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Abstract

In the present paper, we investigate the p-ranks of coverings of stable curves.
Let G be a p-group, f: Y — X a morphism of semi-stable curves over a complete
discrete valuation ring R with algebraically closed residue field of characteristic
p > 0. Write n for the generic point of S := Spec R and s for the closed point of S.
Let x be a singular point of the special fiber X of X. Suppose that the generic fiber
X, of X is smooth over 1, and that the morphism f, : Y, — X, induced by f on
the generic fibers is a Galois étale covering whose Galois group is isomorphic to G.
Write Y’ for the normalization of X in the function field of Y, ¢ : Y’ — X for the
resulting normalization morphism. Let 3/ € 9~!(z) be a point of the inverse image
of x. Write I,y for the inertia group of . We prove that if I,/ is an abelian p-group,
then there exists a bound on the p-rank of a connected component of f~*(z) which
only depends on f/,/, where I,/ denotes the order of I,,. This result gives an answer
to an open problem posed by M. Saidi in the case where I,/ is abelian. On the other
hand, we prove that the p-rank of f~!(z) (resp. Y;) is determined by a certain
collection of purely combinatorial data associated to f and x (resp. associated
to f and the p-ranks of the normalizations of the irreducible components of Xj).
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1 Introduction

Let R be a complete discrete valuation ring with algebraically closed residue field k& of
characteristic p > 0. Write K for the quotient field of R; S := Spec R; n : Spec K — S
and s : Speck — S for the natural morphisms. Let K be an algebraic closure of K.
Write 7 : Spec K — S for the natural morphism. Let G be a finite p-group and X a
semi-stable curve of genus gx over S. Write X,,, X5, and X, for the result of base-changing
X by n, 7, and s, respectively. Moreover, we suppose that X, is a smooth curve over 7.

Let Y, be a geometrically connected curve over n and f, : Y, — X, a finite Galois
étale covering over n whose Galois group is isomorphic to G. By replacing S by a finite
extension of S (i.e., the spectrum of the normalization of R in a finite extension of K),
we may assume that Y, admits a semi-stable model over S. Then f, extends uniquely to
a G-semi-stable covering (cf. Definition 2.1) f: Y — X over S (cf. [Y, Proposition
3.4]). We are interested in understanding the structure of the special fiber Y; of Y.
Note that the morphism f, : Y; — X, induced by f on the special fibers is not a finite
morphism in general. Let z be a closed point of X,. If f~!(x) is not finite, we shall call z a
vertical point associated to f and call f~!(z) the vertical fiber associated to x (cf.
Definition 2.2). In order to investigate the properties of Y, (resp. f~!(x)), we focus on a
geometric invariant o(Y;) := dimg, Hg, (Y5, F,) (resp. o(f~(x)) := dimp, Hg (f 7 (2),Fp))
which is called the p-rank of Y; (resp. the p-rank of f~!(z)). In the present paper, we
apply the formulas for o(Y,) and f~!(z) obtained in [Y] to study the boundedness and
graph-theoreticity of p-ranks of G-semi-stable coverings.

First, let us consider the boundedness of p-ranks of G-semi-stable coverings. Note
that we always have o(Y;) < gy, = 0(Y;)/2 = dimg, H{ (Y5, F,)/2 if char(K) = 0 and
o(Y;) < o(Yy) < gy, if char(K) = p > 0, where gy, denotes the genus of Y5 := Y, x, 7.
Moreover, o(Y5) can be calculated by applying the Riemann-Hurwitz formula if char(K') =
0 and the Deuring-Shafarevich formula (cf. [C]) if char(K) = p > 0, respectively. Thus,
o(Y;) is bounded by a quantity which is completely determined by $G and o(X7) :=
dimp, Hy (X7, F,). In the present paper, we consider the boundedness of o(f~*(z)). Note
that o(f~'(z)) is always bounded by gy.. If  is a smooth point of X, M. Raynaud
proved the following result (cf. [R, Théoreme 2]):

Theorem 1.1. If x is a smooth point of X, and G is an p-group, then the p-rank
o(f~1(x)) is equal to 0.

By Theorem 1.1, we only need to treat the case where z is a singular point of Xj.
In order to explain our results, let us introduce some notations. Write ¢ : Y/ — X
for the normalization of X in the function field of Y. Let 3 € 1 ~'(x) be a point in
the inverse image of x. Write I,, C G for the inertia group of y'. [Y, Proposition 3.4]
implies that the morphism Y, /I,, — X, over n induced by f extends to a semi-stable
covering Y7, — X over S. In order to calculate the p-rank of f~H(z), since (by the
definition of I,/!) the morphism Y;, — X is finite ¢tale over x, by replacing X by Y7 ,,
we may assume without loss of generality that G is equal to I,;. In the remainder of this
subsection, we shall assume that G = I,. Then f~'(z) is connected. If I,/ is cyclic, M.
Saidi proved the following result (cf. [S, Theorem 1]), by applying Theorem 1.1:



Theorem 1.2. If G is a cyclic p-group, then we have o(f~*(z)) < G — 1, where 1G
denotes the order of G.

