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1 Introduction

Let k be a field, G, the absolute Galois group of k, U an algebraic variety over k (i.e. a geometrically
connected separated scheme of finite type over k) and 71 (U) the étale fundamental group of U.

When k is a number field or, more generally, a field finitely generated over the prime field, the following
philosophy of anabelian geometry, which is sometimes called the Grothendieck conjecture, was advocated
by A.Grothendieck.

When U is an“anabelian variety”, the geometry of U is determined by 7;(U) — Gj.

When k is an algebraically closed field of characteristic 0 and U is a curve (i.e. an integral separated
regular scheme of finite type over k and of dimension 1), the isomorphism class of 71 (U) as a topological
group is determined by the cardinality of cusps of U and the genus of U. Therefore the isomorphism
class of U as a scheme cannot be determined only by w1 (U).

When £ is an algebraically closed field of characteristic p > 0, the isomorphism class of 71 (U) cannot be
determined by easy invariants such as the cardinality of cusps or the genus. Thus, we can even consider

the following problem.

Is the isomorphism class of U as a scheme determined only by 71 (U) ?

Regarding this problem, various results are known (cf. [4] [5] [7] [8] [11] [12] ). Among others, the

following theorem is known.

Theorem 1.1 ([11]Theorem 3.5)
Let k£ be an algebraically closed field of characteristic p > 0, U a curve over k, F' C k the algebraic
closure of F,,, Uy a curve defined over F' and X, a smooth compactification of Uy. Assume that the genus

of Xp is 0. Then
m(U) =~ m(Uy) & U ~ Uy xp k (as a scheme)

The main result of the present paper is the following generalization of Theorem 1.1.



Theorem 1.2 (Theorem 4.9)
Let k be an algebraically closed field of characteristic p # 0,2, U a curve over k, F C k the algebraic
closure of F),, Uy a curve defined over F' and X a smooth compactification of Uy. Assume that the genus

of Xy is 1 and that the cardinality of Xo\Up is 1. Then

m(U) =~ m(Uy) & U ~ Uy xr k (as a scheme)

In the second section, we will review the reconstruction of various invariants by w1 (U), which will be
used in the later sections.

In the third section, U is assumed to be an open subscheme of an elliptic or hyperelliptic curve. We
will prove that linear relations of the images of cusps in P! are encoded in 71(U) and a certain closed
subgroup Ly C 71 (U) (see the third section for the definition of Ly).

In the fourth section, U is assumed to be a curve of (1,1)-type. At first we will prove that we can
apply the main theorem of the third section to certain étale covers of U. Then we will prove that the

isomorphism class of U as a scheme is determined only by 71 (U).

2 The reconstruction of various invariants ([11]§1,§2)

In this section, we will review the reconstruction of various invariants that was shown in [11].
The theorems in the first section are about curves of genus 0 or 1, while the theorems in this section

are about curves of arbitrary genus.

Definition

Let k be an algebraically closed field of characteristic p > 0, U a curve over k (i.e. an integral separated
regular scheme of finite type over k and of dimension 1), m1(U) the étale fundamental group of U,
Uy the étale cover of U that corresponds to an open subgroup H C m(U), X = U* the smooth
compactification of U, g(X) the genus of X, Sy = X\U the complement of U in X, ny the cardinality
of Sy, K the function field of U, K*¢? a separable closure of K, K the maximal Galois extension of K
in K¢ that is unramified over U, X the integral closure of X in K, Sy the inverse image of Sy under
X = X, I5 the inertia subgroup in 71 (U) associated to P e Sy, Ig”d the Sylow p-subgroup of I3,
Iigme d:eflp/l;g"”d, Sub(my(U)) €{H c 1 (U)| H is a closed subgroup}, F the algebraic closure of F, in
k, (Q/Z)’d:&{a € Q/Z | the order of a is prime to p } and Fp dﬁf([glme ®z (Q/Z)) [1{*} ({*} means one
point set, P € Sp).

Theorem 2.1 ([11]§1,82)
From m (U)

e (g(X),ny) can be recovered group-theoretically

e When (¢9(X),ny) # (0,0), p can be recovered group-theoretically

e 71(X) can be recovered group-theoretically as a quotient group of 71 (U)

e Sy can be recovered group-theoretically as a subset of Sub(m1(U)). More precisely, Sy can be
identified with a subset of Sub(m(U)) via Sy — Sub(m;(U)), P — Ip, and this subset can be

recovered group-theoretically.



e Sy can be recovered group-theoretically as a quotient set of Sy

e The field structure of 5 obtained by identifying 5 with F' can be recovered group-thoretically
|

Definition

Set I = I. Let d be any positive integer. We define x4 as follows

ame ame 1
Xt I — It"m/(p? — 1) =Tt BT UT o Fy

Corollary 2.2 ([11]Corollary 2.11)
Let M be an Fp[m (U)]-module that can be recovered group-theoretically from 7 (U). Let I =I5, d > 1

and ¢ € Z. Then . ‘
M(x7q) ={z € Mg, Fp | vz = x7 .0z (ye D)}

can be recovered group-theoretically.

3 Linear relations of the images of cusps in P!

In this section, we will use the same symbols as in the previous sections, and we assume that p # 0,2
and that X is an elliptic or hyperelliptic curve.
We will prove that linear relations of the images of cusps in P! are encoded in 71(U) and a certain

closed subgroup Ly C m1(U).

