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ABSTRACT. In this paper, we prove a certain geometric version of the Grothen-
dieck Conjecture for tautological curves over Hurwitz stacks. This result gen-
eralizes a similar result obtained by Hoshi and Mochizuki in the case of tau-
tological curves over moduli stacks of pointed smooth curves. In the process
of studying this version of the Grothendieck Conjecture, we also examine var-
ious fundamental geometric properties of “profiled log Hurwitz stacks”, i.e.,
log algebraic stacks that parametrize Hurwitz coverings for which the marked
points are equipped with a certain ordering determined by combinatorial data
which we refer to as a “profile”.
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INTRODUCTION

In [CbTpI], the theory of profinite Dehn twists was developed and applied to
prove the following “geometric version of the Grothendieck Conjecture for tauto-
logical curves over moduli stacks of pointed smooth curves”.

Theorem M. (c¢f. [CbTpl], Theorem D) Let (g,7) be a pair of nonnegative in-
tegers such that 2g — 2 4+ r > 0; ¥ a nonempty set of prime numbers; k an al-
gebraically closed field of characteristic zero. Write Mg, for the moduli stack
of r-pointed smooth curves of genus g whose r marked points are equipped with

an ordering; Cq, — Mg, for the tautological curve over Mg, [cf. the dis-

) : . . ) def
cussion entitled “Curves” in Notations and Conventions]; (Mg )k = Mgyr Xz k

) . . . . . def
[cf. the discussion entitled “Curves” in Notations and Conventions]; (Cy )i =
2010 Mathematics Subject Classification. Primary 14H30; Secondary 14H10.
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Cyr Xz k [cf the discussion entitled “Curves” in Notations and Conventions];

M, def w1 ((Mg.r)k) for the étale fundamental group of the moduli stack (Mg, )k;

Iy, for the mazimal pro-X quotient of the kernel Ng, of the natural surjection
T1((Cgr)k) = T (Mgr)x) =, .5 U, . for the quotient of the étale fundamen-
tal group m1((Cg.r)i) of (Cg.r)i by the kernel of the natural surjection Ny, — Il ,;
Out® (Ilg,) for the group of outomorphisms [cf. the discussion entitled “Topological
groups” in Notations and Conventions] of Il, , which induce bijections on the set
of cuspidal inertia subgroups of Il, .. Thus, we have a natural sequence of profinite
groups

1—1I,, — HCg,7~ — HMgn- —1
which determines an outer representation

pg.r g, — Out(Ily;)

Then the following hold:

(i) Let H C lp,, be an open subgroup of U, . Suppose that one of the
following two conditions satisfied:

(a) 29 —2+7r>1, ie.,(g,7) ¢ {(0,3),(1,1)}
(b) (g,7)=(1,1),2€ X, and H =1lpq, , .
Then the composite of natural homomorphisms
Autpg, ), ((Cgr)k) — Autiry, (e, ,)/Inn(Ily,,)
— Zow,,,)(Im(pg.r)) € Zow,.,)(pg.r(H))
[cf. the discussion entitled “Topological groups” in Notations and Conven-
tions] determines an isomorphism

Aut(um, ), ((Cor)k) — Zoweq, ) (Pg.r (H))-

Here, we recall that Aut(n, ), ((Cyr)k) is isomorphic to
Z)27 x Z./27 if (g,7) = (0,4);
Z/2L if (g,7) €{
{

€ 1), (
{1} if (g.7) ¢

(0,4),(1,1),(1,2),(2,0)}.
(ii) Let H C Ouwt®(1l,.,) be a closed subgroup of Out®(Il,,.) that contains an
open subgroup of Im(py ) € Out(Ily ). Suppose that

29—2+7r>1, ie,(g,7) ¢{(0,3),(1,1)}.
Then H is almost slim [cf. the discussion entitled “Topological groups”
in Notations and Conventions]. If, moreover,

29—24r>2, ie,(g,7)¢{(0,3),(0,4),(1,1),(1,2),(2,0)},

then H is slim [cf. the discussion entitled “Topological groups” in Notations
and Conventions/.

Roughly speaking, this result was obtained in [CbTpl] as a consequence of the
following two steps.

(1) The r > 0 case is reduced to the Grothendieck Conjecture for configuration
spaces and then proved by applying the combinatorial Grothendieck Con-
jecture [i.e., the graphicity of outomorphisms of surface groups satisfying
certain combinatorial conditions [cf. [NodNon], Theorem A]] and elemen-
tary topological and graph-theoretic considerations.
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(2) The r = 0 case is reduced to the r > 0 case by using the theory of clutch-
ing morphisms [cf. [Knud]] and the theory of profinite Dehn twists [cf.
[CbTpI]].

In the present paper, we prove a version of Theorem M for tautological curves
over (log) Hurwitz stacks [cf. [CbTplI], Remark 6.14.1]. In order to carry out
steps (1) and (2) in the case of tautological curves over (log) Hurwitz stacks, it is
necessary to overcome certain difficulties, as follows:

(1Hur) Tt is necessary to prove a version of the Grothendieck Conjecture for con-
figuration spaces that applies to certain more combinatorially complicated
spaces that arise from (log) Hurwitz stacks. This is done by applying sim-
ilar techniques to the techniques applied in (1), but these techniques must
be applied to spaces that are much more combinatorially complicated than
configuration spaces.

(2Hur) Unlike the situation in (2), where one may consider arbitrary deformations
and degenerations of pointed stable curves, it is necessary to restrict oneself
to deformations and degenerations that are compatible with the covering
under consideration. This difficulty is overcome by applying similar tech-
niques to the techniques applied in (2), but, just as in the case of (111%), the
situation in which these techniques must be applied is considerably more
combinatorially complicated than the situation considered in (2).

This paper is organized as follows. In §1, after recalling the definitions of Hurwitz
stacks, we define profiled (log) Hurwitz stacks and examine various fundamental
geometric properties of profiled (log) Hurwitz stacks such as irreducibility. We
also prove the existence of certain natural homotopy exact sequences related to
these profiled (log) Hurwitz stacks that will be of use later in the paper. In §2, we
define Hurwitz-type log configuration spaces and discuss various objects related to
these spaces. In §3, we prove a key result [cf. Proposition 3.1] which asserts that
outomorphisms of surface groups that satisfy certain relatively weak conditions are
in fact trivial. In §4, after discussing the existence of certain suitable degenerations
of simple coverings, i.e., the coverings parametrized by Hurwitz stacks, we prove
the main result by applying the theory of profinite Dehn twists, together with the
results obtained in previous sections.

Our main result is the following.

Theorem A. Let ¥ be a nonempty set of prime numbers; k an algebraically closed
field of characteristic zero; (g,d,r) a triple of nonnegative integers such that

d>2 A (g,7) ¢1{(0,0),(1,0)} A (g9,d,7) ¢{(0,2,1),(0,3,1)}
(=29—24+dr>1 A 29g+2d+r—5>1).

Write (Hg,a.r)i for the r-profiled Hurwitz stack of type (g,d) over k [cf. Def-
inition 1.8; Definition 1.13, (ii)], where dim(Hgar)r = 29 —2+2d+7r -3 =
29+2d+r—>5>1 [c¢f. Corollary 1.9]; (Cg.ar)i — (Hg,dr)k for the restriction of

the tautological curve over (Mg qr )i to (Hg.dr)r via the natural (1-)morphism

(Hg,a,r )k = (Mgar)i [cf- Proposition 1.10, (iii)]; Ty, , . def m1((Hg,d,r)k) for the

étale fundamental group of the profiled Hurwitz stack (Hg.a,r)k; g ar for the maz-
imal pro-¥ quotient of the kernel Ny q, of the natural surjection w1 ((Cqg,d.r)k) —
m((Hgar)e) = W, .. He, ., for the quotient of the étale fundamental group
m1((Cg.ar)k) of (Cgar)x by the kernel of the natural surjection Ngq, — g qr;
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OutC(Hg,dﬁ) for the group of outomorphisms [cf. the discussion entitled “Topo-
logical groups” in Notations and Conventions] of Il, q , which induce bijections on
the set of cuspidal inertia subgroups of Ilg 4.,.. Thus, we have a natural sequence of
profinite groups
1—Ugar — e, ., — Iy, ,, —1
which determines an outer representation
Pg.dr W, 4, — Out(lgar)
Then the following hold:
(i) Let H C Iy, , . be an open subgroup of Iy, , . Then the composite of
natural homomorphisms
Autzy, 4,0, ((Coar)r) — Autn,, (e, ,,)/Inn(Ilg q,)
= ZOut(Hg,d,,,)(Im(pg,d,r)) C ZOut(Hg,d,,')(Pg,d,r(H))
[cf. the discussion entitled “Topological groups” in Notations and Conven-
tions] determines an isomorphism

Autag, , ) ((Coar)k) — Zowe, ) (Pg.dr(H)).
Moreover, Aut (s, , ), ((Cg.ar)x) is isomorphic to
Z)2Z x /27 if (g,d,7) € {(0,2,2),(0,4,1)};
Z/2Z if (9,d,7) € {(9,2,7) [ (9,7) # (0,2)} U{(2,d,0)};
{1} if (9,d,7) ¢ {(0,4,1),(g9,2,7), (2,d,0)}.

(ii) Let H C Out®(Il, 4,) be a closed subgroup of Out®(Il, 4.,.) that contains
an open subgroup of Im(pg q,r) € Out(Ily q,). Then H is almost slim /cf.
the discussion entitled “Topological groups” in Notations and Conventions].
If, moreover,

(9,d, T) ¢ {(Ov 4, 1>7 (97 2,7),(2,d, 0)})
then H is slim [cf. the discussion entitled “Topological groups” in Notations
and Conventions].

NOTATIONS AND CONVENTIONS

In this paper, we follow the notations and conventions of [CbTpI].
Sets : If S is a set, then we shall denote by S# the cardinality of S.

Numbers : The notation Primes will be used to denote the set of prime numbers.
The notation N will be used to denote the set or [additive] monoid of nonnegative
rational integers. The notation Z will be used to denote the set, group, or ring of
rational integers.

Topological groups : Let G be a topological group and P a property of topo-
logical groups [e.g., “abelian” or “pro-¥” for some ¥ C Primes]. Then we shall
say that G is almost P if there exists an open subgroup of G that is P. Let G
be a topological group and H C G a closed subgroup of G. Then we shall denote
by Za(H) (respectively, Ng(H); Ca(H)) the centralizer (respectively, normalizer;
commensurator) of H C G, i.e.,
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Zc(H) def {9€ G| ghg=' =hforany h € H},

(respectively, Ng(H) def {9€Glg-H-go' =H}
Ce(H) def {9e G|HNg-H-g!is of finite index in H and g- H - g~ '}).

