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COHOMOLOGY OF THE GEOMETRIC FUNDAMENTAL
GROUP OF HYPERBOLIC POLYCURVES

KOICHIRO SAWADA

ABSTRACT. In the present paper, we study the cohomology groups of profinite
groups obtained by successive extensions of families of (pro-X) surface groups.
As an application, we show, among others, that the dimension of a hyperbolic
polycurve (i.e., a successive extension of a family of hyperbolic curves) over a
field can be reconstructed group-theoretically from its geometric fundamental

group.
Introduction

Let p be a prime number, k a field of characteristic zero, k an algebraic closure
of k, Gy := Gal(k/k) the absolute Galois group of k, and X a variety over k.
Then the structure morphism X — Speck induces a natural (outer) surjection
71 (X) = Gi. Write Axy, for the kernel of the surjection 7 (X) — G} and A’;(/k,
for the maximal pro-p quotient of Ay /. A. Grothendieck proposed that, for certain
types of k, if X is “an anabelian variety” over k, then the isomorphism class of X
may be completely determined by 71 (X) — Gy, (cf. [2],[3]). In [4], the Grothendieck
conjecture for successive extensions of families of hyperbolic curves (hereinafter
called “hyperbolic polycurves”, cf. Definition 2.1(ii)) of dimension < 4 was proved.
Moreover, in [11], we studied the pro-p version of the Grothendieck conjecture, and
obtained a similar result for hyperbolic polycurves satisfying condition (x), (cf.
Definition 2.5).

On the other hand, the Grothendieck conjecture for hyperbolic polycurves of di-
mension > 5 is still open. However, even if the dimension is greater than 4, the étale
fundamental group of a hyperbolic polycurve may have various geometric informa-
tion. In the present paper, we discuss reconstruction of geometric invariants from

the cohomology groups of Ay, (resp. A% /k), where X is a hyperbolic polycurve

over k (resp. a hyperbolic polycurve over k satisfying condition (x),). Note that in
this case, A x/;, (resp. A% / «) is a successive extension of a family of (profinite (resp.
pro-p)) surface groups. Here, we refer to a profinite group which is isomorphic to
the maximal pro-X quotient (where ¥ is a nonempty set of prime numbers) of the
étale fundamental group of a hyperbolic curve over an algebraically closed field of
characteristic zero as a (pro-3) surface group (cf. [7] Definition 1.2). So we consider
successive extensions of families of surface groups. The following is the main result
of the present paper.

2010 Mathematics Subject Classification. 20J06, 14H30.
Key words and phrases. profinite group cohomology, étale fundamental group, hyperbolic poly-
curve, anabelian geometry.
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Theorem A (cf. Theorem 2.15). Let (G, (G;)o<j<n,(Xj)1<j<n) be a successive
extension of surface groups (cf. Definition 2.6) and m a nonnegative integer. Write
Y= ﬂ?zl Y. Suppose that ¥ # (). Then the following conditions are equivalent:
(1) m=n.
(2) For any positive real number M, there exists an open subgroup V C G of G
such that, for any open subgroup U C V of V', any nonzero finite X-torsion

U-module A, and any nonnegative integer i such that i # m, it holds that
log(§H™ (U, A)) > Mlog(H’ (U, A)).

The following result follows immediately from Theorem A.

Corollary B (cf. Corollary 2.16). Let X be a hyperbolic polycurve over k (resp.
a hyperbolic polycurve over k satisfying condition (x),). Then the dimension of X
can be reconstructed group-theoretically from Ax i, (resp. A& /k,).

Remark B.1. In the special case that X/k is a configuration space of a hyperbolic
curve over k (cf. e.g., [7] Definition 2.1), it has already been verified in [5] that
the dimension can be reconstructed group-theoretically from A X/k,Ag( e (The
reconstruction algorithm in [5] is different from our algorithm.)

The following generalization of Corollary B also follows from Theorem A.

Theorem C (cf. Corollary 2.20). Let p be a prime number, X, Y hyperbolic poly-
curves over k (resp. hyperbolic polycurves over k satisfying condition (x),), and
X = Xgim(x) — -+ — X2 — X1 — Speck = X,
Y =Yiimy) = — Y2 =1 — Speck =Y)
sequences of parametrizing morphisms (cf. Definition 2.1(ii)). Suppose that there
exists an injective homomorphism Ax, — Ay, (resp. Aé’(/k — Af,/k) such that
the image is normal in Ay, (resp. Af,/k). Then it holds that dim(X) < dim(Y),
#{j | Xj41 — X, : proper} < t{j | Y41 — Y, : proper}. Moreover, if dim(X) =
dim(Y'), then Ax/, — Ay, (resp. A’)’(/k — A’;//k) is open.

On the other hand, by characterizing the condition that X is proper over k
group-theoretically (by the method different from that of Theorem C), we obtain
the following result.

Theorem D (cf. Corollary 2.24). Let p be a prime number and X,Y hyperbolic
polycurves over k (resp. hyperbolic polycurves over k satisfying condition (x),).
Suppose that there exists an injective homomorphism Ax i, — Ay, (resp. A?{/k —

Aﬁ),/k) such that the image is normal in Ay, (resp. Af,/k). Suppose, moreover,
that Y is proper over k. Then X is proper over k.

1. CoHOMOLOGY GROUPS OF PROFINITE GROUPS

In the present §1, we study generalities on the cohomology groups of profinite
groups. Let us fix a real number g > 1. Let Primes be the set of all prime numbers.
Definition 1.1. Let G be a profinite group.

(i) A G-module A is a discrete abelian group A together with a continuous
action of G on A.
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(ii) Let A be a G-module. Then we shall write
H"(G,A)

for the n-th cohomology group of G with coefficients in A. (For convenience,
we set H"(G, A) := {0} for all n < 0.)

Theorem 1.2 (Hochschild-Serre spectral sequence (cf. e.g., [8] Theorem (2.4.1))).
Let G be a profinite group, H C G a normal closed subgroup of G, and A a G-
module. Then there exists a spectral sequence

EY = H(G/H, H'(H, A)) = H (G, A).
It is called the Hochshild-Serre spectral sequence.
Definition 1.3. Let G be a profinite group.

(i) Let A be a G-module. For each integer i, we shall write
H(G, A) = log, (HH(G, 4).

(ii) Let A be a G-module. Suppose that h*(G,A) < oo for any integer 4, and
that hi(G, A) = 0 for all but finitely many integers i. Then we shall write

oo
X(G,A) :=> (~1)'h'(G, A).
i=0
In this case, we shall say that “x(G, A) is defined”.

(iii) Let ¥ C Primes be a nonempty subset of Primes. Suppose that there exists
a (unique) constant b € R such that, for any Y-torsion G-module A (i.e.,
for any a € A, there exists a positive integer n such that na = 0 and that
every prime factor of n is contained in X), it holds that x(G, A) is defined,
and that x(G, A) = blog,(#A). Then we shall write

xz(G) :=b.
In this case, we shall say that “x5(G) is defined”.
Remark 1.3.1.

(i) For the purpose of this paper, we can choose any ¢ > 1. For this reason,
we sometimes specify that ¢ = p in order to simplify calculations when we
consider the case where A is a p-primary group (i.e., {p}-torsion group).

(ii) It is clear by definition that if x5 (G) is defined, then xy(G) does not
depend on ¢ and x5 (G) € Z. Moreover, if x5 (G) is defined, then, for any
nonempty subset ¥’ C ¥ of X, x5/ (G) is also defined and it holds that
Xz (G) = xx(G).

(iii) If G is a pro-p group such that x (G, F,) is defined, then it is well-known that
X {p}(G) is defined. The value x {p}(G) is often called the Euler-Poincaré
characteristic of G (cf. e.g., [12] §4.1).

