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Abstract

In the present paper, we study finite quotients of admissible fundamental groups
of pointed stable curves over algebraically closed fields of characteristic p > 0. Let
My, be the moduli stack over an algebraically closed field k of characteristic p > 0
classifying pointed stable curves of type (¢g,n) and M, the coarse moduli space
of Mg,n. For each point ¢ € Mg,n, we denote by Hgdm the admissible fundamental
group of the pointed stable curves determined by g over an algebraically closed field
which contains the residue field of ¢, and denote by Wjdm(q) the set of finite quotients
of II34™  For each G € 731" (q), we take Ug = {¢ € My, | G € =5™(¢)}.
We prove that Ug is an open subset of M,,. By applying this result, we give
an alternative proof of a finiteness result for pointed stable curves over F, which
has been proven by the author in a completely different way. Moreover, by using
the intersection of certain elements of {UG}Geﬂzdm(q), we formulate the pointed
collection conjecture for arbitrary pointed stable curves which is a generalization of
the weak Isom-version of the Grothendieck conjecture of pointed stable curves over
algebraically closed fields of characteristic p > 0.
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Introduction

Let k£ be an algebraically closed field of characteristic p > 0, ﬂgm the moduli stack over
k classifying pointed stable curves of type (g,n), and M,, C M,, the open substack
parametrizing smooth pointed stable curves. Write M, ,, and Wg,n for the coarse moduli
spaces of M,,, and M,,, respectively. Let ¢ be an arbitrary point of M,,, k(q) the
residue field of ¢, and [, an algebraically closed field which contains k(¢). Then the
natural morphism

Specl, — Speck(q) — M,

determines a pointed stable curve
Xl.q = (qu, Dqu)

of type (g,n) over ;. Here, X; denotes the underlying curve of X}, and Dy, denotes
the set of marked pomts of Xp. By choosing a base point of X Ly We obtain the admissible
fundamental group (which is a generalization of the tame fundamental group of a smooth
pointed stable curve to an arbitrary pointed stable curve (cf. Definition 1.2))

adm
Hq

which only depends on ¢q. The global properties and the structure concerning the admissi-
ble fundamental group Hgdm are very mysterious (e.g. anabelian phenomenons are exist),
only a few results are known.

On the other hand, since Hgdm is a topologically finitely generated profinite group, the
isomorphism class of Hgdm is determined completely by the set of finite quotients of Hgdm.
We denote by

4™ (q)

the set of finite quotients of Hgdm. Moreover, for each finite group G € Hgdm, we define a
subset of M, to be
={d € My, | G €™ ()},

and take Ug" := Ug N ngn when ¢ € M,,. In the present paper, we are interested in the
following question:

Question 0.1. What is Ug?

Remark 0.1.1. The specialization theorem of admissible fundamental groups implies
that Ug is a dense subset of M, ,,. Moreover, when n = 0 and ¢ is a closed point of Mg,
K. Stevenson proved that UZ" contains an open subset of M, (cf. [S, Proposition 4.2]).

Before we show our main theorem, let us explain some motivations of the theory
developed in the present paper. Some developments of M. Raynaud, F. Pop, M. Saidi,
and A. Tamagawa (cf. [R], [PS], [T1], [T2]) from the 1990’s showed evidence for very
strong anabelian phenomena for smooth pointed stable curves over algebraically closed
fields of characteristic p > 0. In this situation, the Galois group of the base field is trivial,
and the tame fundamental group coincides with the geometric fundamental group, thus in
a total absence of a Galois action of the base field. Note that, in the case of algebraically
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closed fields of characteristic 0, since the tame fundamental groups of curves depend only
on the genera and the cardinality of the sets of cusps, the anabelian geometry of curves
does not exist in this situation.

Suppose that k, := [, is an algebraic closure of k(g). One of the main problems of the
anabelian geometry of curves over algebraically closed fields of characteristic p > 0 is the
following conjecture which is called the weak Isom-version of the Grothendieck conjecture
for curves over algebraically closed fields of characteristic p > 0 (=weak Isom-version).

Conjecture 0.2. The isomorphism class ofX,;q as a scheme can be determined completely
from the isomorphism class of the admissible fundamental group Hgdm as a profinite group.

Conjecture 0.2 has only been proven in some special cases (cf. [T1, Theorem 0.2] for
the case of smooth pointed stable curves and [Y2, Theorem 0.3 (a)] for the case of pointed
stable curves). On the other hand, at the present, almost all of the results concerning
Conjecture 0.2 are proved only in the case where k = k;, = R, is an algebraic closure
of the finite field F,. When ¢ € M, the author reformulated Conjecture 0.2 from the
point of view of moduli spaces (cf. [Y2, Conjecture 0.5]), and posed a conjecture (i.e.,
pointed collection conjecture (cf. [Y2, Conjecture 0.9])) which is a generalization of (the
weak Isom-version), and which makes clear the relationship between (weak Isom-version)
over Fp and (weak Isom-version) over arbitrary algebraically closed fields of characteristic
p > 0. The set {Uém}Gewzdm(q) plays a key role in the formulation of the pointed collection
conjecture for smooth pointed stable curves. Moreover, when g = 0, the pointed collection
conjecture for smooth pointed stable curves holds if one can prove that, for each closed
point ¢ € Moy, {Ug"}eram(y is a neighbourhood base of the set

{t' e My, | t ~t'},

where ¢ ~ ¢ if X, is isomorphic to X} = as schemes; then Conjecture 0.2 holds when g =0
and g € My,,.

In the present paper, we study the set Ug. The main theorem of the present paper is
as follows (cf. Theorem 3.6):

adm

Theorem 0.3. Let g € Wgyn be an arbitrary point and G € m™(q) an arbitrary finite
quotient of Hgdm. Then Ug is an open subset of M.

As an application, we obtain an alternative proof of the following finiteness theorem.

Theorem 0.4. Suppose that k = Fp and q is a closed point. Then there are only finitely
many k-isomorphism classes of pointed stable curves over k whose admissible fundamental
groups are isomorphic to Hgdm.

Remark 0.4.1. Suppose that ¢ € M,,,. Then Theorem 0.4 was proved by Raynaud (cf.
[R]) and Pop-Saidi (cf. [PS]) under certain assumptions of Jacobian, and by Tamagawa
in the fully general case (cf. [T2]).

Remark 0.4.2. In [Y2, Theorem 0.3 (b)], the author proved Theorem 0.4 in a completely
different way (i.e., by using [T2, Theorem 0.3] and the combinatorial Grothendieck con-
jecture in positive characteristic obtained by the author).
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Moreover, by using {Ug}Geﬂzdm(q), we formulate the pointed collection conjecture for
arbitrary pointed stable curves (cf. Conjecture 4.8) which is a generalization of the pointed
collection conjecture for smooth pointed stable curves.

The present paper is organized as follows. In Section 1, we fix some notations and
review some definitions which will be used in the present paper. In Section 2 and Section
3, we study the set 731 (¢) and prove our main theorem. In Section 4, we prove Theorem
0.4 by using Theorem 0.3, and formulate the pointed collection conjecture for arbitrary

pointed stable curves.
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1 Preliminaries

In this section, we fix some notations and recall some definitions.

Definition 1.1. Let G := (v(G), e(G), {¢F}eee(c)) be a semi-graph (cf. [Y1, Section 2]).
Here, v(G), e(G), and {(F}ccc(c) denote the set of vertices of G, the set of edges of G,
and the set of coincidence maps of G, respectively.

(a) We write e°P(G) C e(G) and e(G) C e(G) for the set of open edges and the set
of closed edges of G, respectively.

(b) We shall call that G is 2-connected at v if G \ {v} is either empty or connected
for each v € v(G).

(c) We define an one-point compactification G of G as follows: if e°?(G) = 0,
we set GP* = G; otherwise, the set of vertices of G is v(GP*) := v(G) [ [{vw }, the set
of edges of GP* is (G®") := e(G), and each edge e € e°?(G) C e(GP") connects v,, with
the vertex that is abutted by e.

(d) For each v € v(G), we set

where b.(v) € {0, 1,2} denotes the number of times that e meets v. Moreover, we set
v(GP)=! = [y € v(G) C v(G™) | b(v) < 1}.