We shall refer to Z(G) = Zg(G) as the center of G. It is immediate from the
definitions that

Zq(H) € Ng(H) € Ca(H); H C No(H).
We shall say that the closed subgroup H is commensurably terminal in G if H =
Cg(H). We shall say that G is slim if Zg(U) = {1} for any open subgroup U of G.
Let G be a topological group. Then we shall write Aut(G) for the group of

[continuous] automorphisms of G, Inn(G) C Aut(G) for the group of inner auto-

morphisms of G, and Out(G) def Aut(G)/Inn(G). We shall refer to an element

of Out(G) as an outomorphism of G. Now suppose that G is center-free [i.e.,
Zc(G) = {1}]. Then we have an exact sequence of groups

1 — G (5 Inn(G)) — Aut(G) — Out(G) — 1.
If J is a group, and p : J — Out(G) is a homomorphism, then we shall denote by

out

G xJ

the group obtained by pulling back the above exact sequence of profinite groups
via p. Thus, we have a natural exact sequence of groups

1*>G—>G0>li|tJ—>J—>1

Suppose further that G is profinite and topologically finitely generated. Then one
verifies immediately that the topology of G admits a basis of characteristic open
subgroups, which thus induces a profinite topology on the groups Aut(G) and Out(G)
with respect to which the above exact sequence relating Aut(G) and Out(G) deter-
mines an exact sequence of profinite groups. In particular, one verifies easily that
if, moreover, J is profinite and p : J — Out(QG) is continuous, then the above exact

t
sequence involving G %4 J determines an exact sequence of profinite groups. Let
G, J be profinite groups. Suppose that G is center-free and topologically finitely gen-

out
erated. Let p : J — Out(G) be a continuous homomorphism. Write Aut;(G x J)

out
for the group of [continuous] automorphisms of G x J that preserve and induce
the identity automorphism on the quotient J. Then one verifies immediately that
the operation of restricting to G determines an isomorphism of profinite groups

Auty (G4 J)/Tn(G) S Zowsc(Im(p)).

Log schemes : For basic notions concerning log schemes, see [KK1], [KK2]. When
a scheme appears in a diagram of log schemes, the scheme is to be understood as
the log scheme obtained by equipping the scheme with the trivial log structure.
If X% is a log scheme, then we shall refer to the largest open subscheme of the
underlying scheme of X°2 over which the log structure is trivial as the interior of
X'°g_ Fiber products of fs log schemes are to be understood as fiber products taken
in the category of fs log schemes. Note that in general, the underlying scheme of
the fiber product of fs log schemes is not naturally isomorphic to the fiber product
of the underlying schemes of the given fs log schemes. However, if a morphism
Xlog 5 ylog hetween two fs log schemes X'°¢ and Y'°8 is strict [i.e., the pull-back
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of the log structure of Y'°¢ is naturally isomorphic to the log structure of X'°8],
then for any morphism Z'°8 — Y1°8 between two fs log schemes Z'°¢ and Y'°8, the
underlying scheme of the fiber product X'°8 xy10; Z'°% is naturally isomorphic to
X xy Z.

Curves : We shall use the terms “hyperbolic curve”’, “cusp”, “stable log curve’, and
“smooth log curve” as they are defined in [CmbGC]. If (g, r) is a pair of nonnegative
integers such that 2g —2+r > 0, then we shall denote by M, ,. the moduli stack of
r-pointed stable curves of genus g over Z whose r marked points are equipped with an
ordering, by Mg, C Mw the open substack of ﬂg,r parameterizing smooth curves,

by ﬂiﬁf the log stack obtained by equipping MW with the log structure associated
to the divisor with normal crossings My, \ My, € Mg ., by Cy, — M,, the
tautological curve over ﬂg,r , and by 5g,r - @g,r the corresponding tautological
divisor of marked points of Cy, — M, . Then the divisor given by the union of
D, with the inverse image in C, , of the divisor M, , \ My, C M, determines

— 1
a log structure on C,4,; denote the resulting log stack by C goyf. Thus, we obtain

a (1-)morphism of log stacks @Loi — M;E. We shall denote by C,, C Cg, the

. . Sl . .
interior of Cgojf. Thus, we obtain a (1-)morphism of stacks Cg, — M, . Let S be

J— — _
a scheme. We shall append a subscript “S” to Mg, Mg, Mgof, Cyr, Cg.r, and

1
C ;E to denote the result of base-changing to S.
Let n be a positive integer and X'°8 a stable log curve of type (g,r) over a log

scheme S'°8. Then we shall refer to the log scheme obtained by pulling back the (1-
log
g,7+n

—log

(1-)morphism S°& — M

— —1
)morphism M - M gof given by forgetting the last n points via the classifying

gr Of X082 as the n-th log configuration space of X'°8.

1. BASIC PROPERTIES OF PROFILED LOG HURWITZ STACKS

In this section, after reviewing the basic theory of Hurwitz stacks in Definitions
1.1, 1.2, 1.3, 1.4; Theorem 1.5; Lemma 1.6 [cf. [Ful], §6, and [GCH]], we define
“profiled” versions — i.e., versions equipped with various orderings of the marked
points — of the notion of a simple admissible covering [cf. Definition 1.7] and of
(log) Hurwitz stacks [cf. Definition 1.8]. After defining profiled (log) Hurwitz stacks,
we examine various fundamental geometric properties of these stacks in Proposition
1.10 and prove the existence of certain natural homotopy exact sequences related
to these stacks in Proposition 1.14.

Definition 1.1. (cf. [GCH], §1.3) Let (g,d) be a pair of nonnegative integers such
that 29 — 2+ 2d > 3 and d > 2. For any scheme S over Spec Z[%], write Hgff}(S)
for the following groupoid [i.e., a category in which every morphism is invertible]:

e Objects: an object is a collection of arrows
(m:C — P;o1,...,029-2424: S = P)
in the category of S-schemes such that the following properties hold: there
exists an isomorphism of S-schemes P — P}; the structure morphism C' —
S is a smooth, geometrically connected, proper family of curves of genus
g; T is [necessarily finite] flat of degree d with simple ramification [i.e., the
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discriminant divisor of 7 is étale over the base S] exactly at the [necessarily

mutually disjoint] sections o1, ...,024—2424 : S = P.
e Morphisms: a morphism between two objects (7 : C' — P;o4,...,025—2124)
and (7' : ¢! — P';01,.. .,U’Qg_2+2d) is a pair of isomorphisms o : C = C’

and B: P 5 P’ such that Bom =70 a.
We shall refer to the resulting stack as the ordered Hurwitz stack 'Hord of type (g,d)
[cf. Remark 1.1.1 below]. Note that there is a natural action of the symmetric
group on 2g — 2 + 2d letters on "H;’f(‘}. We shall refer to the stack-theoretic quotient
of the ordered Hurwitz stack ’H;ff} of type (g,d) by this action of the symmetric
group on 2g — 2 + 2d letters as the Hurwitz stack Hgq q of type (g,d).

Remark 1.1.1. When d > 3, the stack ’Hgfg is representable by a scheme [cf. The-
orem 1.5 below; [Ful], Theorem 6.3; [GCH], §1.3; [GCH], §3.22]. Here, we remark
that a slight oversight in the statement of the Theorem of [GCH], §3.22, is corrected
in Theorem 1.5 below: That is to say, in the statement of the Theorem of [GCH],
§3.22, the definition of the morphisms of the stack under consideration are only
explicitly defined in the case where the domain and codomain of the morphism are
identical; in fact, however, morphisms must be defined in the case where the domain
and codomain of the morphism are not necessarily identical, i.e., as is done in the
statement of Theorem 1.5 given below [where one considers morphisms between
primed and un-primed collections of data).

Next, we recall the notion of admissible coverings introduced in [HM], [GCH] for
constructing a compactified version of the Hurwitz stack.

Definition 1.2. (cf. [GCH], §3.4) Let (g, ¢,7) be a triple of nonnegative integers.
(i) Let S, denote the symmetric group on ¢ letters. Note that we have a natural
action of S, on M

shall denote by /\/lg [q]+r the (log) stack theoretic quotient of /\/lg g+r DY

g q 4 given by permuting the first ¢ marked points We

Sq. If r = 0, we simply write Mg [¢- Note that the universal stable log
gatr = m.lq,q-%r descends to a stable log curve Cq [q]+r — /\/lzcqu]_H
(ii) Let S'% be a fine log scheme. A morphism between log stacks S8 —

ng‘qu will be referred to as the data for a ([q] + r)-pointed stable log
curve of genus g. Let Clog — S92 be the pull-back of the universal stable

curve C

log curve C [q]+r — ./\/lg [q+r Via such a morphism. By a slight abuse
of termlnology, we shall refer to such a stable log curve C'°8 — S1°¢ as a
([g]+7)-pointed stable log curve of genus g. If we forget the log structures of
such a stable log curve, the resulting (f : C'— S;uy C C) (where puy C C
is the divisor of marked points) will be referred to as a ([q] + r)-pointed
stable curve of genus g, or, when r = 0, simply as a [q]-pointed stable curve
of genus g. When the integers ¢ and g are left unspecified, a [g]-pointed
stable curve of genus g will be referred to as a symmetrically pointed stable
curve [over S].



8 SHOTA TSUJIMURA

Definition 1.3. (cf. [GCH], §3.9) Let d be a positive integer; S a scheme; (f :
C — S;pup € C)and (h: D — S;pup € D) symmetrically pointed stable curves
over S. A finite morphism 7 : C' — D over S will be called an admissible covering
[of degree d] if it satisfies the following conditions:

e Each fiber of h : D — S admits a dense open subset over which 7 is finite
flat of degree d.
e We have inclusions of effective relative (with respect to the morphism f)
divisors pf C 7 () Cd-py on C.
e The morphism f is smooth at ¢ € C if and only if the morphism A is smooth
at w(c).
e The morphism 7 is étale, except
— over py, where it is tamely ramified;
— at nodes of the geometric fibers over S: if 5 is a geometric point of S,
A is a node of Cg, and v = m()), then there exist a € msskjg, T,y € mschJ\,
and u,v € msf,l)y such that z,y (respectively, u,v) generate mjch,l A
(respectively, mzh,l(g)’u), and xy = a, uwv = a®, u = 2, v = y° (for
some natural number e such that e € (Ofghg)x)
Here, “m*"” denotes the maximal ideal of the strict henselization “Os"” at
the specified geometric point of the local ring in question.

An admissible covering 7 : C — D over S will be called a simple admissible covering
if the discriminant divisor of 7 is étale over S in some neighborhood of py,.

Definition 1.4. Let (g, d) be a pair of nonnegative integers such that 2g—2+2d > 3
and d > 2. For any scheme S over Spec Z[J;], write 7, 4(S) for the following
groupoid [i.e., a category in which every morphism is invertible]:

e Objects: an object is a simple admissible covering m : C — D of degree d
from a [(d — 1)(2g — 2 + 2d)]-pointed stable curve (f : C — S;uy C C) of
genus g to a [2g — 2 + 2d]-pointed stable curve (h : D — S;up € D) of
genus 0.

e Morphisms: a morphism between two objects 7 : C' — D and «’ : C' — D’
is a pair of isomorphisms o : C = C’ and 8 : D = D’ that are compatible
with the respective divisors of marked points such that Bom =7’ o a.