Definition
Let 2 : X — P! be a finite morphism of degree 2, S Cgfas(SU), A0, Aoos Al A2, -+, Ay, € X ramified
points of x and P; the image of \; in P! (i = 0,00,1,2,---,m). By Hurwitz’s formula, m is an even

number. In this section, we assume that Ao, Moo, A1, A2, -, Am € S, Su\{ Ao, Aocs A1, A2, -+, Am} # 0
and x71(S) = Sy. Let 1,1y I(1,2)5 F2,1)5 "+ B(i,1)s ,2) € Su be unramified points (p(;,1) is conjugate
with fu(; 2)), R1, Ra,- -+ , Ry the images of f1(1,1), f(1,2), I(2,1)> -+ » H(1,1)> Bt,2) € Su in P

Set Suunr (110, 11,20 21)s s 1) 12) b SO ram {0 Aoy AL Azy 3 A s

Sunr R, Roy -+ R}, Svam Py, P, Py, P, -+, P}

Let I5 C w1 (U) be the inertia group corresponding to Ae X, Iip Cm (P'\SS) be the inertia group
corresponding to AeP! (Here, P! stands for the integral closure of P! in K. By definition, X = I@’l)
Set Q %', (P'\S)?*" (the maximal pro-prime-to-p abelian quotient of m (P*\S)), Ly défk‘er(m(U) —
m(P\S) = Q) and Qu E'm (U)/Ly.

When X is a hyperelliptic curve, x is the unique finite morphism of degree 2 (up to isomorphism of P!,
see [2]IV Propotition 5.3). When X is an elliptic curve, x is not unique (therefore, S, Q, Ly, Qu, Suunr> Sunr

Ao, Pos f1(1,1), R1, etc., depend on the choice of x). In this section, we assume that = is fixed.

Proposition 3.1



Stram, SUunr, S, Sram, Sunr, @ and the natural injective map Qu — @ can be recovered group-

theoretically from 71 (U) and L.

Proof

For each \ € Sy, we fix A € Sy above . We define an equivalence relation ~ on Sy by saying v ~ A
if I;/(Iy N Ly) = I5/(I5 N Ly) (as subsets of Qu). We can identify S with Sy;/ ~ (see the proof of
[11]Lemma 2.1). Syunr = {A € Sy| there exists v € Sy\{A} such that A ~ v }, Syun, and Sy,rem are
recovered from m(U) and Ly. As Spam (resp. Sunr) is the image of Sy rem (resp. Svunr), Sram and

Sunr are recovered from 71 (U) and Ly .

Via the exact sequence 0 — Qu — Q — Z/2Z, we can regard @ as subset of %QU. By G.A.G.A
theorems ([1]Exposé 12 |, Exposé 13)

Q= @resIEp)/a , g~ 2 AT
If\%,’fe/lf\“me ~7/2Z (X € Suram) s If\?];’fe/lf\“me =0 (X € Suunr)
and
Qu = (@pes, ., [50) +( 3 19m))
PeSunr
((@reSram [E7)" Eher(@nes,un [F77) — SL/2L 2"2/22) )
therefore

1 1
Q :( Z 5[%17”6)4_( Z Iglme) C §QU

PESram PESunr

By identifying @@ with the right-hand side of this isomorphism, we obtain Qu — Q.

|
We will use the following lemma in the proof of Theorem 3.3.
Lemma 3.2
Let p be an odd prime number. For any ai, -+, @m, b1, - ,by € {0,1,--- ,p—1} (m € 2Z>¢, | € Z>o and
(mvl) # (070))5 €1, 7em7f1a"' 7fl S Z>0 Wlthp'f(nznzl ei)(H.ljzl f]) and Qp, aamwBl)"' aﬁl S Z7
there exist dg, a1, -, am, l~)1, b € Z~¢ such that, for any d € Z such that d > dy, we have (i) ~ (i)
(i)e=cmodp (c=ay, - ,am,b1, - ,by)
(#) a; = a; mod e; , Ejzﬁj mod f; 1<i<m,1<j<I)
(éi7) For all ¢,t,01, - ,0m,€1, -+, €Z s.t. 0< ¢ < % ,0<t< % ,

2 2

I s YO
we have H(alJré 2 )(j):()modp
i €5

2]

p -1 7 p?—1 d
0<d; <a;+ ,OSEijjandZ(5i+Zej: +s—q+tp?,
i J

In particular, when [ # 0 and (m, 1) # (0, 1), for any ay, -+ ,am, b1, - ,b € {0,1,--- ,p—1}, there exist



d,@y, - am, by, by € Zsg which satisfy (i), (i), (iv), (v), (vi).

(iv) p* > 4s (s Z ¢)

c=ai,  ,am,b1, by
p -1

d
p*—1
2 2
(U) |<pd_ 1,5) s |

(p?—1,5—1)
(i) (p® —1,b1) =1

(c:alv'” 7am7b17"' abl)

Proof
We take any u € Z such that

p“>Q(Zai—i—ij+%p+(Zei+ij)p)—1
i j i j

(= p > (Tt b+ T+ (e + X 1 + (X L)
7 J J h=0

i
and set dy 4, + 3. We define 1, ,dm,b1, -+ b, to be the unique integers that satisfy (i¢) and the
following condition.

- +1 -1
ai:aﬁp—erszpthAip (1< 4 <e)

bj =bj+ Bjp (1< B; < f;)
Then for any d > dy, we have
m mu def
s=D ai+ ) bit+optop T+ D (m+p < DEQ S Ap)+ (Y Bip) < (et ) f)p)
i j % J i J
pt—1 p—1 p+1 ! p—1
= . — 2T~ utl g~ h )
Qi+ = =it o +(Y p") + Aip
h=u-+2
p'-1
2

Let 32g aigp? » 2006007 5 20069007 » 2g€GaP? (a(,9):00G.9):0(i,9): €Gg) € {0, 1,++ ,p = 1}) be
d ~
the p-adic expansions of a; + prl, bj, 0;, €;, respectively.

d—1
m p—1 m
+3—Q+tpd:(§ a¢+E bj+5p+D—Q)+(§ Tph)‘f‘?]?uH‘Ftpd
' j h=0

(2

At first, suppose either that there exist i € {1,2,--- ,m},g € {0,1,--- ,u — 1} such that b o) < €(; 4
or that there exist j € {1,2,---,l},9 € {0,1,--- ,u — 1} such that b(; 4 < € 4. By Lucas’ theorem

(), d
g, L =1 b

(ale 2 )Omodp or <b]>0m0dp
(Si €5

therefore we have (4i).