Let D be a scheme, and let
Xb = (XDaDXD)

be a pointed stable curve of type (g,n) over D. Here, Xp denotes the underlying curve
of X}, over D, and Dy, denotes the set of marked points of X7,. Let D’ be a scheme and
D’ — D a morphism of schemes. We denote by

X3 = X3 xp D/

the pointed stable curve over D’ induced by X3, and the morphism D’ — D.
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Definition 1.2. Let d be an algebraically closed field, X7 a pointed stable curve of type

(g,m) over d, and
f3:Y) = X3

a morphism of pointed stable curves over Specd. We shall call f; a Galois admissible
covering over Specd if the following conditions hold:

(1) there exists a finite group G C Aut,(Y,') such that Y /G = X, and f] is
equal to the quotient morphism Y, — Y} /G;

(ii) for each y € Sm(Yy) \ Dy,, f7 is étale at y, where Sm(—) denotes the
smooth locus of (—);

(iii) for any y € Sing(Yy), the image f3(y) is contained in Sing(X,), where
Sing(—) denotes the singular locus of (—);

(iv) for each y € Sing(Yy), the local morphism between two nodes induced by
f7 may be described as follows:

Ox 3 = dl[u,v]]/uv — Oy, , = d[s,t]]/st
U — s™
v — t",

where (n, char(d)) = 1 if char(d) > 0; moreover, write D, C G for the decom-
position group of y and #D, for the cardinality of D,; then

7(s) = Cup,s and 7(t) = g;}:,yt

for each 7 € D,, where (4p, is a primitive #D,-th root of unit;

(v) the local morphism between two marked points induced by f3 may be
described as follows:

Oxppon 2 dlla]] — Oy, 22 d[b]
a — b,

where (m, char(d)) = 1 if char(d) > 0 (i.e., a tamely ramified extension).

Moreover, we shall call f; an admissible covering over Spec d if there exists a morphism
of pointed stable curves (f3)" : (Y;?)" — Y over Specd such that the composite morphism
fyo(f3) + (Y}) — XJ is a Galois admissible covering over Specd. Let Z3 be the disjoint
union of finitely many pointed stable curves over Specd. We shall call a morphism

zZy — X3

over Specd multi-admissible covering over Specd if the restriction of Z — X3 to
each connected component of Z3 is an admissible covering over Specd.
We define a category Cov*™(X3$) as follows:



(i) the objects of Cov*™(X3$) are either empty object or the multi-admissible
coverings of X over Specd;

(ii) for any A, B € Cov*™(X$), Hom(A, B) consists of all the morphisms
whose restriction to each connected component of B is a multi-admissible
covering over Specd.

It is well-known that Cov*¥™ (X 7) is a Galois category. Thus, by choosing a base point = €
Sm(X,)\ Dx,, we obtain a fundamental group 7#9™(X$, z) which is called the admissible
fundamental group of Xj. For simplicity of notation, we omit the base point and denote
by
the admissible fundamental group of X7j.

Let d’ be an arbitrary field, d an algebraically closure of d’, f3 : Y, — X3 a morphism

of pointed stable curves over d’. We shall call f3 an admissible covering (resp. a Galois
admissible covering) over d’ if the natural morphism

fa./ . YE./ — Xa./

induced by f3 is an admissible covering (resp. a Galois admissible covering) over d. Let
D' be an arbitrary scheme and f}, : Y5, — X}, a morphism of pointed stable curves over
D'. We shall call f},, a Galois admissible covering over D’ if, for each d’ € D',

fd.’ . }/d.’ — X;/

is a Galois admissible covering over each d'.
For more details on admissible coverings and the admissible fundamental groups for
pointed stable curves, see [M1, Section 3|, and [M2, Section 2].

Remark 1.2.1. If X is smooth over d, by the definition of admissible fundamental
groups, then the admissible fundamental group of X is naturally isomorphic to the tame
fundamental group of X, \ Dx,.

Remark 1.2.2. Let ﬂgw be the moduli stack over Z classifying pointed stable curves of
type (g,n) and M, ,, 7z the open substack of M, 7 parametrizing smooth pointed stable

curves. Write ﬂlg(ji’z for the log stack obtained by equipping ﬂg,n,z with the natural log
structure associated to the divisor with normal crossings

Mg,n,Z \ Mg,n,Z - Mgm,Z

relative to SpecZ. The pointed stable curve X7 — Specd induces a morphism Specd —
My 7. Write 51;;5 for the log scheme whose underlying scheme is Specd, and whose log

structure is the pulling-back log structure induced by the morphism Specd — M, 7.

We obtain a natural morphism sl)(;i — mziz induced by the morphism Specd — M,z

and a stable log curve
—log

log log
X =S X —1 ./\/l
d X4 Mgo,i’Z g,n+1,7Z

over 31;}5 whose underlying scheme is X;. Then the admissible fundamental group IIxs

of X is naturally isomorphic to the geometric log étale fundamental group of X}fg (i.e.,
Ker(my (X1%) = m (55))).



From now on, let k be an algebraically closed field of characteristic p > 0. Let
My, = Mgnz Xz k
be the moduli stack over k classifying pointed stable curves of type (g,n) and
My i=Mgnz Xz k

the open substack of ./\/lgn parameterizing smooth pointed stable curves. We denote by
Mgn and M, , for the coarse moduli spaces of ./\/lgn and Mg, Tgn : ./\/lgn — Mgn and
Tgm : Mgn — Mg, for the natural morphism, respectively.

If g = 0, then M, is a scheme over k. Thus, we have M, = M,,. Moreover,
My, is a quasi-variety over k. In general, the coarse moduli space is not a fine moduli
space. In order to build the family of curves over schemes in general case, we use the level
structure. Let m > 3 be an integer number distinct from p.

Fist, we treat the case where g = 1. We denotes by ./\/l1 1,r, the moduli stack over
[F, classifying smooth pointed stable curves of type (1,1) with level m-structure (i.e., the
moduli stack of elliptic curve in characteristic p with level m-structure). Moreover, we set

MY = MY Xz, k.

P

There exists a natural covering morphism W%ﬁl) : Ml("f) — My 1. We set

M = MY X, My,

1,n

Then we obtain a natural covering morphism
™ MY = My,

determined by the second projection morphism of Ml(T) X, Miy — My, Note that

Ml(TjFp is a quasi-projective varieties over k. For each k-scheme S, Mfmn)(S ) is the set of
S-isomorphism classes of smooth pointed stable curves of type (1,n) over S such that the
smooth pointed stable curves of type (1,1) over S obtained by forgetting the last n — 1
marked points of the smooth pointed stable curves of type (1,n) are elliptic curves over
S with level m-structure.

Next, we suppose that g > 2. Let M be the moduli stack over F, classifying
smooth pointed stable curves of type (g,0) Wlth level m-structure. Moreover we set

Mg(TOn) = MS?S) X]Fp /{,

(m) . Mgg) — My 0. We set

and there exists a natural covering morphism

M = MUY X, o My

g,n

Then we obtain a covering morphism

w{m s M — M,

g7n



determined by the second projection of Mg(g) XMy o Myn — My, Note that Méfg) is a

quasi-projective variety over k. For each k-scheme S, Méff{) (S) is the set of S-isomorphism
classes of smooth pointed stable curves of type (g,n) over S whose underlying curve is a
curve of genus g over S with level m-structure.
We shall write
H

g7n

for Mg(f;f) when g > 1, and for M, when g = 0. We use the notation Wg(,%) to denote the

morphism W;?:L) cHy, = Mg(zz) — My, when g > 1, and idyy, ,, : Mo, — Mo, when g = 0.
Moreover, we shall write

HQ’TL

for the universal smooth pointed stable curve over H,, with a level m-structure oy, :=
OH,o XH,o Hgn induced by the level m-structure

: ~ 2
OH,, - Plcg(l.{gyo/Hg,o [m] — (Z/mZ)FZO

when g > 2, with a level m-structure op,, = og,, Xu,, Hyn induced by the level
m-structure

when g = 1, and with the trivial level m-structure when g = 0.