We shall refer to the resulting stack as the compactified Hurwitz stack ﬂgyd of type
(9. d).

Remark 1.4.1. One verifies immediately that the Hurwitz stack Hy 4 of Definition
1.1 may be regarded as an open substack of the compactified Hurwitz stack Hg g
of Definition 1.4, namely, the substack over which the pointed stable curves that
appear in Definition 1.4 are smooth over S.

Remark 1.4.2. The stack Hg 4 is geometrically irreducible over Z[%] [cf. the asser-
tion concerning “HUS, 4" in [GCH], §2.9]. Here, we note that whereas in [GCH],
§2.9, one works over Z[4], where b = 2g — 2 + 2d [cf. [GCH], §1.3], in the present
discussion, we work over Z[]. On the other hand, one verifies immediately that
the asserted geometric irreducibility may be extended to the situation of the present
discussion.
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One of the main results of [GCH] is the following.

Theorem 1.5. (¢f. [GCH], §5.22, §5.23, and §3.27) Let (g,d,r) be nonnegative
integers such that 2g—2+2d+r > 3 and d > 2. Write jmd,r for the stack over Z[%}
defined as follows: if S is a scheme, then we take the objects of Ag.4,-(S) to be the
simple admissible coverings m : C'— D of degree d from a [(d—1)(2g —2+2d)+dr]-
pointed stable curve (f : C — S;uy C C) of genus g to a [2g — 2+ 2d + r|-pointed
stable curve (h: D — S;up C D) of genus 0; we take the morphisms of Ay 4.,-(5)
between two objects m: C — D and ©' : C' — D’ to be the pairs of S-isomorphisms
a:C = C" and B : D — D’ that are compatible with the respective divisors of
marked points such that n’ oo = Bomw. Then Zgydyr is a separated algebraic stack of

finite type over Z[%]. Moreover, Xg’d’,« may be equipped with a natural log structure;
lo,

g,i,r‘ Finally, there is a natural morphism of log

denote the resulting log stack by A

——log

—lo . .
stacks Agir — (MO,[Qg—2+2d+r])Z[%] (given by mapping (C; D;m) — D) over Z[ ]

which is log étale, quasi-finite, and proper.

Remark 1.5.1. One verifies immediately that, when r = 0, the stack A, 4 may be
naturally identified with the stack H, 4 of Definition 1.4.

Remark 1.5.2. Write Ay 4, C Aga, for the open substack over which the curves
C and D of Theorem 1.5 are smooth. Then a routine explicit computation of the
completion of A, 4, along a pointed valued in an algebraically closed field shows
that the normalization -'Z(g,d,r of Z97d7r contains Ay 4, as an open substack whose
complement in ./Zg#“, equipped with the reduced induced stack structure, is a
relative divisor with normal crossings over Z[%}, hence determines a log structure

on -/Zg,d,r~ Finally, ./Zg,d,r is proper, smooth over Z[%], and A% s log smooth

g,d,r
over Z[%] [hence, in particular, log regular| and log étale, quasi-finite, and proper

——1
over (MO??Qg—2+2d+r])Z[$] [cf. [GCH], §3.23].

Lemma 1.6. Let (g,q,d, s, t) be nonnegative integers such that d > 2; w: C — D
a stmple admissible covering of degree d from a [s]-pointed stable curve (f : C' —
S;pp € C) of genus g to a [t]-pointed stable curve (h : D — S;pup, C D) of
genus q. Suppose that S is connected. Then, if of : S — uy is a section (where
we note that such sections always exist étale locally on S), then the ramification
index of the restriction of m to each of the fibers of f along oy is constant on S.
Moreover, if 7 is unramified (respectively, ramified) over a section oy : S — up,
then the underlying topological space of 7=1(S) is the disjoint union of the images,
on underlying topological spaces, of d (respectively, (d—1)) distinct sections S — fif.

Proof. Lemma 1.6 follows immediately from Definition 1.3. ]

Next, we introduce the notions of profiled simple admissible coverings and profiled
Hurwitz stacks.
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Definition 1.7. Let (g,d,r) be a triple of nonnegative integers such that 2g —
24+2d+r >3 andd > 2; m: C — D a simple admissible covering of degree d
from a ([(d — 1)(2g — 2 + 2d)] + dr)-pointed stable curve (f : C' — S;uy C C)
of genus ¢ to a ([2g — 2 + 2d] + r)-pointed stable curve (h : D — S;u, C D)
of genus 0 [cf. Definition 1.2, Definition 1.3]. Then the morphism 7 : C — D,
equipped with these partial orderings on the marked points, will be called an r-
profiled simple admissible covering, if these partial orderings on the marked points
satisfy the following conditions [cf. Lemma 1.6]:

e The divisor uy consists, étale locally on S, of 2g — 2+ 2d unordered sections
over which 7 ramifies and r ordered sections oq,...,0, over which w is
unramified.

e The divisor ;15 consists, étale locally on S, of (d—1)(2g —2+ 2d) unordered
sections over the sections of uj, over which 7 ramifies and dr ordered sections
over the sections o1, ...,0, such that the sections over o, (1 < k <) are
indexed by the natural numbers between (k — 1)d + 1 and kd.

When C and D are smooth, we shall, on occasion, omit the word “admissible” from
this terminology “r-profiled simple admissible covering”.

Definition 1.8. Let (g,d,r) be a triple of nonnegative integers such that 2g — 2 +
2d+r > 3 and d > 2. For any scheme S over Spec Z[4], write Hg,q,-(S) for the
following groupoid [i.e., a category in which every morphism is invertible]:
e Objects: an object is an r-profiled simple admissible covering m : C — D
of degree d from a ([(d — 1)(2g — 2 + 2d)] 4 dr)-pointed stable curve (f :
C — S;pp € C) of genus g to a ([2g — 2 + 2d] + r)-pointed stable curve
(h:D — S;up C D) of genus 0.
e Morphisms: a morphism between two objects 7: C — D and ' : C' — D’
is a pair of isomorphisms o : C = ¢’ and B : D = D’ that are compatible
with respective divisors of marked points such that Som =7’ o a.
We shall denote by Hg a4, C ﬁgydw the open substack where the curves C and D
of the profiled simple admissible covering 7 : C' — D are smooth. We shall refer to
Hg.a.r as the r-profiled Hurwitz stack of type (g, d).

Remark 1.8.1. When r = 0, the stack Hy 4,0 may be identified with the stack H, 4
of Definition 1.4.

Corollary 1.9. Let (g,d,r) be nonnegative integers such that 2g — 2+ 2d +r > 3,
d > 2. Then there ezists a natural (1-)morphism Hg 4, — Ag.ar which is finite
étale and surjective. In particular, the relative dimension of Hg 4, over Z[] is
equal to 29 —2+2d+r—3 =29+ 2d+r — 5.

Proof. One verifies immediately from Theorem 1.5 and Definition 1.8 that the
only difference between the data parametrized by the stack ﬁg’d’,« and the data
parametrized by the stack A, 4, lies in the various partial orderings on the marked
points. Thus, it follows immediately [cf. Lemma 1.6] that one has a natural (1-
ymorphism H, 4, — Ag.qr that is finite étale and surjective. The final assertion
concerning the relative dimension now follows immediately from the final portion
of Theorem 1.5. This completes the proof. O
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The pull-back of the canonical log structure on A, 4, [cf. Theorem 1.5] via the
finite étale covering

Hyar — Agar
of Corollary 1.9 determines a canonical log structure on H, 4,,. Denote the resulting
log stack — which we shall refer to as the r-profiled log Hurwitz stack of type (g,d) —

by ﬁ;jr. One verifies immediately that H, 4, may be identified with the interior

—log

of Hg,d,r'

Proposition 1.10. Let (g, d,r) be nonnegative integers such that 2g9—2+2d+r > 3,
d>2.

(i) The normalization ﬁgyd,r of Hg,ar is proper, smooth over Z[%]. More-
over, Hgar may be regarded as an open substack of Hga,r [cf. Remark
1.5.2], whose complement [in Hgyq,], equipped with the reduced induced
stack structure, is a divisor with normal crossings.

(i) The divisor with normal crossings of (i) determines a log structure on
Hg.ar. Moreover, the resulting log stack ’Hi;ﬁﬂ, is log smooth over Z[],
hence, in particular, log reqular.

(iii) There exists a natural (1-)morphism

—log —log —log
¢g7dm : Hg,d7r+1 } Hg,d,r

obtained by forgetting the final d sections (respectively, final section) of the
domain curve (respectively, codomain curve) of the covering. Now suppose
further that 2g — 2+ dr > 1. Then there exists a natural (1-)morphism

—log —log ——log
w!]adﬂ" : H!Ldﬂ“ Mg,dr)

determined by the domain curve of the covering, equipped with its dr ordered
marked points. Moreover, we have a (1-)commutative diagram

—log

—log wg,d,r+l —log
Hg,d,r+1 Mg,d(r—i—l)
—lo,
i |
—log
—log ¢g,d,r —log
Hg,dﬂ' Mg,dr’

where the right-hand vertical arrow is the morphism obtained by forgetting
the final d sections.

(iv) The (1-)morphism (E)q;jjr : ﬁ;fl’rﬂ — 7—7;07374 induced by the (1-)morphism
-1
qZ)gOEJ. of (iii) is proper, log smooth, representable.

—1 ~
(v) The algebraic stacks Hg.a,r, ’H;(g“, and H'°8 are geometrically irreducible

g,d,r
over Z[ﬁ.
(vi) The (1-)morphism '2]05,7" : H?j’rﬂ — ngojm of (i) is a stable log curve,
hence, in particular, has geometrically reduced, geometrically connected
fibers.

Proof. Since the (1-)morphism H, 4, — Ay, is finite étale [cf. Corollary 1.9],
assertions (i) and (ii) follow from the corresponding assertions for A, 4, [cf. Remark
1.5.2].
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Next, we consider assertion (iii). It follows immediately from the well-known
uniqueness of the contraction morphism that arises by forgetting a marked point
of a pointed stable curve [cf. [Knud], Proposition 2.1] that an r-profiled simple
admissible covering of degree d induces [up to canonical isomorphism] a morphism
from the curve constructed by contracting the final d sections of the domain curve
of the covering to the curve constructed by contracting the final section of the
codomain curve of the covering. Assertion (iii) now follows immediately.