Next, suppose that a; gy > d(;,4) and b g) > €(j o) hold for any i € {1,2,--- ,m},j € {1,2,--- ,l},g €
{0,1,--- ,u —1}. Then we have

u—1 u—1
Y>> ai+ Y b+ %(p— D+D =Y dugr®) + OO0 €gop?)
i j

i g=0 Jj g9=0



Let 1 be the uth coefficient of the p-adic expansion of (3, d;) + (32, ¢j) = pdT_l + s —q+ tp?. Then n

satisfies n = >, 0¢;u) + Zj €(j,uy mod p. And we have
m u—1 p— 1
p“ > (Zaz “!‘Zb; + 5P+D—q) + (Z Tph)
i j h=0

Then we have n = p—;l. Therefore there exists i € {1,2,---,m} such that §;,) # 0 or there exists

Jj€{1,2,---,1} such that €, # 0.

On the other hand, any i € {1,2--- ,m} satisfies
-1
p'>a; + pT + Aip

Therefore we have a; ) = 0. It is clear that any j satisfies b(;,,) = 0. By Lucas’s theorem ([3]),

PR it b
(az—i— 2 )EOmodp or (])EOmodp
(Si €

Thus, in both cases, we have (ii¢). By definition of a, - - - .G, b1, , by, we have (i), (4). This proves

the first half of the lemma.
Next, we will prove the second half of the lemma.

e Suppose b =0
Weset fi = 1 and take any ey, -« , €m, fo, -+, fi, 1, , &, B1, -+, B that satisty p [ ([T, 6i)(Hé‘:1 fi)-
We apply the first half of the lemma to them. By the proof of the first half of the lemma, we can take
by = p. We can take a sufficiently large d that satisfies (v), because p # 2. Therefore we can take d that
satisfies (iv), (v) and (vi).

e Suppose by # 0 and [ = 0 mod 2.

By Dirichlet’s theorem on arithmetic progressions, there exists N € Zsq such that b; + p + Np? is
a prime number. We take fi = 1+ Np, 1 = b1, e1 = e = -+ =¢ep = fo =+ = fi = 2,
ap = = Qpy = P = -+ = [ = 1. We apply the first half of the lemma to them. By the
proof of the first half of the lemma, we can take by = b + p + Np?. Then by is a prime number and
by > 1+p+p?, in particular (p%—p, b1) = 1. Any d > dj satisfies (v), because @y, - - - ,@m, b1, b, s—1
are odd numbers. Thus, if we take sufficiently large d that satisfies (iv), d,a1, - , am, bi, - b satisfy
(i), (iii) ~ (v). If by + p? — 1, then we also have (vi). If by|p? — 1 (i.e. (vi) is not satisfied), we have
pH 1 =(p-1)*+ @+ +p+1) = (p— 1)p? mod by. Hence d + 1,1, ,dm, b1, , b
satisfy (4), (i4i) ~ (vi).

e Suppose by # 0 and [ = 1 mod 2.
By assumption, we have m # 0 or [ > 3. Suppose [ > 3 (resp. m # 0). By Dirichlet’s theorem on
arithmetic progressions, there exists N € Zwq such that by + p + Np? is a prime number. We take



Ji=1+Np, pr=b1 fo=4 fa=2,e1="=en=[fz==/=2 a1 ==y =P03=
o=F=1(esp. fi=1+Np, fr=b1, e1 =4, a1 =2, e =+ =ep=fo="=fi=2, az =
cee =y = Po == f; =1). We apply the first half of the lemma to them. By the proof of the first
half of the lemma, we can take by = by + p 4+ Np?. Then by is a prime number and by > 1+ p+ p?,
in particular (p* — p, 51) =1. a1, ,am, b1, - b, s — 1 are odd numbers except by (resp. @), and bs
(resp. a1) = 2 mod 4. Hence all d € 2Z~ satisfy (v). Thus, if we take sufficiently large d that satisfies
(i), d,aq, - LG, b1, -, by satisfy (1), (i4i) ~ (v). If by ¥ p? — 1, then we also have (vi). If l~)1|pd -1,
then we have p™2 — 1= (p— 1)(p(p+ 1)+ (p* " +---+p+1)) = (p— )(p¥(p + 1)) mod b;. Hence
d+2,a1, - ,am, b1, -, b satisfy (1), (i13) ~ (vi).

Definition  ([11]§3)
Let v be an integer such that v > 1, p /v and 2|y. We define

H(Z/7Z) = {(cp)pesscp € Z/AVL | ( < cp >pes = Z/4Z) and (Y cp = 0)}
pes

H(Z/v2) € H(Z/VZ) /(L /L)

The natural identification Surj(Q, Z/vZ) ~ H(Z/~Z) and the restriction map Hom(Q, Z/vZ) —Hom(Qy, Z/vZ)
yield the following map

H(Z/yZ) ~ {H' C 71 (P*\ S) : open subgroup | 7 (P*\ S)/H' ~ Z/yZ}

1
— {H C m1(U) : open subgroup | ( 7 (U)/H ~7Z/vZ or m(U)/H ZZ/?yZ Jand Ly C H}

Fix closed points pg # poo € PL. For each isomorphism ¢ : P! ~ P! with ¢(pg) = 0, ¢(ps) = 00, We
obtain a bijection P! (k)\{poo} =~ P! (k)\{co} = k. This bijection does not depend on the choice of ¢ up
to scalar multiplication. Hence the additive structure on P!(k)\{ps} that is induced by this bijection

does not depend on the choice of ¢, and only depends on the choice of pg and po.

Theorem 3.3
For any ap € F,, (P € S \{Py, Px}), consider the following condition

Z apP =P, (with respect to the additive structure associated with Py and Pu)
PES\{Py, P}

Then whether this condition holds or not can be determined group-theoretically by 71 (U) and Ly.