Furthermore, there is an open problem posed by Saidi as follows (cf. [S, Question]):

Problem 1.3. If G is an arbitrary p-group, does there exist a bound on the p-rank
o(f~Y(x)) that depends only on the order $G ?

In the present paper, by applying a formula for p-ranks of vertical fibers obtained in
[Y], we generalize Saidi’s result (i.e., Theorem 1.2) and give an answer to Problem 1.3 in
the case where G is an abelian group as follows (cf. Theorem 3.4 and Remark 3.4.1):

Theorem 1.4. If G is an abelian p-group, then we have (cf. Definition 3.2 for the
definitions of M(G) and B(§G))

o(f7H(z)) < M(G) 4G — 1 < B(G) - 4G — 1,
where B(§G) only depends on 8G. In particular, if G is a cyclic p-group, we have
o(fH(x) <G — L.

Next, let us consider the graph-theoreticity of p-ranks of G-semi-stable coverings. We
pose a problem as follows:

Problem 1.5. Is o(Y;) (resp. o(f~'(x))) completely determined by #G and a suitable
collection of purely combinatorial data associated to f (resp. f and x)?

By using the resolution of nonsingularites over marked points of pointed semi-stable
coverings, we construct a semi-graph FQetd associated to f, which is called the extended
dual semi-graph of Y, associated to f (resp. a semi-graph I'/**d associated to x and
f which is called the extended dual semi-graph of f~!(z)). Moreover, we define a
certain collection of purely combinatorial data

Com’ := (D T yreee, BT TY — Ty, 4G)

(resp. Com/ := (/4 @)

associated to f (resp. associated to x and f) which depends only on f (resp. f and x)
(cf. Definition 4.2 (resp. Definition 4.7)), where 2" is a pointed semi-stable curve over
S associated to Y/G (see Section 4 for the construction of 2™*"), and I'z= denotes the
dual semi-graph of the special fiber of 275¢. We give an answer to Problem 1.5 as follows
(cf. Theorem 4.5, Corollary 4.6, Theorem 4.8, and Corollary 4.9):

Theorem 1.6. We maintain the notations introduced above. Then the p-rank o(Y5) is
completely determined by Com! and {a()N(v)}v@(p%sst), where X, denotes the normaliza-
tion of the irreducible component X, of Z > correspsondz'ng tov. Let f~1(x) be the vertical
fiber associated to the vertical point x. Then the p-rank o(f~1(x)) is completely deter-
mined by Com?. Moreover, o(f~'(x)) is completely determined by any stem of TS (cf.
Definition 4.7) and $G.



Nezxt, let h : Z — W be an J-semi-stable covering over S. Suppose that (aq,as) :
com/ 5 Com” is an isomorphism of quadruples (cf. Definition 4.2) such that o(X,) =
J(WQQ(U)) for each v € U(F%‘Ssst), where WQQ(U) denotes the normalization of the irreducible
component We,py of W2 corresponding to aa(v). Then we have

o(Ys) = o(Zy).

Let w be a vertical point associated to h. Suppose that w is a singular point of the special
fiber W, of W, that h="(w) is connected, and that o : Com! = Com” is an isomorphism
of pairs (cf. Definition 4.7). Then we have

The present paper is organized as follows. In Section 2, we give some definitions and
recall the formulas for o(Y;) and o(f~!(z)) obtained in [Y]. In Section 3, by applying the
general theory of semi-stable curves and the formula for o(f~'(z)), we prove Theorem
1.4. In Section 4, by applying the resolution of nonsingularites over marked points of
pointed semi-stable coverings, we define the extended dual graphs associated to Y, and
f~(z). Then we prove Theorem 1.6 by using the formulas for ¢(Y;) and o(f~*(z)).

2 p-ranks of G-semi-stable coverings

2.1 Definitions

Let # = (W, Ew) be a pointed semi-stable curve over a scheme A. We shall call W the
underlying curve of # and Ey the set of marked points of # (each of which is a section
A— W of W — A). Write Img,, for the scheme theoretic images of the elements of
Eyy; we identity Ey with Impg,, .

From now on, let R be a complete discrete valuation ring with algebraically closed
residue field k of characteristic p > 0. Write K for the quotient field, S for the spectrum of
R, n for the generic point corresponding to the natural morphism Spec K — S, and s for
the closed point corresponding to the natural morphism Speck — S. Let 2™ := (X, Ex)
be a pointed semi-stable curve over S. Write 2 := (X, Ex,) and Z; := (X, Ex,) for
the generic fiber over 1 and the special fiber over s, respectively. Moreover, we suppose
that 27, is a smooth pointed curve over 7.