Next, we consider assertion (iv). Consider the following (1-)commutative dia-
gram

17log —“log
7-Lg,d,rJrl MO,[2g72+2d]+7‘+1

a | |
ngo,fl,r B— Mi)o,tg2g72+2d]+r7
where the horizontal arrows are the composites of the normalization morphisms
with the (1-)morphisms obtained by sending (7 : C — D) — D, and the right-hand
vertical arrow is the log smooth morphism obtained by forgetting the final section.
Next, recall that it follows from Theorem 1.5, Remark 1.5.2; and Corollary 1.9 that
the horizontal arrows of the above diagram are log étale. Since these horizontal
arrows are log étale, and the right-hand vertical arrow of the diagram is log smooth

[cf. the geometric properties of this morphism discussed in [Knud]], it then follows

formally that the morphism o' g 18 log smooth. The properness of s - . follows

g,

log 1 /log 1 oy
garand H G ) over Z[g] [cf. Proposition

immediately from the properness of H
1.10, (i)].

Next, we consider the representability portion of assertion (iv). Consider the
following (1-)commutative diagram

~log —log —log
Hg,d,'r'Jrl — Mg,[(dfl)(2g72+2d)]+d(r+1) X MO,[2972+2d]+r+1

| |

log —los ——log
Hodr —  Mgla-1@g—2+2a)+ar X Mo 2g—2+2d+r>

where the horizontal arrows are the composites of the normalization morphisms
with the (1-)morphisms obtained by sending (7 : C — D) — (C, D), and the right-
hand vertical arrow is the morphism obtained by forgetting the final d sections on
the left-hand factor and the final section on the right-hand factor. Note that the
representability of the right-hand vertical arrow is well-known [cf. [Knud]], and
the representability of the horizontal arrows follow immediately from the various
constructions involved [cf. [GCH], the proof of Theorem in §3.22]. Since the hori-
zontal arrows are representable, and the right-hand vertical arrow of the diagram
is representable, it then follows formally that the morphism QAS’Z:?E;M is representable.

Next, we consider assertion (v). Since H, 4, determines a dense open substack of

—log
Hg,d,r

show that H, 4, is geometrically irreducible over Z[%]. Observe that when r = 0,
the desired geometric irreducibility follows from Remarks 1.4.2 and 1.8.1; when
g=20,d=2,and r = 1, the desired geometric irreducibility follows immediately
by noting that Hg 2,1 is isomorphic to a stack theoretic quotient of Spec Z[%}. Now

Tlog
(bg,d,r

and ﬁ;ofl . on every geometric fiber over Z[4] [cf. Remark 1.5.2], it suffices to

write ¢g ar @ Hgdr+1 — Hga,r for the (1-)morphism induced by restricting
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to Hg,q,r+1. Observe that it follows from assertion (iv) that ¢g g, is representable
and smooth, hence open. Moreover, it follows from Lemma 1.12 below that ¢4 4,
is geometrically irreducible. Thus, we conclude the desired geometric irreducibility
for Hg q,r+1 by applying induction on r, together with Lemma 1.11, applied to the
various morphisms obtained by base-changing ¢, 4, to irreducible H4 4,-schemes
whose structure (1-)morphism to H, 4, is étale.

Next, we consider assertion (vi). First, we prove that the geometric fibers of

the [proper, by Proposition 1.10, (iv)] (1-)morphism (A/%O

Hg,d.r+1 is normal, it follows from well-known properties of the Stein factorization

that it suffices to verify that the geometric generic fiber of [the underlying (1-

Jmorphism on algebraic stacks associated to] ngi,r is connected. On the other

hand, since the (1-)morphism ¢, g, discussed in the proof of assertion (v) is open
and geometrically irreducible, this connectedness follows from the irreducibility of

H'°8 and ﬁ;of““ [cf. Proposition 1.10, (v)], together with the fact that Hg 4,41

g,d,r
is an open dense substack of ngojr 41 [cf. Remark 1.5.2]. This completes the
Tlog

verification of the geometric connectedness of Gy ar In light of this geometric
connectedness, it follows immediately from the explicit computation of the local

structure of qgoi , discussed in Remark 1.5.2, Corollary 1.9, that a;ofl . is a log

ir are connected. Since

curve in the sense of [FK], Definition 1.2.

Thus, it follows from [FK], Definition 1.12; [FK], Theorem 4.5, that to verify that

O

g.d,r 18 a stable log curve, it suffices to verify that the sheaf of relative logarithmic

differentials of qgofl , is relatively ample, i.e., with respect to g?)qgoi .- To this end, let us

recall the (1-)commutative diagram of the first display in the proof of assertion (iv).
Observe that it follows from Theorem 1.5, Remark 1.5.2, and Corollary 1.9, that
the horizontal arrows of this diagram are log étale, quasi-finite, and proper. Thus,
since both the right-hand vertical arrow of this diagram and ¢! o 5. are representable

[cf. Proposition 1.10, (iv)], it follows formally that the (1-)morphism 7—7;5,7. s

lo ——log . . .
HE X0 _ induced by the (1-)commutative diagram of
g,d,r Mofzg_2+2d]+r 0,[2g—2+2d]+r+1 Yy ( ) g

the first display in the proof of assertion (iv) is finite, log étale. In particular, the

desired relative ampleness of the sheaf of relative logarithmic differentials of q?;jr :

’H;i?_ IR 7—[1;27 follows formally from the [well-known!] relative ampleness of the

sheaf of relative logarithmic differentials of the stable log curve HE?QQ,Q 2d]4r+1
—log
Mo 2g—2+2d) 4

This completes the proof of Proposition 1.10. O

Lemma 1.11. Let X and Y be topological spaces; f : X — Y a continuous map
satisfying the following conditions:
(i) Y is an irreducible topological space.
(i) f is an open map.
(iii) For anyy €Y, f~1(y) C X is an irreducible topological space.

Then X is an irreducible topological space.

Proof. Suppose that X is not irreducible. Then there exist non-empty open subsets
Uy and Uz of X such that U; NUs is empty. Since, by conditions (i) and (ii), f(U;)
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and f(Usy) are non-empty open subsets with non-empty intersection, we conclude
that there exists an element y € f(Uy) N f(Usz) C Y such that f~*(y) C X is not
irreducible. But this contradicts condition (iii). O

Lemma 1.12. Let k be an algebraically closed field; x : Spec k — Hy 4. a geometric
point of Hg 4, corresponding to a profiled simple covering C — P} of degree d from
a ([(d—1)(29 — 2 + 2d)] + dr)-pointed smooth curve (f : C'— Spec k;uy C C) of
genus g to a ([2g — 2 + 2d] + r)-pointed projective line (h : P} — Spec k; up C PL).
Then the geometric fiber of ¢g.ar : Hgdr+1 — Hg,a,r over x : Spec k — Hg g, 15
isomorphic to

7 {(C\ ) X @) (C\ 1) X Xy (C\up) P\ Az,

where the fiber product is the fiber product of d copies of the morphism C\ py —
P} \ un, and Az denotes the union of the various diagonals associated to pairs
of factors in the fiber product. Moreover, Z is the Galois closure of the covering
C\ puf — P\ un, hence, in particular, irreducible.

Proof. The first assertion follows immediately from the various definitions involved.
To verify the final assertion, it suffices to verify that the Galois group of the Galois
closure of the covering C \ ps — P} \ pp, is isomorphic to the symmetric group
on d letters S;. On the other hand, this follows immediately from the well-known
elementary fact that any subgroup of Sy that acts transitively on the set {1,...,d}
and, moreover, is generated by transpositions is in fact equal to Sy. ([l

Definition 1.13. Let (g,d,r) be nonnegative integers such that 2g — 2 + dr > 1,
d > 2 [conditions which imply, as is easily verified, that 29 —2+2d+r —2 > 1]; k
an algebraically closed field of characteristic zero.

(i) We shall denote by

~log . Elog N 7:2

_ . log
Ug,dr: Cgdr — Hgar (respectively, Uy, Crlin )

g,d,r

the pull-back of the tautological curve Cg qr — My 4r (vespectively, C go,tgir —

—log | . ] N Tlog . ylog Al08
/\/lg7d,.) via g, Hgar — Mgar (respectively, wg’d)r : ’Hg,d)r — Mg,dr)’

. . . —log
where we write 1y 4., and %05 ,- for the morphisms induced by z/JgO’im [cf.

Proposition 1.10, (iii)]. We shall refer to C, 4, (respectively, ék’gm) as the

g g,
g,dw)'

.. . — —1 ~
(ii) We shall append a subscript “k” to Hg.a,r, Hg,d,r H;E,T, ’Hzoi > Cg.d,r, and
clos

g 85 well as to (1-)morphisms between these log stacks, to denote the
result of base-changing to k.

tautological curve over Hgy 4, (respectively, H

Proposition 1.14. Let (g,d,r) be nonnegative integers such that 2g—2+2d+r > 3,
d > 2; k an algebraically closed field of characteristic zero.

. . ~1
(i) Suppose furthef that 2g —2+dr > 1. Then the tautological curve (ug(ﬁm)k :
(é:g,r)k — (7—[;?37);C is a proper, log smooth (1-)morphism between log

regular log stacks [cf. Definition 1.13, (i), (ii)].
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(ii) Suppose further that 2g — 2 + dr > 1. Let 5 (respectively, 5°¢) be a strict
geometric point of (Hg,ar)k (Tespectively, (’ng %)), For suitable choices
of basepoints, write

def _
He: = m((Co.ar)k X (3,001 5)
d
(respectively, Tle,,,, % m«@;"dr)k X s, 5%));
def d t 1
oy, S (gt ) (respectively, e 2 w1 (7%, )0));

def def o
I = 1 ((Cg,a,r)k) (respectively, Hé}fir = ﬂl((a}],(%)r)k))

g,d,r

[¢f. Definition 1.13, (i), (ii)]. Then, for suitable choices of basepoints,
we have a natural commutative diagram of profinite groups

1 — Hcg e Hcg,d,r e HHg,d,'r' — 1

| | |

1 —— e, — Hgoe — goe — 1,
g d,r g d,r
where the vertical arrows are isomorphisms, and the horizontal sequences
are exact.
(#ii) In the notation of assertion (ii), write
def —
W, = mi((Hg,dr+1)k X(Hga)i 5)

def og —lo
= m((H% )k X (7es ), 5l08) ).

Then, for suitable choices of basepoints, we have a natural commutative
diagram of profinite groups

(respectively, H?—tglog

1l —— Hg.tg E— HHq,d,r+1 E— H’Hgyd‘r — 1

| | |
]. —_— H’H Jlog —_— H,HIOg Em— H,;’_zlug

g,d,7+1 g,d,r

— 1,

where the vertical arrows are isomorphisms, and the horizontal sequences
are exact.

Proof. Assertion (i) follows immediately from the fact that log smoothness and
properness are stable under base change, together with the fact that a log smooth
scheme over a log regular scheme is log regular [cf. [KK2], Theorem 8.2].