Proof

We define ay,---,am,b1,---,by € {0,1,---,p — 1} by a; mod p = ap,, b; mod p = ag; (i =
1,---,m, j=1,--- 1), and apply Lemma 3.2 to them. Then we obtain ap, d:ef&i7 aR; d:efl;j, d that satisfy
(1), (i14), (iv), (v), (vi). Let H (resp. H') be the open subgroup of 7y (U) (resp. 71 (P'\S)) associated with
(cp)pes € H(Z/(p?—1)Z), where cp_ =1, cp, = s—ldzefzpes\{Po,Pm} ap—1, cp = —ap (P # Py, P).

7



Set Xy ©(Uy)Pt, (PY) g L(PN\S) )P,
¢IXH — X andz/):XH — (Pl)H/.

Pl<—" X

Lk

(P <— X

By Lemma3.2 (vi), we have (p? — 1,ar,) = 1. Then R; is totally ramified in (P!)z — P!. On the
other hand, by definition, R; is unramified in X — P!. Hence the above commutative diagram is a
cartesian product on generic points. In particular, the degree of Xz — X is p? — 1, that is the degree
of (P1)g: — PL. Then by Theorem 2.1 and Corollary 2.2, whether (m; (XH)“b/p)(X;LﬁT)’d) = 0 holds or
not can be determined group-theoretically (here, fi(1,1) € X is a point above p(q1y). By Artin-Schreier
theory,

(71 (X 1) /p)* € Hom(m1 (X ) /p, Fp) = Homeons (11 (X 1), Fp) = HY (X g, Fp) = H (X7, O,y )[F—1]
This, together with [9]Proposition 9, implies

(m(Xn)™ /D) (™ 4) = 0
(m(Xn)™ /p) (™ )7 =0

<The Frobenius F on Z H'(Xy, OXH)((X/;(?I?) ’d)_pr) is nilpotent

T

<The Cartier operator C onz H(Xpy, QXH)((X;('?Rll)’d)PT) is nilpotent

T

By fixing a suitable coordinate choice of P!, set Bd:ka[x, 7 (2—P) 7 (a—P) 7L (a—Py) 7Y (2—

Ry)™ L, (x— R) Y[z < 22 —a(x — P1)---(x — Py) >, then we can write U = SpecB. Set
By ng[y]/ < yp'ml st pes\(po,poy(@ — P)=% > then we can write Uy = SpecBy. Because
Qpr\s = Op1\s(dz) = Op1\g(dz/z) and P'\S « Uy is étale, we have Qu,, = Oy, (dz/z). By Lemma

_&Rl

3.2(vi), we have (p? — 1,ag,) = 1, which implies that we have I'(Ug, QUH)(X/](I 1),d) = By(dz/z).
Let f € B and set w = fy(df) e I'(Uy, QUH)(X,;ﬁ?),d)- We will consider a necessary and sufficient

condition for w € I'(Xyy, QXH)(X;(?TM)' This can be checked at each v € X \ Uy. Let t, be a prime

element of Ox,, ..

e Suppose ¢(v) = Ay
The ramification index of ¥(v) over P, is p¢ — 1. The ramification index of ¢(r) = Ay over P, is 2.
By Abhyankar’s lemma, the ramification index of v over A is (p? —1)/2 and v is unramified over ().
By (dz/dt,) = —x?(dz='/dt,) and ord, (dz~'/dt,) = p? — 2, we have ord, (dz/dt,) = —p?, and

dr _ d_1
ordu(fyﬁz D= p ordx,_(f)+1 —pt+ (pdf 1)

= ordx (f)



therefore

dr _
w = (fyﬁx Ydt, € Qx,y 0

& ordl,(fijxa:_l) >0
< ordy_(f) >0

e Suppose ¢(v) = Ag
Set ep, d:ef(pd —1)/(p? — 1,5 — 1) which is the ramification index of ¥(v) over Py. By Lemma 3.2(v), we
have 2|ep,. By the same argument as above, the ramification index of v over Ag is ep,/2 and that v is
unramified over ¢ (v). Then
(s — Dep,

pt—1

2((s —1) = (' = 1,5 - 1))
pt—1

d
ord,(fy g-at) =P ord, (1) + +(er, —1) e,

== (ords () +

)

By Lemma 3.2(iv), we have p? — 1 > 25 > 2((s — 1) — (s — 1,p? — 1)) > 0. Therefore

dr _
w = (fyﬁx Ydt, € Qxpy v

dx
dy(fy—a"1) >
& or (fydtyx )>0

2((s=1) - (@' =1,5-1))
p?—1

< ordy, (f) > —
< ordy, (f) >0

o Suppose ¢(v) = A; (i = 1,2, ,m)
Set ep, d:ef((pd —1)/(p? — 1,ap,)), this is the ramification index of ¥(v) over P;. By Lemma 3.2(v),
we have 2|ep,. By the same argument as above, the ramification index of v over \; is ep,/2 and v is

unramified over ¢ (v). Then

dr _ ep, ap. ep,
ord, (fy G-a ™) =Frords, (£) = S 4 (er - 1)

2 1
_ep, (p*—1) —(ap, + (p* — 1,ap))
=5 (ordx (f) +2 i )

By definition, 2 > 2((p? — 1) — (ap, + (p* — 1,ap,)))/(p? — 1) is clear. By Lemma 3.2(iv), we have
p? —1>4s>2(ap, + (p? — 1,ap,)), hence 2((p? — 1) — (ap, + (p* — 1,ap,)))/(p? — 1) > 1. Therefore

dr _
w = (fyﬁx Ydt, € Qx, 0

d
=3 ordu(fyfxfl) >0

(pd - 1) — (a/Pi + (pd - 176’Pi)))

dy, > -2
& ordy,(f) > T

< ordy, (f) > —1

d Suppose ¢(V) = H(i,5) (Z = 172a T 7l ) .] = 1’2)

