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Abstract

The perturbative expansion of the Chern—Simons path integral predicts a formula of the asymp-
totic expansion of the quantum invariant of a 3-manifold. When ¢ = exp(27v/—1/N), there have
been some researches, where the asymptotic expansion of the quantum SU(2) invariant is presented
by a sum of contributions from SU(2) flat connections whose coefficients are square roots of the Rei-
demeister torsions. When ¢ = exp(4wy/—1/N), it is conjectured recently that the quantum SU(2)
invariant of a closed hyperbolic 3-manifold M is of exponential order of N whose growth is given by
the complex volume of M. The first author showed in the previous work that this conjecture holds
for the hyperbolic 3-manifold M, obtained from S* by p surgery along the figure-eight knot.

In this paper, we show that a square root of the Reidemeister torsion appears as a coefficient in
the semi-classical approximation of the asymptotic expansion of the quantum SU(2) invariant of M),
at ¢ = exp(4mv/—1/N). Further, when q = exp(4mv/—1/N), we show that the semi-classical approx-
imation of the asymptotic expansion of the quantum SU(2) invariant of some Seifert 3-manifolds M
is presented by a sum of contributions from some of SL2C flat connections on M, and square roots
of the Reidemeister torsions appear as coefficients of such contributions.

1 Introduction

In the late 1980s, Witten [45] proposed the quantum G invariant of a closed 3-manifold
M for a simple compact Lie group G, which is formally presented by the Chern—Simons
path integral. By the operator formalism of the Chern—Simons path integral, we obtain a
rigorous construction of the quantum invariant; in particular, the quantum SU(2) invariant
of M can be defined to be a linear sum of the colored Jones polynomials of a link L at
an Nth primitive root of unity ¢, where L is a link such that M is obtained from S* by
integral surgery along L; for details, see e.g. [32]. Further, by the perturbative expansion
of the Chern—Simons path integral, we obtain a formula which predicts the asymptotic
expansion of the quantum invariant at N — oo.

When g = 2™~V there have been researches [1, 2, 3, 4, 10, 13, 14, 15, 42, 43], where
the asymptotic expansion of the quantum invariant is presented by a sum of contributions
from SU(2) flat connections on M and such contributions are obtained from stationary
phase method for SU(2) connections. In the semi-classical approximation of the expansion,
a square root of the Reidemeister torsion appears as a coefficient of such a contribution.
It is known that this expansion is of polynomial order of N in the case of ¢ = 2™V~1/N,
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When ¢ = e™V=/N | we can also define the quantum SU(2) invariant for odd N; we
note that the quantum SU(2) and SO(3) invariants are equal when ¢ = e*™V=I/N (see
Appendix A), and we simply call them the quantum invariant and denote it by 7, (M)
in this paper. Recently, Chen—Yang [8] observed that 7, (M) is of exponential order as
N — oo for some hyperbolic 3-manifolds obtained by surgery along the figure-eight knot
and the 5, knot, and conjectured that 7, (M) is of order eNs(™) for a closed hyperbolic
3-manifold M, where ¢(M) is a (normalized) complex volume whose real part is given by
the hyperbolic volume of M and imaginary part is given by the Chern—Simons invariant
of M. This conjecture is a “volume conjecture” for closed hyperbolic 3-manifolds. From
the viewpoint of mathematical physics, this expansion can be regarded as a perturbative
expansion at a SLyC flat connection corresponding to the holonomy representation of the
hyperbolic structure of M.

Let p be an integer, and let M, be the 3-manifold obtained from S® by p surgery along
the figure-eight knot. It is known that M, is hyperbolic if and only if [p| > 4. The first
author [35] showed that the quantum invariant 7, (M,) of M, for odd N is expanded as
N — o0 in the following form,

M) = (—1)P e =N /I 05 Ney) 32 ()

d TN — 7 <1>
(1m0 (Y o).

N N+

for any integer d > 1, where w(M,) and x;(M,) are constants determined by M,,.

Theorem 1.1. Let p be an integer with |p| > 4, and let M, be the 3-manifold given above.
Then,

1
w<Mp)2 = :i:167_[_2

where Tor (M) denotes the twisted Reidemeister torsion of M with sly coefficient twisted
by the adjoint action of the holonomy representation of the hyperbolic structure of M.

Tor (M,),

We give a proof of the theorem in Section 2.4.

Let p; and py be coprime odd integers > 3. Let M, ,, be the Seifert 3-manifold!
obtained from S® by surgery along the framed link (23). We classify irreducible repre-
sentations of m;(M,, »,) to SLoC up to conjugation of SLyC in Proposition 3.16, where
we show that any irreducible representation, denoted by pg, x,, is conjugate to a SU(2)
representation or a SLoR representation.

Theorem 1.2. Let p; and ps be coprime odd integers > 3. Then, the quantum invariant

1We note that M3 7 is homeomorphic to M_1, which is homeomorphic to M1 with the opposite orientation; see e.g. [18,
Remark (5) of Problem 1.77] and Remark C.2.



Ty (My, o) of My, p, for odd N is ezpanded as N — oo in the following form,

%N(Mp17p2) = eﬂF N3/2 (—1)% e—ﬁTﬁ(pﬁ-pg)N

1 .
: (5 Z + Z >(GW\/TICS(MPLPQvadOPkl,@)Nw(MphpQ; pk17k2)> +O(N>’

SU(2) rep SL2R rep
pkl,kQ pkl,kg
k1 ko 1
TRETRY
where CS denotes the Chern—Simons invariant (see also Remark 3.27), and we put
by V2 kam . kew
2 .

T\/P1P2 b1 D2

w(MPLPZ; pkl,kz) = (_1)
Further, we have that

W(Mplypz; pkl,k2)2 = =+

672 Tor (M,, p,; adopg, k,)-

We give a proof of the theorem in Section 3.6.

Remark 1.3. By refining the proof of Theorem 1.2, we can show that the full asymptotic
expansion of 7, (M, »,) is given by the following form,

T (Mp, ) = 677\? N3/2 (_1)% efﬂ\ﬁj(erpz)N

1 )
X<§ Z + Z ><€Wﬁcs<Mp1,p2yadopkl’k2)NW(Mm,pz;Plﬂ,kg))

SU(2) rep SL2R rep

Pky kg Pk ko )\ka & )‘2,Pk k
k1 X (14— — 4
r1 P2 2 N N

bV A
—|—NZ€7F —lckN/\;€<1+ﬂ+i§+...>,
- N N

with some rational constants ¢, and some complex constants A;p, ., Al, Al It is ex-

pected that the last line is the contribution from abelian representations of (M, ,);
see [7, 23, 43], and see also Remark 3.31.

Theorem 1.1 means that w(M,) of (1) is a constant multiple of a square root of the
Reidemeister torsion, as we can expect from the perturbative expansion of the Chern—
Simons path integral at a SL,C flat connection. Theorem 1.2 means that the semi-
classical approximation of the asymptotic expansion of the quantum invariant of a Seifert
3-manifold M, ,, is presented by a sum of contributions from SL,C flat connections whose
coefficients are given by square roots of Reidemeister torsions at these flat connections,
as we can expect from the perturbative expansion of the Chern—Simons path integral.
We note that this sum is a sum over some of SL,C flat connections, unlike the case of
q = e>™V~UN noting that, when ¢ = e2™V~1/N the corresponding sum is a sum over SU(2)
flat connections. It would be a problem how we choose such SL,C flat connections for
a general Seifert 3-manifold, noting that the irreducible SLy;C representations appearing



in Theorem 1.2 are not all irreducible SL,C representations; see Remark 1.6 below. See
also Appendix B, for the semi-classical approximation of the quantum invariant of the
lens space L(p, 1) for odd p; in this case, there are only abelian representations, and the
asymptotic expansion is of order N.

Theorem 1.1 is shown, as follows. The figure-eight knot complement is presented by
gluing two ideal tetrahedra, which are parameterized by complex parameters z and w. The
hyperbolic structure of M, can be described by using these parameters. The Reidemeister
torsion and w(M,,) can be presented by using these parameters, and we can show Theorem
1.1 by calculating them concretely.

Theorem 1.2 is shown, as follows. The quantum invariant of a Seifert 3-manifold can be
calculated explicitly by using Gauss sums, and we can obtain a concrete formula presenting
the semi-classical approximation of the quantum invariant. Further, by calculating the
Reidemeister torsion and the Chern—Simons invariant concretely, we can show Theorem
1.2.

Remark 1.4. As for invariants of knots, it is conjectured, as the volume conjecture [16,
30], that the N'th colored Jones polynomial of a hyperbolic knot K at ¢ = €2™V~/N (which
is equal to the Kashaev invariant) is of order eV (5°~K) where ¢(S3—K) is a (normalized)
complex volume of S® — K. As a refinement of the volume conjecture, the asymptotic
expansion of the Kashaev invariant is studied in [33, 34, 36]. Further, the authors showed
in [37] that a square root of the Reidemeister torsion appears as a coefficient of the
semi-classical approximation of this expansion for some two-bridge knots.

Remark 1.5. As we mentioned above, it is expected that the asymptotic expansion of
the quantum invariant of a closed 3-manifold M is presented by a sum of contributions
from SL,C flat connections on M, which are alternatively given by SL,C representations
of m(M). In this remark, we consider when (M) tends to have a finite number of SL,C
representations.

When M has an incompressible torus, we can “bend” a representation p of 71 (M) along
the torus. That is, when M is presented by the form M, % My, (M) is isomorphic to

1 (M) (*T27)T1(M2), and p is presented by the form p; * po, which can be deformed as
T

p1 * gpog~t with g € SL,C which is commutative with p(m(TQ)). Since there are 1-

dimensional possibilities of such g, in this case, the moduli space of SLyC representations

of (M) tends to have a positive dimension.?

When M does not have an incompressible torus, it is suggested by the JSJ decompo-
sition and the geometrization theorem (see e.g. [11, 39]) that typical cases of M are a
closed hyperbolic 3-manifold, a Seifert 3-manifold with three singular fibers with a base
orbifold of genus 0, and a lens space. In these cases, m (M) tends to have a finite number
of SLyC representations. In this sense, these cases are basic cases. In this paper, we
study examples of these cases in Theorem 1.1, Theorem 1.2 and Appendix B respectively.
We conjecture that, in these cases, the asymptotic expansion of the quantum invariant is
presented by the forms of formulas in (1), Remark 1.3, Proposition B.1 respectively.

2In this case, it might be expected that the semi-classical approximation of the asymptotic expansion of the quantum
invariant of M can be described by using the Chern—Simons invariant and the Reidemeister torsion of M; and Ma. It is
shown in [29, 31] that such description holds for the behavior of the colored Jones polynomial of iterated torus knots.



Remark 1.6. We note that the representations appearing in the formula of Theorem 1.2
are not necessarily all representations of m;(M,, ,,). For example, by Proposition 3.16,
m1(Ms3,,) has representations py 1, p1.3, P15, - -, P1p—2, Where py i is a SU(2) representation
if% < % < %, and a SLoR representation if% < % or g < %. Hence, when g < %, P1,k
does not appear in the formula of Theorem 1.2. See Example 3.32 for concrete numerical
calculation to verify this phenomenon. As mentioned before, it would be a problem how
we choose representations which contribute to the semi-classical approximation of the

quantum invariant for a general Seifert 3-manifold.

The paper is organized, as follows. In Section 2, we give a proof of Theorem 1.1. We
review that the hyperbolic structure of M, is given as a union of two ideal tetrahedra,
which are parameterized by complex parameters z and w (Section 2.1). In terms of
z and w, we calculate the Reidemeister torsion (Section 2.2) and review a formula of
w(M,) (Section 2.3). By using them, we give a proof of Theorem 1.1 (Section 2.4). In
Section 3, we give a proof of Theorem 1.2. We calculate the semi-classical approximation
of the quantum invariant of M, ,, (Section 3.3), and give formulas of the Reidemeister
torsion and the Chern—Simons invariant (Section 3.5). By using them, we give a proof of
Theorem 1.2 (Section 3.6). In Appendix A, we review that the quantum SU(2) and SO(3)
invariants are equal, when ¢ = ¢*V=YN_ In Appendix B, we calculate the semi-classical
approximation of the quantum invariant of the lens space L(p, 1) for odd p. In Appendix
C, we review equivalences between some Seifert 3-manifolds.