Next, we consider assertions (ii) and (iii). First, we observe that the well-
known functoriality of the étale fundamental group functor gives rise to natural
commutative diagrams of fundamental groups as in the displays of assertions (ii)
and (iii). Next, we observe that, in light of the log regularity portion of asser-
tion (i), the fact that the vertical arrows of the diagrams of assertions (ii) and
(iii) are isomorphisms follows immediately from the log purity theorem [cf., e.g.,
[ExtFam]|, Theorem B]. Next, we observe that it follows from assertion (i) and

Proposition 1.10, (vi), that the (1-)morphisms (7% ), : (@Ogr)k — (’Hg %)k and

gdr

(q%oir)k : (ﬁ;irﬂ)k — (Hg .- )k are stable log curves. Thus, the exactness of the

horizontal sequences of the dlagrams of assertions (ii) and (iii) follows immediately
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from the fact that these horizontal sequences may be identified with suitable pull-
backs of an analogous [exact!] sequence in the universal case, i.e., the sequence in
the first display of Theorem M, for suitable “(g,r)”.

This completes the proof of Proposition 1.14. O

Remark 1.14.1. Let m > 0 be a positive integer. Then, by applying Proposition
1.14, (ii), (iii), successively, we obtain, for suitable choices of basepoints, natural
commutative diagrams of profinite groups, as follows:

succ 1 ~ ~
(150e¢) If we write Iy, , .. — Iy, ,, and HHilo,%iJ“F"L — HHLO,%,T for the arrows

induced by the composites ¢g q4.r © Pg.dr+1 00 Qgdr+m—1: Hgdrtm —

Tlog Tlog Tlog . q/log 1/log
H%dﬂ" and ¢g,d,r °© g,d,r+1 O o¢g,d,r+m—l : Hg,d,r+m - 7-[g,d,?"’ and HHm,?
and Il | for the étale fundamental groups of geometric fibers of these

composites, then we obtain a commutative diagram of profinite groups
1 —— My,,. —— My, g —— My, ,, —— 1

| | |

’ g,d,r+m g,d,r

where the vertical arrows are isomorphisms, and the horizontal sequences
are exact.

(25uc¢) First, we observe that since m > 1, [one verifies easily that] it holds that 2g—
2+d(r+m) > 1. If we write Il — Iy and 1z — T 510s

) . g,d,r+m Hg,dm
for the arrows induced by the composites ¢g 4.7 0 @g.dr+10 0Py dr+m—10°

g,d,7+m g,d,m

. Tlog Tlog Tlog ~log .
Ugd,r+m © Cgdrtm = Hg,a,r and ¢g7d7ro¢g7d7r+1o. : '°¢g,d,r+m—1°“g,d,r+m :
~log 1/log /
Codirim = Mg andlle, cand e, for the étale fundamental groups

of geometric fibers of these composites, then we obtain a commutative di-
agram of profinite groups

L —— He,. —— g, ,

zl ll ll
1 —— Il¢ T Héiog —_— Hﬁlog e ]-a
m, 5108 g,d,7+m g,d,7

where the vertical arrows are isomorphisms, and the horizontal sequences
are exact.

2. HURWITZ-TYPE LOG CONFIGURATION SPACES

In this section, after defining Hurwitz-type log configuration spaces in Definition
2.2, we examine first properties of various objects related to these spaces [cf. Lem-
mas 2.3, 2.5, 2.7] that will be of use when we study the centralizer of the image
of certain geometric monodromy groups in §3 and §4. After examining these first
properties, we recall [cf. Proposition 2.8, Corollary 2.9, and Proposition 2.10] the
existence of simple coverings that satisfy certain conditions; such existence results
will be of use in the proof of Theorem 4.6. We also discuss [cf. Lemma 2.11] the
existence of degenerations of simple coverings that satisfy certain conditions; this
existence result will be of use in the proof of Proposition 3.1.
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In this section, we shall apply, without further explanation, the theory and no-
tational conventions concerning semi-graphs of anabelioids of PSC-type that are
applied in [CbTpI], §6.

Definition 2.1. (cf. [CmbCsp|, Definition 1.1, (ii); [CbTpl], Definition 6.1) Let
Y. be a nonempty set of prime numbers and II the maximal pro-X quotient of the
étale fundamental group of a hyperbolic curve over an algebraically closed field of
characteristic zero [i.e., a pro-X surface group — cf. [MT], Definition 1.2]. Then
we shall write

Out®(I1)
for the group of outomorphisms of II which induce bijections on the set of cuspidal

inertia subgroups of II. We shall refer to an element of Out®(II) as a C-admissible
outomorphism of II.

Definition 2.2. Let (g, d, 7, m) be nonnegative integers such that 2g—2+2d+r > 3,

d > 2, and m > 0; 5'¢ an fs log scheme over Z[%]. We shall refer to a morphism

mlog . Cl°8 — D8 obtained by pulling back a (1-)morphism S'°& — ﬂ;i —

which we shall refer to as the associated classifying (1-)morphism — as a simple log

admissible covering of degree d [cf. Definition 1.4]. We shall refer to a morphism

wiog ; Ol°8 — Dl°8 obtained by pulling back a (1-)morphism S'°8 — ﬂ;ir — which

we shall refer to as the associated classifying (1-)morphism — as an r-profiled simple
log admissible covering of degree d [cf. Definition 1.8]. Let 7'°¢ : C'°¢ — D!°¢ be an
r-profiled simple log admissible covering of degree d from a stable log curve fl°8 :
C'°g — S92 of genus g to a stable log curve hl°8 : DI°8 — §198 of genus 0. Then we
shall refer to as the m-th Hurwitz-type log configuration space of 7'°8 : C'°8 — D'og
the log scheme [over S'°8]
log def @l ~1

Cnc;g - S og Xﬁ;ofiyr chji?‘-i-rrﬂ
where S'°8 — ﬁ;i,r is the (1-)morphism determined [since S'°2 is assumed to be
an fs log scheme| by the classifying morphism associated to the r-profiled simple log

admissible covering under consideration, and the (1-)morphism ’ngcfl’r tm ’H;ir
is given by forgetting the final dm sections (respectively, final m sections) of the

domain curve (respectively, codomain curve) of the covering.

Lemma 2.3. (¢f. [CbTpl], Lemma 6.2) Let (g,d,r,m) be nonnegative integers
such that 2g—2+2d+r > 3,d > 2, m > 0; Xg C Primes a nonempty set of prime
numbers; k an algebraically closed field of characteristic zero; S'°8 def (Spec k)'os
the log scheme obtained by equipping Spec k with the log structure given by the fs
chart N — k that maps 1 — 0; 7'°8 : C'°8 — D98 an r-profiled simple log admissible
covering of degree d from a stable log curve f1°8 : C1°8 — S'°8 of genus g to a stable
log curve h'°8 : D°8 — S1°8 of genus 0. Write

lo,
C,oe
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for the m-th Hurwitz-type log configuration space of the r-profiled simple log ad-
missible covering m'°8 : C'°8 — D8 [cf. Definition 2.2]; Ilg for the kernel of the
natural [outer] surjection m (CI9%) — m1(S°8); 1L} for the kernel of the natural
[outer] surjection w1 (C)98 X iox C%% )= 1, (8"8) [¢f. Definition 1.13, (i)];

gdrim  GdrEm
IT}. for the kernel of the natural [outer] surjection I} — Ilg induced by the pro-

U 51
jection Clo8 x Cr8

gdortm C'°¢; Iy for the the mazimal pro-Sr quotient of

Hs
IIg; It for thegg&;gent of II. by the kernel of the natural surjection 11 — .
Thus, we have a natural exact sequence of profinite groups
1—1Ilp — Iy — Iy — 1,
which determines an outer representation
Pm g — Out(HF)
Then the following hold:
(i) The isomorphism class of the exact sequence of profinite groups
1—1lp — Il —IIg — 1
depends only on (g,d,r,m) and the set ¥p, i.e., if 1 — Iy — I3 — I} —
1 is the exact sequence “1 — Iy — It — Il — 17 associated, with respect
to the same (g,d,r,m) and Xr, to another r-profiled simple log admissible
covering of degree d from a stable log curve of genus g to a stable log curve
of genus 0, then there exists a commutative diagram of profinite groups

1 g It g 1
| | |
1 Iy I1% Iy 1,

where the vertical arrows are isomorphisms which may be chosen to arise
scheme-theoretically [i.e., via specialization and generization], hence, in
particular, to be compatible with the respective cuspidal subgroups of Ilg
and II}. [c¢f. Lemma 2.8, (i1)], as well as with the orderings on the or-
dered cusps [cf. Definition 1.7] of the fibers of @;‘?g’ﬂrm — ﬁ;oj)wm
consideration..

(i) Mg is the mazimal pro-Xr quotient of the étale fundamental group of a
hyperbolic curve over an algebraically closed field of characteristic zero [i.e.,
a pro-Xg surface group — cf. [MT], Definition 1.2].

(iii) The outer representation p,, : Illg — Out(Ilg) factors through the closed
subgroup Out®(Ig) C Out(Ilg) [cf. Definition 2.1).

under

Proof. Assertion (i) follows immediately by considering a suitable specialization
isomorphism, i.e., by varying the basepoint “5'°” in the exact sequences of Propo-
sition 1.14, (ii) [where we take “r” to be r+m and recall the easily verified fact that,
since m > 1, it holds that 2g — 2 + d(r + m) > 1]; Remark 1.14.1, (15"°®). Asser-
tion (ii) follows immediately from assertion (i) and the various definitions involved.
Assertion (iii) follows immediately from the various definitions involved. O

Definition 2.4. (cf. [CbTpl], Definition 6.3) We apply the notational conventions
of Lemma 2.3 in the case where

m=1,2g—2+dr > 1.
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Let x € Cy (k) be a k-valued point of the underlying scheme C; of C1°8 = Slog X gjtos

g,d,7

H;irﬂ [cf. Definition 2.2]. Write

def
C8 = 518 x

~log
i C

e . gdr

lo,

g,d,r
for the stable log curve [cf. Proposition 1.10, (vi)] determined by the (1-)morphism
ﬂ;oir : (E;)ir — HI;jT of Definition 1.13, (i), and the (1-)morphism S°& — H;Cjir
determined [since S'°2 is an fs log scheme] by the classifying (1-)morphism S'°8 —

=7log . .. . .
H .4, of the r-profiled simple log admissible covering mlos . Clog 5 plos.
def 1 '\‘log
Clos = glog o C
x ’Hgofi,wrl g,d,r+1

for the stable log curve [cf. Proposition 1.10, (vi)] over x'°% ey Xy Ciog determined

by the (1-)morphism @.°8 | :C°® ﬁ;fl’TH of Definition 1.13, (i). Thus, we

g,d,r+1 * Yg,d,r+
have natural contraction morphisms

Cre — O « (s
of stable log curves over S'°8.
(i) We shall denote by

.

the semi-graph of anabelioids of pro-Primes PSC-type determined by the
stable log curve CI°%; by

Gu

the semi-graph of anabelioids of pro->Xr PSC-type determined by the stable
log curve C°8; by Ilg,, IIg, the [pro-Primes, pro-Xr| fundamental groups
of G., G, respectively. Thus, we have a natural Im(p;) (C Out(Ilg))-torsor
of outer isomorphisms

Iy =5 Tlg, .
Let us fix an isomorphism IIp = Ilg, that belongs to this collection of
isomorphisms.