Set eg, d:ef((pd —1)/(p* — 1,ag,)), which is the ramification index of ¥(v) over R;. p; ;) is unramified



over R;. Thus the ramification index of v over p; ;) is er, and v is unramified over ¥)(v). Then

de _ GR,CR;
OTdV(nyx 1) :eRiOTdM(i,j) (f) - plj 7R1 + (eRi - 1)
ag; + (pd — 1)6’Ri)
—en(0rd (1) - I ZRER) g

By Lemma 3.2(iv), we have p? — 1 > ag; + (p? — 1,ag,) > 0. Therefore

dx
w= (fygx_l)dt,, € Qxpyw

dzr
dy(fy—a"1) >0
& or (fydt”x ) >

agi + (p* —1,ag,)
o ord,t(i,].)(f) > = 1

& ordu(ivj)(f) >0

-1

Set DdZCf)q + Ao+ -+ A\ € Div(X). By the above computation,

weQx, & fel(X,Z(D))

Let K x be the canonical divisor of X. By Hurwitz’s formula, we have g d:efg(X) =m/2,and deg(Kx) =
m — 2. Thus by the Riemann-Roch theorem, we have dim;I'(X, Z(D)) = g + 1. The valuations
of 1,(x/2),(2%/2), -+, (x9/2) € T(X, £ (D)) at Ao are mutually different, hence these functions are
linearly independent over k. Then we have I'(X,.#(D)) =< 1, (z/2), (¥?/z),- -+, (29/z) >. By Lemma
3.2(iv) (which implies p? — 1 > s — 1) and the following formula

. d .
G yort oty _ [ (€T
z 0 (j € Z\p"Z)

we have

adr

yO0) = OU A= P (o P (= Ry (= Ry )

¥

T

dx
=—(ap,Pr+---+ap, Pn+ar,R1+-+ U«R,Rl)y?

On the other hand, for any g € {1,2---, g}, we have

z? dx
CH—y—

()

d_ _ pd— N pd— ~ ~ d
= O g0+ (g — P) @Rt ) (g — P )@ ) (3 — R)AR L (2 — Ry)R <%)p dg)
~ d_1q ~

_ ap, + F5— (@p, + 2552 —5,) ar (ar,—€;)y 419 92
=3 1 A T e 1§ (G [

t (61, ,0m,€1,0,€0) @ J

In this formula, ¢ runs over all the integers that satisfy ¢ +1 — s+ ((p? —1)/2) < (t+ 1)p? < g+ 1+
(m + 1)((p? — 1)/2) (hence (m/2) —1 >t > 0 by Lemma 3.2(iv)). 1, ,0m, €1, ,€ run over all
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the non-negative integers that satisfy ) . d; + Zj € = pdT_l + s —q+ tp?. By Lemma 3.2(iii), for any
qge€{1,2,---,g}, we have
7 d
oy =0
z% x
Thus, ap, P\ + -+ ap, P +ar,R1 + ---agr,R; = 0 holds if and only if the Cartier operator C' on

—a

>, H(Xn, QXH)((X,;(IRll) 27 is nilpotent. Therefore whether

ap Py +---+ap,Pn+ag R1+-ag R =0

m

holds or not can be determined group-theoretically from 71 (U) and Ly.

4  Reconstruction of curves of (1,1)-type by their fundamental group

In this section, we consider curves of (1,1)-type, which are one-punctured elliptic curves (We are
considering that the unique cusp is the identity element of the elliptic curve) . We will first prove that
the linear relations of the images of m-torsion points in P! are determined by the fundamental group
(Corollary 4.8). Then we will use this corollary, and prove that the isomorphism class (as a scheme) of
such a curve is determined by the fundamental group (Theorem 4.9). We will use the same symbols as
in the previous sections for elliptic curves and their open subschemes. Let E be a (complete) elliptic

curve over k.

Proposition 4.1
Fix O € E(k). Let x,2’ be finite morphisms E — P! of degree 2 that are ramified at O. Then there

exists an isomorphism ¢ : P! ~ P! that satisfies z = ¢ o 2'.

Proof
Set Pd:efz((’)), P’ dzefa:’((’)). When we think of P, P" as elements of Div(P!), we have £ (P) ~ Z(P') ~
O(1). By definition, we have 2*(Z(P)) = Z(20) = 2™ (£L(P’)). Then both = and 2’ correspond to
a linear system that is a subset of |.Z(20)| of dimension 1. By the Riemann-Roch theorem, we have
dim|Z(20)| = 1. Thus both = and 2’ correspond to | £ (20)| . By [2] I Remark 7.8.1, they are equivalent
up to an isomorphism of P*.

|

By Proposition 4.1, when we fix a ramified point O, for any finite set A C E(k) that includes the four
ramified points and satisfies A = 2~ 1(z(4)), L m\A is unique. For any elliptic curve that has additive
structure with respect to O, we fix a finite morphisms = : £ — P! of degree 2 that is ramified at O from

now on (By Proposition 4.1, this finite morphism z is unique up to isomorphism of P!).

Lemma 4.2
For any m € Z~g, the open subgroup m (F\E[m]) C 71(E\O) that corresponds to the multiplication-
by-m map [m] : E\E[m] — E\O can be recovered from m;(E\O).

11



Proof
By Theorem 2.1, the natural morphism 71 (E\O) — m1(E) — 71(E)/m, hence its kernel m (E\E[m]),

can be recovered from 1 (E\O).

Theorem 4.3 (Tamagawa)
For any m € 2Z~o and P € E[m], Lg\gpm) (C 71 (E\E[m])) — 71(E\O) that is defined by (£,P) can
be recovered from 7 (E\O).

We will need some definitions and lemmas for the proof of Theorem 4.3.

Definition
Let N be a group, M a left N-module. Set M™ d:ef{m € M| for any g € N, gm =m },
My¥M/) < gm—m|ge NmeM> M YHomy(M,Q/Z) (the action of N on Q/Z is trivial).

