 4.2), it follows that, for v € Xy,
(G -2)] )
ay

a/
O B [CSIC
as al az ay
v

<max{e, &|r|,} <e,
’
by (g)“ 1
as aq

el () ()

1
We define a3, b3 € Z>1,a € Z>( as follows:

ql”
(as,b3) =1,

!
by _ by (1)
ag_az al ’

=|d|.

IN

w

IN
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It follows immediately from the definitions of (ag,b3) and « that (as,bs) and «
satisfy conditions (1), (2), (3), (4), and (5) of Lemma 4.3.

Next, let us estimate «. First, since i < 2—"; <exp (exp (3(log .I)%)) (cf. condi-
tion (3) of Lemma 4.2), and 1 <r —¢& < Z—i < r+e¢, it follows that

b\ b\ Lo
() =) &<ereo

(%)a/ = (2—2)71 Z—i > exp (—exp (3(logx)%)) .

Next, observe that, for a suitable choice of xy, we have
r+e<uox.
Thus, it follows that

exp (— exp (3(10gx)%)> < (%)al < a?,
ie.,
—exp (3(1ogw)%) < o' log (%) < 2logz.
In particular, it follows immediately from the above estimate that
alog (%) = |a/ log (%) | < max{exp (3(logx)%) ,2logx}.

Since, for a suitable choice of x,

2logz < exp (3(10gm)%) ,

we thus conclude that, for a suitable choice of z,
alog (‘;—I) < exp (3(log x)%) .

Moreover, since 1+ 1 <1+ a—ll = “Z—Tl < % (cf. conditions (3) and (5) of Lemma

4.1), and log2 < log (1 + 2)” for = > 1, it follows that

=552 < arlog (14 2) < g (31) < exp (30hog) )

Thus, it follows that, for a suitable choice of xg,

a <zt

i.e., « satisfies condition (6) of Lemma 4.3. This completes the proof. ]

Lemma 4.4. There exists an abc-triple (a,b,c) such that

(1) N(a,b,c) > NO,

(2) |abc| > N(Sa,b,c) exp ((12 - 6')—(loglog N(a’b’c))2> ,

logloglog N(qa,p,c)

(3) )\(a,b,c) S KT,E,E~

Proof. Tt follows from Lemma 4.3 that, for a suitable choice of xq, there exist a pair
of positive integers (a3, bs) and an a € Z>( which satisfy the conditions of Lemma
4.3.

Let

a = as, b:= 763, c:= —a3+ bg.
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Since Z—i >r—¢e > 1 (cf. condition (4) of Lemma 4.3), ¢ # 0. Thus, it follows
from condition (2) of Lemma 4.3 that (a,b,c) is an abc-triple. Next, observe that,
since I > 1, it follows from conditions (2) and (5) of Lemma 4.3 that ¢ | ¢. Since
q| c and Ny < g € Primes, it follows that (a,b, c) satisfies condition (1) of Lemma
4.4, 1.e., Nigp,c) > No. Finally, since A4 p.c) = —g, it follows from condition (4) of
Lemma 4.3 that (a,b,c) satisfies condition (3) of Lemma 4.4. Thus, it suffices to
show that (a, b, c) satisfies condition (2) of Lemma 4.4.

First, since LPN(a3) < y, LPN(b3) < y (cf. condition (1) of Lemma 4.3), it

follows that
II r< I »p=exp(0).

pEPrimes, pEPrimes,
plab p<y
Next, since (as,q) = 1 and Hg—z 1| < q% (cf. the conditions (2) and (5) of Lemma
4.3), and I > 1, it follows that
"

q |c

Thus, it follows from the definition of N, ) that

Nape) = II » [T »|<exp0@) 4.
pEPrimes, pEPrimes,
plab plc

Next, since the positive integers a3z and b3 satisfy the inequalities 2—2 >r—e>1
and Z—'; <r+e¢ (cf. condition (4) of Lemma 4.3), it follows immediately that

[b] > |el, [a] = Tz Ibl.