(ii) Let 1 < ¢ < d be an integer. Then let us observe that the (dr + i)-th
tautological section ﬂgd(ﬂ_l) — ﬂg,d(’,-_l'_l)_i'_l of the tautological curve
mg,d(rﬂ)ﬂ — ﬂg,d(,«ﬂ) determines, by pull-back via the composite of
natural (1-)morphisms

log
log 1/log Yg.d,r+1 5—log
O = Hydgrir = Mgdesy

[cf. Proposition 1.10, (iii); the fact that 2g — 2 4+ d(r + 1) > 1], a section
of the underlying morphism of schemes of the natural projection morphism
1 5l ~ Al “log 1 .
O Xpos  C 1 = O Xzpos Mg = C%8 [cf. Definition

1.13, (i)]. Write

D;
for the image in the underlying scheme of
log ~log ~ log —7log
C X 1 C C X1
1 Hgow%i,wrl g:dr+1 1 Mgofi(rJrl) g-d(r+1)+1

of this section. Write
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(iii)
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pr, : C1 — C.
for the composite of natural (1-)morphisms

Ccy— S Xﬁg,d,r Hg,d,’r+1 - S Xﬂg,m Mg,d(r+1) — C*,

where S, C, are the underlying schemes of S'°8, Clos [cf. Proposition
1.10, (vi)]; the final morphism is the morphism determined by the (dr + 4)-
th marked point of the tautological pointed stable curve parametrized by
ﬂ%d(ﬂ_l). One verifies easily that pr; : Cy — C, is surjective.

Denote by

cgi,x € Cusp(G.)
the cusp of G, [i.., the cusp of the geometric fiber of C}%8 X gylos @1;5 1

g,d,r+1

C)°® over z'°8] determined by the divisor D; [which lies inside the underly-

ing scheme of C1°% X 710y C'°% of (ii). For v € Vert(G.) (respectively,
1 H g,d,r+1
g,d,r+1 et}

¢ € Cusp(Gy)), denote by
vl € Vert(G,) (respectively, ¢t € Cusp(G.))

the vertex (respectively, cusp) of G, that corresponds naturally to v €
Vert(G.) (respectively, ¢ € Cusp(G.)) [cf. the notational conventions of
[NodNon], Definition 1.1, (i)].

Let y € C.(k) be a k-valued point of C,. Let e € Edge(G.), v € Vert(G.),
S C VCN(G.), and z € VCN(G,) [cf. the notational conventions of [NodNon],
Definition 1.1, (i), (iii)]. Then we shall say that y lies on e if the image of y
is the cusp or node corresponding to e € Edge(G.). We shall say that y lies
on v if y does not lie on any edge of G, and, moreover, the image of y is
contained in the irreducible component corresponding to v € Vert(G.). We
shall write y ~ S if y lies on some s € S. We shall write y ~ z if y ~ {z}.

Lemma 2.5. (¢f. [CbTpl|, Lemma 6.4) In the notation of Definition 2.4, let
x,2’ € Cy(k) be k-valued points of Cy. Then the following hold:

(i)

(i)

(iii)

The isomorphism Ilg, — IIg , obtained by forming the composite of the iso-
morphisms g, < g = g, [cf. Definition 2.4, (i)] is group-theoretically
cuspidal [cf. [CmbGC], Definition 1.4, (iv)].

The injection Cusp(G.) — Cusp(G.) given by mapping c v+ ct determines
a bijection

Cusp(G.) = Cusp(Gs) \ {cp, , (1 <i<d)}

[¢f. Definition 2.4, (iii)]. Moreover, if we regard Cusp(G.) as a subset of
each of the sets Cusp(G,), Cusp(G,+) by means of the above injections, then
the bijection Cusp(G,) — Cusp(G.) determined by the group-theoretically
cuspidal isomorphism g, = Ilg , of (i) maps c},lj,i,w — clz,i)x, (1<i<d)
and induces the identity automorphism on Cusp(G.). Thus, in the remain-

der of this paper, we shall omit the subscript “z” from the notation “cE”
and “clz,i)x 7,

Suppose that the log curve C'°8 is irreducible. [Thus, we have a natural
isomorphism C = C..] Then the injection Vert(G.) — Vert(G,) given
by mapping v v vE [cf. Definition 2.4, (iii)] is bijective if and only if
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z; pr;(z) ~ Vert(G.) (1 < i < d) [cf. Definition 2.4, (ii),(iv)], and the

z; (1 <i<d) are distinct elements of Ci(k) < C(k).

(iv) Suppose that C'°8 is a smooth log curve. [Thus, we have a natural iso-
morphism C = C,.] Let (i,j) be integers satisfying 1 < i < j < d.
Write v € Vert(G,) for the unique element of Vert(G.). Suppose that
pr;(x) = prj(z) € Ci(k). Then G, satisfies the following conditions:

e The complement of the image of Vert(G,) in Vert(G,) is a set of car-
dinality one whose unique element
Vb2 € Vert(G,) \ Vert(G.)
is of type (0,3). Moreover, C(vluy ) = {c%i,c%j} [¢f. Lemma 2.5,
(ii)].
o N(vE) =Node(Gy) = N (vhy.) is a set of cardinality one.
o C(vp) \C(v) = {cp, (k #14.5)}.

(v) Suppose that C'°% is a smooth log curve. [Thus, we have a natural isomor-

phism C = C,.] Letl be an integer satisfying 1 <1 < r. Writev € Vert(G.)

for the unique element of Vert(G.). Suppose that x; o pr;(z) ~ Cusp(G.)
for somei € {1,...,d} [or, equivalently, for alli € {1,...,d}], and 7'°8(x;)
Jef. Lemma 2.3] is the I-th cusp of D8. Then G, satisfies the following
conditions:

e The complement of the image of Vert(G.) in Vert(G,) is a set of car-
dinality d, each of whose elements is of type (0,3). Let j be an integer
satisfying 1 < j < d. If we write

vf € Vert(G,) \ Vert(G.)

new,j,r

for the unique element of Vert(G,) \ Vert(G.) that abuts to c%j [ef.
Lemma 2.5, (ii)], then C(vE,

new,j,z) = {ClF,j’ C%j}, where we write ¢; ; for
the (I — 1)d + j)-th cusp of G« [cf. Definition 2.4, (iii)].
e Let j be an integer satisfying 1 < j < d. N(E

new,jﬂ) is a set of
cardinality one. If we write

6? € N(”Ecw,j,z)
for the unique element of N(v5e, ;.), then N(vy) = Node(G,) =

{ef ek, ... e}
o C(VEY* =d(r—1).

Proof. Assertion (i) follows immediately from the fact that the cuspidal subgroups

. . . .. . 1
in question arise from divisors of the underlying scheme of C{°® x

~log

HYE Ly Cgdrtl

Assertions (ii), (iii), (iv), and (v) follow immediately from the various definitions
involved. This completes the proof. O

Definition 2.6. (cf. [CbTpl], Definition 6.5) In the notation of Definition 2.4:

(i) Write

Cusp” (G.) & Cusp(G.) L {ch, (1 <i<d)}
[cf. Definition 2.4, (iii); Lemma 2.5, (ii)].
(ii) Let a € Out®(Ily) be a C-admissible outomorphism of IIg [cf. Definition
2.1; Lemma 2.3, (ii)]. Then it follows immediately from Lemma 2.5, (i), (ii),
that the automorphism of Cusp® (G,) [cf. Definition 2.6, (i)] obtained by
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conjugating the natural action of a on Cusp(G,) by the natural bijection
Cusp' (G.) = Cusp(G,) implicit in Lemma 2.5, (ii), does not depend on
the choice of x. We shall refer to this automorphism of CuspF(g*) as the
automorphism of CuspF(g*) determined by «. Thus, we have a natural
homomorphism Out®(ITp) — Aut(Cusp® (G.)).

(iti) For ¢ € Cusp" (G.) [cf. Definition 2.6, (i)], we shall refer to a closed sub-
group of Iy obtained as the image — via the fixed isomorphism IIg, < IIp
of Definition 2.4, (i) — of a cuspidal subgroup of IIg_ associated to the cusp
of G, corresponding to ¢ € Cusp’ (G,) as a cuspidal subgroup of Il associ-
ated to c € CuspF (G«). Note that it follows immediately from Lemma 2.5,
(ii), that the IIg-conjugacy class of a cuspidal subgroup of Iy associated
to ¢ € Cusp® (G.) depends only on ¢ € Cusp® (G,), i.e., does not depend on
the choice of x or on the choices of isomorphisms made in Definition 2.4,

(i)-

Lemma 2.7. (¢f. [CbTpl], Lemma 6.7) In the notation of Definition 2.4, let

H C TlIp be an open subgroup of g, & an automorphism of Ilt| g def It Xy H over
H [i.e., an automorphism that preserves and induces the identity automorphism on
the quotient Ity — H], ap € Out(Ilp) the outomorphism of g determined by the
restriction &|n of & to g C Ilv|q, Hcg CIIr (1 <i<d) a cuspidal subgroup of
I associated to cj, € Cusp®(G..) [cf. Definition 2.6, (i), (iii)], and Ny C Ig the
normal closed subgroup of g topologically normally generated by the HCE. , where
i1=1,...,d. Then the following hold: '

(i) Suppose that, for each i = 1,...,d, & preserves the llg-conjugacy class
of Hcgv C IIg. Then the outomorphism of lp/Ny induced by & is the
identitg; outomorphism. If, moreover, ar is C-admissible [cf. Definition
2.1; Lemma 2.3, (ii)], then the automorphism of Cusp” (Gx) induced by ap
[¢f. Definition 2.6, (ii)] is the identity automorphism.

(ii) Suppose that ay is C-admissible, and that C'° is a smooth log curve. Then
it holds that ar € Aut(G,) (C Out(Ilg,) < Out(Ilg)). If, moreover, for
each i = 1,...,d, & preserves the llg-conjugacy class of Hcg C Ilg, then

ar € Autle™(G) C Aut(G,).