Lemma 4.4

Let k be an algebraically closed field of characteristic p > 0, [ a prime that is not p, X and Y curves
over k, X — Y a finite morphism over k, U (resp. V) a non-empty open subscheme of X (resp. Y).
Suppose that X — Y restricts to a Galois cover U — V. Let G be the Galois group of U — V. Then

we get a natural isomorphism

(1 (X)) a) ®z, Qu = (m(Y)™) @z, Q

Proof
Applying [6]Corollary 7.2.5 (Hochschild-Serre spectral sequence) to the natural exact sequence 1 —

m(U) = m (V) = G — 1, we get an exact sequence
0— H'(G,Q/Z) — H'(m:(V),Q/Z) — H' (m(U),Q/Z)" — H*(G,Q/Z)

By the general property of homological algebra H'(N,Q/Z) ~ Hom(N% ,Q/Z) and [6]Theorem
2.9.6(Pontryagin duality), We get an exact sequence

0 G+ m(V)® + (m(U)®)q « H*(G,Q/Z)"
Take the [-Sylow subgroups and the tensor products with Q;, we have
0+ G @z, Qi < (m(V)*) @z, Q + ((m(U)*h)a) ®z, Qi + H (G, Qi/Z1)" @z, Q|
Since G ®7, Q; and H*(G,Q;/Z;)" ®z, Q; are torsion Q; vector spaces, they are trivial. Then we have
(mU)*™e) @z, Q= (M (V)™') @z, Qu

By the general theory of étale fundamental groups (cf, [1] Exposé V, corollaire 2.4), the kernel of
(m (V)1 @z, Q) = (m1(Y)Ph) @z, Q1) is AL (Zpey\vIp) @z, Q and the kernel of ((m1(U)*)g @z,
Q — (m (X)) g @z, Q) is B (the image of (Xpex\vlp) ®z, Q in (1 (U)*N e @z, Q) (Here, for
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P e Y\V (resp. P € X\U), Ip stands for the image of the inertia subgroup at P in w1 (V)®®" (resp.
T (U)**")). Observe that ((m(U)*)g) @z, @ = (m1(V)*!) @z, Q; sends A onto B. Therefore we

have
(m (X)) ®z, Q = (m1(YV)*) @z, Q

|
Definition
Let M be an abelian group equipped with a Z/2Z-action. We define M ngZ/QZ, M~ d:Cf{a S
M|ra = —a}, where 7 is the unique generator of Z/2Z.

Let m be an even positive integer. The Galois group of E\E[m] — P!\S acts on E\E[m] and is
isomorphic to Z/27Z.

Lemma 4.5

(m1(E\E[m])®**") ™ = ker(m (E\E[m])®? — m; (P'\S)2>#")

Proof
By G.A.G.A Theorems, 7 (P'\S)®*" is a free Z*'-module. It is clear that ker(mi (E\E[m])*? —

71 (P1\S)®#") contains (m; (E\E[m])®®")~. Thus, we have a natural surjective morphism

w1 (E\E[m])*" /(m(E\E[m])***)~ — R,

where Rd:eflm(m (E\E[m])®*" — 7, (P\S)*»*"). At first we will prove that R is a free Z” -module. We

have a short exact sequence
1 — R— m(PN\S)™ — 7Z/27 — 1
Because R and 7 (P'\S)*?" are profinite abelian groups, we have R?" ~ 7 (P*\§)*#"2" and
1 — R? - m(P'\S)®2 — Z/27Z — 1 (here, R? stands for the Sylow 2-subgroup of R). This exact

sequence is a sequence of Zy-modules and Zs is a PID, therefore R? is a free Zs-module and rankz, (RQ) =
rankz, (71 (P'\S)*2). Thus R is a free Z? -module and ranks, (R) = ranks, (m (P1\S)ebr"),

Let ((Wl(E\E[mD“b’p/)Z/QZ)T be the torsion subgroup of (wl(E\E[m])“b’p/)Z/QZ. By Lemma 4.4,
we have (w1 (E\E[m])*")z/07 ®z, Qi ~ 71 (P'\S)**! @z, Q for any prime number [ that is not p.
From this, we deduce (71'1(E\E[m])ab’p/)Z/QZ/((ﬂ'l(E\E[m])ab’p/)z/Qz)T ~ R. By an easy computa-
tion, we have 2((m(E\E[m])®?)~) C (r — 1)(m (E\E[m])®?") C (m (E\E[m])**?)~ and that
71 (BE\E[m])®! /(7 (E\E[m])®*!)~ is torsion free. Thus we have

L (E\E[m])**" /(my(E\E[m])**)~ = (1 (E\E[m])*** )z 22/ ((m1(E\E[m])*** )z /22)r ~ R

Lemma 4.6
(Wl(E\E[m])ab’p/)E[m] C (m (E\E[m])“b’p/)_

13



Proof

[m] : E\E[m] — E\{O} is a Galois cover with Galois group E[m] (when p|m, [m] : E — E is decomposed
uniquely as [m] = [m]’ o ¢, where [m]' : E' — E (resp. ¢ : E — E’) is a separable (resp. purely
inseparable) isogeny of eliptic curves, and we consider [m]’ : E/ — F instead of [m] : E — E). E\E[2] —
P1\{0,1,\, ¢} is a Galois cover with Galois group Z/2Z. [m] : E — E is the unique maximal abelian
cover whose Galois group is killed by m. Then E\E[2m)] @]E\E[Q] — PN\{0,1,\,00} is a Galois
cover with Galois group G £'E[m] x Z/2Z. By Lemma 4.4, we have (m,(E\E[m])®!)g ®z, Q, ~
(1 (PY\{oo})21) @7, Q; = 0 (for each [ # p). Because G is a finite group and Q) is a field of characteristic
0, then we have (1 (E\E[m])®*")%®z,Q; ~ (71 (E\E[m))*®!)c®z,Q; = 0. As (71 (E\E[m])*!)% is a free
Z;-module, then ((m(E\E[m])>H)Eh+ = (7, (E\E[m])®!)¢ = 0. Therefore (m(E\E[m])*")EM] ¢
(m1(E\E[m])**")~, hence (my(E\E[m])*>?") Pl  (m1 (E\E[m])**")~

]

Let W be the sum of all inertia subgroups in m (E\E[m])**'. By G.A.G.A theorems, W is isomorphic
to (@peE[m]Zp/)/A(Zp/), where 77" at each P € E[m] corresponds to the inertia subgroup at P and
A(ZP") stands for the diagonal. W is closed under the action of the Galois group of E\E [Qm}[ﬂ E\E[2] —
P1\{0,1, A, 00}.