2 The set of finite quotients of admissible fundamen-
tal groups

We maintain the notations introduced in Section 1. Let ¢ € Mgm be an arbitrary point,
k(q) the residue field of ¢, and [, an algebraically closed field which contains k(g). Then
the natural morphism

Specl, — Speck(q) — M,

determines a pointed stable curve

X,
q
over l,. We shall write I'y for the dual semi-graph of X L which only depends on ¢. Since
the admissible fundamental group Ilys depends only on ¢ (i.e., does not depend on the

q

choices of [;), we denote by

Hadm

q

the admissible fundamental group of X - Moreover, we write

4™ (q)

for the set of finite quotients of Hgdm. Since Hgdm is a topologically finitely generated

profinite group, the isomorphism class of Hgdm is determined completely by the set of

finite quotients 731 (q). First, we have the following proposition.



Proposition 2.1. Let g1,q2 € Mgm be arbitrary points such that go € {q:1}. Then we
have

ﬂ_zdm((h) g Widm (Ch ) )

Proof. The proposition follows immediately from the specialization theorem of admissible
fundamental groups of pointed stable curves. O

Lemma 2.2. Let S be a smooth variety over k, ns the generic point of S, and Xg a
smooth pointed stable curve over S. Let Y be a smooth pointed stable curve over ns and

Fas + Yog = Xpg
a Galois admissible covering over ng. Then there exist an open subset U C S and a
morphism

Yy =X
of smooth pointed stable curves over U such that the restriction of f; on ng is isomorphic
to fs, overns, and ff s a Galois admissible covering over U.

Proof. Write Yg for the normalization of Xg in the function field of Y, , and Dy, for
the set of the topological closures of the elements of Dy, in Ys. Furthermore, [Har,
Proposition 5] implies that, by replacing S by an open subset of S, we may assume that
the fiber Y := Yg X5 s is geometrically irreducible over each closed point s € S.

The normalization fg: Ys — Xg induces a morphism

gs ‘= fS|YS\DyS Y \ Dy, — Xs \ Dxg

over S. Since the restriction of gg on the generic fiber ng is étale, there exists a open
subset U C S such that

gu:YS\DYS Xsu—>X5\DXS XgU

is étale at each u € U. Thus, by replacing S by the open subset U, we may assume that
gs is étale. Since the fiber Y, := Y5 X g s is generically smooth over each s € S, Y is
geometrically irreducible over each point s € S.

Let X}S?g be the log scheme over S whose underlying scheme is Xg, and whose log
structure is determined by the marked points of Dx,. Since S is smooth over k, we may
check that X};g is log regular. Note that fg is tamely ramified over the generic points of
Dx,. Then the log purity (cf. [M3, Theorem B]) implies that gs extends uniquely to a
Galois log étale morphism

fOE YR X$E
over S. We take
Y§ = (Y57D5>7

which is a smooth pointed stable curve over S. Then fé?g induces a morphism
f3:YE - X

such that the restriction of f§ on ns is equal to fp_, and
fs Y= X2

induced by f¢ is a connected Galois admissible covering over each s € S. n
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Proposition 2.3. Let ¢ € M, be an arbitrary point, V;™ the topological closure of q in
Mgy,, and C C Vqsmd a set of closed points of V™, where (=) denotes the set of closed
points of (—). Suppose that C' is dense in V™. Then we have

mim(g) = [ 7).

ceC

Proof. 1f q is a closed point, then the proposition is trivial. Then we may assume that ¢ is
not a closed point. Proposition 2.1 implies that, to verify the proposition, it is sufficient to
prove that, for each G € 733™(q), there exists a closed point ¢ € C such that G € 733™(c).

Let ¢ € (Wéﬁ))*l(q) be a point of Hy ., V, m) the topological closure of ¢™ in H,,,
and k(q™) the residue field of ¢™ which is the function field of V). Write M’ for the
normalization of V) in k(¢"™). Then there exists an open subset of M C M’ such that

M is smooth over k. Moreover , the natural morphism
M — M" = Vym — Hyp
determines a smooth pointed stable curve
X3 = X;IM X, M

over M.
Let k; be an algebraic closure of k(¢"™). By the construction, k4 is also an algebraic
closure of k(q), where k(q) denotes the residue field of g. Let

Yk’q — X,;q

be a G-Galois admissible covering (i.e., a Galois admissible covering with Galois group G)
over k,. By replacing k(¢™) by a finite extension [ of k(¢'™), the G-Galois admissible
covering can be descended to a G-Galois admissible covering

V=X

over [. Write N for the normalization of M in [, X3, for X} := X3; xu NV, and Yy for
the normalization of X3, in the function field of ¥,*. Then we obtain a natural G-Galois
covering
Yy = X%

such the restriction on generic fibers is isomorphic to the G-Galois admissible covering
Y,* — X} over [. Since N is generically smooth over k, by replacing N by an open subset
of N, we may assume that /N is smooth over k. Thus, Lemma 2.2 implies that there exists
an open subset U C N such that the morphism

Y — X{

is a connected G-admissible covering over each u € U.

We denote by U, C V™ the image of U in V™, which is a dense constructible set of
V™. Then U, contains an open subset W, of V™. Since C'is dense in V™, U, N C # 0.
This means that, there exists a closed point ¢ € C such that G' € 73™(c). This completes

the proof of the proposition. m
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The proof of Proposition 2.3 implies the following corollary.

Corollary 2.4. We maintain the notations introduced in the proof of Proposition 2.3. Let
f,:q : Yk'q — X,;q be a G-admissible covering over k,. Then there exist a smooth k-variety
U, and a finite morphism U, — H,,, (not necessary a surjection) such that
7F<”7LL)
(i) the image of U, of the composition of the morphisms U, — H,, =% M,,
is open in V",

1) the morphism U, — H,,, induces a smooth pointed stable curve
q 9
.X&q = X;Ig,n XHg,n 1/q

over U, with a level m-structure oy, := og,, Xmu,, Uy

(iti) there exists a G-Galois covering fy, Y3 — Xy of smooth pointed stable
curves over Uy such that [ Xy, Speckq is isomorphic to f,:q over kq, and fg,
is a G-admissible covering over U,.

In the remainder of this section, we extend Proposition 2.3 to the case where g € Mgm.

Lemma 2.5. Let S be a k-variety and si,s9 € S two points such that sy # so and sy €
{s1}. Then there exist a complete discrete valuation ring R and a morphism Spec R — S
such that the image of the morphism (as a set) is {s1, s2}.

Proof. 1t is easy to see that we may assume that s; is the generic point of S, and s,
is a closed point of S. If dim(S) = 1, then the lemma is trivial. We may assume that
dim(S) > 2.

Let 51 be a geometric point over s;. Write S for S x¢35;. Then the natural morphism
51 — s1 — S and sy — S induces a morphism f; : 57 — S and fo: 89— S, respectively.
We denote by s} the image (as as set) of fi, and denote by s, the image (as a set) of fs.
Note that s, s} are closed points of S and s} # sj. Then there exists a curve C C S
which contains s/, s5. Write n¢ for the generic point of C. Thus, the image (as a set) of
the composition of the morphisms ne < C < S — S is s1.

There is a complete discrete valuation ring R and a morphism Spec R — C' such that
the image of the morphism (as a set) is {n¢,s5}. Then the desired morphism is the
composition of the morphisms

SpecR — C — S — 5.