Lemma 1.4. Let ¥ C Primes be a nonempty subset of Primes. Then the following
hold:

(i) Let G be a profinite group and U an open subgroup of G. Suppose that
X5(G) is defined. Then xx(U) is also defined, and it holds that x5 (U) =
(G : Ulxs(G).
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(ii) Let 1 — G1 — G2 — G3 — 1 be a short exact sequence of profinite groups.
Suppose that x5, (G3) is defined. Then for any finite X-torsion Ga-module
A, if x(G1,A) is defined, then x(Ga, A) is also defined, and it holds that
x(G2,A) = x(G1,4) - xx(Gs). In particular, if x5(G1) is defined, then
X5 (Gz2) is also defined, and it holds that x5 (G2) = x5 (G1) - X5=(G3).

Proof. First, we verify assertion (i). Let A be a finite X-torsion U-module. Then it

holds that log, (# Indg A) = G : U]log, ($A). Thus, since H!(U, A) = H(G, Indg, A)

and Indg A is a finite X-torsion G-module, x (U, A) is defined, and it holds that
X(U, A) = x(G,Indg; A) = x5 (G) log, (1 Indg; A) = [G : Ulxs(G) log, (44).

This implies that x5 (U) = [G : U]xs(G). This completes the proof of assertion
(). Next, we verify assertion (ii). Let A be a finite X-torsion Go-module. Let us
consider the Hochschild-Serre spectral sequence

EY = H'(Gs,H’(G1,A)) = H™(Ga, A).

Note that for any nonnegative integer j, H7(Gy, A) is a finite ¥-torsion G'3-module.
Since x5 (G3) and x(G1, A) are defined, x(G2, A) is also defined. Now it holds that
D (1) log, (B

i=0

(71)’L+]h2(G37HJ(G1aA))
=0
= (1) x5(G3) - W (G4, A).

This implies that 3375 _,(—1)"*7 log, (tEY) = x(G1, A)-x5(G3). On the other hand,

one verifies easily that Zf}zo(—l)i+j log, (§Ei7) does not depend on r > 2. Thus,
it holds that x (G2, A) = 375 _o(—1)"" log,(tEY) = x(G1, A) - x5(G3). If x5(G1)

is defined, then we have x(Ga, A) = x(G1,A4) - x5(G3) = x5(G1) - x5 (G3) log, (£A),
which implies that x5, (G2) = x5 (G1) X5 (G3). This completes the proof of assertion
(ii). O
Lemma 1.5 ([11] Lemma 2.17(i)). Let G be a profinite group, H C G a closed

subgroup of G, and V. C H an open subgroup of H. Then there exists an open
subgroup U C G of G such that V. = HNU.

Lemma 1.6. Let p be a prime number and G a profinite group. Suppose that
cd, G < oo. Then there exists an open subgroup U C G of G such that H*» ¢ (U, F),) #
{0}.

Proof. Let G}, C G be a Sylow p-subgroup of G. Then it follows from [8] Corollary
(3.3.6), Proposition (3.3.2) that H°¥%%(G,,F,) # {0}. On the other hand, it
follows from [10] Proposition 2.1.4(d), together with [8] Proposition (1.5.1), that
H%C(G,,F,) = liL)nU He» % (U,F,), where U runs over all open subgroups of
G containing G,. Thus, there exists an open subgroup U C G of G such that
H»(U,F,) # {0}. This completes the proof of Lemma 1.6. O

Lemma 1.7 ([8] Proposition (3.3.8)). Let p be a prime number, G a profinite
group, and H C G a normal closed subgroup of G. Then it holds that cd, G <
cd,(G/H) + cdp H. If ¢d,(G/H) < oo and cd, H < oo, and if H*%H(U,F,) is
finite for any open subgroup U C H of H, then the equality holds.
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Lemma 1.8 ([8] Theorem (3.3.9)). Let p be a prime number, G a profinite group,
and N C G a normal closed subgroup of G. Suppose that cd, G < oo, and that
H% N(N.F,) is finite and nonzero. Then it holds that ved,(G/N) = c¢d, G—cd, N
(i.e., there exists an open subgroup U C G/N of G/N such that ¢d, U = cd, G —
cd, N).

Corollary 1.9. Let p be a prime number, G a profinite group, and N C G a normal
closed subgroup of G. Suppose that cd, N < oo, and that Hede N(U, F,) is finite for
any open subgroup U C N of N. Then it holds that ved,(G/N) = ved, G —cd, N.

Proof. If ved, G = oo, then it follows from Lemma 1.7 that ved,(G/N) = oo.
Now suppose that ved, G < oco. Let W C G be an open subgroup of G such
that cd, W = ved, G < oo. Then it follows from Lemma 1.6 that there exists an
open subgroup U C N N W of N N W such that H*»N(U,F,) # {0}. Now it
follows from Lemma 1.5 that there exists an open subgroup V' C W of W such that
VNN =U. Then V/U is an open subgroup of G/N. Moreover, it follows from
Lemma 1.8 that ved,(V/U) =cdp, V —¢d, U = c¢d, W — cd,, N. Thus, we conclude
that ved,(G/N) = ved, G — cdp, N. This completes the proof of Corollary 1.9. O

2. RECONSTRUCTION OF INVARIANTS FROM COHOMOLOGY GROUPS

In the present §2, we consider reconstruction of invariants of certain profinite
groups from their cohomology groups. As an application, we prove, among others,
that the dimension of a hyperbolic polycurve (cf. Definition 2.1(ii)) over a field of
characteristic zero can be reconstructed from its geometric fundamental group (cf.
Corollary 2.16). Let us fix ¢ > 1. Let k be a field of characteristic zero and Primes
the set of all prime numbers.

Definition 2.1 (cf. [4] Definition 2.1). Let S be a scheme and X a scheme over S.

(i) We shall say that X is a hyperbolic curve (of type (g,r)) over S if there
exist
e a pair of nonnegative integers (g, 7);
e a scheme X°P' which is smooth, proper, geometrically connected, and
of relative dimension one over S;
e a (possibly empty) closed subscheme D C X°P* of X°P* which is finite
and étale over S
such that
¢ 29—2+1r>0;
e any geometric fiber of X°P* — S is (a necessarily smooth proper curve)
of genus g;
e the finite étale covering D «— X°P* — § is of degree r;
e X is isomorphic to X°P*\ D over S.
(ii) We shall say that X is a hyperbolic polycurve (of relative dimension n)
over S if there exist a positive integer n and a (not necessarily unique)
factorization of the structure morphism X — §

X=X, - X 1——=Xo—- X1 —-5=Xp
such that, for each i = 1,...,n, X; — X;_1 is a hyperbolic curve. We
shall refer to the above morphism X — X,,_1 as a parametrizing morphism

for X and refer to the above factorization of X — S as a sequence of
parametrizing morphisms.
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Remark 2.1.1. A sequence of parametrizing morphisms of X — S
X=X,—- X, 1—--—=-Xo—=>X;->5=X,

is not necessarily unique, but, when we call X/S a hyperbolic polycurve, we always
fix a sequence of parametrizing morphisms of X — S unless otherwise specified.

Definition 2.2. Let X,Y be connected noetherian schemes and f : X — Y a
morphism. Then we shall write

Af = Ax/y C 7T1(X)

for the kernel of the outer homomorphism 71(X) — 71(Y) between étale funda-
mental groups induced by f.