Definition 2.1. Let f : & := (Y, Ey) — 2 be a morphism of pointed semi-stable
curves over S and G a finite group. The morphism f is called a pointed semi-stable
covering (resp. G-pointed semi-stable covering) over S if the morphism f, : %, =
(Y, By,) — 2y = (X,), Ex, ) over i induced by f on generic fibers is a finite generically
étale morphism (resp. a Galois covering whose Galois group is isomorphic to G) such
that the following conditions are satisfied: (i) the branch locus of f; is contained in Ex, ;
(ii) f,"(Ex,) = Ey,; (iii) the following universal property holds: if g : 2 — 2" is a
morphism of pointed semi-stable curves over S such that the generic fiber 2, of 2 and
the morphism g, : 2, — %, induced by g on generic fibers are equal to %} and f,,
respectively, then there exists a unique morphism h : & — % such that f = g o h.
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We shall call f a pointed stable covering (resp. G-pointed stable covering) over
S if f is a pointed semi-stable covering (resp. G-pointed semi-stable covering) over S,
and 2 is a pointed stable curve. We shall call f a semi-stable covering (resp. stable
covering, G-semi-stable covering, G-stable covering) over S if f is a pointed semi-
stable covering (resp. pointed stable covering, G-pointed semi-stable covering, G-pointed
stable covering) over S, and Ey is empty.

Definition 2.2. Let f : % — 2 be a semi-stable covering over S. A closed point
x € X, is called a vertical point associated to f, or for simplicity, a vertical point
when there is no fear of confusion, if f~!(z) is not a finite set. The inverse image f~*(z)
is called the vertical fiber associated to =x.

Definition 2.3. Let C' be a projective curve over an algebraically closed field of charac-
teristic p > 0. We define the p-rank of C' as follows:

o(C) = dimp, Hg (C, F).

2.2 Formulas for p-ranks of (G-semi-stable coverings

From now on, we assume that G is a finite p-group. Let f : & — % be a G-semi-
stable covering over S and x a vertical point associated to f. For simplicity, we write
Y and X for # and 2, respectively. Write X*' for the semi-stable curve Y/G over S
(cf. [R, Appendice Corollaire|). Then we obtain two morphisms of semi-stable curves
h:Y — X*"and g : X — X such that go h = f. Write I'x_, I'xs«t, and I'y, for the
dual graphs of the special fiber X of X, the special fiber X% of X*' and the special
fiber Y, of Y, respectively.

Let G be a semi-graph (cf. [M] or the beginning of Section 2.1 of [Y]). Write v(G)
(resp. e(G), e?(G) C e(G), e°(G)) for the set of vertices (resp. the set of closed edges,
the set of loops, the set of open edges) of G. For each v € v(G), write e(v) (resp. v(e),
e'P(v)) for the set of edges which abut to v (resp. the set of vertices which are abutted by
e, the set of loops which abut to v).

Let v be an element of v(I'xst), X, the irreducible component of X, corresponding to
v, and Y, an irreducible component such that h(Y,) = X,. Write Iy, C G for the inertia
group of Y,. Since tly, does not depend on the choices of Y,, we use the notation £/, to
denote #ly,. For the p-rank o(Y5), we have the following theorem (cf. [Y, Theorem 4.5]).

Theorem 2.4. We follow the notations above. Then we have

oY) = Y (G/L(c(X,) -1+ Y 4G/t (8L, /41, — 1)+ 1)

vev(Fxgst) ece(v)\elP(v)
+ > 4G/tL, — 1)+ > te®(0)(G/4L, — 1) + dimeH! (I, ©),
GEECI(Fxgst)\elp(Fxgst) UEU(Fxgst)

where )N(U denotes the normalization of the irreducible component X, of X5 corresponding
to v, i1, denotes max{#l, }veu(e)-



Next, let us consider the p-rank of f~!(x). Write Y for the normalization of X in the
function field K(Y") induced by the natural injection K(X) — K(Y') induced by f, and
1) for the resulting normalization morphism Y’ — X. Then Y’ admits a natural action
of G induced by the action of G on Y. Let ¢/ € v ~*(x). Write I, C G for the inertia
group of /. In order to calculate the p-rank o(f~'(z)), since Y/I, — X is finite étale
above z, by replacing X and G by the semi-stable curve Y/I,, and I, we may assume
that G = I,;. In the remainder of this section, we shall assume that G = I,,. Then f~!(z)
is connected. On the other hand, if the vertical point = is a smooth point of Xy, then [R,
Théoreme 2| implies that o(f~!(x)) is 0. Then we only need to treat the case where z is
a node of X, and assume that x is a singular point of Xj.