This completes the proof of the lemma. m

Lemma 2.6. Let R be a complete discrete valuation, Kg the quotient field of R, and kg
the residue field of R such that kg is an algebraically closed field. Let

Jren Y, = Xk,
be a morphism of pointed stable curves over Kgr. Write FX;(R for the dual semi-graph of

L]
XKR ) .
nl, : Xpo — X
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for the normalization of the irreducible component X, of Xk, corresponding to each
v E U(FX;(R), Tye for the dual semi-graph of Y, and

!/
il Yiepw = Vi

for the normalization of the irreducible component Y. ., of Yk, corresponding to each
w € v(Tye ). Suppose that
R

Dxy,. = (Dxye, N Xtpw) U (Xkpo N (Sing(Xk,) \ Sing(X,))) U (nl,) ™ (Sing (X, ))
of Xk, is a set of Kg-rational points of Xk, ,, and that
DYKR,w = (DYKR N YKR,UI) U (YKRﬂ»U N (Sing<YKR) \ Sing(Yl,(R))) U (nlw)il(Sing(YI/{R»

of Yk, is a set of Kgr-rational points of Yi, . for each w € U(FYKR). We define two
smooth pointed stable curve

XI.(R{U = (XKR7U7DXKR,U) a’nd YI;R,U) = (YKR7w7DYKR,w)

of type (gu,ny) and (Guw,nw) for each v € U(FX}(R) and each w € U(FYI-(R) over Kg,
respectively. Moreover, suppose that, for each v € ’U(FX?{R) and each w € 'U(Fy;(R), Xinw

and Y. have good reduction over R, and that f§  is a G-admissible covering over Kg.
Then there exists a morphism
fr:Yr — Xp

of pointed stable curves over R such that ff, is a G-admissible covering over R, and that

the restriction f. = ff Xrkr of 5 on the special fibers is a G-admissible covering over
kg.

Proof. For each w € U(Fy;{R), the smooth pointed stable curve Yz over Kg determines
a morphism
Cve Spec Kp — Mg, n. .z

Suppose that Yz is a pointed stable curve of type (gy,ny) over Kr. Write Cyp -
R

Spec K — ngynyyz for the morphism determined by Yz, over K. Then the pointéd
stable curve Y2 = determines a clutching morphism

K'Y}.(R : H Mgwynwyz - MQY~nY:Z

wEU(FY}.(R)

such that the composition of morphisms rys o (X ) = cyp . For each
R R

wev(lyy ) Y
w e U(FYI;R), we denote by Y}, the smooth pointed stable curve of type (guw, n.,) over R
induced by Yz _ . Then, by using the clutching morphism Ryg , We may glue the pointed
stable curves {Y§7w}w6v(1"y;{ y and obtain a pointed stable curve Y3 over R.

Since Yy, admits an action of G, this action induces an action of GG on the pointed
stable curve Y. Let Z := Y3 /G, ff 1 Y — Z} the quotient morphism, Z3 = the generic
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fiber over Kg, and Z;  the special fiber over kg. [L, Proposition 10.3.48] implies Z}, is a
pointed semi-stable curve over R. Since ff. is a G-admissible covering over Kg, Zf is
isomorphic to X3 over Kg.

On the other hand, write Vg, Fy- — T Xt for the morphism of dual semi-graphs

induced by f% . Note that, for each v 6 v(Lxs. ) and each w € Vf- (v), fk, induces a
Kp

G-admissible covering fp ., : Yz, — Xp, of smooth pointed stable curves over R. Then
we obtain Yz, /G = Xp , over R. This implies that Z; is a pointed stable curve over
kr. Then we have Xj, = Z}, over R. We complete the proof of the lemma. O

Proposition 2.7. Let g € Mgn be an arbitrary point, V, the topological closure of q in
Mgn, and G € 733"(q) a finite group. Then there exists a closed point ¢ € VCl such that
L, is isomorphic to T, and that G € 3™ (c).

Proof. 1f q is a closed point, then the proposition is trivial. Then we may assume that
q is not a closed point. If ¢ € My,, then the proposition follows form Proposition 2.3.
Then we may assume that ¢ € M,,, \ M,

The natural morphism

Spec k, — Speck(q) — M.,

determines a pointed stable curve
Xz,
over k,. For each v € v(I';), write

/
nl, : X, 0o — qu,v

for the normalization of the irreducible component X ,’fq’v of X, corresponding to v. Let

D Xgo be a set of closed points

(Dx, N Xiyo) U (X, 0 0 (Sing (X, ) \ Sing(X},))) U (nl,) ™ (Sing(X3, )

for each v € v(I',), where Sing(—) denotes the set of singular points of (—). We define a
smooth pointed stable curve
X = Xk Dxy, )

of type (gy,n,) over k, for each v € v(L,).
Let Y)? be a pointed stable curve of type (gv,ny) over kg,
fe, 1Y — X3,

a G-admissible covering over kg, I'ye the dual semi-graph of Y;? , and s : I'ye — T’y the

morphism of dual semi-graphs induced by f,;q. Note that ~ss does not depends on the

choices of k,. For each v € v(I',), write I, for the set 717]:1 (v). Then fg and the natural
q

morphism of underlying curves Xy ., — X}, induce a Galois multi-admissible covering

o . . .
fkq,'v : H qu,w — qu,'u

wEIu
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over k, with Galois group G, where VS e W € Iy, is a smooth pointed stable curve of type
(9y.w, Ny,w) Over k, whose underlying curve is a normalization of the irreducible component
of Y}, corresponding to w. Note that [[,.; Y}, , admits an action of G induced by the
action of GG on Yk'q. This action induces an action of G on the set I,. For each w € I,
write GG, for the inertia subgroup of w. Then we obtain a G,-admissible covering

. Ve .
fkq,w : Y;cq,w - Xk:q,v

over k.
The pointed stable curves Xp , {X} }oeur,): Y, and {Y , tueor,. ) over kq de-
k) k) kq

termine morphisms cye : Speck, — My, {cxs = Specky — My, tocury)s Cre -
q q,v q
Specky = Mgy ny, and {cys —: Specky = Mgy, ny., bweo(ry. ), Tespectively. Then the
q w s s %q

pointed stable curves X and Y;? induce two clutching morphisms as follows:

rx;, T Mon. = Mga

vev(Dy)

and
Fvg I Mo = M
wEv(FYkoq)
such that kKye © Cxe =cye and Kye O Cye = Cye .
Xk (>< (Tq) X’Cqm) g Yy <><w€v(FYk-) Yy ) Yy

US) kq,w

q
On the other hand, the smooth pointed stable curve X ke V€ v(T',), over k, determines
a morphism
Specky — Mg, n.,,

and we denote by q, € M,, », for the image of the morphism. Write V™ for the topological
closure of ¢, in My, ,,,. Let k, be an algebraically closure of the residue field k(gq,) of
¢». Since the admissible coverings over algebraically closed fields do not depends on the
choices of base fields, f,;q,w induces a G,-admissible covering

fl: w - Yk.qv,w - Xl: v

qu > qu»

over kg,. Then Corollary 2.4 implies that there exist a smooth k-variety U,, and a finite
morphism U,, — H,, ,, (not necessary a surjection) such that

(m)

. . o . . Tgy,ny
(i) the image of U,, of the composition of the morphisms U,, — Hy, ., -
My, n, 1s open in V;Jm;

(ii) the morphism U,, — H,, ,, induces a smooth pointed stable curve
. o .
XU(IU?U T XHgvﬂnu XH!Jv,nv U‘IU
over U,, with a level m-structure oy, :=on, .. Xm,, .. Us;
(ii) for each w € I,,, there exists a G-Galois covering fg, ., : Yy ., — X7,

of smooth pointed stable curves over U, such that f5 ., xv, Specky, is fz .,
and f7 ., is a Gy-admissible covering over Uy, .

14



The clutching morphism induces a morphism

kq =/ n
H UQU — H Gu,Mwv H Mgu,nu — Mg,n — Mg,n

vev(Ty) vev(Ty) vev(ly)

over k. Since the image of x is a dense constructible subset of V;, the image of x contains
an open subset U, of V.

Let ¢ be a closed point of U,. Then Lemma 2.5 implies that there exist a complete
discrete valuation ring R, whose residue field is an algebraically closed field, and a mor-
phism

Spec R =V,

such that the image of the morphism (as a set) is {q,c}. By replacing R by a finite
extension of R, there is a pointed stable curve

Xk

over R. Write Ky for the quotient field of R, K for an algebraically closure of Kp, and
kg for the residue field of R. We may assume that K p contains k,. For each v € v(I'y),
the smooth pointed stable curve
X;(R’ = X]:qﬂ) Xkyq FR
of type (gy, 1) over K determines a morphism Spec K g — My, »,. Thus, we choose a
morphism o
Spec Kr — Hy, n,

induced by the morphism Spec Kz — [[Spec Kz = Spec K X m,, .. Hgony — Hgyno-
The morphism Spec K — H,, ,,, above induces a level m-structure

ORp = OHgy iy X Hyy ny Spec K i.