Remark 2.2.1 (cf. [11] Remark 2.8). Let S be a connected noetherian separated
normal scheme over k, and X a hyperbolic polycurve of relative dimension n over
S. Then, for any triplet of integers (i,7,1) such that 0 < i < j <1 < n, we obtain
a natural exact sequence of profinite groups

1= Axx; = Axyyx, = Ax,yx, = 1

Definition 2.3. Let G be a group and ¥ C Primes a subset of Primes. Then we
shall write

GZ
for the pro-3 completion of GG. Note that if G is a topologically finitely generated
profinite group, then, since every homomorphism from G to any finite group is
continuous (cf. [9] Theorem 1.1), G* is the maximal pro-% quotient of G. Let p be
a prime number. Then we shall write simply

GP
for the pro-p group G?}. Moreover, we shall write simply
G/\

Primes

for the profinite group G
Definition 2.4. Let (g,7) be a pair of nonnegative integers. Then we shall write

Hg,'r‘ = <Ck1,...,Oég7ﬁ1,...,,89,’}/17...7’}/r | [alaﬁl] "'[agaﬂg]"r/l""}/r = 1>
Note that if r > 0, then Il , is a free group of rank 2¢g +r — 1.

Remark 2.4.1. Let S be a connected noetherian separated normal scheme over k, X
a hyperbolic curve of type (g,r) over S, and ¥ C Primes a subset of Primes. Then
it holds that A)E(/S =117, (cf. e.g., [13] Proposition (1.1)(i), [4] Proposition 2.4(ii)).
This profinite group is sometimes called a (pro-X) surface group (cf. [7] Definition
1.2). Note that any open subgroup of pro-3 surface group is pro-3 surface group.

Definition 2.5 (cf. [11] Definition 2.10). Let p be a prime number, n a positive
integer, S a connected noetherian separated normal scheme over k, and X a hy-
perbolic polycurve of relative dimension n over S. We shall say that X /S satisfies
condition (*), if for any triplet of integers (i, 7,1) such that 0 < ¢ < j <[ < n, the
sequence of profinite groups

1 — AP

X,/X; A?(,/Xi - A?(j/xi —1

is exact.
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Remark 2.5.1. The validity of conditions (*), depends on the sequence of parametriz-
ing morphisms (at least by definition). So, precisely, we should say that

X=X,—-X 11— —=Xo—> X1 = 5=X
satisfies condition (x),, but we shall say as in Definition 2.5 for simplicity.

Remark 2.5.2. If X/S satisfies condition (x),, then Ax,g admits various group-
theoretic properties (cf. e.g., Corollary 2.8, [11] Proposition 2.16(iii)). However, it
is unknown whether the validity of condition (x), for X/S only depends on the
profinite group Ax /g or not.

Definition 2.6. Let n be a positive integer. A successive extension of surface
groups is data (G, (Gj)o<j<n, (Ej)1<j<n) consisting of

e a profinite group Gj

e a sequence of profinite groups (G;)o<;j<n;

e a sequence of nonempty sets of prime numbers (X;)1<;<n

such that

e Go=G, G, ={1};

o for any integer j such that 1 < j < n, G; is a normal closed subgroup
of G,_1, and, moreover, there exists a pair of nonnegative integers (g;, ;)
such that 2g; —2+4r; >0 and G;_1/G; = Hi{rj.

We shall refer to n as the dimension of (G, (G;)o<j<n,(Z;)1<j<n). For a prime
number p, we shall refer ton,, := #{j | p € 3;} as the p-dimension of (G, (G;)o<j<n; (Xj)1<j<n)-

Ezample 2.6.1. Let n be a positive integer, S a connected noetherian separated
normal scheme over k, and X a hyperbolic polycurve of relative dimension n over
S. Then the data (Ax;s, (Ax/x;)o<j<n, (Primes)i1<j<y,) is a successive extension
of surface groups of dimension n. If, moreover, X/S satisfies condition (x), (where
p is a prime number), then (Ag(/sv (Agg/xj)ogjgm ({p})i<j<n) is also a successive
extension of surface groups of dimension n.

Remark 2.6.2.

(i) If a profinite group G has two structures of successive extensions of sur-
face groups (G, (Gjo<j<n, (Bi)i<j<n), (G5 (Ghogj<nss (3))1<j<nr), it s
unknown (at least by definition) that they have the same dimension (or
p-dimension).

(i) Let (G, (G)o<j<n, (3j)1<j<n) be a successive extension of surface groups
and U C G an open subgroup of G. Then U has a natural structure of a
successive extension of surface groups (U, (UNG;)o<j<n, (X;)1<j<n). More-
over, for each integer i such that 0 < i < n, G; C G has a natural structure
of a successive extension of surface groups (Gi, (Git;)o<j<n—i, (Zitj)1<j<n—i)-

(ili) Since it holds that ¥; = {p € Primes | (G;_1/G;)? # {1}}, the sequence
(Zj)lgjgn of (G, (Gj)ogjgn, (Ej)lgjgn) is determined by (G, (Gj)ogjgn).

Proposition 2.7. Let ¥ C Primes be a nonempty subset of Primes and (g,7) a
pair of nonnegative integers such that 2g — 2 +r > 0. Then the following hold:
(i) Foranyp € X, ifr >0, then cdp(I17,) = 1, and if r = 0, then cd,(IT},) =
2.
(ii) For any X-torsion ngyr—module A and any nonnegative integer i, the natural
A) — HY(IT)

homomorphism H* (11> o

e A) is an isomorphism.
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(ili) For any finite XS-torsion 11} ,.-module A, it holds that h°(I13 ., A) < log,(§A),
h2(IT5,., A) < log,(8A).

(iv) xg(17,) is defined, and it holds that xx(IT};,) =2 —2g —r.

Proof. Assertion (i) is well-known (cf. e.g., [12] §3.4, [1] Corollary 17). Assertion
(ii) follows from assertion (i) and [1] Lemma 12 if » > 0, and follows from [1]
Proposition 16 if r = 0. We verify assertions (iii) and (iv). Let A be a finite
Y-torsion Hir—module. Let us consider the cohomology groups H i(Hg’h A) of the
discrete group II,; .. Then it follows from [1] Lemma 13, Proposition 14 that for
any nonnegative integer ¢, the natural homomorphism Hi(ng, A) — Hi(Il,,, A)
is an isomorphism.

First, suppose that » = 0. Then it follows from [6] §11 that the Z[II, ,]-module
Z with trivial 11, .-action has a finite free resolution

0— z[,,] — Z[,,]%%9 - Z[,,] — Z — 0.

Thus, H (11, A) = EXt%[Hg,T] (Z, A) is the i-th cohomology group of the complex

Homz[ng,r] (Z[HQ»TL A) — HOHIZ[HQ’T] (Z[Hg’r]@Qg, A) — Homz[n ](Z[Hg,r}v A) — 0

g,r

This implies that

tH (T, A) - $H*(IT, ,, A) A -£A
$H(T1, ., A)  $A®2g

g,T»

gHO (I, A) < $A, 1H?(I1y,, A) < £A, = ($A4)*"%.

This completes the proof of assertions (iii) and (iv) in the case r = 0.
Next, suppose that » > 0. Then, since Il , is a free group of rank 2g +r — 1,
the Z[I1, ,]-module Z with trivial II; ,-action has a finite free resolution
0 — Z[, %% ! - zZ[,,] - Z — 0.
Thus, it follows from an argument similar to the above argument that
HO(1I, ., A) gA
H(1l,,,A) <tA HQH,,A:1<Aﬁ e = = (§4)>~ 2.
ﬁ ( g,m» )7ﬁ 7ﬁ ( g,m ) fﬁ ) ﬂHl(Hg7r,A) ﬂA@QQ"'T_l (ﬁ )

This completes the proof of assertions (iii) and (iv) in the case r > 0, hence also of
Proposition 2.7. (]

Corollary 2.8. Let p be a prime number, S a connected noetherian separated
normal scheme over k, X a hyperbolic polycurve over S satisfying condition (x),,
and A a p-primary Aé’(/s—module. Then, for any nonnegative integer i, the natural

homomorphism Hi(AI))(/S,A) — Hi(AX/S, A) is an isomorphism.