Lemma 4.7
#(ﬁ(E\E[mDab’p,)_/(W_ @ (m (E\E[m])ab’p/)E[m]) < 00

Proof
At first, we prove #(m (E\E[m])®™®") /(W @& (m1(E\E[m])®? )Elm) < co. We consider the following

diagram

1 w 71 (E\E[m])®? — 1 (E)Y ———1

J J J

1 —— WP —— (y (B\E[m])**#) "™ —— (my (E)")PI" —— C ——1

Where C is the cokernel of (my(E\E[m])®#" )Elm —s (7, (E)®» )Elm] Note that 7 (E) is abelian.

The two horizontal sequences are exact. C is a subgroup of H'(E[m],W). E[m] acts transitively on

E[m], hence we have W™ = 1. Let P be an element of E[m]. We have the following commutative

diagram.
1 (B SN0
m1([m]) m1([m])
T (B

’

This implies that E[m] acts trivially on 71 (E)?, hence we have (my(E)®?)Eml = 7 (E)er' By
chasing the diagram, we have W N (m (E\E[m])®®)Eml = WEM — 1 (in 7 (E\E[m])*?") and
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T (E\E[m))*? /(W & (m(E\E[m])®*)Em) ~ C. By the general property of homological alge-
bra, we have (#(E[m])) - HY(E[m],W) = 1. Thus we have (#(E[m])) - ((m (E\E[m])**")/(W &
(m (BE\E[m])2>* )Elml)) = 0. As m(E\E[m])®? is a finitely generated Z*-module, this shows
#(m1(E\E[m])***") /(W & (1 (E\E[m])***") PI™])) < oo

By definition, ((my (E\E[m]) "))/ (W & ((my (E\E[m]))# YEI™) = W= (m (E\E[m])) =+ )£l
Then we have a natural injective homomorphism (1 (E\E[m])®* )~ /(W= & (71 (E\E[m])e»")Elml) <
(mi (E\E[m])**7") /(W@ (my (E\E[m])**#")FIm]). Thus, #(mi (E\E[m])**7")~ /(W= ®(m1 (E\E[m])*>*") #lml)
< 0.
|

Proof of Theorem 4.3

By Theorem 2.1 and Lemma 4.2, 7 (E\E[m])*"? can be recovered from 7j(E\O®). Then if
ker(m (E\E[m])®?" — 71 (P'\S)**") could be recovered, L iy could be recovered. By Lemma
4.7 and the fact that R (see the proof of Lemma 4.5) is torsion free, we have ker(m (E\E[m])*® —
T (P\S)®?") = {a € 1 (E\E[m])®*| for some n € N, na € W~ & (7, (E\E[m])®?" )"} Tt is clear
that the action of E[m] on m (E\E[m])®®" can be recovered from m; (E\©), hence (w1 (E\E[m])*-»")Elm]
can be recovered from m (E\O). Recall that W is isomorphic to (@peE[m]Zl’/)/A(Z”'). Let prp be a
projection map @peE[m]ZPI — 77" at P and ip an isomorphism A(ZP/) — @peE[m]ZPl Pe 77" Then
W~ =<ip(a)—i_p(a)la € A(Z""), P € E[m] >. By Theorem 2.1, E[m] can be recovered as (a quotient
of) the set of inertia subgroups from m(E\E[m]). Then W, the additive structure on E[m] with
identity element P (cf. the proof of Theorem 4.9 below) and the action of E[m] on W can be recovered
from 71 (E\O). Therefore W~ can be recovered from 7 (£\O). Hence Lg\gm) can be recovered from
w1 (E\O).

]

Corollary 4.8
For any even integer m that is bigger than 2 and ap € F,, (P € z(E[m])\{Po = £(A\0), Poo = (Ao)}),

whether the following linear relations holds or not can be determined by 71 (E\O).

Z apP =P (with respect to the additive structure associated with Py and Pu)
Pex(E[m)\{Po, P}

Proof
This is established by Theorem 3.3 and Theorem 4.3.

Recall that F' means the algebraic closure of F,, in k.

Theorem 4.9

Let U be a curve over k. Supose E is defined over F (i.e. there exists a curve E’ over F that satisfies
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E ~ E' xp k). Then the following equivalence holds.
m(U) ~ 7 (E\O) < U ~ E\O (as schemes)

Proof
(<) is clear. Thus it is sufficient to show (=). Fix an isomorphisms 71 (E\O) ~ 71 (U).

By Theorem 2.1, the genus of X % U is 1, and #(X\U) = 1. Set X\U = {O’}. We consider the
additive structure on E (resp. X) defined by the elliptic curve (E,O) (resp. (X,0’)). Let m be an
even integer such that E[2] C E[m|. Then the isomorphism 71 (E\O) ~ 7, (U) induces an isomorphism
m1 (E\E[m]) ~ m(X\X[m]) by Lemma 4.2, which induces a bijection ¢ : E[m] ~ X[m] by Theorem
2.1. We may consider a unique translation of X that sends ¢(O) to @', and assume ¢(Q) = O’.
By using the group isomorphisms E[m] ~ Aut((E\E[m])/(E\O)) (Q — (R — R+ Q)), X[m] ~
Aut((X\X[m])/(X\O'), we see that ¢ is a group isomorphism.