By replacing R by a finite extension of R, X3, ~descents to a smooth pointed stable

curve Xj-  over Kg, and the level m- structure aK descents to a level m-structure og,
on the smooth pointed stable curve X3~ over K. Write

]
XR,v

for the pointed stable model over R. Note that, by the construction, X%, is smooth over
R. Then the level m-structure ok, extends to a level m-structure op. Thus, for each
v € v(Iy), the smooth pointed stable curve Xp  over R with the level m-structure op
determines a morphism
Spec R — Hg, .,
such that the image (as a set) of the composition morphism
I{X.
SpecR— [ Hopwo = [ Mosmn = Mgn 5

vev(Ty) vev(Ty)

=l
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is {g, c}. Moreover, by choosing a suitable level m-structure (or the morphism Spec K p —
Hy,n,), we may assume that the image (as a set) of Spec B — [],c,r,) Hg,n, is con-
tained in the image (as a set) of [[,c,r,)Us, = Ilueur,) Hoom,- Since the morphism
[Tocorr,) Vs = Tocur,) Hoom, is finite, by replacing R by a finite extension of R, we may
assume that the IIlOI‘phlSIIl Spec R — [] ) Hg,n, obtained above is a composition of
a morphism

vev(Dy)

Spec R — H U,

vew(Ty)
and the natural morphism
H Uq, — H Hg, n,-
vewu(Ty) vev(Ty)

Thus, for each v € v(I',) and each w € I,,, we obtain a G,,-Galois covering
Thw = [0, w XU, SPECR YR, =Yy Xy, Spec R — Xp = X7 ., xXu,, Spec R

of smooth pointed stable curves over R such that f3 , is G,-admissible covering over
Spec R. Moreover, the clutching morphism rys implies that we may glue {Y? .} along
. ;

the marked points and obtain a pointed stable curve
Vi
over R such that

(1) Yé XKp ER = Yk.q Xkq KR over FR;
(ii) there exists a morphism f% : Yz — Xj_ of pointed stable curves over

Kg which is a G-admissible covering over K such that ff X KRKR isomorphic
to fl:q qu KR.

Then Lemma 2.6 implies that there exists a G-admissible covering fp : Y3 — X% such
that the restriction of f7, on the special fibers is a connected G-admissible covering over
kr. This means that G' € 73M™(c). We completes the proof of the proposition. ]

Definition 2.8. Let ¢ € M, be an arbitrary point. For each G' € 73™(q), we define
Ug:={d € My, | G eri"™(d)}.
Moreover, we take

Ug;m = UG N Mgm

3 The openness of Ug in M,

We maintain the notations introduced in the previous sections. In this section, we prove
Ug is an open subset of M .
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3.1 M,, case

First, let us prove that Ug" is an open subset of M,

Lemma 3.1. Let v be a closed point of H,, (5H the completion of the local ring
Own, .0, V = Spec (9H ww With the natural morphzsm V = H,,, and X' the smooth
pointed stable curve Xy =~ Xm,, V over V with a level m-structure Oy = OH,, XHyn 1%

induced by op, . Let Y2 be a smooth pointed stable curve over V and
fo Yo = X3

be G-Galois covering such that f‘; 1s a G-Galois admissible covering over V. Then there
exists a subring A C @H’v, a morphism ag : E := Spec A — H, and a G-Galois covering
fr:Ye = X3, = X} Xy E such that the following conditions hold:

(a) X3, xg V' is isomorphic to X‘i/ over V', and the pulling-back of f}, xg V* via the
natural morphism V = E s 1somorphic to f‘i/ over ‘A/;

(b) fr is a connected G-admissible covering over each e € E.

Proof. By applying [V, Proposition 4.3 (1)], there exists a subring A’ C Op,, which is of
finite type over k such that the Galois covering f‘l/ descents to a Galois covering

fé/ . E./—>X./

over E' := Spec A" with a level m-structure oy on X, and that the restriction of fz,
on each ¢’ € £’ is a G-admissible covering over ¢’. Moreover, by the construction, the
pulling-back fr, X g VviaV — E'is isomorphic to fA over V. The smooth pointed stable
curve Xp, over £’ determines a morphism ap : E’ —> Hy,

We denote by vg: € E’ the image of v € V via the natural morphism V — E’ which
is a closed point of E’. [Har, Proposition 5] implies that, there exists by replacing E’ by
an affine open subset

v € E == Spec A C F',

the fiber Y.* := Y} X e is geometrically irreducible over each closed point e € E, where
AC @H,v. Moreover, since the underlying curve of the fiber Y.* := Y X g e is smooth over
each e, we have that Y* is geometrically irreducible over each point e € E. Thus, for each
point e € E, the restriction of f, := fp/|g on e is a connected G-admissible covering over
e. We define ap := ap|g : E — H,,. Then we obtain the desired curve and complete
the proof of the proposition. m

Theorem 3.2. Let q be an arbitrary point of M,, and G € 75™(q). Then UZ" is an
open subset of M

Proof. To verify the theorem, Proposition 2.3 (or Proposition 2.7) implies that it is
sufficient to prove that, for each closed point ¢ € UZ", there exists an open subset
ce U. C M,, which is contained in Ug".
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Let v € Hy,, be a closed point such that Wéﬁ) (v) = ¢. We maintain the notations

introduced in Lemma 3.1. Then we obtain an affine k-variety E and a morphism
afp . E—H g.n

over k such that (m(,fﬁ) oag)(vg) = ¢. Moreover, since the image W of the composition

of morphisms
(m)
= (e Tg,n
VFE=3H,, =% M,

is dense in M, ,,, the image of the composition of morphisms

(m)
@ Tg,n
E3 Hy,, = Mg,

is a dense constructible subset of M, ,.
Write W for the image of E in M, ,. Since W is constructible subset, we have

W= Jw;
i=1
is a finite disjoint union of local closed subsets W;, i = 1,...,r, of M,,. Without loss of

generality, we may assume that ¢ € W;. Since W; contains the image of /VI7, we obtain
that W, is an open subset of M, ,,. This completes the proof of the theorem. O

Remark 3.2.1. In [S, Section 4], Stevenson proved that U™ contains an open subset of
M, , when n = 0.
3.2 M,, case

In this subsection, we generalizes Theorem 3.2 to the case of an arbitrary point ¢ € Mg,n
and Ug.

Lemma 3.3. Let R be a complete discrete valuation ring, Kg the quotient field of R of
characteristic p > 0, and kg the residue field of R such that kg is an algebraically closed
field. Let X3, be a pointed stable curve of type (g,n) over R and

fl:R : Yk‘.R —> Xl;R

a G-admissible covering over kr. Then, by replacing R by a finite extension of R, there
exist a pointed stable curve Y3 over R and a G-admissible covering

frn:Yr— X5

over R such that the restriction of fg on the special fibers fg X g kg is 1somorphic to [z,
over kg.
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Proof. Let X3, be the versal formal deformation of the special fiber X7 of X3 over
M'" = Spec Op[[t1, - . -, t3g—3+n]]s

where O is a regular local ring with maximal ideal pO;, and residue field kg (cf. [DM,
p79]). The pointed stable curve X3, over R determines a morphism

Spec R — M’

such that X%, X ,¢ Spec R is isomorphic to X}, over R. Moreover, since R =2 kg|[[t]], the
morphism Spec R — M’ induces a morphism

Spec R — M = Speckg|[t1, ..., t35-3+n]],

and the natural morphism M — M’ induces a pointed stable curve X%, over M.

Let ﬂ;i be the log stack obtained by equipping ﬂg,n with the natural log structure
associated to the divisor with normal crossings M,, \ M,,. Then we obtain a log
scheme M8 whose underlying scheme is M, and whose log structure is the pulling-back
log structure induced by the natural morphism M — M’ — M, .. Moreover, we obtain
a stable log curve

—log lo
X —1 ./\/l e
g+l MY

log . _
XMlog =

over M!°8 whose underlying curve is X 4. Note that X/l&glog is log regular.