Proof. Write n for the relative dimension of the hyperbolic polycurve X/S. We
verify Corollary 2.8 by induction on n. If n = 1, then Corollary 2.8 follows from
Proposition 2.7(ii). Now suppose that n > 2, and that the induction hypothesis
is in force. Then it follows from a construction of the Hochschild-Serre spectral
sequence (cf. [8] Theorem (2.4.1)) that there exists a natural isomorphism between
two Hochschild-Serre spectral sequences obtained by the exact sequences of profinite
groups

1—=Ax/x, 7 Ax/s 7 Ax,ys =1, 1 — Aﬁ(/xl — A?{/S — A])DQ/S — 1.

This completes the proof of Corollary 2.8. (]
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Corollary 2.9. Let (G, (G))o<j<n, (2;)1<j<n) be a successive extension of surface
groups. Suppose that ¥ := ﬂ?:l Y; # 0. Then xx(G) is defined, and it holds that

Xs(G) = Iljo1 x2(G-1/Gj).
Proof. This follows from Lemma 1.4(ii), Proposition 2.7(iv). O

Lemma 2.10. Let (G, (G})o<j<n; (£j)1<j<n) be a successive extension of surface
groups and A a finite G-module. Then, for any nonnegative integer i, H'(G, A) is
finite.

Proof. We verify Lemma 2.10 by induction on n. If n = 1 and p € ¥, then Lemma
2.10 follows from Proposition 2.7. If n = 1 and p ¢ %4, then since c¢d, G = 0,
Lemma 2.10 follows from the fact that H(G, A) = AY. Now suppose that n > 2,
and that the induction hypothesis is in force. Then Lemma 2.10 follows from the
Hochschild-Serre spectral sequence. This completes the proof of Lemma 2.10. [

Corollary 2.11. Let p be a prime number and (G, (G;)o<j<n, (Lj)1<j<n) @ Succes-
sive extension of surface groups. Then it holds that cd, G = Z?zl cd,(G-1/Gj).

Proof. This follows from Lemma 1.7, Lemma 2.10. U

Lemma 2.12. Let (G, (G})o<j<n; (£j)1<j<n) be a successive extension of surface
groups, M a positive real number, and A a finite G-module. Then there exists
an open subgroup U C G of G such that, for any integers i,j such that i > 0
and 0 < j < n, U;—1/U; acts trivially on H*(U;, A), and, moreover, it holds that
—Xx,; (Uj-1/U;) > M, where we write U; := U NG for each integer j such that
0<j<n.

Proof. We verify Lemma 2.12 by induction on n. If n = 1, then, since —xy,, (G)>1
(cf. Proposition 2.7(iv)), it follows from Lemma 1.4(i) that an open subgroup U C G
of G such that [G : U] > M satisfies the conditions appearing in the statement of
Lemma 2.12. Now suppose that n > 2, and that the induction hypothesis is in force.
Then it follows from the induction hypothesis that there exists an open subgroup
V C G of Gy such that, for any integers 7, j such that i > 0and 1 < j < n, V;_1/V;
acts trivially on H'(V;, A), and, moreover, it holds that _ng(v}‘fl/vj) > M,
where we write V; := V N G, for each integer j such that 1 < j < n. Then it
follows from Lemma 1.5 that there exists an open subgroup W C G of G such that
W NGy = V. On the other hand, it follows from Proposition 2.7(i) and Corollary
2.11 that ¢cdV; < cdG = sup,, cdp, G < 2n < oo, which implies that for all but
finitely many integers 4, it holds that H*(V;, A) = {0}. Moreover, it follows from
Lemma 2.10 that H'(V;, A) is finite. Thus, there exists an open subgroup H C W/V
of W/V such that for any nonnegative integer i, H acts trivially on H*(Vi, A). By
replacing H by an open subgroup of W/V contained in H if necessary, we may
assume that [W/V : H|] > M. Then it follows from Lemma 1.4(i) and Proposition
2.7(iv) that —xy, (H) > M.

Write U C W for the inverse image of H C W/V by the natural surjection
W — W/V, and U; := U N G, for each integer j such that 0 < j < n. Then
since V. C U C W, it holds that U; = U NGy, = V, which implies that, for each
integer j such that 1 < j < n, it holds that U; = V;. Moreover, it holds that
Up/Uy =U/V = HC W/V. Thus, it follows from our choice of V and H that U
satisfies the conditions appearing in the statement of Lemma 2.12. This completes
the proof of Lemma 2.12. O
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Proposition 2.13. Let (G, (G})o<j<n, (Zj)1<j<n) be a successive extension of sur-
face groups and ¥ C Primes a nonempty subset of Primes. Then the following
conditions are equivalent:

(1) TN, %

(2) x5(G) is defined.

(3) For each p € ¥ and for any open subgroup U C G of G, it holds that
x(U,F,) =[G : Ulx(G,F,), where the action of G on F,, is trivial.

In particular, (\;_, X; is completely determined by the profinite group G.

=1

Proof. The implication (1) = (2) follows from Corollary 2.9, and the implication
(2) = (3) follows from Lemma 1.4(i). Now we verify the implication (3) = (1).
Suppose that X ¢ ﬂ;;l Y;. Let p be a prime number such that p € ¥\ ﬂ?zl ;.
Write [ for the minimum integer [ such that 1 <1 <n and p ¢ ¥;. Then it follows
from Lemma 2.12 that there exists an open subgroup V C G of G such that, for
any integers 4, j such that i > 0 and 0 < j < n, V;_1/V; acts trivially on H(V;, A),
where we write V; := V N G; for each integer j such that 0 < j < n.

Let W € Vj,—1/V}, be a proper open subgroup of Vj,_1/V},. Then it follows from
Lemma 1.5 that there exists an open subgroup U C V of V such that, if we write
U; := UNV; for each integer j such that 0 < j < n, then U,y C V},—1 is the inverse
image of W C V,,_1/V}, by the surjection V;,_1 — Vj,—1/Vi,. Note that since
Ui,—1 D Vj,, it holds that U; = V; for each integer j such that Iy < j < n. Now it
follows from our choice of Iy, U, V that for each integer j such that 1 < j < nand p ¢
¥, Vj_1/Vj (resp. Uj_1/U;) acts trivially on H*(V;,F,) (resp. H'(U;,F,)). Thus,
if p ¢ 3, then it holds that H*(V;_1,F,) 2 H'(V;,F,), H(U;_1,F,) & H (U;,F,).
In particular, if p ¢ 3;, then it holds that x(V;_1,F,) = x(V;,F)), x(U;-1,Fp) =
Xx(U;,F). On the other hand, if p € ¥;, then it follows from Lemma 1.4(ii) that
X(Vi—1,Fp) = x(Vi, F) - x 0 (Vi1 /V5), x(Uj-1,Fp) = x(Uj, ) - xq, (Uj=1/Uj).
This implies that

X(V.Fy) =log,p- [ Xppp (Vie1/Vi)(# 0),x(U,F,) =log,p- [ Xppy (Ui=1/U)).

1<j<n 1<j<n
PEX; PEX;

Thus, it follows from Lemma 1.4(i) that

x(V,Fy) 155<n X{p}(vj—l/vj)

PEEj
_ " Xy Ui=1/Uj)
=1 X{p}(vjfl/vj)

lo—1

= H Vi-1/Vj : Uj—1/Uj]

_ [V : U] .
= [Vlo—l/Vlo : Ulo—l/UlO} # [V : U],

On the other hand, if condition (3) holds, then we have
x(U,Fp) =[G:Ulx(G,Fp) =[V:U]-[G:VI|x(G,Fp) =[V:Ulx(V,Fp).
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This completes the proof of the implication (3) = (1), hence also of Proposition
2.13. d

Lemma 2.14. Let p be a prime number, (G, (G;)o<j<n,(E;)1<j<n) @ Successive
extension of surface groups, A a nonzero finite p-primary G-module, and M a
positive real number.