Let X| and X/ (which may be equal) be the irreducible components of X, which
contain x. Write X; and X, for the strict transforms of X| and X/ under the birational
morphism ¢ : X% — X, respectively. By the general theory of semi-stable curves,
g1 (T)rea C X" is a semi-stable curve over s whose irreducible components are isomorphic
to Pi, where (—),eq denotes the reduced induced closed subscheme of (—). Write C' for
the semi-stable subcurve of g=!(z),eq which is a chain of projective lines U™, P; such that
the following conditions hold: (i) for any s,t = 1,...,n,P,N P, = if |s —t| > 2 and
P; N P, is reduced to a point if |s — ¢| = 1; (ii) P, N X, (resp. P, N X3) is reduced to a
point; (iii) CN{Xst\ C} = (PN Xy) U (P, N X5), where {X¢\ C'} denotes the closure
of X*t\ C' in Xt

Let {V;}74) be a set of irreducible components of the special fiber Y; of Y such that
the following conditions hold: (i) A(V;) = P, for i = 1,...,n; (ii) h(Vp) = X; and
h(Vny1) = Xo; (iii) the union U'V; C Y, is a connected semi-stable curve over s. Write
Iy, € G,i=0,...,n+ 1 for the inertia group of V;. [Y, Corollary 4.4] implies that for
any i = 0,...,n, either Iy, C Iy, , or Iy, D Iy, , holds.

Let (u,w) € {0,...,n+ 1} x {0,...,n+ 1} be a pair such that u < w. We shall call
a group I a minimal element of {Iy,}4] if one of the following conditions holds: (i)
(u,w) = (0,n + 1) and for any Iy,,i = 0,...,n+ 1, I = Iy; (i) (uv,w) = (0,w) #

)

n

(0,n+1), Ir = Iy, = Iy, = -+ = Iy, C Iy,,,; (iii) (u,w) = (u,n+1) # (0,n + 1),
Iy, , DIy, =1Iy, - =1y, = I (V) u#0,w#n+1,and Iy, , D I = Iy, =
Iy, =1y, Cly,,. Weshall call a group J;'3* a maximal element of {1y, }Adif one
of the following conditions hold: (i) (u,w) = (0,n + 1) and for any Iy,,i = 0,...,n + 1,
JE = Ty (i) () = (0,0) # (0,1 + 1), JB = Fyy = Iy, = -+ = Iy, > Ty, (i)
(U,U)) = (U,ﬂ"i‘ 1) # (O,TL + 1), ]Vu71 C IVu = IVu+1 e = Ivn+1 = Jg’lgil; (IV) u # 0,
w#n+1,and Iy, , C J5* = Iy, =1y, - = ly, D Iy,,,. We define Min to be

and Max to be

{00} () €10, 4 1} X {0, 1)+
Note that Min may be an empty set. We have the following formula (cf. [Y, Theorem
4.7)).

Theorem 2.5. We follows the notations above, we have
n+1

o(f7H(@) = D_8G/tlv = 3 4G/H(Iviy, Ivi) + 1
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n+1

= ZﬁG/tﬂv —~ ZﬂG/ﬂL i1

where for each i = 1,... ,n+1, (Iy._,,Iy,) denotes the subgroup of G generated by Iy, ,
and Iy, and 81;,_1,; denotes max{tly, ,,tlv.}. Note that §Iy,,i = 0,...,n + 1, does not
depend on the choices of V;. Moreover, we have

o(fTM(x)) = D #G/HI — Y 4G/8J + 1, if Min # {1333},

IeMin JEMax

and

o(f~H (%)) = 0 4f Min = {Ig}, }.

3 Bounds of p-ranks of vertical fibers of abelian G-
semi-stable coverings

In this section, we follow the notations of Section 2.2. Moreover, we assume that G is an
abelian p-group, and that f~!(x) is connected.

Since G is abelian, Iy,,i = 0,...,n+1, does not depend on the choices of V;. Then we
use the notation Ip, to denote Iy, for each i = 0,...,n 4+ 1. First, we have the following
key proposition.

Proposition 3.1. Suppose that tMin > 2. Let I' and 1" be two different elements of Min.
Then neither I' C I" nor I' O I"” holds.

Proof. Without loss of generality, we may assume that I’ = Ip, and I” = Ip, such that
0<a<b<n+1,Ip, #1Ip,,,and Ip,_, # Ip,. Note that by the definition of Min, Ip, ,
(resp. Ip, ,) contains Ip, (resp. Ip,).

If I' C I”, we consider the quotient curve Y/I”. Then we obtain two morphisms of
semi-stable curves & : Y — Y/I"” and & : Y/I" — X' such that & o & = h. Write
V., and V; for the irreducible components of Y, such that h(V,) = P, and h(V,) = P,
respectively. By contracting U2_. P, and &' (ULZ a+1P-)red (cf. [BLR, 6.7 Proposition
4]), we obtain two contracting morphisms cys« : X** — (X*)* and ¢y, : Y/I" —
(Y/I")*. Moreover, & induces a morphism & : (Y/I”)* — (X*)* such that the following
commutative diagram:

Y/]// C (Y/]//)

521 f;l
st XSSt (Xsst)

Note that (X*)* is a semi-stable curve over S.

Since I' = Ip, C I" = Ip,, & is étale at the generic points of ¢y, o & (V,) and
cy/ir 0 &1(Vy). Thus, by applying Zariski-Nagata purity and [T, Lemma 2.1 (iii)], we
obtain that & is étale at cy (Vo) N ey (Vy) (ie., the inertia group of each point of
ey (Va) Neyy (V) is trivial). On the other hand, since Ip, | contains Ip,, we have the



inertia group of each point of ¢y (Vo) Ney (V) is Ip, /1", Then we obtain Ip, | = I".
This is a contradiction. Then I’ is not contained in I”.