Proof. First, we verify assertion (i). By replacing & by a suitable IIp-conjugate, we
may assume that & preserves e C Ip. Since the decomposition group D C Ilt|gy

of IlT|g associated to the divisor Dy of Ciog X fjlos 5};’5 41 cf. Definition 2.4,
d,r41 @,

(ii)] is equal to Ny, (Ier) [cf. [CmbGC], Propgééition 1.2, (i), (ii)], & preserves
the subgroup D C Ilt|gy. Write

pI‘F : HT —» HF/Nd

for the surjection induced by the projection to the fiber component, i.e., the com-
posite

1 A1 1
Ol x s C8 | — C1%x

~ ~1
e Yo, fies Codr #

g,d,7
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[cf. the contraction morphism C1°8 — Ci°% discussed at the beginning of Definition
2.4]. Note that the restriction of prp to IIg is the natural surjection IIg — IIg/Ny.
Since the morphism pr; : C; — C, is surjective [cf. Definition 2.4, (ii)], and
N1, (Hc§) may be interpreted as the decomposition group associated to D1, it
follows immediately that the restriction of prp to N, (Hcf) is open. Now we have
a commutative diagram

1 —— Mg —— Ny (Ir) —— Ny, () /e — 1

l l |

] —— Iy —— It — I — 1
|
HF/Nd = HF/Nd,

where the arrows Ilr — Ilp and Ny, (Ilcr) — IIv are the natural inclusions;
the arrow IIp — IIp/Ng is the natural surjection; [one verifies immediately that]
the composite Ny (Hor) — ¥ IIp /N, factors through the natural surjection
Ny (Her) — Nip (e )/ILe. Since the restriction of pry to Ny (Iler) is open,
and & is an automorphism of IIt|g over H, we thus conclude that & induces the
identity automorphism on some normal open subgroup J C IIg /Ny of IIg /N4. Since
29 — 2+ dr > 1 [cf. Definition 2.4], IIg /Ny is slim [cf., e.g., [MT], Proposition 1.4],
hence induces an injection IIp/Ny; < Aut(J). The functoriality of this injection
thus implies that & induces the identity automorphism on IIp/Ny. The latter part
of assertion (i) follows immediately from the former part of assertion (i), together
with the uniqueness of the cusp associated to a given cuspidal inertia subgroup [cf.
[CbGC], Proposition 1.2, (i)]. This completes the proof of assertion (i).

Next, we prove assertion (ii). Since & is an automorphism of IIp|y over H,
it holds that ar € Zouye)(p1(H)) € Out(Ilp). Next, observe that each of the
stable log curves Ciog, C¢ over S'°% admits at least one cusp. Thus, the fact
that arp € Aut(G,) follows immediately by applying Theorem A of [NodNon] —
or, alternatively, [CmbGC], Corollary 2.7, (iii) [cf. the fact that C'°% is a smooth
log curve; [NodNon|, Remark 2.4.2] — to any cuspidal inertia group of H. Now
suppose, moreover, that & preserves the Ilgp-conjugacy class of HCE - C IIg for

each ¢ = 1,...,d. Then it follows from assertion (i) that arp € Alut(gx) fixes
the cusps of G,. Since C'°8 is a smooth log curve, it follows that for any vertex
v € Vert(G,) \ Vert(G,) of Vert(G,), there exists an integer i € {1,...,d} satisfying
¢p, € C(v) [cf. Lemma 2.5, (iii), (iv), (v)]. In particular, we conclude from the
detailed descriptions of Lemma 2.5, (iv), (v), that ap fixes the vertices of G,, as
well as the branches of nodes of G,. Thus, ap € Aut/®P(G,) C Aut(G,). This
completes the proof of assertion (ii). O

The following result, which is a variant of [Ful], Proposition 8.1, asserts the
existence of coverings that satisfy certain conditions. The proof is similar to [Ful],
Proposition 8.1.

Proposition 2.8. Let E be a smooth projective curve of genus g over an alge-
braically closed field k of characteristic zero such that g < 1; (i,d) nonnegative
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integers such that 0 < i< d—12> g; x1,...,%;,xT;+1 © + 1 distinct points on E.
Then there exists a finite morphism f : E — Py, of degree d satisfying the following
conditions:
® Iy,...,7;,xit1 lie over a single point y of Py, and the ramification index
at x;y1 18 d—1 [which implies that the ramification index at 1, ...,xz; is 1,
and f=1(y) = {x1,..., i, 11}/
e f has at most simple ramification except possibly over y.

Proof. Since the assertion in the case where d = 1 is immediate, we may assume
without loss of generality that d > 2. Write S for the d-fold symmetric product
of E, £ € S(k) for the point determined by the collection of points {z1,..., 241},
where we take the multiplicity of x1,...,2;41 to be 1 and the multiplicity of x;41
to be d —i. When d > 3, define morphisms

o ) DL S, as: Ei-2 8
by the formulas

a1 (P, Py, ..., Py_2) =2P, + 2P, + -+ P>
az(Py,Py,..., Py 3) =3P+ Py +---+ Py».

Write 7 4 Im(o1) U Im(ag) when d > 3 and T ' ) when d = 2. Note that
dim T < d — 2. Write

¢:S — Pic’(E)

for the morphism obtained by assigning to a collection of d points of E the line

bundle on F determined by the divisor given by the sum of the d points, M def ().

For any £ € Pic’(E), write S e ¢~ (L), T¢ ef ¢~ (L) NT. Thus, Sz may be

naturally identified with the projective space associated to the dual of the k-vector
space HY(E,L£). Since d —1 > 1 > 0 > 2g — 2, the Riemann-Roch theorem
thus implies that dim S; = d — g, and Lp < HO(E,L(—P)) ¢ HY(E,L) for
any P € E(k) and £ € Pic’(E). Next, let us observe that when d > 3, the
composites T o a; and T o as are surjective. Thus, since dim T < d — 2, and
dim Pic(E) = g < 1, we conclude that dim T < d—g—2, i.e., T, is of codimension
> 2in S,. In particular, there exists a line in the projective space Spq that contains
€€ Sm(k) C S(k) and avoids Th \ (Tm N{€}) € Sar. Such a line determines a
morphism f : E — P}, as desired. (]

Corollary 2.9. Let (g,d) be nonnegative integers such that g <1,d > g+ 1, and
29 +d > 3; k an algebraically closed field of characteristic zero. Then, (¥g.41)k :
(Hg,a.1)k = (Mg.a)k [cf. Definition 1.13, (1), (i1)] is surjective.

Proof. This follows immediately from Proposition 2.8, where we take “i” to be d—1,
together with the various definitions involved. O

Proposition 2.10. Let (g,d) be nonnegative integers such that d > 5 +1, g > 2;
k an algebraically closed field of characteristic zero. Then the image of (¥g,4.0)k :
(Hg,d,0)k = (Mg.0)r [cf. Definition 1.13, (i), (it)] is dense in (Mg o).
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Proof. Since (Hg,4,0)r is dense in (ﬁ;oio)k, it suffices to show that the image of

(1% )i = (HI% ) — (M 5)i [cf. Definition 1.13, (i), (ii)] is dense in (M 5)s.
Let C be a proper smooth curve of genus g over k. Since d > § +1, it follows from
[ACGH], Chapter VII, Theorem 2.3, that there exists a finite morphism 7 : C' — P},
of degree d < d. By constructing from 7 a similar degenerate covering to the
covering illustrated in [GCH], Pictorial Appendix, Species 3B* [which corresponds
to the case where d’ = d —1; cf. also Remark 2.10.1 below], we obtain a degenerate
covering 7’ : C' — D’ of degree d, where the contraction [obtained by forgetting the
ramification points| of C’ is isomorphic to C, and the genus of D’ is equal to zero.
When the covering 7’ : C' — D’ is not simple, by constructing from 7’ similar
degenerate coverings to the coverings illustrated in [GCH], Pictorial Appendix,
Species 1, 2, we obtain a degenerate simple covering «” : C” — D" of degree
d, where the contraction [obtained by forgetting the ramification points| of C” is
isomorphic to C, and the genus of D" is equal to zero. This completes the proof. O

Remark 2.10.1. Here, we take the opportunity to point out a minor error in the
illustration of [GCH], Pictorial Appendix, Species 3B*: The lowermost irreducible
component on the right-hand side of the domain curve of the covering [i.e., the
irreducible component marked by the phrase “one copy of P1”] should be deleted.

Lemma 2.11. In the notation of Definition 2.4 in the case where

d>g+1,9g>2,r=0,
and we take the simple log admissible covering

7.‘_Iog . Clog N Dlog

to be the log admissible covering of degree d obtained by gluing together along the
respective points “y” two copies of the covering constructed in Proposition 2.8, where
we take “” to be g and “g” to be 0. [Thus, C'°% is of genus g; D'°® is of genus
0./ Write Vert(G.) = {w, w'}. Then, for any g-tuple of integers i1,...,iq4 such that
1<iy <--- <iyg <d, there exists a point x € C1(k) whose associated semi-graph
of anabelioids G, [cf. Definition 2.4, (i)] satisfies the following conditions:

b Vert(gx) - {wxaw;F7’UfaUgv-“7 5—{-1}

e Node(G,) = {61,62,...,€g+1,€/1F,62 ey g+1}

o N(wh)={el,ef,... e g+1}, N(wF) = {eff, el ,...,e;FJrl}, and C(wE)# =
Clutfy* =0;

o fort=1,....,9+1, N) = {ef,eff }; fort =1,....9, C(vf) = {c}, 3
[cf. Lemma 2.5, (i)];

e C(v g+1) = {C%jl""’cgmﬂ}’ where 1 < ji1 < -+ < jg—g < d are thed — g
integers such that {1 ,d} = {i1,.. Vgt U, s Jd—g)s

o fort=1,...,9, vf is of type (0,3); v, is of type (0,d — g+ 2).

Proof. By taking x € C1(k) to be a point that corresponds to a 1-profiled simple
admissible covering such that the section “o;” of Definition 1.7 corresponds to
the point “y” that appears in the definition of 7% : C'°8 — D92 one verifies
immediately that one may choose x so that the required conditions are satisfied. [
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3. TRIVIALITY OF CERTAIN OUTOMORPHISMS
In this section, our goal is to prove the following Proposition 3.1.
Proposition 3.1. In the notation of Definition 2.4, fori=1,....d, let HCB C Iy

be a cuspidal subgroup of Ilg associated to c%i € Cusp” (G.) [cf. Definition 2.6, (i),
(i), H C Ilg an open subgroup of Ilp, and a € Zgyo,(p1(H)). Suppose
that, for each i = 1,...,d, a preserves the Ilg-conjugacy class of HCB C Ilg.

When r =0 [so g > 2], suppose that d > g+ 1, and that o € AutHwFH(QLQ,Mg) [ef.
Definition 3.3, (iii)], relative to some fized isomorphism between the respective exact
sequences “1 — Il — IIT, — I — 17 of the sort that appears in the discussion at
the beginning of Definition 3.3. Then « is the identity outomorphism.

Before proving Proposition 3.1, we discuss certain preparatory aspects of the
situation under consideration in Definition 3.2, Definition 3.3, Lemma 3.4, and
Lemma 3.5.