(i) Write j1 < j2 < -+ < jn, for integers such that p € Xj  for each m.
Suppose that for each integer m such that 1 < m < n,, it holds that

~Xp3(Gjn—1/Gj,) 2 €d(Gj,,-1/G,,) - 3™ M,
and, moreover, that for any integers i,j such that i1 > 0, 0 < j < n and
p ¢ %, Gj_1/G; acts trivially on H (G, A). Then for each nonnegative
integer i such that i # n,, it holds that h"» (G, A) > Mh'(G, A).
(ii) There exists an open subgroup U C G of G such that, for each nonnegative
integer i such that i # ny, it holds that h™» (U, A) > Mhi(U, A).

Proof. We verify assertion (i) by induction on n. If n =1 and p € %1, then n, =1,
and for i = 0,2, it follows from Proposition 2.7(iii) that

WG, A) > —xp,y (G)log, (£4) + B (G, A) > —x(,, (G)B'(G, A) > ME'(G, A).

If p ¢ 9, then n, = 0,c¢d, G = 0, and G acts trivially on H°(G1, A) = A. Thus,
it holds that H°(G, A) = A, which implies that h°(G,A) = log,(§4) > 0. This
completes the proof of assertion (i) in the case n = 1.

Now suppose that n > 2, and that the induction hypothesis is in force. First,
suppose that p ¢ ¥;. Then it follows from the induction hypothesis that, for each
nonnegative integer i such that i # n,, it holds that h"» (G, A) > Mh*(G1, A). On
the other hand, since p ¢ X4, it holds that c¢d,(G/G1) = 0. Thus, since (we have
assumed that) for each nonnegative integer i, G/G1 acts trivially on H'(Gq, A),
we obtain an isomorphism H'(G,A) = H'(G1,A), which implies that for each
nonnegative integer ¢ such that i # n,, we have h"» (G, 4) > Mh'(G, A).

Finally, suppose that p € ;. Then it follows from the induction hypothesis that,
for each nonnegative integer i such that i # n, — 1, it holds that A" ~1(Gy, A) >
3Mhi(Gy,A). Let us write b = h'(G/G1, H(Gy, A)) for each pair of integers
(4,7). Then it follows from the Hochschild-Serre spectral sequence that

W' (G, A) > BV > —x 0 (G/GOR™ TG, A).
Moreover, it follows from Proposition 2.7(iii),(iv) that, if ¢ # 1 and j # n, — 1, then
we have

o . 1
R < W (Gy, A) < —h™ (G, A
>~ ( 1, ) < 3M ( 1, )7
if i #1 and j = n, — 1, then we have
heI < A (G, A),
and if ¢ =1 and j # n, — 1, then we have
—Xp(G/G1) + cd(G/Gh)
3M

Now suppose that cd(G/G1) = 1. Then it follows from the Hochschild-Serre
spectral sequence that for any nonnegative integer i, we have h'(G, A) < h%% +

W' < (—xp(G/G1)+ed(G/G)W (G, A) < WG, A).
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hY#=1. Thus, if i # n,, then we have

MR (G, A) < M(h% + p11)

—X g (G/G1) +1
<M<HM{3]1M’1}+ Xipy (G/G1) )hnp%Gl’A)

3M

1
= 2 (=X0) (G/G1) + 1+ max{1,3M A" (G, A)

_ ~X{py(G/G1) + 1+ max{1,3M}
B _3X{p} (G/Gh)

e (G, A).

Since
—X{p} (G/G1) +2 N _X{p}(G/Gl) +14+3M
_3X{p}(G/G1) - _3X{p}(G/Gl)
we conclude that Mh'(G, A) < h™» (G, A).

Next, suppose that cd(G/G1) = 2. In this case, it follows from Proposition 2.7(i),
(iv) that ~X{p} (G/G1) > max{2,6M}. Moreover, it follows from the Hochschild-

Serre spectral sequence that for any nonnegative integer i, we have h'(G, A) <
ROt 4 p1i=t 4 p2=2 Thus, if i # n,, then we have

MR (G, A) < M(R + hYi=1 4 p2i72)
1, (@GR
<M<max{3M,1}+3M+ i h (G1, A)
1 .
= g(—X{p}(G/Gﬂ + 34 max{1,3M })h"» "1 (G, A)
_X{p}(G/G1) + 3+ max{1,3M}

L2 My
-3 3M 7

: N (/) R
Since
—X(p}(G/G1) +4 _ ~X(p3(G/G1) +3+3M _5 N M .
_SX{p}(G/Gl) - _3X{p}(G/G1) — 6 6M ’

we conclude that Mhi(G, A) < h™» (G, A). This completes the proof of assertion (i).
Assertion (ii) follows from assertion (i), together with Lemma 2.12. This completes
the proof of Lemma 2.14. (Il

Theorem 2.15. Let (G, (G;)o<j<n, (X;)1<j<n) be a successive extension of surface
groups and m a nonnegative integer. Write ¥ = ﬂ?zl Y. Suppose that ¥ # 0.
Then the following conditions are equivalent:

(1) m=n.

(2) For any positive real number M, there exists an open subgroup V C G of G
such that, for any open subgroup U C V of V', any nonzero finite 3-torsion
U-module A, and any nonnegative integer i such that i # m, it holds that
r™(U, A) > Mhi(U, A).

(3) There exist a positive real number M and an open subgroup V. C G of
G such that, for any open subgroup U C V, there exists a nonzero finite
Y-torsion U-module A such that, for any nonnegative integer i such that

i #m, it holds that h™(U, A) > Mh*(U, A).
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(4) There exist a positive real number M and an open subgroup U C G of G
such that, for any nonzero finite 3-torsion U-module A and any nonnegative
integer i such that i #m, it holds that h™(U, A) > Mh*(U, A).

(5) There exist an open subgroup U C G of G and a nonzero finite X-torsion
U-module A such that, for any nonnegative integer i such that i # m, it
holds that h™ (U, A) > 3°4Chi(U, A).

In particular, n s completely determined by the profinite group G.

Proof. The implications (2) = (3), (2) = (4), and (2) = (5) are immediate. First,
we verify the implication (1) = (2). It follows from Lemma 2.12 that there exists
an open subgroup V C G of G such that, for each integer j such that 0 < j < n,
it holds that —x((V NG;-1)/(VNG;)) > 2-3'M. Then it follows from Lemma
2.14(i) that, for any p € X, any open subgroup U C V of V, any finite nonzero
p-primary U-module A, and any nonnegative integer 7 such that i # n, it holds
that h"(U, A) = h™*(V,Indy, A) > Mh*(V,Ind{, A) = MR'(U, A). Since any finite
Y-torsion U-module is isomorphic to a direct sum of finite p-primary U-modules
(where p € ¥0), the same inequality holds for any nonzero finite X-torsion U-module.
This completes the proof of the implication (1) = (2).

Next, we verify the implication (3) = (1). Suppose that condition (3) is satisfied.
Let M be a positive real number and V' C G an open subgroup of G satisfying
the condition appearing in (3). Then, since (we have already verified that) the
implication (1) = (2) holds, there exists an open subgroup W C G of G satisfying
the condition appearing in (2) for “V”, where we take the data “(m,M)” to be
(n, M~1). Now it follows from our choice of V that there exists a nonzero finite
Y-torsion VNW-module A such that, for any nonnegative integer ¢ such that i # m,
it holds that A (V N W, A) > Mh*(V N W, A). On the other hand, it follows from
our choice of W that, for any nonnegative integer 7 such that i # n, it holds that
R (VNW,A) > M~1h*(V NW, A). Thus, we conclude that m = n. This completes
the proof of the implication (3) = (1).