Similar arguments to the arguments given in the proof above imply that I” is not
contained in I’. Then we complete the proof of the proposition. O]

Remark 3.1.1. We follow the notations of Proposition 3.1. If there is an element I € Min
such that I = N Ip, (e.g. G is cyclic), then we have

o(f\(x)) = $G/4T — 4G /4Ip, — 4G /4Ip,., + 1.

Definition 3.2. Let N be a finite p-group and H a subgroup of N. We define I(H) to be
a maximal set satisfied the following conditions: (i) H € I(H); (2) for any two different
elements H' and H” of I(H), neither H' C H” nor H' O H" holds. Write Sub(V) for the
set of the subgroups of N. We set

M(N) = maX{ﬁI(N/)}I(N/), N/CSub(N)-

For any 1 < d < N, write Cyq(N) for the set of the subgroups of N with order d. Let A
be an elementary abelian p-group such that A = §/N. We set

B(#N) := 1Sub(A),

where Sub(A) denotes the set of the subgroups of A. Note that B(§N) depends only on
N

We have the following lemma.

Lemma 3.3. Let A be an elementary abelian p-group with order G and 1 < d < #G an
integer number. Then we have

1Ca(G) < 1Cq(A).

In particular, we have
M(N) < B(N).
Proof. Since G is a p-group, G has non-trivial central subgroup. Fix a central subgroup
Z of order p in G. Write CZ(G) (resp. CQZ(G)) for the set of subgroups of order d which
contain Z (resp. do not contain Z). If H is a subgroup of G/Z, let C’C(IZ’H)(G) be the set of
Le CC(IZ)(G) whose projection on G/Z is H. Let CZ[G/Z] be the set of H € Cy(G/Z) for
which CC(ZZ’H)(G) # (. It H € C#[G/Z], then there is a natural bijection from C’éZ’H)(G)
to Hom(H, Z). Denote G* = G/(G?|G, G]).
If d =1, the lemma is trivial. Then we may assume that p divides d. We have

104(G) = £CZ(G) +4C7(G) = £Cuyp(G/Z) + 4C7 (G)

=tCap(G/Z)+ > 1eP(G)

HeCZ[G/Z]

=1Cap(G/Z)+ ) #(Hom(H*,Z)).

HeCZ[G/Z]
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Thus, we obtain

1Ca(G) < tCap(G/Z)+ ), #(Hom((G/2)", 2))
HeCZ(G/Z]

= 1Ca(G/Z) +4C7 G/ Z]4(Hom((G/2)*, Z))

< 1Cup(G/Z) + §Ca(G/ Z)i(Hom((G/Z)", Z)).
Write Z' = Z/pZ for a subgroup of A. By induction, we have 1Cy/,(G/Z) < #Cq/,(A/Z'").
Then we obtain

1Ca(G) < #1Cap(A/Z) +1Ca(G/Z)§(Hom((G/2)", Z)) < 1Ca(A).

This completes the proof of the lemma. n

Theorem 3.4. Let f : Y — X be a G-semi-stable covering over S, and x a vertical
point associated to f. Suppose that f~1(x) is connected, and that G is an abelian p-group.
Then we have

o(f1(2)) < M(G) - £G — 1 < B(G) - 1G — 1.

Proof. If z is a smooth point of the special fiber X, of X, then o(f~'(x)) = 0 (c¢f. Theorem
1.1). Thus, we may assume that x is a singular point of Xj.

If Min = @, then Theorem 2.5 implies that o(f~'(x)) = 0. The theorem follows. If
Min # (), then we have fMax > 2. Thus, by applying Theorem 2.5, we obtain

o(f 7M@) = Y tG/HI— > 4G/pT +1

IeMin JEMax
< #Min- G — 1 < M(G) -G — 1 < B(tG) - #G — 1.
]

Remark 3.4.1. If G is a cyclic p-group, then by the definition of M (G), we have M (G) =
1. Thus, if G is a cyclic p-group, we have

o(f(z)) <1G -1

This is the main theorem of [S].