The authors would like to thank Jgrgen Ellegaard Andersen, Qingtao Chen, Kazuo
Habiro, Hitoshi Murakami and Jun Murakami for helpful comments. The authors would
also like to thank Akio Tamagawa and Tamotsu Ikeda for comments on number theoretic
formulas, and thank Kaoru Ono for comments on SLyC spectral flows.

2 Proof of Theorem 1.1

We recall that M, denotes the 3-manifold obtained from S* by p surgery along the figure-
eight knot for an integer p with [p| > 4. In this section, we give a proof of Theorem
1.1, which relates the Reidemeister torsion and the semi-classical limit of the quantum
invariant of M.

In Section 2.1, we calculate the holonomy representation of the hyperbolic structure
of M,. In Section 2.2, we show a formula of the Reidemeister torsion of M,. In Section
2.3, we review a formula of the semi-classical limit of the quantum invariant of M,. In
Section 2.4, we give a proof of Theorem 1.1.

2.1 The holonomy representation of M,

In this section, we review the hyperbolic structures of the figure-eight knot complement
and M, following [44] (see also [35]). We also review their holonomy representations,
following [28].



We review the hyperbolic structure of M, given in [44]. The figure-eight knot comple-
ment can be expressed as the union of the following two ideal tetrahedra.

Here, the 4 faces “A”, “B”, “C”, “D” are glued respectively, and the shapes of the tetra-
hedra are given by complex parameters x and y; we fix their concrete values later. The
boundary torus of a tubular neighborhood of the figure-eight knot is expressed as the
union of 8 triangles “a”, “b”, , “h”, which appear in neighborhoods of the vertices of
the above ideal tetrahedra.

& /‘

/’\ /”\
/ V /\ \/

As shown in [44], the holonomy m of the meridian and the holonomy ¢ of the longitude
are given by

‘c\»—l

O T e B S S B
E e A (e

To obtain the hyperbolic structure of the figure-eight knot complement, we require that
Imz >0, Imy > 0,

1 (2, 1 |2
e o

1 1
Arg (z) + Arg (y )—|—2Arg(1 )+2Arg(1 y) = 2.

xy(

Further, to obtain the hyperbolic structure of M,, we require that

mPl =1,  (p+2)Arg(m) + Arg (%) = 2. (5)



By the rigidity of the hyperbolic structure, there exists a unique hyperbolic structure of
M,,, which can be given by a unique solution of the above formulas.

We review how we fix concrete such values of z and y, following [35]. Putting x =
AVt and y = ¥V1+9) the above formulas are rewritten,

log (1 — e4ﬂﬁ(s_t)) —log (1 - e~ ATV 1) ) + 47r\/_( t—s) =0,
— log (1 — e4ﬂﬁ(s*t)) — log (1 e 4V t+s)) 4mv/—1t = 0,
0<Re(t+s)< %, 0<Re(s—t) < }L’ Ret > 0,

where we choose the branch of the log in the way that —7m < Im log(-) < 7. As shown in

[35], there exists a unique solution (%, so) of the above formulas; we show some numerical
solutions below.

p | (to S0)
(0.0743075... — v=1-0.0382219..., 0.1128050... — =1 -0.0314723...
(0.0640105... — /=1 - 0.0283809..., 0.1065380... — /=1 - 0.0212048...
8 (0.0566257... — /=1 -0.0221934..., 0.1022661... — /=1 - 0.0152090...
(
(

9 0.0509104... — /=1-0.0179265..., 0.0991274... — /=1 - 0.0113510...
10 0.0462978... — v/—1-0.0148180..., 0.0967225... — /=1 - 0.0087183...

~— — S

Further, putting z = e #™V=1t and w = e *"V=1s we rewrite the above equations in

terms of z and w. Since x = Z and y = -, (4) is rewritten,
w zw?

(1—zw)(w—2) = zw, (6)
which is further rewritten,

wrw ' = 2427 -1 (7)
Further, (3) is rewritten,

7 i - (1—x)? _ (w—z)4. (8)

2 22?2

~

m =

1
z

Furthermore, by using (6), the first equation of (5) is rewritten
P11 = 2w) = w— 2. 9)
Moreover, as shown in [35], (6) and (9) are rewritten,
P2 P2 s 42 = 0, W= ——. (10)

We can obtain numerical solutions from the above equations.



We review representations of m(S® — K) to SLyC, following [28]. Let K be the figure-
eight knot in S3.

The fundamental group of the knot complement is presented by

m(S?—K) = <Oz,6 } af a1 Ba = Baﬂ_la_15>.

For a complex parameter u, putting m = e“, we set the representation p, : m(S® — K) —

SL.C b
2 Y m1/2 1 m1/2 0
wie) = (") ) e = (%),

where d satisfies that
& — (m+m'=3)d - (m+m'-3) = 0. (11)

It is known [41] that any nonabelian representation m(S® — K) — SLyC can be given by
this form, up to conjugation. The longitude A corresponding to the meridian « is given
by A = aftaBa2BaBta~t. It follows from concrete calculation that

0) = m—1-2m '+ m24+dm-m=) —(m2+m V) (m+m -3 —2d)
Pulr) = 0 m?—2m—1+m*—dm-m™) )°

We set a parameter ¢ by putting

0 = m—1-2m 4 m 2 dim—m").
Then, we note that, by using (11), we can verify that

(V2 = m?—2m—1+m—dm-m).

Hence, when SL,C acts on C U {co} by Mobius transformation, the holonomy of the
actions of p,(«) and p,(\) are m and ¢. We choose the meridian and the longitude for
m1(S% — K) by putting them to be the inverses of the meridian and the longitude of (2).
Then, we have that m = =" = z by (8), and £ = {~'. Hence, by (11),

d — (z+2'=3)d - (z+21-3) = 0.

By using (6), we can verify that the solutions of the above equation for d are given by
d = w*! — 1. Further, by using (6), we can verify that

when d =w — 1,
61/2 _

when d =w™! —1.



Therefore, by (8), we have that d = w — 1. Hence, p, is presented by

21/2 1 Zl/2 0 ﬁ *
pu(Oé) = ( 0 Z—l/2>7 pu(ﬁ) = (1 —w 2_1/2 ) pu()‘) = 0 (w=2)% | -

We note that, since

d = (z+z_1—3i\/(z+z—1+1)(z+z—1—3)) = w-—1,

DN | —

we have that

+/ (242 14+ 1)(z4271-3) = 2w—2z—2""+1 = w—wT!, (12)

where we obtain the last equality by (7).

2.2 The Reidemeister torsion of M,

In this section, we calculate the twisted cohomological Reidemeister torsion of M, with sl,
coefficient twisted by the adjoint action of the holonomy representation of the hyperbolic
structure of M,. We remark that a formula for the Reidemeister torsion of 3-manifold
obtained by 1/n-surgery along the figure-eight knot is known [21, 22].

We review formulas of the cohomological Reidemeister torsion the figure-eight knot
complement, following [28]. We denote by Tor (5% — K; adop,) the cohomological Reide-
meister torsion associated with the meridian a with sly coefficient twisted by the adjoint
action of p,. It is known [38] (see also [28]) that

; 2 2
Tor(S°—K; adop,) = + = £—, (13)
Vm+m -+ 1)(m+m-1—3) w—w”

where we obtain the last equality by (12), noting that m = z.

We calculate the Reidemeister torsion of M,; we recall that M, denotes the 3-manifold
obtained from S3 by p surgery along the figure-eight knot for an integer p with |p| > 4.
The fundamental group 7 (2,) is presented by

m(M,) = <a,B ‘ afta™ Ba = paflaIB, o) = 1>.

We consider p, which induces a representation p, : m(M,) — SL2C. We denote by
Tor (M,,) the cohomological Reidemeister torsion with sly coefficient twisted by the adjoint
action of the holonomy representation p,, corresponding to the hyperbolic structure of M,,.

We introduce a parameter v so that the (1, 1) entry of the matrix p(a?)) equals e*/?, i.e.,
logv = (p+2)logz+ 2logw — 4log(w — z). (14)
By [38, Page 108], we have
Tor(M,) = 4 Tor(S*—K; adop,) <%>_1((trace pu(oz))2 —4)
= +Tor(S*—K; adop,) (%)_1(,2”—1 ~2), (15)

9



noting that since Porti [38] uses the homological Reidemeister torsion, we need to take
its inverse. We compute %, as follows. By (7), we have that

dw d

aw - a oy 4 1
- dw(w+w ) = dz(z—i—z ).

Hence,
dw w?(2? — 1)

dz — 2w?—-1)

Further, by (14),

dv  p+2 4 dw(2 4

).

Further, since z = e*, we have that % = zd%. Therefore, we obtain that

dz z w—2z dzw w—2z

dv 2(z +w)(zw+1)
- = 16
du Pt z (w? — 1) (16)
Hence, by (13), (15) and (16), we obtain that
2(z 4271 = 2) 2(z +w)(zw + 1)\ 1
Tor(M,) = + ( ) 17
or (My) w—w! Pt z (w? —1) (17)
2.3 The semi-classical limit of the quantum invariant of ),
In this section, we recall the formula of w(M,,)? given in [35].
We put
Hy = 4ny/—1 ( S 9) — 4ry/ 1 (w—l— w+ 9),
w—z 1l—2z2w 2 2
Hyy = 4mv—1 (— = —1> = 41y -1 (z—z’l),
w—z 1—2z2w
Hy = 47T\/—1( =2 ) = 4rv—1 (w_l—w),
w—2z 1—z2w
where we obtain the right equalities by (6) and (7). Then, as shown in [35],
1 _
(,U(Mp>2 = (1 — ;)22 (HHHQQ — H122) !
2tz =2 /p, _ _ 9 oL
e R ) L S )

2.4 Proof of Theorem 1.1
In this section, we give a proof of Theorem 1.1.

Proof of Theorem 1.1. We show that
1 1

S
Tor (M,) 1672 w(M,)?

10



By (17) and (18), it is sufficient to show that

1

v _2w_ (p + 2z ’j(zz(iwl; 1)) = g(w’l— w) + (w' - w)2 —(z— 271)2.

Hence, it is sufficient to show that

— (z+ w)Z(;w +1) = (w_l— w)2 — (z — z_1)2. (19)

The difference of the two sides of the above equation is calculated as

 (rw)zw+1) (wil—w)2+(z—zfl)2
(z4+w)(zw + 1) (

z—i—z’l—w—w’l—l) = 0,
where we obtain the last equality by (7). Therefore, we obtain (19), as required. O

Example 2.1. We show numerical experiment of Theorem 1.1 for Mg. We obtain the
values of z and w as solutions of (10),

z = 0.573013413202... — /-1 0.494098312716... ,
w = 0.232785615938... — /-1 0.792551992515... .

By (17), the Reidemeister torsion of My is numerically given by
Tor(Mg) = + ( — 0.063010779425... — /-1 0.044929069636... )

In the following table, we show some numerical values of the quantum invariant of Mg
normalized in such a way that the resulting sequence should converges to w(Ms), where
we can numerically calculate ¢(Ms) as shown in [35].

N | A (M) =TT et a2

101 0.003316724659... — /-1 0.021953933824...
201 0.005041422357... — /=1 0.021586460174...
501 0.006067785821... — /=1 0.021301349281...
1001 |  0.006408009983... — /=1 0.021195494445...

Hence, by Theorem 1.1, we can guess that the value of w(Mjy) is obtained as a constant
multiple of a square root of the Reidemeister torsion as

w(Mg) = 0.006747146303... — /-1 0.021084221715... ,
which satisfies that

16m%w(Mg)? = —0.063010779425... — =1 0.044929069636... ,

11



noting that, for a given value of the Reidemeister torsion, there is an ambiguity of a
choice of the sign of w(Msg) as a constant multiple of a square root of the Reidemeister
torsion. We note that, for a given hyperbolic 3-manifold M, such numerical observation
of values of the quantum invariant of M might be able to suggest how we should choose
an appropriate sign of a square root of the Reidemeister torsion (see Remark 3.28) and
how we should choose a sign of the Reidemeister torsion.

Remark 2.2. If we could choose an appropriate sign of w(M) for a hyperbolic 3-manifold
M, the formula (1) suggests that there might be an invariant I (M) € Z/87Z of M such

that -
Tv(M) ~ e 1

N

I N2 (M)

As we mention in Remark 3.28, it might be related to the “spectral low” of the holonomy
representation of M.

3 Proof of Theorem 1.2

We recall that M, ,, denotes the 3-manifold obtained from S® by surgery along the framed
link (23). In this section, we give a proof of Theorem 1.2, which relates the Reidemeister
torsion and the semi-classical limit of the quantum invariant of M, ,,.