1
e
Thus, it follows that

3 3
labe| > = lef® > W (N(ape) exp(—=0(y))q")" = C1 (N(ap,e) exp(—0(y))q")"

where we write C7 := m. Next, since logx > logzg > log3 > 1, it follows
from the inequality (f,) that
q! > YzyDq) logz Y(z,y;D-q) L ¥@wiDa) _ o, ¥(2yiDq)
=~ GDJq = (glogz+1)D7q logzx = (9+1)D7q logz logz
where we write Cy := m. Thus, it follows that

N(a,b,c) exp(—0 W (x,y;D- 3 Niab.e) exp(—0(y)) ¥ (z,y;D- 3
|abc|zcl()§( (o) PO ¥y q>) :C3< R C NN q)> 7

where we write C3 := C1Cj. Note that C3 depends only on r, ¢, 3, and Ny. Finally,
it follows from Corollary 3.4 and the estimate (f,) that

exp(—0(y))¥(z,y;D-q)
logx

1
= exp <(logx)é +0 <(1§3§%fg);)2>) :
1 (logz)% (logz)%
exp | (logz)” + 41555 + Oss Tog g 17 - exp(—log log x)

1 1
o (152 + 03 iz )).
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Thus, for a suitable choice of x, it follows that

1
abe > N enp (12 - )52 )

Finally, let us estimate N, ). First, it follows from the estimate of N,y
obtained above, together with the definition of ¢ and the inequality Z—z > 1, that

Nape) < exp(8(y)) - [¢] < exp(6(y)) - []-

Next, for a suitable choice of xg, it follows from Corollary 3.4 and conditions (3)
and (6) of Lemma 4.3 that

exp(6(y)) < exp(2(logz)?),

[b] = b3 < 2= exp (exp (3(log a:)%)) .
Next, for a suitable choice of x, it follows from an elementary calculation that
exp (2(log x)% + exp (3(10g x)%)) <2
Thus, we conclude that, for a suitable choice of xg,
21128

Neape) < ;
i.e.,
loglog Ngp,c) < (1 +26)logx + loglog x.
In particular, for a suitable choice of z, it holds that
loglog N(ap,c) < (1 +39) log .
Next, observe that we may assume without loss of generality that
loglog Ng > exp(2).
Since the function

1
z2
2 e for z € Ry cxp(2)

is strictly monotone increasing, ﬁ > 12 —¢', and N(gp.c) > No, it follows
+38)2

that, for a suitable choice of xg,

1
e (12 9zl )

o 12—§  loglogz+log(1+39) ((1+36)loga¢)%
= &xp (1+35)% log log = log((1+436) log )
1
7y ((14+36) log ) 2
> exp ((12 -9 )1g<<1+35>1wg>>
1
1\ (loglog N(a,b,c)) 2
> exp ((12 -4 )10gloglog N?a,b,@ > .

Thus, it follows that (a, b, ¢) satisfies condition (2) of Lemma 4.4, i.e.,

1
3 1\ (loglog Nig b)) 2
|abe| > N(a,b,c) exp ((12 ) )—log IOglogN(a,b,c>> .

This completes the proof. O
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Proof of Theorem 2.1. Observe that there exists an M € R.( such that, for z €
R>M7

log z
ey <27

Now we apply Lemma 4.4. Observe that we may assume without loss of generality
that

loglog Ny > M.
Since Nqp,¢) > No, it follows that

logloglog N4 b,c
—— g < (loglog Ng p.e))™

Thus, we conclude that

1
3 1\ (loglog Na b)) 2
|abe| > N(a,b,c) exp ((12 -9 )—bgloglogN(a,b’c) )

> N(3a7b)c) exp ((log log N(a’b’c))%—’v) :

as desired. O

5. Related Conjectures

The theory of [ITUTchIV], §1, §2, motivated Mochizuki to propose (orally to the
author) the following conjectures, i.e., to the effect that a version of Masser’s result
(i.e., Theorem 2.2) holds, even when the abe-triple is subject to the further condition
that it lie in a given (r,e,X)-compactly bounded subset K, .. Conjecture 5.2 is a
weakened version of Conjecture 5.1.