4 Graphs and p-ranks of (G-semi-stable coverings

We follow the notations of Section 2.2. Let f : Y — X be a G-semi-stable covering over
S, x a vertical point associated to f, h: Y — X' :=Y/G for the finite G-semi-stable
covering over S induced by f, and g : X*' — X the morphism of semi-stable curves over
S induced by f such that go h = f. Suppose that f~!(z) is connected. In this section,
by using the resolution of nonsingularities over marked points, we introduce a semi-graph
FQetd associated f and a semi-graph '/ associated to the vertical fiber f~!(z). We



will see that together with some data of X®' the p-rank o(Y;) is determined by F{,’Setd.
Moreover, the p-rank o(f~*(z)) is determined by a sub-semi-graph of I'/-¢d,

First, let us treat the global case. Let z%,v € v(I'xst), be a smooth point of X,
where X, denotes the irreducible component of X' corresponding v. By replacing S
by a finite extension of S, there is a S-rational point z% € X*(S) such that z%|, = z¥.
Moreover, by replacing S by a finite extension of S, we may assume that f~'(2%)real, are
n-rational points of the generic fiber Y, of Y. Write Eyss for the set of S-rational points
{z§ vevr ) © X*(S). We define a pointed semi-stable curve 275 to be (X5 Fxsst).
Write 2 = (X5, Exss) for the generic fiber of 2%, 25" = (X, Exs) for the
special fiber of 27, and Ty« for the dual semi-graph of 2. Together with the set of
n-rational points By, := f,'(Exst), we obtain a pointed semi-stable curve (Y;, Ey,) and
a natural morphism of pointed semi-stable curves hy : (Y, By,) — %f“ induced by h,,.
Then h; extends uniquely to a G-pointed semi-stable covering h* : % := (Y™, Ey+) —
2" such that h®|, = hy (cf. [Y, Proposition 3.4]). Write %} := (Y, Ey;) = (Y;, Ey,)
for the generic fiber of %, %, := (Y}, Ey-) for the special fiber of %/, and T'y, for the
dual semi-graph of ;. Note that the morphism of the underlying curves of the generic
fibers hy : Yy — X3 coincides with h, : Y, — X;* over 5, and the morphism
of the underlying curves of the special fibers h? : Y — X* does not coincide with
hs : Yy — X, over s in general.

Proposition 4.1. Let v € v(I'xs«), X, the irreducible component of the special fiber X5
corresponding to v, Y, an irreducible component of the special fiber Y of Y* such that
h(Y)) = X,. Write Dy~ C G (resp. Iys C G) for the decomposition group (resp. the
inertia group) of Y. Let x4 be a closed point of X,,.

(1) If Iy = {1} or x, € X, \ Exs, then x is not a vertical point associated to h*.

(i) If Iy+ 1s not triwial and x, € X, N Exs, then x, is a vertical point associated
to h*. Moreover, if vy € X, N Exst is a vertical point associated to h*®, we write V, for
the set of the connected components of (h*)™(zs)wea which intersect with Y, is not empty.
Then for each element E € V, (i.e., a connected component of (h*)™*(zs)red), we have
4E N Eys = tly;.

Proof. By the construction of h*, we observe that A¢ |y-\(n$)-1(5, ) : YRS (Exss) —

o) Yo\ hy'(Exst) — X\ Exss. Then (i) follows.

Write z, € EX%st for the marked point of %f“ such that the reduction of z, is x.
Write Y, for an irreducible component of Y; such that hs(Y,) = X,, Dy, C G (resp.
Iy, C G) for the decomposition group (resp. the inertia group) of Y,. Note that we have
8Dy, = £Dy; and fly, = §ly;.

If Iy» is not trivial and =, € X, N Exs, then we have gh;'(2)wea = #G/t1y; moreover,
Y, N h;Y(2)rea = §Dy,/tly, = §Dy: /tly:. Since th,'(z,) = 4G, we obtain that h* does
not coincide with h over x;. This means that x, is a vertical point associated to h®.

Since V,, admits a natural action of G induced by the action of G on %', we have
8V, = t Dy /#lys. On the other hand, we have §((hs) ™ (2s)rea N (A2) 1 (Xy)rea) = #Dy:.
Thus, for each E € V,, we obtain §(E N Eys) = #ly+. This completes the proof of the
proposition. O

X5\ Exgse coincides with Ay, -1
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Remark 4.1.1. Since all the vertical points associated to h® are smooth, the dual semi-
graph I'y, of Y can be regarded as a sub-semi-graph of I'y, in a natural way.

Write Ve for the set of the connected components of the vertical fibers associated to
the vertical points associated to h® (note that Proposition 4.1 implies that all the vertical
points associated to h® are contained in Fxss). For each v € v(I'y,) C v(I'y,), write Y,*
for the irreducible component of Y* corresponding to v. Write Mg for the set Ey- N E
for each E € Vje. Proposition 4.1 implies that if ENY," # 0, then Mg = 4ly;.