By taking suitable closed immersions to P2, we may assume that X is defined by y? = x(x — 1)(z — \),
O = oo, Eis defined by y? = z(x—1)(z—Ag), O = o0, ¢((Ag,0)) = (A, 0) and ¢((i,0)) = (i,0) (i =0,1).

For any P € k ~ P'(k)\{oc}, let a(P) (resp.5(P)) be a point of E (resp.X) above P. For any P except
0,1, Ag (resp. A), there exist two points above P, but we choose a and § that satisfy ¢(E[m]NIm(a)) =
X[m]nIm(pB).

Set P,Q, P',Q" € P(k)\{oc}. Suppose a(P),a(Q),a(P + Q) € Elm], ¢(a(P)) = B(P), ¢(a(Q))
B(Q"). By the equation z(a(P + Q)) — z(a(P)) — z(a(Q)) = 0 and Corollaly 4.8, we have z(d(a(P

Q))) —z(6(P)) — z(8(Q")) = 0. Thus,

a(P),a(Q),a(P+ Q) € E[m] , ¢(a(P)) = B(P') , ¢(a(Q)) = B(Q")
= ¢(a(P+Q)) = (P + Q')

+

By [10]Theorem 1.16 (Addition theorem), for any a,b € F,, (b # 0),
2
z(a(aP) 4+ a(aP + b)) + z(a(aP) — a(aP + b)) :b—Q(a?’P3 + (30 — 2 — 2\g)a?P? + (2 — 2b)arp P)
4

2

and

z(B(aP') + B(aP' + b)) + z(B(aP’) — B(aP’ + 1)) :b%(agP’3 +(3b—2 —2)\)a®P"? 4 (2 — 2b)arP)
2 , 4
Suppose a = +1, b = 1. Then
z(a(P)+a(P+1)+z(a(P)—a(P+1)+z(a(-P)+ a(—P +1)) + z(a(—P) — a(—P + 1))
= —8\pP?+4P* + 4\p +4
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and

z(B(P') + B(P'+ 1)) + z(B(P) = B(P" + 1)) + 2(B(—P") + B(=P"+ 1)) + 2(B(—P') = B(—P' + 1))
= —8\P? +4P? + 4N+ 4

Therefore, by Corollary 4.8,

a(£P),a(xP +1),a(P?),a(ApP?) € Elm] , ¢(a(P)) = B(P') , ¢(a(P?)) = B(P?)

2\ /2 (1)
= ¢(a(ApP?)) = B(APT)

Suppose a =1, b = £1. Then

z(a(P)+a(P+1)) +z(a(P) —a(P+ 1)) —z(a(P) + a(P — 1)) — z(a(P) — a(P — 1))
=12P? —8\pP +4)\p — 8

and

2(B(P') + B(P' +1)) + 2(B(P) — B(P' +1)) — x(B(P) + B(P' — 1)) — z(B(P') — B(P' — 1))
=12P"? —8\pP' +4\g — 8

Therefore, by Corollary 4.8, when p # 3,

a(P),a(P £1),a(ApP),a(P?) € E[m] , ¢(a(P)) = B(P') , ¢(a(AgP)) = B(ApP")

2y _ g pr2 (2)
= ¢(a(P?)) = B(P7)
When p = 3,
a(P),a(P £1),a(ApP) € E[m] , ¢(a(P)) = B(P) 3)
= ¢(a(AgP)) = B(AP')
By using [10]Theorem 1.16 (Addition theorem) again, we have
z(a\g) +a(Ag +1)) = \%
2(B(N) + BA+1)) = A2
Therefore, by Corollary 4.8,
a(Ag +1),a(\h) € Elm] = ¢(a(Mh)) = B(N?) (4)

Let f be the minimal polynomial of Ag over F,. We take m such that a(—Ag),a(Ag — 1), a(£Ag +
1), a(£22), a(Ay—1), a(FAL+1), a(£XE), -, a(EAEY TN, aME T 1), a(EATY T 1), a(WE) €
E[m]. We will prove ¢(a(A\y;)) = B(\Y) (i =0,1,-- ,degf) by induction.

Suppose p = 3.
By (3), for any i =1,2,--- ,degf — 1,
P(a(Ag)) = BN) = ¢(a(MF ) = BT

Thus, by induction, we have ¢(a(Ay)) = B(AY) (i=0,1,---,degf).
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Suppose p # 3.
By (1), for any i = 1,2,--- ,degf — 1,

i=0mod 2, da(N4)) = BN2), dla(Ng)) = BN
= p(a(NgFh)) = NI

By (2),
i=1mod2, i£1, oa(Me) = BOE2) | s(a(AGTH) = sAEH2)
= d(a(Xf 1) = B
By (4),

i=1= ¢(a(XFh) =BT

Thus, by induction, we have ¢(a(A\y)) = B(AY) (i=0,1,---,degf).

By Corollary 4.8, we conclude f(A) = 0. Therefore there exists an isomorphism ¢ : k ~ k that satisfies

©(Ag) = A. Thus,
E\{O} ~ (E\{O}) Xp,p k~U

Corollary 4.10
Suppose that E is defined over F. Let Sg C E(k) be a finite set that is not empty and U a curve over
k. Then the following implication holds.

7 (U) ~ 7 (E\Sg) = U ~ E (as schemes)

Proof
Fix P € Sg. By Theorem 2.1, the isomorphism 7;(U) =~ m(E\Sg) induces an isomorphism
m (UPN\P') ~ m(E\P) for some P' € (U®P\U)(k). By applying Theorem 4.9 to the latter
isomorphism, we obtain U\ P’ ~ F\ P, hence U?" ~ E.

|

Remark 4.11

We established the results of section 3 for hyperelliptic curves. However, in order to generalize the results
of section 4 to hyperelliptic curves, there remain (at least) two difficulties for the present. First, we need
to generalize Theorem 4.3 to recover Ly C w1 (U). Second, we need to generalize the A -invariant and

the Addition Theorem ([10]Theorem 1.16) of elliptic curves in the case of hyperelliptic curves.
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