Next, we verify the implication (4) = (1). Suppose that condition (4) is satisfied.
Let M be a positive real number and U C G an open subgroup of G satisfying
the condition appearing in (4). Then, since (we have already verified that) the
implication (1) = (2) holds, there exists an open subgroup V C G of G satisfying
the condition appearing in (2), where we take the data “(m, M)” to be (n, M~1).
Let A be a nonzero finite 3-torsion UNV-module. Then it follows from our choice of
U that, for any nonnegative integer ¢ such that ¢ # m, it holds that A™(U NV, A) =
B (U, Ind%"VA) > Mhi(U,Tndf,"VA) = MR'(U NV, A). Thus, by applying an
argument similar to the argument used in the proof of the implication (3) = (1),
we conclude that m = n. This completes the proof of the implication (4) = (1).

Finally, we verify the implication (5) = (1). Let p € ¥. Suppose that condition
(5) is satisfied. Let us take an open subgroup U C G of G and a nonzero finite -
torsion U-module A satisfying condition (5). Moreover, it follows from Proposition
2.7(i), Corollary 2.11 that cdG = cd, G = 37, cdp(Gj-1/G;) > n. Thus, by
applying Lemma 2.14(i), where we take M = 3~ °d&  for each nonnegative integer
i such that i # n, we have h"(U, A) > 3= °4Ghi(U, A), which implies that m = n.
This completes the proof of the implication (5) = (1), hence also of Theorem
2.15. Il
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Remark 2.15.1. It is unknown whether the p-dimension n,, of (G, (G;)o<j<n, (2;)1<j<n)
is completely determined by the profinite group G or not (where p is a prime number
such that p ¢ (j_, ;).

Corollary 2.16. Let p be a prime number, S a connected noetherian separated
normal scheme over k, and X a hyperbolic polycurve over S (resp. a hyperbolic
polycurve over S satisfying condition (x),). Then the relative dimension of X/S
can be reconstructed group-theoretically from Ax,g (resp. A’;( / s)

Proof. This follows from Theorem 2.15 (cf. Example 2.6.1). O

Corollary 2.17. Let p be a prime number, S a connected noetherian separated
normal scheme over k, and X a hyperbolic polycurve over S (resp. a hyperbolic
polycurve over S satisfying condition (x),). Write n for the relative dimension of
X/S. Then it holds that #{j | X;41 — X; : proper} = cd(Ax/s) —n (resp. §{j |
Xj41 — X : proper} = cd(Aﬁ(/S) —n). In particular, ${j | X;41 — X, : proper}
can be reconstructed group-theoretically from Ax /s (resp. Ai/s).

Proof. The first assertion follows from Proposition 2.7(i), Corollary 2.11. The sec-
ond assertion follows from the first assertion, together with Corollary 2.16. ]

Remark 2.17.1. Corollary 2.17 implies a purely algebrico-geometric fact that the
number §{j | X;41 — X, : proper} does not depend on the sequence of parametriz-
ing morphisms of X — S. The author does not know at the time of writing whether
we can prove the above fact only by using a purely algebrico-geometric method or
not.

Lemma 2.18. Let p be a prime number and 1 - N — G — H — 1 an exact
sequence of profinite groups. Let us consider the H-module F), with trivial action.
Then the following hold:

(i) Suppose that for each nonnegative integer i, it holds that H'(N,F,) and
H'(G,F,) are finite, and that the action of H on H'(N,F,) is trivial. Then,
for each nonnegative integer i, H'(H,F,) is finite.

(ii) Let M be a positive real number and ny,ne nonnegative integers. Suppose
that the conditions appearing in (i) are satisfied. Suppose, moreover, that
the following conditions are satisfied:

(1) edp H < 0.
(2) For each nonnegative integer i such that i # nq, it holds that
" (G,F,) > (cdy H +2M + 1)h'(G,F,).
(3) For each nonnegative integer i such that i # na, it holds that
h"2(N,F,) > (cd, H +2M + 1)h'(N,TF,).
Then, for each nonnegative integer i such that i # ni1 — no, it holds that
hm=r2(H,F,) > Mh*(H,F,). In particular, 0 < ny —ng < cd, H. More-

over, if M > 1 and n; = ns, then, for each nonnegative integer i, it holds

that H (G, F,) = H'(N,F,).

Proof. For simplicity, we assume that ¢ = p (cf. Remark 1.3.1(i)). Note that we
have the Hochschild-Serre spectral sequence

E;j = Hi(Hv HJ(N7FP)) = Hi+j(Ga]FP)
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associated to the exact sequence 1 - N — G — H — 1. First, we verify assertion
(i) by induction on i. If 4 = 0, then assertion (i) is immediate. Now suppose that
i > 1, and that for each nonnegative integer m such that m < i, H™(H,F)) is finite.
Then since (we have assumed that) for each nonnegative integer j, H acts trivially
on H’(N,F,), it follows from the fact that H7(N,F,) = FlNVFr) | together with
the induction hypothesis, that for each nonnegative integer m such that m < 1,
it holds that EyY = H™(H, H/(N,F,)) = H™(H,F,)" ™.F) is finite. Thus, for
each integers j,m,r such that j > 0,0 < m < i,r > 2, it holds that E™J is finite.
In particular, for each integer r such that » > 2, it holds that Ei~""~1 hence
also Im(Ei=""=1 — E0) is finite. On the other hand, since H* (G F,) is finite,
it holds that E%0 is finite. Thus, it follows from the fact that E"’ 11 is isomorphic
to E40/Im(Ei-""=1 — EL0) together with the finiteness of Im(Eﬁ rr=l 5 g0y,
that for each integer 7 such that > 2, E-0 is finite. In particular, H*(H,F,) = E5°
is finite. This completes the proof of assertion (i).

Next, we verify assertion (ii). Let us choose a nonnegative integer ig such that
io # m1 — ng and that hi(H,F,) is largest among {h*(H,Fp)}izn, —n,. To verify
the first assertion, it suffices to verify that h"*~"2(H,F,) > Mh'(H,F,). Now,
since for each pair of nonnegative integers (i, 7), it holds that

H'(H,H’(N,F,)) = H'(H, FZJ’(NM) ~ Hi(H, ]Fp)hf(wp),
we have
log, (1E2) < log, (1Y) = h'(H, H’(N,F,)) = h'(H,F,) - b (N, F,).

Thus, it follows from our choice of ig, together with assumption (3), that

WG Fp) = Y log,(4EY)
itj=n1
Z hi(H7Fp) ’ hj(Nva)
i+j=n1
=h™""(H,Fp)-h™(N,Fy) + > W'(H,Fp)-h™ 7 (N,F,)
0<i<cd, H
i;é’nlf’ILQ
cdp H +1

< pr T (Ha Fp) -h"? (Nv Fl)) + hio (H7 ]Fp) ~h" (Na FP)

o, H 21
< (W™ (H,F,) + b (B, F,))h"™ (N, ),
On the other hand, it holds that
log, (/%7%) > log, (112 ™) — log, (1 I 7""2"+1) — log, (4js""2+71)
> log, (FE;""*) — log, (£B; ™" ") —log, (4™,
which implies that
log, (1E2 ™) = log, (1B "3 41)

cdp, H
> Ing(ﬁE;O’n2) - Z (logp(le;OJrhnzfrJrl) + logp(ﬁE;()7r,n2+r71))

r=2
cd, H
= W'O(H,Fp) - h"*(N,F,) — > (log, (B3 ™" 7") 4 log, (1B "= 1),

r=2
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Moreover, it follows from our choice of i, together with assumption (3), that

cd, H
D (g, (157741 - log, (175~ 71))
r=2
cd, H
E Z (hi(J-H“(H’ ]Fp) . hnz—?"-‘rl(]\[7 Fp) 4 hiu—7"<1{7 ]Fp) . hng—‘rr—l(N, Fp))
r=2
1 cd, H
< p"(N.F hiotT (T Rio—r(H.F
= cdy, H+2M +1 ( ’P);( (H,Fp) + (H,Fp))
1
S Tt (LF h'(H,F
S At W) Y. W(HF)
0<r<cd, H
r#io

1
P
= ody H+2M +1

Thus, we conclude that

, 1 .
1 E®™)y> ———— ((2M + 1)h'"(H,F,) — h™ "2 (H,F,))h"?(N,F,).
OB (L") 2 (M + (L E,) (H.E )™ (N.F,)
Now, since ig # ni — ng, we have (cd, H + 2M + 1)h"o+t"2(G,F,) < h™ (G, F,) (cf.
assumption (2)). Moreover, it is clear that h't">(G,F,) > log,({1E2"2). Thus,
we conclude that

(2M + D)o (H,Fy) — K™ =" (H,F,) < k™" (H,F,) + h** (H, F,),

which implies that h"*~"2(H,F,) > Mh'(H,F,). This completes the proof of the
first assertion.