By replacing M!°8 by a finite log étale covering AN'°8 and replacing R by a finite
extension of R, we obtain a morphism Spec R — A induced by the morphism Spec R —
M, we obtain a log scheme s}f}f whose underlying scheme is Spec kg, and whose log
structure is the pulling-back log structure induced by s, — Spec R — N; moreover, the

G-admissible covering f¢  determines a log étale covering
flog . Ylog N Xlog
kr ° " kgr kr

over s, > such that the underlying morphism o is fr . Moreover, [Hos, Corollar
¢ such that the underlying hism of f,2% is fe . M Hos, Corollary 1
implies that there exist a Galois log étale covering

1 1 1 1 1
It = Yygios = Xytog 7= X {fiog X pgros N7
with Galois group G over N'°8 such that

log log . log log log log
leog XNlog SkR . YNlog XNlog SkR — XNlog XNlog SkR

is isomorphic to f]i(;g over slkolf . Furthermore, by replacing A/'°8 by a finite log étale covering
of N'°8 we may assume that the underlying morphism of fjl\‘}lgog is a morphism of pointed
stable curves over \.

Let slgg be the log scheme whose underlying scheme is Spec R, and whose log structure
is the pulling-back log structure induced by the morphism Spec R — A. Then we obtain
a log étale covering

log log . y-log log log log
f_/\/’log X_N’log SR . YNlog XNlog SR — X_/\/'log XNlog SR
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over sp¢. We denote by
fr:Yr = Xg

the underlying morphism fj\?ﬁ,g X pflog sgg over R. Note that, since the special fiber Yy is
connected, the Zariski main theorem implies that Y3 xz R is connected for each finite
extension R’ of R. Thus, the generic fiber of Y} is geometrically connected.

Let us prove that f}, is a G-admissible covering over R. We have a log scheme sll‘zi
whose underlying scheme is sk, := Spec K, and whose log structure is the pulling-back
log structure induced by the morphism sx, — Spec R — N. Then we see that

log log . ylog log log log
leog XNlog SKR . YNlog XNlog SKR — XNlog XNlog SKR

is geometrically connected Galois log étale covering over sllgi . This means that the un-

derlying morphism of f}\(}ig X pflog sllgi is a G-admissible covering over K. This completes
the proof of the lemma. O

Let c € Mg,n be a closed point and k. = k the residue field of ¢. Then ¢ determines a
pointed stable curve
Xy
over k. For each v € v(T',), write

nl, : Xy, — X,'CC’U

for the normalization of the irreducible component Xj ., of X}, corresponding to v. Let

Dx,_, be a set of closed points

(Dx,, N X)) U (X N (Sing(X,) \ Sing(X},))) U (nly) ™ (Sing(X,)),

where Sing(—) denotes the set of singular points of (—). We define a smooth pointed
stable curve

XI:C,U = (Xkc,v’ DXkC,v)
of type (gy,n,) over k which determines a morphism cxs : Speck. — M,, ,, for each

v € v(l.). Write cxp Speck. — ﬂgm for the morphism induced by Xy over k.
Moreover, X3 induces a clutching morphism

kixe ] Mam = Mg

vev(Te)

such that Kxe © (Xva(F ) CXp v) = cxp - We denote by M, the image of the composition

of the morphisms
Kye

ke A o4 ﬁg,n
H Mg'uyn’u — Mgzn — Mg»n'

vev(Te)

Lemma 3.4. We maintain the notations introduced above. Let G € 33™(c) be a finite
group. Then
UaN M,

contains an open subset of M. which contains c.
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Proof. Let Y;? be a pointed stable curve of type (gy,ny) over k and
fa Yo — Xp

a G-admissible covering over k. Write I'ys for the dual semi-graph of Y;?, and ~s :
I'ye — I'c for the morphism of dual semi-graphs induced by fp . For each v € v(T.),
write [, for the set 7&1 (v). Then f¢ and the natural morphism Xj_, — X}, induce a
multi-admissible covering
fk.:e,v : H Ykoe,w — Xl;c,v
wely

over k, where Y?  w € I,, is a smooth pointed stable curve of type (gy.uw,ny.w) over
k whose underlying curve is a normalization of the irreducible component of Y} corre-
sponding to w. Note that [],; Y;? , admits an action of G induced by the action of G
on Y;?. This action induces an action of GG on the set I,,. For each w € I,,, write G, for
the inertia subgroup of w. Then we obtain a G,-admissible covering

° L ve °
fkc,w ' kaw - kav

over k. Write Cyp - Speck. — ng%ny for the morphism determined by Y;? over k.,
and cye =~ Speck. — M, ., for the morphism determined by Yy ., over k. for each
w e U(Fyk-c). Then the pointed stable curve Y;? over k. induces a clutching morphism as
follows:

Kyg H Mgy nw = Mgn

wEv(Fyko )
c

such that the composition of morphisms rye o (X, co(Tye ) Vi )= Cye .
c Yk.c cH w c

For each v € v(T'.), the smooth pointed stable curve X  of type (gy,,n,) over k
determines a natural morphism

Speck — Mgy, .,

and write ¢, € M,, ,, for the image. Then the proof of Theorem 3.2 implies that, for each
v € v(['c), there exist an affine k-variety E., and a morphism ap, : E. — Hg, ,, such
that

(i) the image of ap, contains an open subset U, of Hy, ,, whose image
7™ (Us,) in My, ,, contains c,;

(ii) there exists a smooth pointed stable curve X7, with a level m-structure
E,

(iii) for each w € I,, there exists a G,-Galois covering of smooth pointed
stable curves

vy v,y v

OE., ‘= O'Hg XHg

. . ve .
fEcv,w . YECU,w - XE

over E,. such that fémw is a G,-admissible covering over F, , and that the

restriction of f§  on each point of (ﬂézn,q)% oag,, ) '(c,) is isomorphic to the

G-admissible covering fp  over k.

cy U
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Then the image of
Kxe

ke v  Tgn 77
II U= II Howo = TI Mons = Myn ™ My,

vev(Te) vev(Te) vev(Te)

contains an open subset ¢ € W, of M,.. To verify the lemma, it is sufficient to prove that
G € 3™ () for each ¢ € W,.

Since W, is a k-variety, there exists a k-curve C’ C W, which contains ¢ and . Write
C for the normalization of C’, ¢; for a closed point of C over ¢, and ¢, for a closed point
of C over ¢. Let R;, i € {1,2} be a complete discrete valuation ring which is a finite
extension of (’)C > Kr, the quotient field of R;, K g, an algebraic closure of Kp,, and
kg, = k the residue field of R;.

By replacing Ry by a finite extension of Ry, there is a smooth pointed stable curve

Xk,
over R; whose special fiber X7~ over the residue field kg, = k of R; is isomorphic to X3
over k. Lemma 3.3 implies that the G-admissible covering f2 over k can be lifted to a
G-admissible covering
IR, 1 Yg — Xg,

over R;. Moreover, for each v € v(I'.) and each w € I, the G,,-admissible covering over
k can be lifted to a G-admissible covering

° L ve .
le,'w . YRl,w - XRI»U

over Ry. Write ¢i™ € U., € Hy, ,, for a closed point over ¢,. The level m-structure

O'Hgvy’ﬂv X H!]lv"l Cv

on the special fiber of X3,  extends to a level m-structure og,, on X3 . Then, for
v € v(T'.), the pointed stable curve Xp , with the level m-structure og, , determines a
morphism

lp, v :Spec Ry — Hy, 5,

Thus, X}, , is isomorphic to X}, xpy, . Spec Ry over Ry. Moreover, for each v € v(l)
and each w € I,, we have a G, “admissible covering

" . Ve )
fKR17w ’ YKRP - XKR17

over FRl .
Let 7, be a closed point over FE., xg, . SpecKg, and s;, € E., a closed point
contained in V;, := {n,} such that ag, (s1,) is equal to the image (as a set) of

IRy v
Spec kr, — Spec R; = Hg, n,-

Note that since Ry = k[[t]], the scheme-theoretic image of lg, , is a local ring of dimension

one. Moreover, since the residue field of 7, is a finite extension of Kg,, V,, is an one
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dimensional k-subscheme of E, . Write A, for the normalization of (/’)\an s1.,- Note that
A, , is a complete discrete valuation ring, and the natural morphism Spec A; , — Spec Ry
is finite. Then we may assume that K g, contains A;,. Thus, the geometric generic fiber
of the G,~admissible covering

L4 . f® . . °
fAl,vaw T fECU,’LU XECU SpeC A].,’U : YAl,vaw - XAl,vv'U

of smooth pointed stable curves over A, is isomorphic to f%Rl,w over FRI as G-
admissible coverings.