In Section 3.1, we show some formulas which we use later. In Section 3.2, we calculate
the quantum invariant of M, ,,. In Section 3.3, we calculate the semi-classical limit
of the quantum invariants of M, ,,. In Section 3.4, we give a classification of SL,C
representations of (M, ,,). In Section 3.5, we give formulas for the Chern-Simons
invariant and the Reidemeister torsion of M, ,,. In Section 3.6, we give a proof of
Theorem 1.2.

In this section, we put A = eﬁTﬁ, a =% and [n] = “=2 ",

a—a—

3.1 Some formulas of Gauss sums

In this section, we show some formulas of Gauss sums, which we use to calculate quantum
invariants in Section 3.2.

Lemma 3.1. For any integer f,

i2— 7 (_A)if 2 m j m—1)j
Z ATEDmi[i] = a_aie Z a2/ (a2( 15 _ 42 1)])_
1§_i<d](§7 JjEZ/NZ

Proof. The left-hand side of the required formula is equal to

1 o (ami _ a—mi)(ai _ a—i)
Z f(i2-1)
; 2 A

~N<i<N (@ —at)?
i is odd
(—A)7 252 (. 2mj —2mj\ (2] —9j
— —Q(a—a*1)2 Z a2l (a mi_ g mj)(a]—a ])

jEZ/NZ

12



_ A 4 . :
- % R (e  }

jEZ/NZ

which is equal to the right-hand side of the required formula, where we obtain the first
equality by putting ¢+ = 25 — N. This completes the proof of the lemma. O]

By Lemma 3.1 and (36), we have that

-2
21271 _ A 452 ( 2(m+1)j 2(m—1)j
ZA( mZ]_mZ&J(a( )i g )J)
C+ 1 ien + jELINZ
i is odd
A~? —4(m2+1)(, —2m 2m 52
— —c (a_a—l)Qa (CL — Qa ) Z a
+ jEL/NZL
2 A _ _ _
_ (_1)%01 — —4(m?41) (a—2m . a2m)' (20>

Let N and M be positive integers such that N M is even, and let ¢ be an integer. Then,
it is known as Gauss sum reciprocity formula (see [6, 15]) that

] =T
Z e”‘J/VjMnQJr%Fﬁn _ € 4 Z e~ Y (Nere)2 (21>

\/NnGZ/NZ VM mE€Z/MZ

Lemma 3.2. Let f and p be coprime positive odd integers. Let g be a map Z/pNZ — C.

Then,
> glm) Y AU [k]
meEZ/pNZ 1<k<N
k is odd
AT P - N T . /= /=
_ AT z 1)2\/6_ VN Z g(m o~ I 2m? (e%pm e_Qme)
a—a~
meZ/fpNZ
Proof. By Lemma 3.1, we have that
> g(m) Y ATV [mk] [
meEZ/pNZ 1<k<N
k is odd
(—A)/ 252 (2(m+1)j _  2(m—1);
= D am) o Y @ (@ )
m € Z/pNZ (a—a) jE€Z/NZ
(_1>fA_f 5 2132 ( _(n+2)j n—2)j
= sy 2 9Cn) Y @ —at)
nEZ/pNZ JEL/NZ
_ (— )fA f‘f a Z Z (6_"4g(zvk+n+2) _e—“4‘;;(Nk+n 2)2 )
2(a—a” n€Z/pNZ k€ Z/AfT.

13



CDUTE AN S gom) 3 (e ROy oy
— e 4fN — e 4fN )
2(a—at) \/_

n€Z/pNZ keZ/AfZ

(—1)f A7 T VN 3 §(30) (= SR _ -

= IfN —e 4fN (Z 2))
2(a—a™)VF (€ Z/AfpNTL
(VAT o T . = =
- EDATe Te TV S @y e WA oW, @)

_g-1)2
2(a a ) \/7 LeZ/AfpNZ
where we obtain the second equality by putting m = 27, and obtain the third equality by
(21), and obtain the fourth equality by replacing k with pk, and obtain the fifth equality
by putting ¢ = Npk + n.
We calculate the sum of (22) by replacing ¢ with ¢ + 2fpN

S g(Z0 e T (T )

e Z/AfpNTZ

= )0 @) e IR RN I )
€ 7/AfpNTZ

= Y 9@ (N IR - )
(€ Z/AfpNZ

= Z 9(2¢0) e_w4g€2(eﬁﬁé—e_”ﬁ£),
€ 7/4fpN7Z
(+f is even

where we obtain the fourth formula by making the average of the first and third formulas.
Hence, we can calculate the formula (22) by putting ¢ = 2k+ fpN,

1 Ty —1
A~ e T eIV /N Z o7 _w4gzz(wf;e wgfz)
2(a—a )2 /T ‘ ‘
LeZ/AfpNZ
¢ is odd

— _f S~ _W\/jl T — TN — s
_ —AVe e IWVN Z g(l{;)e*Tq(%HpN)z(@zfpk e 2fNrk)

2(a—a)*Vf

keZ/2fpNZ
- —A_fe”\{;jle_”\{ljf]ve_”fj;l N 1 w}/;kz 1l~c QWf\{vik QTrf\]/\fjlk
— 20— a BT Z g(k)e” (— )(e e )
k€Z/2fpNZ

Further, since the summand is invariant when we replace k with k+ fpN, the above

14



formula is calculated as

—A_feﬂfe*ﬂFfNefw}/f?\/N N ey 2mY =1 _2nyTT,
S glk) e I (IR e
(a —a”')*Vf keZ/fpNZ
—Af eﬂFe’meNe_w}/J?\/N _enyTIgge, 2SI, 2nySIL
- “1)2 Z g(k)e v (e mer—e IV )
(a—a= V7 keZ/fpNZ
Therefore, we obtain the required formula of the lemma. O
3.2 The quantum invariant of M, ,,

In this section, we calculate the quantum invariant of the Seifert 3-manifold M, ,,. We
note that the quantum SU(2) and SO(3) invariants are equal when ¢ = e*™V=I/N (see
Appendix A), and we simply call them the quantum invariant.

Let p; and ps be coprime odd integers > 3. We denote by M, ,, the Seifert 3-manifold
obtained from S® by surgery along the following framed link,

+1
9,
1
PlO b2

where 42, p1, p2, +1 denote the framings of these components of the link. We assume that
the linking matrix of this link is positive definite.
As shown in (38), the quantum invariant of M,, ,, is given by

) 1 2 o 2 Damz_1y mi][mgl[mk] ...
Fa(Mppy) = - Y, AXTDIOT Rl S e ] )
t 1<ijkm<N [m]
i,7,k,m are odd

By putting m = 2n — N, we have that

7A—N(‘]\4PLP2)
_ _22 > § AP Ge) n? [QMH?;Z]H%]{] [4][7][#]

1<4,j,k<N n€Z/NZ
i,j,k are odd n#0

e D S T T ATt g L L) oA

2&% [n]
1<ij,k<N neZ/NZ
i,5,k are odd  n#£0

where we obtain the second equality by replacing n with 2n. By (20), we have that

—1 1 5 5 . | [Ink
7 (M, ) = 5 (3 ) — Z a4(n2—1)(a2n_a—2n) Z AP (G2 =D+pa(k2-1) [nj][nk] 11k
ci(a—a )neZ/NZ 1<jk<N [
n#0 4,k are odd

15



Further, by applying Lemma 3.2 twice, we have that

(_1)% B ain . &—in
My, py) = 55— > R ey pe I S
N P1,p2 203_(& o a*l) [TL]
n€Z/p1p2NZ
n#0
/—1 /—1 _ /=1
AP T e 7T PN N /N _2ny—15,2  2nv—1T, _2my—1,
X ( 1)2 e mN (@ N e mN )
a—a=)2/pr
s S Vs SR V. Vi
A P2 T e T 2N N /N 7%?%2( /T —Lﬁ?n)
X e P2 e p2 —e P2
(a —a1)2p;
a—a P2
N2_1 Vi
(_1) 8 NA_pl_p2&_4 T/ —1 T/ —1 N _rv—-1 _7mv—1
= 3( 1)4 e 2 e 4 (P1+p2) e riN e p2N
2ci(a—a 1Y) /p
T 1P2
2n —2n _ _
— Qa —Q _2my/—1 2 _ 2my/—1 2 2w/ —1 _27y/—1 2w/ —1 _27/—1
% § a4n2ﬁ6 N 2n ¢ TpN 2n (6 N n_e N n)(eipzN n_e TN
a” —a-
n€Z/p1p2NZ
n#0
By replacing n with 2n, we have that
1 szlNA—’pl—m —4
— 3 /=T /=1 1 -1
T (Mp p) = ( 2 a eﬂ 2 1e_ﬁ 1 l(pl"'p?)Ne_ﬂmN e WmN
N 1,P2 2 —1\4
ci(a—a)'y/pip2
+
9 _4nmy/—-1 n2 _4ny/—1 n2
av e rnN e p2N 47“/];1” _47'r\/];1n 47“/];1” _47'r\/];1n
X E T (e m —e nN V(e r2 —e mN )
a a
n€Z/p1p2NZ

Further, by (36), we have that

).

N2-1 7
_ 1)Y= A9-p1—p2,—4 — — P o
T (M, = ( 1> A a -7 : 7r41(37p1+p2)N 7WP1N 77[P2N
T e e e e
~ \Mp1,po 3
Z(G—G ),/plpg\/N
2 _4An/-1 n2 _4An/—-1 n2
a¥ e PN e PN dny =T _4my/—T dry 1., _dny T
X E (e MmN " —e mN V(e p2N T —e m2N )
n€Z/p1p2NZ
(_1)N2871A9_p1_p2 3nrv/—1 wv/—1 V-1 1 v/ —1
— e 4 e 1 (1—p1+p2)N6— PIN ¢ p2N o7 2N
2(a—a 1) /pip2VN
2 _4my/—1 n2 _4rmy/—1 n2
a¥ e nN e p2N dmy—T _dmy/1 dmy—1 _amy—T,
X E (e mN " —e N (e mN T —e 2N 7
an _|_ a/—n 7
n€Z/pipaNZ
. . . — 2 7 _ V-1 _ /=1
where we obtain the second equality since 4 = (T“) and a* = —e 77 Ve N .

Hence, we obtain the following proposition.

Proposition 3.3. Let p; and py be coprime positive odd integers such that pil + 1< %

16
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Then, the quantum invariant of M,, ,, is presented by
N2_1

—1)"s AYP1P2 g 1 .y Ca/TT_myI /oI
%N(Mp1p2) = (=1) e o1 (ImPimP)N TR 0T N o 3N

2(a —a=Y)/pip2VN
> Z p(P1p2—2p1—2p2)n? (

n€Z/pipaNZ

2/ —1
where we put b = erir2N |

b2p1n - b—2p1n)<b2p2n - b—2p2n)

ppip2n | h—pipan ’

We note that we assume that pil + p% < 3 in order that the linking matrix of the link (23)
is positive definite.

As a particular case of the above proposition, we obtain the following proposition.

Proposition 3.4. Let p be an odd integer > 6. Then, the quantum invariant of Ms,, is
presented by

N2_1 6—
f (My,) = (—1) s A% eaﬂ\F e—W\F(P‘F?)N e_w;/]? e_swﬁ\ﬁ
’ 2(a—a1)\/3pVN
61 —6n 2pn —2pn
% § b(p—ﬁ)n2 (b —b )(b o )
b3pn + b—3pn

)

n€Z/3pNZ

2my/—1
where we put b = e 3N,

We show some examples of the proposition below.

Example 3.5. The quantum invariant of Ms 7 is presented by

N (M ) (_1) N2871A—1 eSwF _WFN _4122\]/\]?1 Z 2 p20n _ p8n
vt = VN € e =2
N (a — a—l) 21V N et p2in 4 p—21

2my/—1
where we put b = e 218,

Example 3.6. The quantum invariant of Ms;; is presented by

B N2_1 _5 B3mv=1 28n __ 116n
Ty (Mzi1) = ) 7 A~ e - e~ TN o= e Z b5”2—z3 b33 ;
’ —1 n — n
(a—a=h)y 33VN n€Z/33NZ ¥ +b
2my/—1

where we put b = e 35 .