Finally, suppose that M > 1 and n; = ns. Then, for each positive integer i, it
holds that tH'(H,F,) < §H°(H,F,) = p, i.e., H'(H,F,) = {0}. Thus, since (we
have assumed that) the action of H on H’(N,F,) is trivial, we have

h"2(N,F,)(cd, H - k™ (H,F,) + h™~"2(H,F,)).

HI(N,F,) (i=0)
{0} (i #0),

which implies that H*(G,F,) = H*(N,F,). This completes the proof of assertion
(ii), hence also of Lemma 2.18. O

EQEEQJE{

Theorem 2.19. Let p be a prime number and (G, (G;)o<j<n, (2;)1<j<n)s

(G', (G)o<j<n, (X))1<j<ns) successive extensions of surface groups of dimension
n,n', respectively. Write ny,n;, for the p-dimension of (G, (Gj)o<j<n, (¥j)1<j<n)s
(G',(G)o<j<n, (B)1<i<ns), respectively. Suppose that there exists an injective
homomorphism G — G’ such that the image is normal in G'. Suppose, moreover,
that p € ﬂ?/:l Y. Then it holds that n, < nj,, cd, G —n, < cd, G’ —nj,. Moreover,
if np = ny,, then G — G’ is open, and n =n' = n, = ny,.

Proof. Let us regard G as a normal closed subgroup of G’ via G — G’. It follows
from Corollary 1.9, Lemma 2.10 that ved,(G'/G) = ¢d, G’ — ¢d, G. Thus, there
exists an open subgroup H C G'/G of G'/G such that cd, H = c¢d, G'—cd, G. Write
H' C @ for the inverse image of H C G’ /G by the natural surjection G’ - G’ /G.
Then it follows from the implication (1) = (2) of Theorem 2.15 that there exists
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an open subgroup V' C H’ of H' such that, for any open subgroup U’ C V' of
V' and nonnegative integer i such that i # nj, = n’, it holds that h”;(U’ JFp) >
(edp G' —cd, G +3)h(U’,F,). Moreover, it follows from Lemma 2.14(ii) that there
exists an open subgroup W C V' NG of V' N G such that, for each nonnegative
integer ¢ such that i # ny, it holds that h™» (W,F,) > (cd, G’ —cd, G+3)h* (W, F,).
Now it follows from Lemma 1.5 that there exists an open subgroup W’ C V' such
that W/ NG = W. Then, since W’/W is an open subgroup of H, it follows from
Lemma 2.10 that there exists an open subgroup U C W’/W such that, for each
nonnegative integer 4, U acts trivially on H*(W,F,).

Write U’ C W’ for the inverse image of U C W’/W by the natural surjection
W' — W' /W. Then it follows from our choice of W, U’, U that

the sequence 1 — W — U’ — U — 1 is exact,

W (resp. U’, U) is an open subgroup of G (resp. G, H),

for each nonnegative integer 4, the action of U on H*(W,F,) is trivial,
for each nonnegative integer ¢ such that ¢ # n,, it holds that

h" (W, F,) > (cd, G’ — cd, G + 3)h' (W, F,),

for each nonnegative integer ¢ such that i # n;, it holds that

W (U, Fy) > (cdy G' — cd, G + 3)BE (U, F,).

Thus, it follows from Lemma 2.18(ii), together with Lemma 2.10, that 0 < nj, —
np < cdp U = cdp H = cdp, G’ — cd), G, which implies that n, < n,cd, G —n, <
cdy, G' — .

Next, assume that n, = n;, and U is nontrivial. Then it follows from Lemma
2.18(ii) that, for each nonnegative integer 4, it holds that H*(U’,F,) = H (W, F,).
In particular, we have x(U’,F,) = x(W,F,). On the other hand, since U is non-
trivial, there exists a proper open subgroup U C U of U. Write U c U for
the inverse image of U C U by the surjection U’ — U. Then, by applying an
argument similar to the above argument, we have y(U’ ,Fp) = x(W,F,). Thus,
we conclude that x(U',F,) = X(ﬁﬂ]ﬂ,). However, since x,,(U’) and X{p}(ﬁ/)
are defined and nonzero (cf. Proposition 2.7(iv), Corollary 2.9), it follows from
Lemma 1.4(i) that X{p}(ﬁ’) =[U": ﬁ’]x{p}(U’) # Xy (U’), which contradicts the
equation above. Thus, if n, = nj,, then it holds that U = {1}, hence U’ = W.
This implies that G — G’ is open. Then, since (G, (G' N G})o<j<n’s (X)1<i<n’)
is a successive extension of surface groups, it follows from Proposition 2.13 that
Nj=1 X5 = ﬂ;‘;l ¥ 3 p. Thus, it holds that n = n, = nj, = n’. This completes the
proof of Theorem 2.19. (]
Corollary 2.20. Let p be a prime number, ky,ko fields of characteristic zero,
S, T connected noetherian separated mormal schemes over ki, ko, respectively, and
X, Y hyperbolic polycurves over S, T (resp. hyperbolic polycurves over S, T satisfying
condition (x),), respectively. Write ny,ny for the relative dimension of X/S,Y/T,
respectively. Suppose that there exists an injective homomorphism Ax /g — Ay p
(resp. Aﬁ(/s — A’;,/T) such that the image is normal in Ay (resp. Af,/T). Then
it holds that ny < ny, #{j | Xj41 — X, : proper} < #{j | Y41 — Y; : proper}.
Moreover, if ny = ny, then Ax,g — Ay p (resp. Ag(/s — A’;/T) is open.

Proof. This follows from Corollary 2.17, Theorem 2.19. (]
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Proposition 2.21. Let p be a prime number and (G, (G;)o<j<n,(Zj)i<j<n) @
successive extension of surface groups of p-dimension n,. Let us consider the G-
module Fy, with trivial action. Then the following conditions are equivalent:

(1) cdp G = 2n,.

(2) For any open subgroup U C G of G, it holds that $H*% ¢ (U, F,) < p.

Proof. For simplicity, we assume that ¢ = p (cf. Remark 1.3.1(i)). For each integer
j such that 1 < j < n, let (g;,r;) be a pair of nonnegative integers such that

Gj_1/G; = Hi{rj. Since it holds that

n
ody G =Y cdp(Gj1/Gy) = Y cdy(Gjo1/Gy)
j=1 jipEX;
(cf. Corollary 2.11), condition (1) holds if and only if c¢d,(G;-1/G;) = 2 for each j
such that p € ¥;, i.e., 7; = 0 for each j such that p € 3; (cf. Proposition 2.7(i)).