On the other hand, by replacing R, by a finite extension of Ry, there is a smooth
pointed stable curve

Xk,
over Ry, and the G-admissible covering f3 Xg, K, over Kp, induces a G-admissible
covering
fl.ng : Y;(Rz — X;(R2

of pointed stable curves over Kg,; moreover, for each v € v(I'.) and each w € I,,, f[}RQ
induces a G-admissible covering

fI.(RQ,w : YI;RQ,H] _> X;(RQ,U
of smooth pointed stable curves over Kg,. For v € v(L'.), the level m-structure og, , X g,
K g, induces a level m-structure og, , on X}LM such that the pointed stable curve X}‘%M
with the level m-structure op, , determines a morphism

lpyn : Spec Ry — H,

v,

whose image (as a set) is contained in U,,.

By replacing R, by a finite extension of Ry, we may assume that YI}RW} has pointed
stable reduction over Ry. Next, let us prove that YI}RW has good reduction for each
w € vy ).

If the image of lg,, is a constant morphism, then Yip, . has good reduction over
Ry. Then we may assume that g, , is not a constant morphism. Since Ry = k[[t]], the
scheme-theoretic image of [g,, is a local ring of dimension one. Let sy, € E., a closed

point contained in V;,, := {n,} such that ag, (s2,) is equal to the image (as a set) of

LRy v
Spec kg, < Spec Ry -3 Hy n,.

Write Aj , for the normalization of @an,sg,v- Note that A, , is a complete discrete valuation

ring, and the natural morphism Spec Ay, — Spec R, is finite. We assume that Kpg, =
Kpg,. Thus, we obtain a GG,,-admissible covering

L4 . f® . . °
fAQ,vaw T fECU,’LU XECU SpeC AQ’U : YAQ,vaw - XAQ,vv'U

of smooth pointed stable curves over Ay, such that the geometric generic fiber f3, , xa,,
K, is isomorphic to f%RTw X Knp, Kpg, = J‘%Rl » over K, as G,-admissible coverings.
This implies that Y]}RQ _, has good reduction.
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The clutching morphism rye implies that we may glue {Y3 , }uweu(r,. ) and obtain a
c ’ ke

pointed stable curve
Yz,
over Ry such that
(1) YéQ X Ry KRQ = YI;RQ over KRQ;
(ii) there exists a morphism Jin, + Yig, = Xk, of pointed stable curves
over K, which is a G-admissible covering over Kp, such that ff(RQ X Kp, KR,

isomorphic to fp Xpg, Kg,.

Then Lemma 2.6 implies that there exists a G-admissible covering fg @ Y3 — X3 such
that the restriction of f3 on the special fibers is a connected G-admissible covering over
kr,. This means that G € 73™(¢/). We completes the proof of the lemma. O

Corollary 3.5. We maintain the notations introduced in Lemma 8.4. Let G € 73™(c)

be a finite group. Then
Us N M,

s an open subset of M.
Proof. The corollary follows immediately from Proposition 2.7 and Lemma 3.4. [
For each j € Z>(, we take
M;:={q € Mg,n | #6C1(Fq’) =7t

and denote by Gen(M;) the set of generic points of M;. Note that My = M,,,. Write M,
for the topological closure of M, in Mg,n for each j € Zs,. Note that M; =0 if j >> 0.

Then we have o
My, = | M

JE€Z>0

and My N M;» =0 if 7/ # j”. Moreover, for each n; € Gen(M;), we set
M, =V, N M,

;5 M4

Then we obtain that, for each j € Z>y,

M; = U My,

1;€Gen(Mj)
and My, N M, = 0 if n; # nj. Thus, we obtain
Mg = U U M,
JEZ>0 njeGen(M;)

which is a finite disjoint union.
Next, we prove our main theorem of the present paper.
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Theorem 3.6. Let g be an arbitrary point ofﬂg,n and G € w3(q). Then Ug is an open
subset of Mg.,.

Proof. We have

ve= U M,nU

JEZ>o n;€Gen(M;)

Corollary 3.5 implies that M, N Ug is an open subset of M, . This means that M, NUg
is a constructible set and M, NUg is stable under generation in M, NUg. Then Ug is a
constructible set.

Let 7/ > j". If M,, C Mnj,, and M, , NUq # (), then Proposition 2.1 implies that
Mnj// NUg # (. Then Ug is stable under the generation in Mg,n. Thus, Ug is an open
subset of Mg,n. This completes the proof of the theorem. n

4 Anabelian geometry of pointed stable curves over
algebraically closed fields of characteristic p > 0

In this section, we study the anabelian geometry of pointed stable curves over algebraically
closed fields of characteristic p > 0. We maintain the notations introduced in the previous
sections and suppose that k = [F,, is an algebraic closure of [F,,.

4.1 An alternative proof of a finiteness result for pointed stable
curves

Let c € M;{n be an arbitrary closed point. We take

1

Se:={c € M,,, | II3™ = J129m},

Theorem 4.1. We have #S,. < co.

Proof. If S, is not a finite set, then the topological closure S, in Mg,n contains a Fp—
curve C C S, such that C NS, # 0. Write no for the generic point of C. Then for
any G1,Gy € ™™ (n¢), Theorem 3.6 and the definition of S, imply that Ug, NS, # 0,
Ug, NS, # 0, and Ug, NS, = Ug, N'S.. This means that there exists a closed point
¢ € S.NC such that 73™(ne) C 733 (/). Moreover, Proposition 2.1 implies that

adm

T (ne) = T ().

Thus, Hf;‘ém is isomorphic to II%™ as profinite groups.
Let R = (5070/. By replacing R’ by a finite extension R of R/, we have a pointed
stable curve
Xk
over R. Then we obtain a specialization map

. TTadm adm
SPne,e - an - 1_Ic’
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which is a surjection. Since Hf;‘ém and I13M™ are topologically finitely generated, the spe-
cialization map spy,, ~ is an isomorphism.

On the other hand, let no € M;, and ¢ € M, (cf. Section 3 for the definitions of
M;, and M,,). If j; = jo, we have that I, is isomorphic to I'v. Then [T2, Theorem 0.3]
implies that sp,. ~ is not an isomorphism. This is a contradiction. Thus, to verify the
theorem, we may assume that j; # js.

Let k,, and k. be algebraic closures of the residue fields of 7o and ¢/, X} Ry, a0 X
the pointed stable curves corresponding to the natural morphisms ‘

Spec k., — Mg,n and Spec k, — Mg,na

respectively. Let ¢ >> 0 be a prime number distinct from p. We denote by H. the kernel
of the morphism
Hzcxldm,ab G = szm,ab ® FZ,

where (—)* denotes the abelianization of (—), and write Yy, = X, for the G-admissible
covering over ko induced by the surjection. Moreover, H, = sp;clvc,(Hc/) determines a
G-admissible covering Y o Xp g, OVT ke

The specialization map 1mphes that, by replacmg R by a finite extension of R, we
have a pointed stable curve

Y

of type (gy,ny) over R whose geometric generic fiber is isomorphic to Yk.n over k., and
whose special fiber is isomorphic to Y} over kw. Then the types of Yo and Y)5 are
(gv,ny).

Write FYn'c and Fy- for the dual semi-graphs of Y,* and Yo, respectively. It is easy

to check that I'ys and Fy- are 2-connected, and that v(I'ys )b<1 = U(Fy. Pt = 0.
Moreover, since j; # 7jo, one sees that the Betti number of Fy. is strictly less than
H . an —> HC/ IS

nc
an isomorphism. This Contradlct to [T3, Theorem 3.10]. We complete the proof of the
theorem. 0

the Betti number of Fy-. Since spp. . is an isomorphism, sp

Remark 4.1.1. Suppose that ¢ € Mgdn Then #(S. N Mgln) < oo was proved by Ray-
naud (cf. [R]) and Pop-Saidi (cf. [PS]) under certain assumptions of Jacobian, and by
Tamagawa in the fully general case (cf. [T2]).