Example 3.7. The quantum invariant of Ms 5 is presented by

2_ -
~ (M ) (—1)% (—1)Ns IA_5 @3 F WFN _31§0\]/Vj1 Z 2 blGn . b4n
T 35) = e e ; —
N (a=a VISV n€Z/15NZ bom 4 b1

where we put b = IR We note that, in this case, the signature of the linking matrix of
the link (23) is 2, and we obtain the above formula as &= times the formula of Proposition

3.4, where the value of & is given in (37).
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3.3 The semi-classical limit of the quantum invariants of A, ,,

In this section, we calculate the semi-classical limit of the quantum invariants of My, ,,
in Proposition 3.11.

In order to show Proposition 3.11, we show Lemma 3.8 below. The former part of the
proof of Lemma 3.8 is calculated by using residues of integrals, following a method of [23].

Lemma 3.8. Let p and § be coprime positive odd integers, and let k be an integer. We put
2w/ —

b=ce P{Vﬁ. Then, the asymptotic behavior of the left-hand side of the following formula
as N — oo (where N is odd) is given by

n p—1 od
D A 'y AL T o e

T

n€Z/pNZ

where 0 denotes the inverse of § in Z/16pZ.

Proof. We put the left-hand side of the required formula to be S,
b4kn

S = o
and we put
627;\1/\’7 32 27TF Bz
fN (/87 x) = 271-\/7

2ny/—1 5 7
e N B—}—e‘T\ﬁB

noting that the summand of the sum of S is given by fy(n, %). Further, in order to

calculate this sum, we put

2‘"’\/7 62 2‘"\/?163}
N

y(Bz) = B2 e
) 6271-\/?1/8 —1 (627‘-1\6?6 + e_%ﬁ)(egﬂ.\/jﬁ . 1)

We note that this function satisfies that
hn(B 4 pN,z) = hy(8,x+20N) 2™V 1re,
We consider the following integral,

Ox(z) = /C hv (8, 2) d,

where the contour C is the oriented line from (—1—+/—1)oo to (14++/—1)oo through the
origin. Then,

On(z +25N) — Oy(z) = /CmNhN(g,x)dﬁ—/Oth,x)dﬂ

pN—-1
= 2nv/=T 3 Reshn(f0) +20V=1 37 Reshw(s,)
n=0 0§c<§1(71 *

18



pN—-1

= > fvlnx) +20V=1 Y Reshn(B,2),

n=0 0<c<4p p= 4
c is odd

. . . . . N
where we.obtam the second equality since hy(3,z) has poles at 8 = n and § = <~
Further, since

ha(B,x+25N) = hy(B,z) ™15

the above formula is also calculated in another way,

47r\/765 1
Oz +20N) — O(x) = /fN (8, ) PR dg

— /fN(ﬁ,x) (1+62W\/?'6+€4W\/j1/8+"'+€2W\/jl’8(26_1)) dﬁ

26—1

= Z/fN 8,2+ (N)dpj.

Therefore, by the above two formulas of “©O(x + 20N) — O(z)”, we obtain that

pN-1 26—1

> fu(n,x) Z /fN B,z +IN)dB —2mv/=1 Y Res hy (8, 7).
n=0 0<c<4p6 4
c is odd
Hence, the sum of the problem is calculated as
= 2 fv(n —
n€Z/pNZL
25—1 Ak
Z /fN 8, —+£N)dﬂ —2m/=1 ) Res hy (8, —).
O<c<§ﬁﬁ p

Further, by changing the variable putting y = %ﬁ, we have that

26—1

27r\/ Z /C/ eY+e” v ©

) 2
27r\/jlpy +Zy) dy

8,2
e21r\/—1 Ey e p y

— N
> Reslc (v +ev)(eNv — 1)’

0<c<dp y="%
c is odd

where we put ¢! = y/—1C. Furthermore, we consider to change the contour C’ to
C,=0C"— ”Fpﬁ in order that the new contour Cj; goes through the saddle point of the

19



integrand. Then, we have that

20—1
[ 2
S = (%\/jly"rfy)d
Zfz/@eyw D dy
20—1

4k

Y s
+ N Z Z Res L eN(2ﬂlepy2+£y)

—T1 Y )
e y=—"YLe e¥Y +e

N 5.2
627”/_1 py e p y
— N g Res ; NNy 1)
—1 - —
O<-c<4p y:ﬂ' > c (6 —|— (& )(e )

Hence, by Lemma 3.9 below, S

is approximated up to O( =1 /2) as

e2rV—1 By GFy
— Z Res ” NNy 1)
0<eedp y== 2—1c (6 + e )(8 - )
c is odd

By calculating these residues, we have that

26—1 4k
1 er o) 2
5 ~  — E E ( e (277\/ lpy +£y)>
N 2 ey y=—Tv=le
=0 0<c<% 2
c is odd

e27rx/—lpy €7y
2 2 ( v(eNv — 1 >
0<c<4p € (e )
c is odd

In the following of this proof, we consider to simplify the above formula. Let d be an

odd integer with 0 < d < 16p. We consider a subsequence of N such that N = d modulo
16p; we note that, for such a subsequence, =

, % converges to the value of the right-hand side
of the above formula. In fact, the above formula is calculated as

c—1 dmv—1 2 /-1 _ 271
roL Ny - 2 : § : (_1) 5 e Cd€_ 5 cdfe > ck
N 2

= 2pl
(=0 p<c< 22t
c is odd
c—1
\/—1 (—1) 2 on/—1 2d 2nv/—1
e 2 croe

20



By exchanging the order of the two sums in the first line, we have that

S \/2—1 (_1)c;1 eéﬂfCQd —Qﬁ‘;jck Z \/_—17ch

0<.c<4p g—z <0<26

v2—1 3 (-1 or/ T 2g 2/ Lo

Further, we replace ¢ with 4p—c, and replace ¢ with 26 —¢ in the first line. Then, since

cd
ﬁlcd,l = —1+E , we obtain that
S VLS e e (LI s e,
N 0§c<4p 0<€<—
c is odd

The last factor is calculated as

( C
HTW if Lg—ij = 0 modulo 4,
1+v-1 /=1~ PT\W if LS—JJ = 1 modulo 4,
Z - N Py g
0<l<gd —5— it Lg—pJ = 2 modulo 4,
_1+\éjlc‘d if |2 | =3 modulo 4
L P

cd
I++v-1 —cd [§2]
L SE— g | 2p
2 Y

where |- | is the floor function, i.e., for a real number x, |z] denotes the greatest integer
which is less than or equal to x. Hence,

— c—1 s 2 2m 1 —ci
S L 5y e e LEVEL et

Let 6 be the inverse of 0 in Z/16pZ, i.e., 0 is an integer such that § 9 = 1 modulo 16p.
By replacing ¢ with d ¢, we have that

S \/—1 Z Fe—1 Wr502d QW\/—éckl_i_ / _(SCd\/_ éch2p

e 8

5cd
v—1 Z (_1>c;5 V=I5 24 %Fackl‘f‘\/ \/— bed [ 55

cEZ/ApZ
c is odd
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ded
\/_1 c—6 T *1302(1 2‘”\/?156]{) 1+ \/_1
e _—

= —— —1 2 ¢ 8p
2 (=1) 2
0<c<2p
c is odd
ded
v—1 cms m/lg3.2, 2nv/T54v/—1  —1
__2 (_1) 2 ¢ 8 e v —2
—2p<c<0
c is odd

0<c<2p 2
c is odd
c—1 éd
v —1 - —1 v—1 /=1 /1% nV/=1%
= _T(_ )‘521 Z ( )2;‘ e 8p1502d(€2p16ck+e—2p16ck)
0<c
¢ odd
Further, by replacing ¢ with 2¢ 4+ p, we have that
E ~ __V_l (_1)671 V15 pd
N 2
—1)°(—1 &R \/—16d ded mV/=17 /=15 /1%
X Z (=1 )22 + V-1 deTpléc?d(e%ackjLe—‘* 4 1(Sck)
—L<e<t

We note that, when we replace ¢ with —¢, the summand becomes (—1)%multiple. Hence,
we can restrict the sum to even c¢. By replacing ¢ with 2¢, we have that

p=1  ——4d
§ ~ —/—1 (_1)6;21 eﬁéjgpd (1) 2 +v-1
N 4
% Z (—1)° 6Lf 5c2d (GLF bek | e—LF 6ck)'
et
Therefore, we obtain the required formula of the lemma. O

Lemma 3.9. For the notation in the proof of Lemma 3.8,

4k
> Y

€7 NaEnY ) g, — 1
[ are T iy = 0l

£

Proof. We put a = %Z, noting that this is not a half-integer. By changing the variable

putting y = —mv/—1a + (=1 4+ v/—1) ¢, the integral of the lemma is rewritten as

(—1+v-1) eﬂ\;?pﬂN/g(t) e~ Nt dt,
R

where we put
e%(—w —Ta+(—14+v/—-1)1)

9(t) = v/ Tat(—1+v-Dt | erv/—Ta—(—1+v-1)t °
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Since the absolute value of (—14+/—1)e™ "% 5N ig bounded by v/2, it is sufficient to

show that .

_NitQ .
/Rg(t)e dt = O(—Nl/Q). (24)
We show (24), as follows. We consider to estimate |g(t)|. We have that
—1a+(—1+ﬁ)t+ew —Ta—(—1+/=1)t |2
_ ‘6—7r —Ta+v/—1t et 4 em —1a—ﬁt6t|2
_ (e —Toaty/—1t,— t 4 em 1a—ﬁtet)<e —la—V=Tt, - t e 1a+¢fltet)

o

= e+ e £ 2cos (27ra — Zt).

Since e* 4+ ¢ > 2 and 2cos (27?04 — Qt) > —2, the above formula is non-negative, and

the above formula would be 0 only if ¢ = 0 and « was a half-integer. Actually, « is not
a half-integer (the difference of o and a half-integer is at least 55), and there exists a
constant € > 0 (depending on §) such that

e* + e % 4+ 2cos (27ra — 2t) > e

Hence,

_dky

e

) <
‘9 ( )| = /e
Therefore,
—Nit2 4kt ~N2q? 1
\/ it < J/‘ Tt = O(g).

Hence, we obtain (24), as required. O

Remark 3.10. By the saddle point method (see e.g. [46]), the value of the integral of
Lemma 3.9 is expanded in the following form,
_rV/=1 2N A )\1 )\2

N (),
with some complex constants A and \;. The higher order part of the asymptotic expansion
of the formula of Proposition 3.11 below can be obtained from such expansion.

e

By using Lemma 3.8, we calculate the semi-classical limit of the quantum invariants
of My, ,, in the following proposition.

Proposition 3.11. Let p; and ps be coprime positive odd integers. Then, the semi-
classical limit of the quantum invariants of My, ,, as N — oo (where N is odd) is given
by

ny/=T

N¥2(—1) T ™ N

4
TN(MPLPZ) = W
/=1 27 Dy 2T D1
X Z (—1)° €2P1P2 CON g T2 gy ZTPLE +O(N),
D1 P2

1<c< ipip2
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where we put § = pypy — 2p1 — 2pa, 6 denotes the inverse of § in Z/p1poZ, pi denotes the
inverse of py in Z/p2Z, and Py denotes the inverse of py in Z/p1Z

Proof. We put pipo. In this proof, we denote by & the inverse of § in Z/16pZ. By Lemma
3.8, we have the following approximation up to O( e /2)

P p2(pitp2)n _ p2(p1—p2)n _ p2(=pi1tp2)n _|_52 —p1—p2)n

Z o™ bpr - h—pn

n€Z/pNZL
g (D)7 +y T

~ =1 (=1)F ™5 5

% 2 : e V=15 c2d (64“Vp_13c(p1+p2) _ oy dclpi-p2)
ble<? dn/=T5 dny/—15 0
¢ — e » Ocl=prtp2) 4 T dc(=m pz))

1

— —\/—_1(_1)%16“53% (D" +v=1"")

X Z 2“\/7602d( dn /=15 . 74”1‘7/1?1&:) (64”;/2?130 7747”/?136)'

— e P2
1<e<t

Since 6 = —2p,; modulo p;, 0 = —2p; modulo ps and § = p modulo 4, the above formula
is equal to

_ VT (1) e (1) T

y Z (_I)CGQW\;{TISCQCI (62771;/171[)20 e 27\'1\)/17}726) (e b plc o 6_ s p1 C)

1<c<h

— 4TI (=) e (—1)7 +v=1")

2nV/=1% 2, . 2T PaC . 2WPLC
X 5 (=1)ce » °“gin P2 € i ZTPLE

P1 D2

P
1§C<Z

Hence, since a —a™! ~ 4”\5, we have the following approximation up to O(N ) by
Proposition 3.3,

( 1)d2g1 e
N _— 3myv/—1 T/ —1
TN(MP1,p2) ~ W e 4 e 4 (

X N -4v/—1 (— )% D5 (—1)"2 4T
27 Dy 27Dy
% Z Vo129 sin szcsin 7TP1C'
P P2

1<e<®

1—p1—p2)d

Therefore, in order to obtain the proposition, it is sufficient to show that

(—1)% N3/2 gny1 V=L (1—py—p2)d 4 1( 1)p’1 =15 pd (( 1)1)71 \/_1&[)
e a4 e 1 Ampi=p2)d 4/ 1 (_1)7Z ¢ 8 —1) 2 4+v—
8rv—1/p

V=1
4 d—1 7w/—1

= —1)7 e 5 <
T/ 2D ( )
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This formula is rewritten as

p-1 5d
(—1) 55 B0 S mp)d ()i v (=1 2\;\/ -1 _ a1 mTy
2

Hence, it is sufficient to show this formula (25).
We show (25) in the following of this proof. We have that

VAT = VT = (VAT = (-1 AL

where we obtain the first equality since 6 = p modulo 4, and obtain the last equality since
pdl _ pd _ w, which is even. Further, we can obtain the following equality by

2 2
verifying it for each d = 41, &3 modulo 8§,

1

1+ (—1)% V=1 NSy
7 .