Conjecture 5.1. Let r € Q; €, Ng,v € Ryg; X CV a finite subset which includes
oo; and K, .5 an (r,e,X)-compactly bounded subset (cf. Definition 1.6) such that
v < % Then there exists an abc-triple (a,b,c) such that

N(a,b,c) > No,

|abc| > N(3a7b7c) exp ((log N(a’b’c))%_'y) ,
A(a,b,c) S Kr,s,2~
1

Conjecture 5.2. There exists a 9 € Rsq such that vo < 5 and the following

condition holds: Let r € Q; e, Ng € Rug; X CV a finite subset which includes co;
and K, .5 an (r,e,X)-compactly bounded subset (cf. Definition 1.6). Then there
exists an abe-triple (a,b,c) such that

N(a,b,c) > No,
|abc| > N(3a7b)c) exp ((log N(a,b’c))%—“/o) ,
A(a,b,c) € KT,E,Z~

Theorem 2.1 is an even further weakened version of these conjectures.
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6. Appendix: Proof of Theorem 2.2

First, for ease of reference, we review the statement of Theorem 2.2:

Let Ng,v € Rsq be such that v < % Then there exists an abc-triple
(a,b,c) such that

Nap,c) > No,
|abe| > N?mb,c) exp ((log N(a,bﬁ))%*V) .
Next, we introduce notation as follows:
e Let 6 € Ry be such that
0 < 12.

Then observe that there exists a ¢’ € Ry such that

§ <12, (;ig)é% >12-4.
e We define ¢ € Primes to be the smallest odd prime number such that
q > Np.
Write w € V for the g-adic valuation on Q.
e In the following discussion, we shall construct an element
T € Rsg
which depends only on Ny and ¢. Note that g depends only on Ny. Let
T € Rsy,.

Write
y = (log aj)%.
We define G € Z>; to be the smallest positive integer such that

G > logx.

Thus, for a suitable choice of xg, it follows from Theorem 3.9 (where we

take v to be 1) that

W(eyia) = o ((oga) + 4l +0 (2t ). )

e Observe that there exists a unique I € Z such that

%\I/(x,y;q) < Gq' < V(z,y;q). (f2)

It follows immediately from the estimate (1) that, for a suitable choice of

o, we may suppose that I > 1.
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Lemma 6.1. For a suitable choice of xq, there exists a pair of positive integers

(a1,b1) such that

(1) LPN(a1) <y, LPN(b1) <y,

(2) (a1,01) =1, (a1,q9) =1, (b1,9) =1,
(3) 1<a; <z, 1<b <z,

(4) 1< <3,

6 1~ 1y < 3.

Proof. First, let us recall the estimate (1,)
Gq' < ¥(z,y:9).

Thus, by considering the residue classes modulo ¢’ of the set of integers that appears
in the definition of ¥(z,y; q), we conclude from the Box Principle that there exists
a sequence of G + 1 integers 2 < sg < -+ - < sg < x such that
LPN(s;) <y fori=0,...,G,
(siyg) =1fori=0,...,G,
5; = 85 mod ¢! fori,j=0,...,G.

1
Next, let us suppose that s;,1 > xlogz . s; fori =0,...,G — 1. Since G > log z,

it follows immediately that

_1 _G_
T >8> xlo8T s 55 1 > > plogr .50 > x50 >

— a contradiction. Thus, there exists an iy € Z such that

0 S iO S G- 17
_1
Sig < Sigt1 S wlogz g, |

1
Since zlogz = exp(1) < 3, it follows that

Sip < Sig+1 < 3Si0.

We define a1, b1 € Z>; as follows:

(a17b1) = ]-7
by . Sigtt
al : Sio :

Then it follows immediately from the definition of (a1,b1) that (aq,b;) satisfies
conditions (1), (2), (3), (4), and (5) of Lemma 6.1. This completes the proof. [

Lemma 6.2. There exists an abc-triple (a, b, c) such that

(1) N(a,b,c) > NO,

1
(10 N a,b,c )E
(2) |CLbC‘ > N(?)a,b,c) €Xp ((12 - 6/) logglog(Nl(),,,;)c)> .
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Proof. 1t follows from Lemma 6.1 that, for a suitable choice of x(, there exists a
pair of positive integers (a1, b;) which satisfies the conditions of Lemma 6.1.
Let

a:=ay, b:=—-by, c:=—ay + by.

Since 2—1 > 1 (cf. condition (4) of Lemma 6.1), ¢ # 0. Thus, it follows from
condition (2) of Lemma 6.1 that (a,b,c) is an abe-triple. Next, observe that, since
I > 1, it follows from conditions (2) and (5) of Lemma 6.1 that ¢ | ¢. Since ¢q | ¢
and Ny < ¢ € Primes, it follows that (a, b, ¢) satisfies condition (1) of Lemma 6.2,
i.e., Nap,e) > No. Thus, it suffices to show that (a,b,c) satisfies condition (2) of
Lemma 6.2.