We define a semi-graph F{,;Etd as follows: (i) U(Fg’td) = v(I'y,) [[{ve}pev,.; (ii)

el(Igtd) := e?(Ty,) [T{er} pev,e and eP(TL) = e%P(Ty,); (iii) for each e € e/(T§H) \

f etd f etd

{ertEev,. Ce Y = (1% (iv) for cach e = {5, b5} € {es}Eev,., Ce Y (be) = ¢ (be)
f etd
and Ce Y (b5) = vg; (v) for each e = {5, b5} € e°P(I'§), write y, for the closed point of
f-etd f etd
Y corresponding to e; we set ¢ (b5) = vg and Ce (s = {U(I’Qe’td)} if y. € Mg,
f etd

To, .

and Ce =ity & Urev,« ME.
Write I 5s for the dual semi-graph of 2%, There is a natural map Bt : Ty, — Dgrsmt
of semi-graphs induced by h®. Note that since h*® is not finite, 5} is not a morphism of
semi-graphs in general. Furthermore, 5} induces a map ﬁetd Ff o, a5t as follows:

(i) for each v € v(I'gsst), Betd( ) = ﬁf( v) if v {UE}EGVh,, and if v =vg € {vp}Eev,.,
ﬁetd( ) is equal to the open edge corresponding to the marked point of 2 which is the
image of F; (ii) for each e € ed(F{/;etd) U eOP(F{,;etd) B5(e) = B3(e) if e & Upev,ae(vp),
and ﬁetd( ) is equal to the open edge corresponding to the marked point of 25 which is
the image of F.

Note that it is easy to see that I'yst and F{,;etd do not depend on the choices of the
set of marked points Fxst.

Definition 4.2. Let f : Y — X be a G-semi-stable covering over S and gy : I'y, —
I"xss the morphism of dual graphs induced by the morphism of semi-stable curves A/, :
Y — X®' over s. We shall call the semi-graph Ff etd (

graphs 56“1 Ff d 7 assv) constructed above the extended dual semi-graph of Y,

resp. the morphism of semi-

(resp. the extended map of ;) associated to f . We define Com’ associated to the
G-semi-stable covering f to be the quadruple (I‘f etd st ,ﬁf etd Ff etd [ yse, 4G).
Let G! and GY, i € {1,2}, be two semi-graphs, f3; : G’ — (GZ a map of semi-
graphs, and m; is a positive number. We shall call two quadruples (G%, G B Gl —
Gi,my) and (G3,G3, 3, : G2 — G3, my) are isomorphic if my = mj and there exist two
isomorphism of semi-graphs a; : GI = G? and ay : G} = G3 such that the following
commutative diagram holds:
Gl M, @2
Bll 521
Gl 2, G2
We use the notation (g, az) to denote the isomorphism of quadruples defined above.

Note that by the definition of F{,;etd, I'y, can be regarded as a sub-semi-graph of FQetd.
Moreover, we have the following lemma.
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Lemma 4.3. The dual semi-graph Uy, of the special fiber Yy of Y can be reconstructed by
1G and the extended dual semi-graph F{,;etd of Ys associated to f in a purely graphic way.
Moreover, the morphism of dual graphs By : I'y, — I'xsse can be reconstructed by 4G and

the extended map 5;td : F{,;etd — ['yse associated to f.

Proof. Write G and H for I‘{,;th and I'y,, respectively. Let V' be a subset of v(G) defined
as follows:

{v e v(G) | te(v) Ne®(G) # 4G and there is only one vertex v # v’ € v(G)

such that there is an edge e which links v and v’ }.

We define a sub-semi-graph G’ as follows: (i) v(G’) := v(G) \ V (note that by Lemma 4.4
below, we obtain v(G’) is not empty); (ii) e(G') := e (G) \ {e(v) }rev; (iii) eP(G') = 0;
(iv) For each e € e(G'), we set (& := (. It is easy to see that G’ = H. Thus, Iy, can
be reconstructed by Fé;etd and 1G.

Moreover, note that I'xst is equal to the image B;td(Fys). Thus, 85 : I'y, — Dxsst
can be reconstructed by B;td : F{,;etd — 'y and §G. This completes the proof of the
lemma. ]

Lemma 4.4. Let f : Y — X be a G-semi-stable covering over S. Suppose that the
special fiber X, of X is irreducible, and the morphism of special fibers f, : Yy — X over
s is not generically étale over X,. Then Yy is not irreducible.

Proof. If the lemma does not hold, we may assume that Y; is irreducible. Since f; is not
generically étale, by replacing G by the inertia group Iy, C G and replacing X by Y/Iy,,
we may assume that G = Iy,. Then we obtain the genus g(Y;) of Y; is equal to the genus
g(Xs) of X,. On the other hand, since the morphism of generic fibers f, : ¥, — X, is a
connected étale covering with a non-trivial Galois group G, we obtain the genus g(Y;,) of
Y, is strictly greater than the genus g(X,) of X,. This is a contradiction. We complete
the proof of the lemma. Il

Theorem 4.5. We follow the notations above. The p-rank o(Y) is determined by Com’
and {o(X,) boeo(r ;o) where X, denotes the normalization of the irreducible component

X, of Z=Y corresponding to v.
Proof. The theorem follows from Theorem 2.4, Proposition 4.1, and Lemma 4.3. O]
Moreover, we have the following corollary.