Hence, by using the above two formulas, we have that

(D)7 + V1" ()T (=D)L e 1 (-1) T YT
V2 N V2 -

= ()T () e

Therefore, the left-hand side of (25) is equal to

v/ —1 ﬂ\/fld _rmv—1
2 e 2 e 4

Further, since e=5d = (—1)%55, the left-hand side of (25) is equal to

e (p1+p2)d e“;l dpd.

d—1 v/ —1 m/—1 7%
—(—1)76_ T (P1tp2)d 5= dpd

ﬁ

We calculate the last factor e sflgpd, as follows. We have that 6 = § modulo 8, since

5?2 = 1 modulo 8, noting that the square of an odd integer is equivalent to 1 modulo 8.
_35 —

5-3 2
Hence, since (—1)57 =((-1)°) ¢ = (—1)6T1, we have that

/=1 % 521 /=1 2 1 p1+p av/=1 o /=1
eTE = (—1) et O = () (—1) T e P e e
p1tp2 my/—1 _ w1 v/ —1 my/—1
— (_1) 3-8 de~ 7 (mtp2)d _ Fg—d TG (p1+p2)d’

where we obtain the second equality since 62 = p* — 4p(p, +p2) modulo 16, and obtain

. . . mv/=1_ 2 p2—1 w/=1 _m/—1 m/—1
the third equality since e™5 7 = (=1)"5 e~ 5 % and e~ "7 PrFPPd — o= (Prip2)d

noting that the square of an odd integer is equivalent to 1 modulo 8. Therefore, the
left-hand side of (25) is equal to

which is equal to the right-hand side of (25). Hence, we obtain (25), as required. O
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As a particular case of the above proposition, we obtain the following proposition.

Proposition 3.12. Let p be an odd integer > 6. We put 6 = p — 6, and we denote by
0 the inverse of § in Z/3pZ. Then, the semi-classical limit of the quantum invariant of
Ms;, as N — oo (where N is odd) is given as follows.

(1) When p =1 modulo 3,

/=1

A

e
TN(MS,p) ~ m

N2 (1) PN ST (1) AW sin 2734
1§c1<%p p
3 fa

where we put 3 = %, and the sign in the sum is given by

+1  if e = 1,2 modulo 6,
—1  if ey =4,5 modulo 6.

(2) When p = —1 modulo 3,

/=T —
—e 1 N1 wy=T 2ny/=1 o7 2w 3¢y
7o (M. ~ ——— N¥2(=1)7 e 5 N +1)e s N gip 2L
vOhy) ~ S N2 (1) 2 (=) )
sea<zp
3 fe
where we put 3 = 1%1, and the sign in the sum is given as mentioned above.

We show some examples of the proposition below.

Example 3.13. The semi-classical limit of the quantum invariant of M3 7 is given by

/=1
(&

Ty(Msg) ~
’ 2m v 14
X (— ehmﬁN sin377r + e2wf4N2 sing + e27r21@16N sin 2%)

N3 (—1)"5 5N

Example 3.14. The semi-classical limit of the quantum invariant of M3 1, is given by
/=1

—e 1 N-1 =T 2ry/=1 3 2ry/=1 5T
7. (M ~ N32(—1)7z 78 N (e 3 Ngin—" — ¢33 4N gip ——
N( 3,11) o \/ﬁ ( ) ( 11 11
— 6%3\‘{3?123]\[ 2 sin K + 6%3\'{”?15]\[ sin 4—7T — eQﬁ%ﬁ%N sin 2—7T)
11 11 11
Example 3.15. The semi-classical limit of the quantum invariant of Mj 5 is given by
T/ —1 2
e 4 /=1 2my/—1 v 2my/—1 m
7. (M ~ N32e55 N (=735 Ngin= — e~ 715 Ngin —
v WMoo) ~ o T ( 5 5)

We note that, as mentioned in Example 3.7, we obtain the above formula as z—f times the
formula of Proposition 3.12, where we note that the asymptotic behavior of = is given

by £~ (=1)7F

26



3.4 SL,C representations of the fundamental group of

p1,p2

In this section, we give a classification of conjugacy classes of irreducible representations
of m(Mp, p,) to SLyC. As we show in Proposition 3.16, any irreducible representation is
conjugate to a SLoR representation or a SU(2) representation.

We recall that p; and p, are coprime odd integers > 3. The fundamental group of
My, ,, is presented by

T (Mp, ) = (x,y,2,h ‘ his central, a”'h =1, y?h=1, 2*h=1, ayzh=1).

We consider an irreducible representation p : m (M, ,,) — SLoC. Since h is central,
p(h) = £FE, where E denotes the unit matrix. If p(h) was equal to E, then p(z) = £F
and p would be reducible. Hence, p(h) = —FE. Therefore, the eigenvalues of p(z) are

+ry/—1 5 . . .
r for some odd integer k; with 0 < k; < py, and the eigenvalues of p(y)

k
are equal to ™15 for some odd integer ko with 0 < ky < pg. Therefore, an irreducible

representation p determines (ky, ko). We show that this correspondence is bijective in the
following proposition.

equal to e

Proposition 3.16. There is a bijective correspondence between the set of conjugacy
classes of irreducible representations of m (M, »,) to SLoC and the following set,

{(kl, ks) ‘ k1 and ko are odd integers with 0 < ki < p; and 0 < ky < pg}. (26)

We denote by pg, k, an irreducible representation of the conjugacy class corresponding to

(k1, ko) by this correspondence.

(1) pry ko s conjugate to a SLoR representation if and only if
ky  k 1 ki k 3
22 o 24252 o |——— > —. (27)
P p2 2 P op2 2 P D2 2

(2) pry .k, 15 conjugate to a SU(2) representation if and only if

ki ko 1 ki ko 3
— -2 < - < =42 < o, 28
‘pl D2 2 P11 D2 2 (28)

We give a proof of the proposition at the end of this section. In order to give a proof
of the proposition, we show some lemmas below.

Lemma 3.17. Let ki and ky be odd integers with 0 < ky < p; and 0 < kg < po. If (27)
holds, then there exists a representation p : m(Mp, p,) — SLaR such that the eigenvalues

k k
of p(x) is equal to VIR and the eigenvalues of p(y) is equal to V15

Proof. Tt f)—i + ]’;—2 < %, we consider a hyperbolic triangle with angles %W, I]j—iﬂ', %7‘(‘ in the

hyperbolic plane H?, on which SLyR acts. We can construct a representation p in such

a way that p(x) is a %W rotation around the vertex of the angle ];—i’/T and p(y) is a %W

rotation around the vertex of the angle ]Ij—iﬂ and p(z) is a 7 rotation around the vertex of
the angle %7‘[‘. Hence, we obtain the lemma in this case.
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If B2 4 k2 ~ 3 we consider a hyperbolic triangle with angles 2=FLy 22—k2 7 Lo - Thep
. p1 P2 2 i " i p1 7 p2 72 ’
in the same as above, we can obtain the lemma in this case.

If f}—i — 1% > %, we consider a hyperbolic triangle with angles ’”p;lklﬂ, f)—zﬂ', %w. Then, in
a similar was as above, we can obtain the lemma in this case.

If ]’j—i — % > %, we can obtain the lemma in the same way as above. [

Lemma 3.18. Under the assumption of Lemma 3.17, for a given (ki,ks), the existence
of such a representation is unique up to conjugation of SLyC.

Proof. We consider the case where 1% + 1% < 1. Since p(z) is a %W rotation of H?, p(z)
has a unique fixed point x in H2. Similarly, p(y) has a unique fixed point y in H?. Further,
since p(z) is an orientation-preserving 7 rotation of H?, p(z) has a unique fixed point z in
H?. We consider the geodesic interval I between x and z. Since p(z) is a 7 rotation, the

union I of I and (p(2))(I) is a geodesic interval. We consider a geodesic perpendicular to
I at z. Further, we consider (p(y))(I), which is equal to (p(z1271))(1) = (p(z™1))(1).

Hence, as shown above, I and (p(y))(I) makes an angle QW% at x. Therefore, the hyper-

bolic triangle whose vertices are x, y, z is a triangle with angles %W, ]lj—;ﬂ, %W. We note
that such a triangle in H? is unique up to the action of SL,C. Hence, p is conjugate (by
conjugation of SL,C) to the representation obtained in Lemma 3.17, and we obtain the
lemma in this case.

In the other cases, we obtain the lemma in the same way as above. O]

Lemma 3.19. Let ki and ko be odd integers with 0 < k; < p; and 0 < ko < po. If (28)
holds, then there exists a representation p : w (M, p,) — SU(2) such that the eigenvalues

+ry/—1 8 +rv/—1 ’;—;

of p(x) is equal to e r1and the eigenvalues of p(y) is equal to e

Proof. We consider a spherical triangle with angles 6;, 0, 65 in the 2-sphere S?, and
consider the condition of 0y, 0, 63 so that such a triangle exists. We consider three great
circles on S?, and suppose that one of the regions bounded by such circles is a triangle
with angles 61, 65, 05. We note that there are four pairs of triangles bounded by such
circles, i.e., triangles whose angles are (01, 65,03), (01,7 — 0y, m — 03), (1 — 01,05, 7 — 03),
(m — 61, m — 05,03). Then, since these triangles are spherical,

91+62+93>7T, 27T+91—‘92—03>7T, 27T—91+92—83>7T, 27T—91—92+93>7T.

When 6, = I%?T, 0y = I%?T, 03 = %W, these conditions are equivalent to (28).
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Conversely, we can verify that, when (28) holds, there exists a spherical triangle with

angles Z%ﬂ, I’j—zw, 17, Hence, in a similar way as in the proof of Lemma 3.17, we can

2
construct a representation p : m (M, ,,) — SU(2), as required. O

Lemma 3.20. Under the assumption of Lemma 3.19, for a given (ki,ks), the existence
of such a representation is unique up to conjugation of SLyC.

Proof. Since p(z) is a %W rotation of S?, p(z) has two fixed points in S%. We denote

them by x, ¥’ in such a way that p(x) is a couter-clockwise %ﬂ rotation around x and a

clockwise Qﬁw rotation around x’. We denote by y, y’ two fixed points of p(y) in the same

way. Further, we denote by z, z’ two fixed points of p(z) in such a way that the cyclic
order of x, y, z is counter-clockwise around the spherical triangle whose vertices are x, y,
z. Then, in a similar way as in the proof of Lemma 3.18, this triangle is a triangle with

angles %W, g—iﬂ', %71’. We note that such a triangle (such that the cyclic order of x, y, z
is counter-clockwise) is unique up to the action of SU(2). Hence, p is conjugate to the
representation obtained in Lemma 3.19, and we obtain the lemma. O

By using the above lemmas, we now give a proof of Proposition 3.16.

Proof of Proposition 3.16. By Lemmas 3.17 and 3.18, there is a bijective correspondence
between the set of conjugacy classes of irreducible representations of my (M, ,,) to SLoR
and the following set

{(k1,k2) € (26) | (k1, k2) satisfies (27)},

where we consider conjugacy classes with respect to conjugation of SL,C. Further, by
Lemmas 3.19 and 3.20, there is a bijective correspondence between the set of conjugacy
classes of irreducible representations of (M, ,,) to SU(2) and the following set

{(k1,k2) € (26) | (k1, ko) satisfies (28)}.