First, since LPN(a;) < y, LPN(b;) < y (cf. condition (1) of Lemma 6.1), it
follows that

II r< I »p=e0).
pEPrimes, pEPrimes,
plab p<y
Next, since (a1,¢) = 1 and Hg—ll — 1w < q—lf (cf. conditions (2) and (5) of Lemma
6.1), and I > 1, it follows that
"

q |c

Thus, it follows from the definition of N, ) that

Nape) = II » [T »|<e0w) - 44
pEPrimes, pEPrimes,
plab ple

Next, since the positive integers a; and b; satisfy the inequalities 2—1 > 1 and Z—i <3
(cf. condition (4) of Lemma 6.1), it follows immediately that

[l > lcl, |al > 3[b]-

Thus, it follows that

3 3
jabe| > §le® > 55 (Nab.c) exp(=0(y))a")" = C1 (Niap.e) exp(—0(y))a" )",

where we write C = ﬁ. Next, since logx > logxg > log3 > 1, it follows from

the inequality (I,) that

IS ¥(z,y59) logz  ¥(z,y39) 1 Y(zyiq) _ V(z,y;9)
q = Gq 2 (logz+1)q logx Z2q log x _02 logz

where we write C := i. Thus, it follows that

labe| > 0105’ (N(a,b,c) exp(*ﬁ(y))‘I’(ﬂmy;q))3 — Oy (N(a‘b,c) exp(*f?(y))‘If(ﬂfay;q))3

log z log x
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where we write C3 := C;C3. Note that C3 depends only on Ng. Finally, it follows
from Corollary 3.4 and the estimate (f,) that

exp(=0(y))¥(z,y;q)
logx

1 ogx 3
exp < (logz)2 + O <(1£)1g%0g)3f)2>) :
1 (log ) 2 (log z)%
exp | (logz)2 —|—4loglogw T O Goglog 2 - exp(— loglog x)
1
— oo (42 40 (2 ) ).
Thus, for a suitable choice of xq, it follows that

1
|abe| > N(saybp) exp <(12 —9) gé(;gl:;zf) :

Finally, let us estimate N, ). First, it follows from the estimate of Nap,c)

obtained above, together with the definition of ¢ and the mequahty > 1, that
Nap,e) < exp(0(y)) - |c| < exp(0(y)) - [b].

Next, for a suitable choice of zg, it follows from Corollary 3.4 and condition (3) of
Lemma 6.1 that

exp(f(y)) < exp(2(logz)?),

Next, for a suitable choice of x, it follows from an elementary calculation that

exp (2(log :c)%) < a°.
Thus, we conclude that
Nape) < '™
ie.,
log Nap,e) < (14 6)log .
Next, observe that we may assume without loss of generality that
log Ny > exp(2).

Since the function

Z > for z € Ry cxp(2)

> 12—4', and N4,y > No, it follows that,

log z

is strictly monotone increasing, S
(1+6)§
for a suitable choice of zg,

0 ((12 o)fesl )

. loglogz+tlog(1+4) = ((149) 10gz)%
(1+5)2 log log " Tog((1+90) log z)

146) log z)
> <12 6 log((l-‘ré)glogm))
( (12 —

m\»—‘

10g N(a b, c))
loglog N(a,b,c)
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Thus, it follows that (a, b, ¢) satisfies condition (2) of Lemma 6.2, i.e.,

1
3 (log N(a,b,c)) 2
jabe| > NP, ) exp <(12 - 5)1g1g(N<)>> '

This completes the proof. (Il

Proof of Theorem 2.2. Observe that there exists an M € Rs( such that, for z €
R>M7

Now we apply Lemma 6.2. Observe that we may assume without loss of generality
that

log No > M.
Since N, p,c) > No, it follows that

log log N(a,b,c)
120/ < (log Nia,b,e))”-

Thus, we conclude that

1
(10 Na, ,C )5
labe| > NE, ;. exp ((12 - 5’)logglog<N§ay’b,C)>

1_
> N(Q)’a,b’c) exp ((log Nape))? 7) ’
as desired. O
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