Now we verify the implication (1) = (2). Suppose that condition (1) is sat-
isfied. We verify that condition (2) holds by induction on n. If n = 1 and
p ¢ X1, then condition (2) immediately holds. If n = 1 and p € %;, then
it follows from Proposition 2.7(iii) that condition (2) holds. Now suppose that
n > 2, and that the induction hypothesis is in force. Let U C G be an open
subgroup of G. Write U; := U N G. Note that since (G, (G;)o<j<n, (Zj)1<j<n)
satisfies condition (1), (G1, (Gj+1)o<j<n—1,(Zj+1)1<j<n—1) also satisfies condition
(1). Thus, it follows from the induction hypothesis that #H% ¢1(Uy,F,) < p.
If p ¢ ¥, then, since it holds that H» (U, F,) = (H» & (U, F,))V/V1, we
have §Hd (U, F,) < H¥% 1 (U, F,) < p. If p € 1, then, since it holds that
HY%YG(U,F,) = H*(U/Uy, H*% %1 (Uy,F,)), it follows from Proposition 2.7(iii)
that §H°Y ¢ (U, F,) < §H% 1 (U, F,) < p. This completes the proof of the impli-
cation (1) = (2).

Next, we verify the implication (2) = (1). Suppose that cd, G # 2n,. We
verify that there exists an open subgroup U C G of G such that §Hd» ¢(U,F,) > p
(ie., h%»E(U,F,) > 1) by induction on n. If n = 1, then, since cd, G # 2n,,
it holds that p € ¥y, r1 # 0. Thus, it follows from Proposition 2.7(iv) that
h'(G,F,) = h°(G,Fp) — x4,y (G) > 1. Now suppose that n > 2, and that the
induction hypothesis is in force. Then it follows from Lemma 1.6 that there exists
an open subgroup V' C Gp of Gy such that H°d%» %1 (V,F,) # {0}. Note that, by
the induction hypothesis, if (G1, (Gj+1)o<j<n—1,(Zj+1)1<j<n—1) does not satisfy
condition (1), then, by replacing V by an open subgroup of V' if necessary, we may
assume that hdr G1(V,F,) > 1.

On the other hand, it follows from Lemma 1.5 that there exists an open subgroup
W C G of G such that W NGy = V. Moreover, since H*% ¢1(V,F,) is finite (cf.
Lemma 2.10), there exists an open subgroup H C W/V of W/V (hence also of
G/G1) such that H acts trivially on H% “1(V,F,). By replacing H by an open
subgroup of H if necessary, we may assume that H°»(G/G1)(H F,) # {0} (cf.
Lemma 1.6). Write U C W for the inverse image of H C W/V by the natural
surjection W — W/V. Then it follows from the Hochschild-Serre spectral sequence
that

Hcdp G(U, ]Fp) o~ HCdp(G/Gl)(H7 Hcdp G (‘/, Fp>)7
which implies that 2% (U, F,) = h°d» G1(VF,) - h*de(G/GU)(H F,). Note that at
least one of (G, (Gj+1)o<j<n—15 (Xj+1)1<i<n—1) and (G/Gy, (G /Gro<j<is (Ei)igi<i)
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does not satisfy condition (1). If (G1, (Gj+1)o<j<n—1, (Zj+1)1<j<n—1) does not sat-
isfy condition (1), then, since we have assumed that h°d» “1(V,F,) > 1, we have
hede G(U,F,) > 1. If (G/G1,(G;/G1)o<i<1,(X1)1<j<1) does not satisfy condition
(1), then it follows from an argument similar to the argument in the case of n =1
that heder(G/G1)(H, F,) > 1, which implies that h°d%» ¢(U,F,) > 1. This completes
the proof of the implication (2) = (1), hence also of Proposition 2.21. O

Corollary 2.22. Let p be a prime number, S a connected noetherian separated
normal scheme over k, and X a hyperbolic polycurve over S (resp. a hyperbolic
polycurve over S satisfying condition (x),). Let us consider the Ax g (resp. A’;(/S)—
module F), with trivial action. Then the following conditions are equivalent:

(1) X — S is proper.

(2) For each integer j such that 1 < j <mn, X; — X;_4 is proper.

(3) For any open subgroup U of Ax /g (resp. AI;(/S), it holds that § H W Ax/s) (U, F,) <

.

Proof. The equivalence (2) < (3) follows from Corollary 2.17, Proposition 2.21.
Moreover, the implication (2) = (1) is trivial. We verify the implication (1) = (2)
by induction on n. If n = 1, then the implication (1) = (2) is immediate. Now
suppose that n > 2, and that the induction hypothesis is in force. Suppose that
condition (1) is satisfied. Then, since X; — S is separated, X — X; is proper.
Thus, it follows from the induction hypothesis that for each integer j such that
2<j<n,X; — X;_;is proper. On the other hand, it is clear that X; — Xq =95
is separated and of finite type, X — X; is surjective, and X — X is universally
closed. Thus, since surjectivity is stable under base change, it holds that X; — Xj
is universally closed, hence proper. This completes the proof of the implication
(1) = (2), hence also of Corollary 2.22. O

Remark 2.22.1. In fact, by comparing the profinite cohomology groups with the
étale cohomology groups, we can verify that the conditions appearing in Corollary
2.22 are equivalent to the following condition:

(3)" For any open subgroup U of Ax/g (resp. Ai,/s), it holds that Hd(Ax/s) (U, F,) =
F,.

Corollary 2.23. Let p be a prime number and (G, (G;)o<j<n, (Zj)i<j<n),

(@, (G;‘)ijgn’a (E})lgjgn/) successive extensions of surface groups of p-dimension
Np, n;,, respectively. Suppose that there exists an injective homomorphism G — G’
such that the image is normal in G'. Suppose, moreover, that cd, G' = 2n;,. Then

it holds that cdp G = 2n,,.

Proof. For simplicity, we assume that ¢ = p (cf. Remark 1.3.1(i)). Let us regard
G as a normal closed subgroup of G’ via G — G’. Suppose that cd, G # 2n,.
Then it follows from Proposition 2.21 that there exists an open subgroup N C G
of G such that §H*%»%(N,F,) > p. On the other hand, it follows from Lemma
1.5 that there exists an open subgroup V C G’ of G’ such that VNG = N. Note
that it follows from Lemma 2.10 that H°d» (N, F,) is finite. Moreover, it follows
from Corollary 1.9 that ved,(V/N) = c¢dp G' — cd, G. Thus, there exists an open
subgroup H C V/N of V/N such that ¢d, H = ¢d, G’ — c¢d,, G, and the action of H
on H» G(N, F,) is trivial. By replacing H by an open subgroup of H if necessary,
we may assume that H°% &' —¢de G (H ) # {0} (cf. Lemma 1.6).
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Write U C V for the inverse image of H C V/N by the natural surjection V' —»
V/N. Then U is an open subgroup of G’, and the sequence 1l = N - U — H — 1
is exact. Thus, it follows from the Hochschild-Serre spectral sequence that

He G (U, F,) = Hod &' —<b G (g {4 G (N, TF,)),

which implies that % &' (U, F,) = h*dr G(N,F,) - hed» &' ~<dv G(H F,) > 1. How-
ever, since (we have assumed that) cd, G’ = 2n;,, we obtain a contradiction (cf.
Proposition 2.21). This completes the proof of Corollary 2.23. t

Corollary 2.24. Let p be a prime number, ki,ko fields of characteristic zero,
S, T connected noetherian separated normal schemes over ki, ko, respectively, and
X, Y hyperbolic polycurves over S, T (resp. hyperbolic polycurves over S, T satisfying
condition (x),), respectively. Suppose that there exists an injective homomorphism
Ax/s — Ayr (resp. Af‘,’(/s — Af//T) such that the image is normal in Ay

P

Y/T). Suppose, moreover, that Y — T is proper. Then X — S is proper.

(resp. A

Proof. This follows from Corollary 2.23, together with Corollary 2.17 and the equiv-
alence (1) < (2) of Corollary 2.22. O
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