We note that the set (26) is the disjoint union of the above two sets. Hence, it is sufficient
to show that any irreducible representation of m(M,, »,) to SL2C is conjugate to a SLoR
representation or a SU(2) representation.

We show that any irreducible representation p : w1 (M, p,) — SLoC is conjugate to a
SL,oR representation or a SU(2) representation, in the following of this proof. As men-

+my/—1 K1

tioned at the beginning of this section, the eigenvalues of p(z) are equal to e r1 and

k.
the eigenvalues of p(y) are equal to ™15 and the eigenvalues of p(z) are equal to

++/—1. There is a unique geodesic L) in H? fixed by the action of p(z). Similarly,
there is a unique geodesic L,,) in H? fixed by the action of p(z).

If L,y and L.y intersect, p(x) and p(z) fix the crossing point, and the representation
p fixes this crossing point. Hence, p is conjugate to a SU(2) representation.

If L, and L, do not intersect, there exists a unique geodesic interval I which is
perpendicular to L, at x and perpendicular to L,) at z. Further, in the same way

as in the proof of Lemma 3.18, we can show that the union I of I and (p(z))(I) is a

geodesic interval. We consider the union of (p(y™))(I) for n =0,1,2,---. Similarly as in

29



the proof of Lemma 3.18, we can see that it is a piecewise geodesic path. Since p(y) is of
finite order, this path must be a closed path, and this closed path is included in a totally
geodesic plane in H3. The representation p preserves this totally geodesic plane in such a
way that the action of p on this plane is orientation-preserving. Hence, p is conjugate to
a SLsoR representation, as required. O

3.5 The Chern—Simons invariant and the Reidemeister torsion of VM, ,,

In this section, we give formulas for the Chern-Simons invariant of (M, ,,, ad o py, x,) and
the twisted Reidemeister torsion of (M, ,,,adopg, k,). The formula for the Chern-Simons
invariant (Proposition 3.21) is a natural extension of a formula of [5]. The formula for
the twisted Reidemeister torsion (Proposition 3.22) is essentially due to [9]. We also give
a formula of the spectral flow of py, », in Remark 3.23.

Proposition 3.21. Let py, i, be the irreducible representation of w1 (M,, ;,,) to SLoC given
in Proposition 3.16. We suppose that py, k, is conjugate to a SU(2) representation or a
SLoR representation with Z—i + f)—';’ < % Then, the Chern-Simons invariant of (M, p,,ad o

Py k) 1S presented by
Cs (Mphpz; adOpkth) = 7 (‘ - = —) (modulo 1).

Proof. When py, x, is a SU(2) representation, the Chern-Simons invariant of a Seifert
3-manifold is calculated in [5], which gives the formula of the proposition, noting that
our formula is (—1) times the formula of [5] because of the difference of the convention
of an orientation of a Seifert 3-manifold (see [10]). See also [42] for the formula of the
Chern—Simons invariant of a Seifert 3-manifold, which exactly gives the formula of the
proposition, noting that our M, ,, is X (—2, p1,p2) of the notation of [42] as we show in
Remark C.1 below.

When py, i, be a SLyC representation in general, we can calculate the Chern—Simons
invariant in the same way as in [5], as mentioned in [20]. In fact, we can calculate the
Chern—Simons invariant by using a path of SLyC representations p; (for 0 < t < 1)
of m(N), where N is the 3-manifold obtained from M), ,, by removing tubular neigh-
borhoods of the three singular fibers. As shown in [5], the Chern-Simons invariant is
calculated by using integrals of the following form,

3 1
CS(Mp, p,; adopp, k) — CS(Mp, 5 adopyr ) = 2 Z/ a;(t) b;(t) dt,
i=1 70

where we fix p;(h) = —E, and exp(£27v/—1 a,(t)), exp(£27v/—1 as(t)), exp(£27yv/—1 az(t))
are eigenvalues of p;(zP1h), pi(yP2h), pi(22h), and exp(£27y/—1 b1 (1)), exp(£27v/—1 by(1)),
exp(£2my/—1b3(t)) are eigenvalues of p;(z71), ps(y~1), pe(271). Hence, aj(t) is a constant
multiple of b/(¢), and the above integral is a constant multiple of (b;(¢))%. Here, we note
that, in the same way as in the proofs of Lemmas 3.17 and 3.19, we can construct a path
between any pair of representations p, x, and py; x;, by considering a triangle with angles

k:/ k/
01,65, %7T, where #; changes from p—i to ]’j—i and 6, changes from p—z to Z—;. We further note
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that such a triangle is spherical if 6; + 65 > %W, hyperbolic if 6; 4+ 60, < %71’, and Euclidean
if 0, +6, = %71’, and we can construct a path between a pair of such triangles by changing
6, and 0y smoothly. Since the above integral is a constant multiple of (b;(t))?, the value
of the above sum depends only on (ki, ks) and (K, k5). Therefore, we can extend the
required formula to the case where py, , is conjugate to a SLoR representation, and we
obtain the required formula in this general case. O

Proposition 3.22 (see [9]). Let pi, x, be the irreducible representation of m(M,, ,,) to
SLoC given in Proposition 3.16. Then, the Reidemeister torsion of My, ,, with sly coeffi-
cient twisted by the adjoint action of py, i, 1s presented by
Tor (M,, p,; adopg, k,) = =+ 32 sin® — fm sin ko .
P1p2 b1 P2

Proof. Freed [9] calculates the Reidemeister torsion of a Brieskorn sphere M with sly co-
efficient twisted by the adjoint action of any SU(2) representation of m(M). We note
that his calculation ingores the sign of the Reidemeister torsion. We can apply his calcu-
lation to a Seifert 3-manifold with three singular fibers. Further, we can naturally extend
his calculation to the case of a SLyC representation. Hence, we can obtain the required
formula from his formula. 0

Remark 3.23. Let py, , be the irreducible representation of (M, ,,) to SLoC given in
Proposition 3.16. Then, the spectral flow of py, 1, is presented by

[(pk’l,kQ) = —2 (k1+k2)
Proof. By a formula of the spectral flow given in [12] (see also [42]), we have that

7rn2 7r/<:m7;
[(pkl,kz) = —3+38 CS( P1,p2> pkl,k2 Z Z COtQ 2 p—
Di ni=1 7
1 k2 k2 2 2 Di
= -3 2———— (kA4 kp—=
(R
= —2(k1+ks),
where we obtain the second equality by Proposition 3.21, and obtain the third equality
by Lemma 3.24 below. Hence, we obtain the required formula. O

Lemma 3.24. Let k and p be odd integers with 0 < k < p. Then,

k
chot2 2 T _ —k2+pk:—8.
P 2

Proof. The lemma is shown in a similar way as the proof of [15, Proposition 5.2]. We put

2my/—1
( =e » . Then, we have that

m cos %” 1
cot — = =

¢ tkn  (F (7
D sin % V=1 ¢

n

2 .

= s = ,
2

p 2v/—1

3| o3
+



and
kn

kn _kn
—Cczn _ g: = C%”_FC%”_F ..._|_<‘_%”'
2 — 2

Hence, the left-hand side of the required formula is calculated as

*B
,_.

(CQ + T T )

1

_ —k‘Q—l—% Z (Cn+2_|_<:—n) <§(k—1)n+2€(k‘—2)n_|_3C(k—3)n+

ne€Z/pZ
+ (k=14 k+ (k=14 420"k 4 C—(k—l)n)

— —k2+§((k—1)+2k+(k—1)) = 2 4pk-L

where we obtain the second equality, since

]

3
Il

Z cm p if m is divisible by p,
~ |0 otherwise,

for any integer m. Therefore, we obtain the lemma. O

3.6 Proof of Theorem 1.2

In this section, we give a proof of Theorem 1.2. In order to rewrite the formula of
Proposition 3.11 in terms of SLyC representations, we show some lemmas below, before
we give a proof of Theorem 1.2.

We recall that p; and p, are coprime odd integers > 3. Putting
S = {(k’l,k’g) ‘ k1 and ko are odd integers with 0 < k1 < p1, 0 < ky < pg},

we put

51:{<k'1,k2 €S|p_1+p }

2

52:{<k1,k2 €S|p_1+p }

2

K ]{72 1
Sy = {(k1,ka) €S |0< ———<—,
’ {0 ke | 2R ) 2}
ko ki 1
Sy = {(k1,ka) €S| 0< <22
! (k1 ke) | P2 P 2}
Further, modifying the range of .S, we put
5 . 3 ki ke
Sy, = {(kl,kg)‘kl,l@ are odd integers, 0 < ki < p1, 0 < ky < po, §<—+ <2}
p1 P2
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Lemma 3.25. We have a bijection

Q: Sl|_|»§2|_|53|_|54 — {CEZ|O<C<%p1p2},

where ¢ = w1 Uy gLy and @1, -+, 04 are given by
k1 + pik k1 + pik
1k, ko) = w7 wa(k1, k2) = pipa — w,
ki — p1k ko — pok
@3k, k2) = %7 @ik, k2) = %
Proof. We identify S5 with
U . kl k2 1
Sy = {(kl,kQ) ‘ kq, ko are odd integers, p; < ki, —pr<ky, 0< —+—< 5}
P P2
by replacing (kq, ko) with (2p; —k1, —k2), and identify S3 with
/ . kv ko 1
Sy = {(kl,kg) ‘ ki, ko are odd integers, ki <pi, ko <0, 0< p_ + p_ < 5}
1 2
by replacing (ki1, ko) with (k1, —k2), and identify S, with
) . ki ke 1
Sy = {(kl,kg) ‘ k1, ko are odd integers, ki <0, ko <py, 0< —+ — < 5}
p1 D2
by replacing (k1, ko) with (—kq, k2). Then, by putting
! U / ! kl ]fg 1
S = Sll_|52|_|53|_|54 = {(k?l,k'g) | —p2§k2<pg, 0<p—+p— <§},
1 2

the map ¢ is rewritten

/

.8 — {ceZ\O<c<;1lp1pz},

where we put ¢'(ki, ks) = kal‘;‘plkﬁ

. Further, we consider a bijection
0" {(k:l,kg) € Z/2p7Z X Z]2p7 | ky and ky are odd} — Z/p1poZ

defined by ¢"(ky, ko) = M. Then, we can see that ¢’ is a restriction of ¢” such that
the image of the map satisfies that

k k 1 k k 1
0<c:w<—p1pg, which means that 0 < — + = < —.
2 4 proop2 2
Hence, ¢ is a bijection. Therefore, ¢ is a bijection, as required. O
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Lemma 3.26. Let ¢y, --
(1) If c = @1k, ka), @s3(k1, k2) or @a(ky, k), then

, 4 be the maps defined in Lemma 3.25.

2ny=T 2% 2w Py C 2P c
(—1)emr SN g P2 5y T
p1 P2
2 2
— (1) e T )N G N o fam KT
P1 P2
2) If c = 2]6’1 k’g then
(2) pa(kn, k2),
. 2Vl 25y 2T Py C 2w prc
(—1)¢e mir2 sin sin
P1 P2
2 2
= (—1)k1gk2 e~ B 12N e_%ﬁ(% N sin — s.inkQ—7T
P1 P2
Proof. When ¢ = (ki ko) = 22EEPIR2 o show the lemma, as follows. Since ¢
' 2
Do k1-5p1 +p k2;p2’
k1+py ka—pg p1+Dp2 kytko
(=) = (=)= (=) 7" = —=(=1) =2 (=) =,
2 Ps C 27 k:1+p1 ki
sm—:sm( ) = —sin—
b1 D1 P
. 2mpic 2w kQ_pQ ko
sin —— = sm( ) —sin —
D2 b2 P2
N2
Further, since ¢® = p2M + p%% modulo p;ps,
2ry/ T 25y 2ry=Ty, gy Gatp)® 2nd=Ty gy Gamp)®
e pip2 e e

Since d = —2p, modulo py, the first factor of the right-hand side is calculated as

271'\/
€

271'\/
€

N(k1+p1) N(k1+p1)2
1

2V =Ly (—2p2)

kF1+p1
2

ki+p _ /=1 (b +p)?
(—1)T N N

- -1

Similarly, the second factor can be calculated as

ko—pa

= (-1)"2 e

2my/=1, snr(ka—p2)?
e P2 p1oN 4

Hence, we have that

V=l 25N
e Pip2

kytko m/ (kl
2

(=)

_L/jl(
4

(&

2
k1
P1

2
k3

+p2

)N mv/—1
e

Therefore, from the

34

_2my/—1 1+p1 N (k1+p1)

e

,L\Hﬁ]\r

4

ﬁkQ ﬁ
PQN = kN

§§>N(

(p1+p2)N

p1

V=T V=1
P1 =3 klNe—’T4 N

e~

71'\/47 1 p2N

ko—Fk v
_1)%N€—WT(P1+P2)N

above formulas, we obtain the lemma in this case.