Corollary 4.6. Let f:Y — X (resp. h: Z — W) be a G-semi-stable covering (resp.
J-semi-stable covering) over S, hy: Y — X' :=Y/G (resp. hy : Z — W=' .= Z/G)
the quotient morphism, 'y, and I'xs (resp. T'z, and T'ywss) the dual graphs of the special
fiber Yy of Y (resp. Zs of Z) and the special fiber X of X5 (resp. Wt of W)
respectively, By : I'y, — T'xst the F{,;etd the extended dual semi-graph of Yy associated to f
(resp. F%‘ftd the extended dual semi-graph of Zs associated to h), and B;@td (Dyeta — Dgsst
the estended map of By : I'y, — D' xss associated to f (resp. Bed [ geta — Dysse the

extended map of By, : I'y, — D' xssv associated to h). Suppose that (a1, ) : Com’ 5 Com”
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is an isomorphism of quadruples such that o(X,) = U(Wa2(v)> for each v € v(I" g5t ), where

)?U and W, denote the normalization of the irreducible components X, and W, of
X and W corresponding to v and as(v), respectively. Then we have

o(Yy) = o(Zy).

Next, let us treat the local case. We only treat the case where x is a singular point of
X;. Let X and X/, (which may be equal) be two irreducible components X which contain
x. Write X7 and X, for the strict transforms of X} and X} under the birational morphism
g: X% — X, C:=U" P, C g Y(#)1eq for the chain of P!, V, for h™1(X; U X5 U C)eq,
and V* for (h*)™}(X; U X5 U C),eq. Note that since f~'(x) is connected, V, and V* are
connected too. We define a pointed semi-stable curve 7, to be (V, Ey» := V' N Ey»).
Write I'y, and I'y, for the dual graphs of V, and 7., respectively. Then I'y, can be
regarded as a sub-semi-graph of I'y, in a natural way. Write V% for the set

{E € Vi | EC Vx*}

We define a semi-graph I'/=*d as follows: (i) v(I'/<%) = v(lv,) [T{veteevs,; (i)
e (T/etd) i = e(Ty,) [[{er}revs, and eP(T/-etd) .= e°P(T'y, ); (iii) For each e € e}(I'/td)\

f-etd Fg‘c'—etd

{ex}pevi, ¢ = G (iv) For cach e = {05,05} € {em}meva, ¢ (8) = ¢ 7 ()

and ng_etd(bg) = vg; (v) For each e = {b5,b5} € e°P(I'/) write y, for the closed point
of V¥ corresponding to e. We set ng_ew (b) = vg and Cﬁ'“(bg) = {v(T/e Y if y, € Mp,
and Ceré—md = 5@3 if Ye ¢ UEEV,?- M.

Definition 4.7. Let f : Y — X be a G-semi-stable covering over S and x a vertical
point associated to f. Suppose that z is a singular point of the special fiber X, and
that the vertical fiber f~!(x) associated to x is connected. We shall call the semi-graph
['/-etd constructed above the extended dual semi-graph associated to the vertical fiber
f71(z). We shall call a connected sub-semi-graph V C '/ 4 stem of I'/** if the
following conditions are satisfied:

(i) v(V) = {vo, ..., a1 }U{v € {vp}pevy, | there exist e € e (T and v € {vg, ..., Vns1}

such that e links v and v'};

(ii) for each v; € v(V), the irreducible component Y, C V* corresponding to v; such that
h(Y)=P CCifi#0,n+1,and h3(Y,)) = X; C X3 if i =0,n + 1;

(iii) e!(V) U eP(V) = {e = {05, b5} € eI(TS) U eP(Tfd) | (T (0) € u(V) and

G (b) € w(V)).
We define Qﬁom£ associated the G-semi-stable covering f : Y — X over S and a vertical
point z associated to f to be the pair (I'/ #G).

Let G; and G5 be two semi-graphs, and m; and msy two positive integer numbers. We
shall call two pairs (Gy,m;) and (Gg,msy) are isomorphic if m; = my and there exists
an isomorphism of semi-graphs a : G; = G,. We also use the notation « to denote this
isomorphism of pairs.
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Note that by the definition of I'/-**d T';, can be regarded as a sub-semi-graph of I'/-%
in a natural way. Similar arguments to the arguments given in the proof of Lemma 4.3,
we have the following lemma.

Lemma 4.8. The dual semi-graph I'y, of V, can be reconstructed by T/ and 4G in a

purely graphic way. Moreover, there exists a stem V of I'y, which can be reconstructed by
I/ gnd §G.

Theorem 4.9. We follow the notations above. The p-rank o(f~*(z)) is determined by a
stem of T,

Proof. The theorem follows from Theorem 2.4, Proposition 4.1, and Lemma 4.8. m

Moreover, we have the following corollary.

Corollary 4.10. Let f : Y — X (resp. h : Z — W) be a G-semi-stable covering
(resp. J-semi-stable covering) over S and x (resp. w) a vertical point associated to f
(resp. h). Suppose that x (resp. w) is a singular point of the special fiber X of X (resp.
W, of W), and that f~(x) (resp. h~Y(w)) is connected. Let T and Tt pe the
extended dual graphs associated to the vertical fiber f~'(x) and h='(w), respectively, and
a: Com! 5 Com” an isomorphism of pairs. Then we have
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