Remark 4.1.2. In [Y2, Theorem 0.3 (b)], the author proved Theorem 4.1 in a completely
different way (i.e., by using [T2, Theorem 0.3] and the combinatorial Grothendieck con-
jecture in positive characteristic (cf. [Y2, Theorem 0.2])). Moreover, we suppose that
¢ € M;. Then there exists a unique generlc point 7.; € Gen(Mj) such that c € V.. N M;.
Thus, [Y2, Theorem 0.2] implies that ¢ € V; . N M; for each ¢’ € S.. In particular, 1f
c&€ Mg, then S, N My, = S..

4.2 Pointed collection conjecture for pointed stable curves

We denote by o o
M n) = [Mgn/ 5]

26



the quotient stack, and denote by

Mgin}

the coarse moduli space of M%[n], where S, denotes the n-symmetric group. Note that
we obtain a morphism

T Mg’n — Mg,[n}
induced by the natural quotient morphism Mg,n — ﬂg,[n]. We define an equivalence

relation on the set of closed points M;ln as follows:

cp ~ ¢y if there exists m € Z such that
h

. —l
for any closed points ¢1, ¢y € M.

g7n7
m(ey) = W(C(lm)), where cgm) denotes the closed point corresponding to the m®

Frobenius twist of the pointed stable curve corresponding to c¢;.

Let ¢ € M, be an arbitrary point and ¢ € M, ., where n;, € Gen(M;,). We denote
by
W, = ]\/[n].q NV

Note that, by the definition, we have W, = M, = M,, for each n; € Gen(1M;).

Definition 4.2. Let ¢, ¢, € M, be arbitrary points. We denote by
WQI 265 WQQ

if, for each closed point ¢y € W;QI, there exists a closed point ¢; € W;ll such that ¢; ~ cs.
Moreover, we denote by
Wa =ec Wo,

if Wy, Dec Wy, and W, Coc W,,. We shall call that W, essentially contains W, if
Wy Dec Wy, and shall call that W, is essentially equal to W,, if W,, =.. V,.

First, we have the following proposition.

Proposition 4.3. Let q1,q> € Mgm be arbitrary points. Suppose that Hgfm = Hgfm. Then
M,, =cc My, . Moreover, M,. = M,. .

q1 792 791 792
Proof. The proposition follows immediately from [Y2, Theorem 0.2]. O
Remark 4.3.1. The proposition means that, for any ¢ € Mg,na M, can be reconstructed
group-theoretically from Hgdm.

The weak Hom-version of the Grothendieck conjecture of curves over algebraically
closed fields of characteristic p > 0 can be formulated as follows:

Conjecture 4.4. Let q1,q2 € Mgm be arbitrary points. The set of continuous open
homomorphisms of profinite groups

Hompm_gps(ngfm, ngm) £ ()

if and only if Wy, Dec Wy,. In particular, the set of continuous isomorphisms of profinite
groups
Isompro_gps(HZ?m, HZSH‘) £ ()

if and only if Wy, =ec W,.
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Remark 4.4.1. The “in particular” part of the conjecture is called the weak Isom-version
of the Grothendieck conjecture of curves over algebraically closed fields of characteristic
p > 0.

Remark 4.4.2. At the present, only a few cases concerning Conjecture 4.4 have been
proven (cf. [T1, Theorem 0.2], [T2, Theorem 0.3], [Y2, Theorem 0.3], [Y3, Theorem 0.7],
and [Y4, Theorem 0.6]).

Almost all of the results concerning Conjecture 4.4 are proved only in the case where
¢1 and ¢o are closed points. One of the main goals of the anabelian geometry of curves
in positive characteristic is to extend [T1, Theorem 0.2], [T2, Theorem 0.3], and [Y2,
Theorem 0.3] to the case where ¢; and ¢, are arbitrary points of Mgm.

Let ¢ € Mg’n be an arbitrary point. The main difficulty is that we do not know
how to reconstruct the admissible fundamental groups of the closed points of W, group-
theoretically from Hgdm. Once the admissible fundamental groups of the closed points of
W, are reconstructed group-theoretically from Hgdm, then, by applying the results con-
cerning Conjecture 4.4 for closed points, the set of closed points of W, can be reconstructed
from Hgdm. Thus, Conjecture 4.4 for non-closed points follows from Conjecture 4.4 for
closed points. On the other hand, since the isomorphism class of Hgdm as profinite group

adm

is determined completely by the set 75™(¢). In order overcome the difficulty mentioned
above, we consider the following question:

Question 4.5. (i) For each closed point t of W,, which collection of finite groups, whose

elements are contained in T3 (q), coincides with T3 (t)?

(ii) For each closed point t of Mmq, if wRme(t) C wi2me(q), then is t a closed point of
W, ?

Let t € M;qu be arbitrary closed point. Let k; = Fp be the residue field of ¢ and X},

the pointed stable curve over k; determined by the natural morphism Speck; — Mgm.
We take
F, = ( Ua) N My

Gerddm (1)
which is a set of closed points of M.

Proposition 4.6. Suppose that the genus of the normalization of each irreducible com-
ponent of the underlying curve of Xy is 0. Then #F; < oo. Moreover, suppose that Xp,
is irreducible. Then #(F,/ ~) = 1. In particular, #F;, < oo for each ¢ € My, and each
te M;;Jl,q.

Proof. Let t' be any closed point of F;. Then we have that, for each G € 7%™¢(¢),
Homsurj (Hta/dm’ G) # @’

pro-gps

surj . : : adm ;
rogps(—> —) denotes the set of surjections of Homy,ogps(—, —). Since I is

topologically finitely generated, the set Homiﬂgj_gps(ﬂjdm, G) is finite. Then the set of open
continuous homomorphisms

l'ﬁn Hompyd (I, G) = Hommpro gps (TG, TI79) # 0.

pro-gps
Gertame(t)

where Hom
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Thus, the proposition follows from [Y4, Theorem 0.6]. [

Let
ccmimm) = |J i)

teMcl
eMg

be the a collection of finite groups contained in 7'%™(n;, ).

Definition 4.7. We shall call that C is a pointed collection if the following conditions
are satisfied:

(i) (mGeC Uc) N Mﬁjlq # 0;
(ii) #(((ﬂcec Ug) N nglq)/ ~)=L;
(iii) Uer N (Ngee Ua) N M;qu = () for each G’ € 7'{™¢(n;,) such that G’ & C.

On the other hand, for each closed point t € M:;Jl , we may define a collection associated
q

to t as follows:
Cr = {G eny™(n;,) | t € Ug}.

Note that, if £ € qu, then C; C w41 (q). Moreover, we denote by

%, := {C pointed collection | C C Wde(Q)}

adm (

the set of pointed collections which are contained in 7™ (q).

We conjectured the set of closed points W' can be reconstructed from 7%™(q) (or
I129m) as follows:

Conjecture 4.8. For eacht € M;Jl , the collection C; associated tot is a pointed collection.
q
Moreover, the natural map

g, : W;l | ~— 6,
that [t] — Cy is a bijection, where [t] denotes the image of t in W'/ ~.
Remark 4.8.1. By the similar arguments to the arguments given in the proof of [Y3,
Proposition 7.2] imply that
Conjecture 4.4 < Conjecture 4.8.

Remark 4.8.2. Let &, and k), be algebraic closures of the residue field of ¢ and n;,, X ha
and X b the pointed stable curves over k; and ;) determined by the natural morphisms
ig —
Specky — M, and Spec knjq — M, respectively.
Suppose that X r, 18 irreducible and the genus of the normalization of the underlying
curve of Xp is 0 (then X r,. s irreducible and the genus of the normalization of the
Jq

underlying curve of X k. 18 0). Proposition 4.6 implies that the collection C; associated
Jq

to t is a pointed collection for each t € M,‘;]l , and that 6, is an injection. Moreover, if ¢ is
q
closed point, §, is a surjection.

Remark 4.8.3. Conjecture 4.8 generalizes the pointed collection conjecture for smooth
pointed stable curves (cf. [Y3, Conjecture 0.9]) to the case of arbitrary pointed stable
curves.
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