When ¢ = p3(k1, k2), we obtain the lemma from the above case by replacing ks with
—ks.

When ¢ = @4(k1, ko), we obtain the lemma from the first case by replacing k; with
—ky.

When ¢ = po(ky, ko) = w, we show the lemma, as follows. We obtain
the formula of (1) of the lemma from the first case by replacing (ki, ko) with (—ky, —k2).
Further, by replacing (—kq, —ko) with (2p; —kq, —ks), the formula becomes (—1)-multiple,
and we obtain the formula of (2) of the lemma, as required. O

By using the above two lemmas, we give a proof of Theorem 1.2.

Proof of Theorem 1.2. By Proposition 3.11, we have that

v/ —1
—e 4

7A'N(Mp17pz) ~ W
2ry/=1 25N . 2T P C . 2WPy
X Z (—1)¢e rir N sin 7Tpzcsm mhic

b1 P2

N-1 /=1
— N

?

1<c<ipip2

where we recall that § = pypy —2p1 — 2p, 6 denotes the inverse of § in Z/p1p,Z, p1 denotes
the inverse of p; in Z/psZ, and p; denotes the inverse of py in Z/p;Z. We consider to
rewrite the sum of this formula as a sum with respect to (ki, k) by Lemma 3.25. We
note that we can ignore the difference of S, and 5*2, because 5’2 — S5 consists of elements
of the form (ki, p2) or (p1, k2), which do not contribute to the value of the sum. We also
note that, by Lemma 3.26, the summand becomes (—1)-multiple on S;. Hence, the sum
is rewritten by a sum over (S; LI .S3 U Sy) — S, as follows,
ny/=1
Fo(Myy ) ~ — = N¥2 (=1)5 55N

p1,p2 T /—2p1p2

k2
x Z (1) (—1)@ e~ T e N TR G )N gy MT g 227

k1+ko WV*l(l_ﬁ_é)N . klﬂ' . k‘27T
X g (=1)"2 e & 2 m »’ gin— sin—.

(k1,k2) € (S1US3LS1)—S2 P p2

From the definition of S;, we can see that (S; U S5US,) — Sy is equal to the disjoint union

of
: . ki ke 1
{(k1, k) | (K1, k2) satisfies (28)} and two copies of {(ki, ko) € (26) | — + — < 5}
pPr D2

Further, by Proposition 3.16, these sets are rewritten
{(k1,k2) | pr,k, is a SU(2) representation} and
ky 1

k
two copies of {(ki, k») | Dk ks 15 & SLoR representation, and — + — < 5}
b1 P2
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Hence, the formula of 7, (M, ,,) is rewritten,

/=1
# (M, ) ~ ¢ 1 B2 _1)¥6—”Tﬁ(p1+p2)N

Pp1,p2 T /—2p1p2

k1+k2 L\/*l(l_ﬁ_é)]\[ . klﬂ' . kgﬂ'
E +2 g e 4 ‘2 r1 p27 gIn— sin —
SU(2) rep SL2R rep
Pk ko Pk1 k2

kl 1
+ 1
2

v/ —1 — v/ —1

( Z 2. )(eﬂﬁCS(M“’”;ado”’“””)NW(Mpl,pzapkl,kz))’

ep SL2R rep

Pkl ko X ﬂkl ko
s
(29)
where CS (M, p,; adopy, k,) is given in (3.21) (see also Remark 3.27 below), and we put
1tk \/§ . ki kem
w(M,, p.; = (—1) 2 sin sin , 30
( P1,p2 pkl,kz) ( ) T/PiDa n Do ( )

noting that, by Proposition 3.22; we have that

W(Mphm; Pkl,k2)2 = Tor(Mpl,m; adopkhkz)' (31>

+
1672

Therefore, we obtain the theorem. O

Remark 3.27. The Chern—-Simons invariant is defined in C/Z. When we substitute
CS (M, py; adopy, k,) into (29), we choose a lift of its value in C/2Z by

CS (Mm,pz; adoplﬂ,’@) = 7 <_ - _2)

as the same form of the formula of Proposition 3.21. We note that the choice of this lift
changes the sign of w(Mp, .} Py ks )-

Remark 3.28. By (31), we can obtain w(Mpy, ,,; Pk, k) @s a constant multiple of a square
root of the Reidemeister torsion. We consider how we should choose the sign of this square
root. As mentioned in Remark 3.27, this sign depends on the choice of a lift of the Chern—
Simons invariant in C/2Z. Further, as in (30), there is a factor (—1) %32 When Pky ks
is a SU(2) representation, we can regard this factor as a factor derived from the spectral
flow by

k1+k
(_1)% — e—%l(pkl,@),

where we obtain this equality by Remark 3.23. That is, the Reidemeister torsion is
equal to the Ray—-Singer torsion, which is defined to be the product of eigenvalues of
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Laplacian, and we can expect that we can choose an appropriate sign of the square root
of the Ray—Singer torsion by using the spectral flow, since the spectral flow algebraically
counts the number of eigenvalues which change the sign when we move SU(2) connections.
When pg, k, is a SLyC representation in general, it is a problem how we should choose
an appropriate sign of the square root of the Reidemeister torsion, because eigenvalues
of Laplacian are not necessarily real numbers, and we do not have a spectral flow in the
SLoC case. Instead of the spectral flow, it might be possible to choose an appropriate
sign of the square root of the Ray-Singer torsion directly, which behaves well when we
move SL,C connections.

We show some numerical experiments for Theorem 1.2, in the following of this section.

Example 3.29. We consider the case of Ms7. There are one SLsR representation p;
and two SU(2) representations p; 3, p15. The Chern-Simons invariant and w(Ms7; p1x)
are given by

CS(Msz; adopy i) = 211. 3 _2;1?8 , _2114-38 for k =1,3,5,
1 km
w(Mas pra) = —== (= )% sin .
By Theorem 1.2, we have that
Py (My ) €= =0 NTH2 (1) 5 P (40N
~ - 17'2 (—G%Nsing +%e_47§¥8stin37ﬂ — %e_%Nsin%).

We fix an odd integer d, and consider a subsequence of N such that N = d modulo 21-16.
Then, for such a subsequence, the above formula converges to

—e?l-sdsin—+—e 218 “gin — — —e 218 “gin —

Wm( 72 72 7

When d = 1, we show some values of this subsequence in the following table.

1 /=1 m 1 _4771'\/jld . 37T 1 _14371'\/jld . 57T) (32)

/=1

N Py (M) e T N2 (1) 5 B G0

21-16-10+1 = 3361 0.019211144024... — /-1 0.017668061351...
21-16-20+1 = 6721 0.019225170739... — /=1 0.017652718199...
21-16-30+1 = 10081 | 0.019230028250... — v/—1 0.017647390950...

We can numerically observe that this sequence tends to converge to
((32) for d=1) = 0.019240198633... — /—1 0.017636247827... ,

as required.
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When d = 3, we show some values of this subsequence in the following table.

N Fo(Myz) e N=3/2(—1) e =5 G40

21-16-10+ 3 = 3363 —0.067554438323... + /=1 0.010785310472...
21-16-20+3 = 6723 —0.067566600760... + /=1 0.010720563469...
21-16-30+3 = 10083 | —0.067570465672... + /-1 0.010699176381...

We can numerically observe that this sequence tends to converge to

((32) for d:3) = —0.067577728940... + /=1 0.010656864668... ,

as required.

Example 3.30. We consider the case of Ms3;;. In a similar way as above, by Theorem
1.2, we have that

#o(Myp) e ™ N73/2(—1) "7 ¢ ™5 GV

1 5ry/=T T 1 eyt . 37 1 _1sonv=iy 5m

- ( — 338 1n — — 33.8 - 338 n —
- _11.2( e 51n11+2e sm11 26 sm11

~Y

+ 1(3*2832’:5»\51\7 sin 7—7T — 16747537;?]\[ sin 9—7T)
2 11 2 117
We fix an odd integer d, and consider a subsequence of N such that N = d modulo 33-16.

Then, for such a subsequence, the above formula converges to

1 sry=T, . T 1 _sny=1, . 37 1 _1somv=1, 5

— _( — 338 — — 338 - 33-8 1n —
- _11'2( e smll+26 Slnl1 26 Smll

(33)

1 _283ny/—1 ., | T 1 _ 475y =T
+ =€ 38 “sin— — —e 38 "sIin —)
2 11 2 11

When d = 1, we show some values of this subsequence in the following table.

N Ty (Msz11)e” N2 (1) e B BN
33-16-10+1 = 5281 | —0.036915658417... 4 v~T 0.015119457605...

33-16-204+1 = 10561 | —0.037485993595... + /-1 0.015295341804...
33-16-304+1 = 15841 | —0.037736409572... + /=1 0.015386990592...

We can numerically observe that this sequence tends to converge to

((33) for dzl) = —0.038827415505... + /-1 0.015877504237... ,
as required.

When d = 3, we show some values of this subsequence in the following table.

N T (M3a1)e” WFN—?’/?(_D%@“ —L(3+11)N
33-16-10+3 = 5283 —0.044503577075... — /=1 0.058157288474...

33-16-20+ 3 = 10563 | —0.044426050815... — /=1 0.058619376426...
33-16-30+3 = 15843 | —0.044409385039... — /=1 0.058813875897...
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We can numerically observe that this sequence tends to converge to
((33) for d=3) = —0.044446449091... — v~=1 0.059604727759... ,

as required.

Remark 3.31. We note that M;37 is an integral homology 3-sphere, and there is no
abelian representation of m(Ms7). In this case, as mentioned in Remark 1.3, we can
(_1)%6”‘F(3+7)N

. 1
is of order ¥

expect that the convergence of 7, (Ms7)e™
We can numerically observe it in Example 3.29.
On the other hand, Ms;; is not an integral homology 3-sphere, and there are abelian

representations of m;(Msq1). In this case, we can observe in Example 3.30 that the

R w1 N—-1 Tr\/i
convergence of 7 (Ms ;) e "1 N73/2(—1)75 "7 G+HN is of order

N1/2

Example 3.32. We consider the case of M313. In a similar way as above, by Theorem
1.2, we have that

_m/=1

A 3/2 EA St

7y (Mzys)e "5 N72(=1)"3

1 /T T 1 _anvmay dm 1 _wmmvoiy 5T
—e 398 sin— 4+ —e 398 sin— — —e~ 398 sin —

7r\/13-2( 12 2 13 2 13

1 281WFN 771' 1 473WFN 97T)

N—-1 =

e L (3+13)N

~Y

+§e 30-8 sml—3—§e 39-8 sml—3

We fix an odd integer d, and consider a subsequence of N such that N = d modulo 39-16.
Then, for such a subsequence, the above formula converges to

—1 ( — eH?»g?d sin i + 1 e — M5t sin B—T — 1 e’lgzgfd sin 5—7T
/13 -2 13 2 13 2 13 (34)
1 _esiny=1, . Tm 1 _amnv=1, . 97
+ —e "398 5111———6 39-8 SlH—).
2 13 2 13
When d = 1, we show some values of this subsequence in the following table.
N 7 (Ms3) e e 3/2(—1) e TG (BHI3)N
39-16-10+1 = 6241 —0.032174499512... — /-1 0.013829506117...

39-16-20+1 = 12481 | —0.032287936561... — /=1 0.015790659198...
39-16-30+1 = 18721 | —0.033425481385... — /=1 0.015971768695...

We can numerically observe that this sequence tends to converge to
((34) for d=1) = —0.032273455128... — v—1 0.015875035932.... ,

as required.

By Proposition 3.16, there are SLyR representations p; 1, p111 and SU(2) representa-
tions pi13, P15, P17, P1o- We note that a contribution from p; ;1; does not appear in the
above formula (34) (which would have the factor “sin 127 if it appeared). It would be a
problem how we choose necessary representations in general see Remark 1.6.
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A The quantum SU(2) and SO(3) invariants

In this section, we review the definition and basic properties of the quantum SU(2) and

SO(3) invariants. We recall that N is an odd integer > 3, and we put A = e™N,
21/ —1 n__,—n
a=e ~ and [n] ==,

In Section A.1, we review the definition of the quantum SU(2) and SO(3) invariants,
and gives a formula of the quantum SO(3) invariant of the Seifert 3-manifold My, 4, r,. In

Section A.2, we review the equivalence between the quantum SU(2) and SO(3) invariants

4m/—1
atgq=e¢ n

A.1 Review of the quantum SU(2) and SO(3) invariants

In this section, we briefly review the definition of the quantum SU(2) and SO(3) invariant

of [40, 19] at ¢ = 64WF, following the construction of [25]; we note that these two
invariants are equivalent as we see in Section A.2 later. Further, we give a formula of the
quantum SO(3) invariant of the Seifert 3-manifold My, s, r,, which we use in Section 3.2.

We briefly review the definition of the quantum SU(2) and SO(3) invariant at ¢ =

/=1 . . . . . mv/=1 , .
e following the construction of Lickorish [25], noting that we put A = e S in this

paper unlike the usual case where A is a primitive 4/N-th root of unity. In order to state
the symmetry principle of our case later in Section A.2, we use the notation of [40, 19],
that is, the notation in the right-hand side of the following formula,

n

-1 V.
] =
-1

n

where the left-hand side denotes the box of the Jones-Wenzl idempotent in the Lickorish
notation, and the right-hand side is a strand associated with the n-dimensional irreducible
representation of U,(slz). It is known, see [25, 17], that

an 2
R R

| (35)

For a ¢-component framed link L whose components are associated with V,,,,---,V,,,
we denote by Q(L; V,,,, -+, V,,) the invariant of L defined by the linear skein of Lickorish
[25]. Let M be the 3-manifold obtained from S* by surgery along L. Then, the quantum
SU(2) invariant 75V (M) and the quantum SO(3) invariant 7, (M) are defined by

BUOD) = S (P ) - (1 ) QUE Vi Vi),

1<ny, - ,ne<N
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VM) = e el Y e [ QUL Vi Vi),

1<ny, - ,ng<N
ni, -,y are odd

where o, and o_ are the numbers of the positive and negative eigenvalues of the linking
matrix of L, and ¢/, and ¢y are constants given by

o= D0 (YA, e = 3T AN,

1<n<N 1<n<N
n is odd

We calculate the value of the constant c., by using Lemma 3.1, as follows,

—A!

n2_ 2 ]
o= 2L AT = a3 @)
L<n<N jELINZ
—A a2 =1) 02 A3 02
- (@a—a1)? Z a? = a— a1 Z a”
JELZINZ jEZL/NZ
A3 N-1
_ (—v=1) = VN, (36)
a—at

where we obtain the last equality by [35, Lemma A.2]. The constant c¢_ is the complex
conjugate of ¢, ,

A3 N-1
c_ = - v—17?% VN
a~t—a
Hence,
Sy (37)

We give a formula of the quantum SO(3) invariant of the Seifert 3-manifold given in
Section 3.2. Let L be the framed link in (23). When 4, j, k, m are odd, it follows from
(35) that the invariant of L is given by

9 .5 2 2 mil|lm7j|mk a7 -
Q(L; Vi, Vi, Vi, Vi) = A2 =1)+p1 (52 =1)+p2(k? = 1)+(m?~1) % [4][7][k]-

Hence, the quantum SO(3) invariant of M, ,, is given by

. or o 2 1) (72— 2 1) (m2-1) [mil[mgl[mk] oo
Ty (Mpypy) = ¢ c Y AU ) S ] K],

- K [m]
1<4,j,k;m < N
i,j,k,m are odd

(38)
where o, and o_ are the numbers of the positive and negative eigenvalues of the linking
matrix of L.

A.2 Equivalence of the quantum SU(2) and SO(3) invariants

4/ —1
N

It is known that the quantum SU(2) and SO(3) invariants are equivalent at ¢ = e

. " . /=1 . .
in the sense of Proposition A.2, unlike the usual case where ¢ = e % . This equivalence
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is mentioned in the first paragraph of Section 1 of [26]. In this section, we briefly review
this equivalence.

. . . . . . 4/ =1
Before we review this equivalence, we review the symmetry principle at ¢ = e~ in

the following proposition.

Proposition A.1. When A=ce¢ = , for an {-component framed link L,
Q(La Vn17 Vn27 T aVng) = Q(La VN—n17 Vn27 T aVng)'

Proof. The symmetry principle is shown in [24, Proposition 9] when A is a primitive 4N-

th root of unity. When A =e¢ \Nﬁ we can show the symmetry principle in the same Way
as in the proof of [24, Prop081t10n 9]. As shown in the proof of [24, Proposition 9], w
can reduce the proof to the case where L is a framed Hopf link of the following form.

!
—_——~

QQ-Q__

In this case, it follows from (35) that the invariants of Hy are given by

Q(Hpo; Vo, Vin) = ((=1)" A H (—1)™ ™ [nm),
Q(Hyo; Vivony Vi) = ((=1)Nm 7L AN =21 (g Nomtm (N ],

and it is sufficient to show that these values are equal.
In fact, these values are equal, since

(~)" AT = ()N AT and (1) ) = (=DM (N —n)m],

when A = =5 Therefore, we obtain the proposition. O

By using the symmetry principle (the above proposition), we can obtain the following
proposition.

Proposition A.2 (sce [26]). When A = ¢” = , the quantum SU(2) and SO(3) invariants
of a closed 3-manifold M are related by
#SUD(a) = 24005 (M),

where by (M) denotes the first Betti number of M.
Proof. We have that

o= Y AP Y (—1) A D)

1<n<N 1<m<N
n is odd m is even
_ m2
_ 2 Ain l) 2 Ai -1) ] _ 2Ci7
1<n<N 1<m<N
n is odd m is odd
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where we obtain the second equality by replacing m with N —m. In a similar way, by
Proposition A.1, we can obtain that

> (D)™ ) - (D)™ ) QUL Vi -+, Vay)

1<nq, ,ng<N

= 2£ Z [nl][nf] Q(La Vn17"' 7Vng)-
1<ny, - ,ng<N
ni,--,ng are odd
Therefore, since ¢ = o4 + o_ + by (M), we obtain the proposition from the definitions of
the quantum SU(2) and SO(3) invariants. O

B The case of lens spaces L(p, 1) for odd p

In this section, we calculate the semi-classical limit of the quantum invariant of the lens
space L(p,1) for odd p > 3. We recall that A = emf/vjl, a =% and [n] = “= ",

a—a~1
Let p be an odd integer > 3. We denote by L(p, 1) the lens space obtained from S* by
p surgery along the trivial knot; we note that this L(p, 1) has the opposite orientation of
L(p, 1) of [15] because of the difference of the convention of an orientation of a lens space.
By definition, the quantum invariant of L(p, 1) is presented by

1 2 —A7P 2 ;
. _ 4 (m2—1), 12 _ i 4j
7 (L(p, 1)) = o g AP [m]® = ca—a? E aP’” (a™ —1).
1<m<N jEL/NZ
m 1S O

The last sum is calculated as

Z a2pj2(a4j — 1) = —\/N eﬁT\/jl Z (e_zpi\/?(Nm*“l)Q _ 6_ﬁ4ﬁN2m2)
JEZ/NZ 2\/]_9 meZ/apl

Qﬂ e Z eJ\ENm2 (eJWFm — 1).
\/ﬁ m € Z/4pZ

By replacing m with m + 2p, we can show that the last sum satisfies that

I P VI A e ]
meZ/ApZ mEZL/4ApZ

Hence, we can restrict this sum for odd m. Therefore, by putting m = 2n + p, we have
that

Z anjz(a4j—1) ~ ﬂe%ﬁ Z 6*"4;1Nm2(672”\p—ﬁm_1)

jEZ/NZ 2vp m € Z/4pZ

m is odd
_ \/N 677\{1?1 e_w\{ljle Z (_l)n e_ﬂ\élen2 (6_4ﬂ\p/jln - 1)
2\/]_9 ne€Z/2pZ
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=

= Yot et Y (—1)me ™5 N e T 1)

ne€Z/pl

2%

T/ —1 _W\/jl _W\/jl 2 477\/7 477\/—71
=g e T e PN E (=1)ke 5 NF (e F_24e b k)
\/]_? keZ/pZ
71'\/7 7r\/7 N Tr\/lek_Q 271'\/jlk 727r\/jlk‘ 2
= — ¢ 1 E P (e P —e P )

2vp kGZ/pZ

_2\/N€ﬂ\£jl eiw{ljle Z (_1) WrNk2 Sil'l 27(]{7
p

é

E

keZ/pZ
AWVN zv=1 w1y _mInge o 2Tk
= e 1 e 1 g e » sin® —,
\/ﬁ 1<k<p p
k is odd

where we obtain the fourth line by making the average of the third line for £k = 4+n, and
obtain the last equality by replacing even k with p—k. Therefore, by (36), we have that

. -1 svIN-1 4  ayT xyTI _nvEINg2 . o 2Tk
7o (L(p, 1)) ~ ez 2 —e 1 g 1PN E e v MFgin2 =2
a—at VP p
1<k<p
k is odd
- i 7r\/7 - 71'\/717 IN o WkaQ Sin2 %
7r Z
\/_ 1<k<p p
k is odd
—N /=1 p+1 p—1 N—1 o/ ﬁ . 27T]€
~ ——e 2z (=1)7T 2 g e ™V Ngin? 222 (39)
s
\/]_) 1<k<p p
k is odd
where we obtain the second approximation since a —a™" = 2y/— 1sm 47”

Let pi. be a representation of my (L(p, 1)) = 7./pZ to SLyC such that the elgenvalues of
pr(generator) are exp(£2my/—1 g) Then, we obtain the following proposition from the
above formula.

Proposition B.1. Let p be an odd integer > 3. Then, the quantum invariant T, (L(p, 1))
of L(p,1) for odd N is expanded as N — oo in the following form,

B (L)) ~ e ST () TN Y T N (L, 1); py),

1<k<p
k is odd
where we put
1,27k
(L(p71) Pk) == W\/ﬁ SIDZT
Further, we have that
2 1
w(L(p, 1); pr) o (L(p, 1); adopy)



Proof. 1t is known, see [15], that the Chern—Simons invariant and the twisted Reidemeister
torsion of L(p, 1) are given by

k2
CS (L(p7 1)’ adopk) = T
b
32 2k
Tor (L(p, 1); adopk) = + 2 gnt Y
p p
Hence, by (39), we obtain the proposition. ]

C Equivalences between some Seifert 3-manifolds

In this appendix, we review some homeomorphisms between some Seifert 3-manifolds in

Remarks C.1 and C.2 below.

We recall that, for an integer p, we denote by M, the 3-manifold obtained from S* by
p surgery along the figure-eight knot. We also recall that, for coprime odd integers py, ps,
we denote by M, ,, the Seifert 3-manifold obtained from S® by surgery along the framed
link (23).

Remark C.1. M, ,, is homeomorphic to X (—2,p;, pa) of [42].

Proof. By definition, our M, ,, is given by a surgery presentation the left picture below.
Further, as in [42], X (—2, p1, p2) is given by a surgery presentation the right picture below.
They are related by by Kirby moves, as follows.

GO = Gots = G

Hence, M

p1pe 18 homeomorphic to X (—2,py, p2), as required. O

Remark C.2 (see e.g. [18, Remark (5) of Problem 1.77]). M; 7 is homeomorphic to M_;,
which is homeomorphic to M; with opposite orientation.

Proof. We show a surgery presentation of Mj 7 is related to a surgery presentation of M_;
by Kirby moves, as follows. A surgery presentation of Ms; is given by the left picture
below, which is calculated as follows, where “an integer n in a box” means n full twists.

+6
+1

+1
=
EVAY
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Further, the last picture is calculated by Kirby moves, as follows.

/\H _ M Hsggﬂyl[\ H: 1(D+15‘”g—>“y /\
=3 =&

The last picture is a surgery presentation of M_,. Hence, M3 7 is homeomorphic to M_;.
Further, since the figure-eight knot is isotopic to its mirror image, M_; is homeomorphic

to M; with the opposite orientation. Therefore, we obtain the statement of the remark.
O

-1
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