Definition 3.2. In the notation of Proposition 3.1, let Ny C Iy (1 < s < d) be
the normal closed subgroup of Ilg topologically normally generated by {HCFD (d—

s+1<i<d}, as € OutC(HF/NS) an outomorphism of IIg/N, induced by
a € Zowe ) (p1(H)). Write Ng = {1} C I for the trivial subgroup of IIr and

def

ag = a. Note that it follows immediately from Lemma 2.5, (i), that Ny (C IIp C
II7) is normal in It [cf. Lemma 2.3].

Definition 3.3. In the following, we shall consider, relative to fized numerical
data g, d, r, various new choices of the data “z'°8 : Cl°8 — Dlo&” “z ¢ Cy(k)”
considered in Definition 2.4. The objects “1 — IIf, — II3 — II} — 17 [cf. Lemma
2.3, ()] that arise from these new choices will then be thought as being related to
the objects 1 — IIp — Il — IIg — 1 that arise from the original given data of
Definition 2.4 [i.e., the data considered, e.g., in Proposition 3.1] by means of the
vertical isomorphisms discussed in Lemma 2.3, (i).

(i) Suppose that C'°8, 2 € C(k), and 4, j are as in Lemma 2.5, (iv). Let s be
an integer satisfying 0 < s < d — j. Then we shall write
Gij
for the resulting semi-graph of anabelioids of pro-Xg PSC-type “G,” of
Definition 2.4, (i);

def
gi,j,s = (gi,j)-{cgm(d—sﬂgmgd)}

[cf. [CbTpI], Definition 2.4];

Vi g Vnewsing,s (7 Vijs)
[cf. the assumption that 0 < s < d — j] for the vertices of G; ; s determined
by the vertices v, vk, , [cf. Lemma 2.5, (iv)] of G; ;.

(ii) Suppose that C'°¢, = € C;(k), and [,j are as in Lemma 2.5, (v). Let s be
an integer satisfying 0 < s < d — j. Then we shall write

g
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for the resulting semi-graph of anabelioids of pro-Xg PSC-type “G,” of
Definition 2.4, (i);

def
Gis = (G)eger, (a-s+1<m<a)}

[cf. [CbTpl], Definition 2.4];

Uls, Vijs (# ULs), €155, Clj,s
[cf. the assumption that 0 < s < d — j] for the vertices, closed edges,
and cusps of G; s determined by the vertices, closed edges, and cusps vE,
Vpew jias €5 » and ¢ [cf. Lemma 2.5, (v)] of G;.

(iii) Assume that d > g+ 1, g > 2, r = 0. Suppose that C'°¢, x € C;(k), and
it (1 <t < g)areasin Lemma 2.11. Suppose further that i, = ¢ (1 <t < g).
Then we shall write

Gi2,..4
for the resulting semi-graph of anabelioids of pro-Xp PSC-type “G,” of

Definition 2.4, (i). In the remainder of the present §3, we shall omit the
subscript “a” from the notation w, w’F' [cf. Lemma 2.11].

T

Lemma 3.4. In the notation of Definition 2.6, Definition 3.2, and Definition 3.3,
(i), the following hold:
(i) Fiz i, j. Then there exists a collection of “scheme-theoretic” [in the sense
discussed in Lemma 2.8, (i)] outer isomorphisms

{HF/NS = ng‘,j,s} O de i
s=U;...,a=7

that satisfies the following conditions for each s € {0,...,d —j — 1}:
o (Commutativity) We have a natural commutative diagram

HF/NS — Hgi,j,s

| !

HF/N5+1 e Hgi,;j,s+1 )

where the vertical arrows are the natural outer surjections.
o (Injectivity for cuspidal subgroups) Let t be an integer satisfying 1 <
t<d—s—1. Then the composite
Hcgt — Hgi,j,s (1 HF/NS — HF/N3+1
[where the first and third arrows are the natural outer homomorphisms]
1s injective.
o (Injectivity for non-new verticial subgroups) Suppose that j = d — s.
The composite
H”zF,j,s — I—Igiyj‘8 (1 HF/NS —» HF/NS+1
[where the first and third arrows are the natural outer homomorphisms]
1s injective.
o (Injectivity for new verticial subgroups) Let j be an integer satisfying
1 <j<d—s—1. Then the composite
H”Eew,i,j,s — ngys & 1_[1:‘/]\75 —» HF/NS+1
[where the first and third arrows are the natural outer homomorphisms]
1s injective.
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(i) The images of the above composites are commensurably terminal.

Proof. Assertion (i) follows immediately from the various definitions involved. As-
sertion (ii) follows immediately from assertion (i), together with [CmbGC], Propo-
sition 1.2, (ii). O

Lemma 3.5. In the notation of Definition 2.6, Definition 3.2, and Definition 3.3,
(ii), the following hold:
(i) Fiz l. Then there exists a collection of “scheme-theoretic” [in the sense
discussed in Lemma 2.3, (i)] outer isomorphisms

{e/N S,

that satisfies the following conditions for each s € {0,...,d — 1}:
e (Commutativity) We have a natural commutative diagram

g/N, —— Ilg, ,

l l

HF/NS+1 — Hgl,s+17

where the vertical arrows are the natural outer surjections.
o (Injectivity for cuspidal subgroups) Let j be an integer satisfying 1 <
j <d—s—1. Then the composites
HCE]. — g, | & /Ny — g /Ngyq

Hcl,j.s - Hgl,s & g /Ns — Ilp /Ny 1
[where the first and third arrows of each line of the display are the
natural outer homomorphisms/ are injective.
o (Injectivity for verticial subgroups) Let j be an integer satisfying 1 <
j <d—s—1. Then the composites
Iy, , —1lg, , & Iy /Ny — Iy /Nt
HUl,j,s — l_Igl,S (: I—IF/]V‘S —» HF/NS+1
[where the first and third arrows of each line of the display are the
natural outer homomorphisms| are injective.
(ii) The images of the above composites are commensurably terminal.

Proof. Assertion (i) follows immediately from the various definitions involved. As-
sertion (ii) follows immediately from assertion (i), together with [CmbGC], Propo-
sition 1.2, (ii). O

Proof of Proposition 3.1. By Lemma 2.7, (i), ag € Out®(Ilp/Ny) [cf. Definition
3.2] is the identity outomorphism of IIy /N4. Next, we verify the following assertion:

Claim 3.1.A: The outomorphism ay_; € Out®(Ilp/Ny_1) [cf. Def-
inition 3.2] of IIp/Ny_1 is trivial.
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By Lemma 2.3, (i), it suffices to verify Claim 3.1.A under the further assumption
that C!°% is a smooth log curve. Since Ny_; is normal in I [cf. Definition 3.2], we
have a commutative diagram

1 — IIg _ IIp IIg 1
1 —— HF/Nd_1 e HT/Nd—l HB 1,

where the left and middle vertical arrows are the natural outer surjections. Write

® Myam C Pi(k) for the branch set of the simple covering 7 : C — Pj
associated to the r-profiled simple log admissible covering 7'°8 : Cl°8 —

(PR)"%;

o My, & {zi € Pi(k) (1 <i < r)} for the set of ordered marked points;
M Z Myan U Myne; Vo = C\ 77 (M ); U = C\ 77 Y(M) (C Ve);
Up & Pj, \ M;

def

e B = (UcxypUc x -+ xy, Uc) \ Ap, where the fiber product is the fiber
product of d copies of the morphism Uz — Up, and Ap denotes the union
of the various diagonals associated to pairs of factors in the fiber product
[cf. Lemma 1.12];

o T Y (B xp Vo) \ Apr, T % (Ue xp Vo) \ Agr, T % (Ve xi Vo) \
Arqm, where A (respectively, Ar, Arsi) is the graph divisor determined
by the composite of the first projection pr; : B — Ug with the natural
inclusion Ugs < Vi (respectively, the natural inclusion Us < Vi, the
identity morphism Vo — Vio);

e F’ for a geometric fiber of the first projection 7/ — B, and K def Ker(m (F)
— 717 (F')); thus, F' may be regarded as a geometric fiber of either of the
first projections T” — U and T"" — V.

Then we have a commutative diagram

1 —— 7% (F) —— m(T")/K —— m(B) —— 1

H o |

1l —— 7% (F) —— m(T")/K —— m{Uc) —— 1

| b b

1 —— 7% (F) —— m(T")/ K —— (Vo) — 1,

where f; is the morphism induced by pry x id : T/ = (B x; Vo) \ Apr — T" =
(Uc % Vo) \ Ari; fo is the morphism induced by pry : B — Ug; f3, f4 are the
morphisms induced by the natural inclusions. Since pr; : B — Ug is finite étale,
and Ap: = (pry x id)~'(Arp~), the morphism pr; x id : 77 = (B x; Ve) \ Apr —
T" = (Ue xx Vo) \ Arn is finite étale. Thus, f1, fo are open injections, and f3, f4
are surjections. Since fj o fy : g < m(B) — m1 (V) [cf. Proposition 1.10, (vi);
Lemma 1.12; [ExtFam], Theorem B] is an open homomorphism, the triviality of the
outomorphism ag_; € Out®(Ily /Ny_,) follows from the “Grothendieck Conjecture
for configuration spaces” [cf. [CbTpl], Theorem 6.12, (i)], together with the hyper-
bolicity of Vi [cf. the condition 2g — 2 + dr > 1 in the first display of Definition
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2.4] and our assumption that, for each i = 1,...,d, « preserves the IIg-conjugacy
class of Hcg C IIg. This completes the proof of Claim 3.1.A.

Next, Wezverify the following assertion:

Claim 3.1.B: Let s be an integer such that 0 < s < d — 3. Sup-
pose that the outomorphism a1 € OutC(Hp/NS“) is the iden-
tity outomorphism of IIg/Ngy;. Then the outomorphism «, €
Out®(ITp/N,) is the identity outomorphism of ITg /N [cf. Defini-
tion 3.2].

Since 2 < d—s—1 < d—1, it makes sense to consider semi-graphs of anabelioids
of pro-¥p PSC-type G1,4—s—1,s and Gg_s_1,4—s,s as in Definition 3.3, (i), and to
fix isomorphisms Ilg, , ., . & Mg /Ny = Ig, ., ... that determine outer iso-
morphisms as in the collections of outer isomorphisms discussed in Lemma 3.4, (i).
Since Ny is normal in Il [cf. Definition 3.2], we have a commutative diagram

1 — IIg —_— 1Lt IIg 1
1 — HF/NS —_— 1_1'1‘/]\[S 1Ig 1,

where the vertical arrows are the natural surjections. Write
prs M — Out® (g /Ny)

for the outer representation induced by the lower exact sequence of the above
commutative diagram. Since ag = a € Zgye(mg)(p1(H)) [cf. Definition 3.2],

we obtain that vy € Zowery /v, (p1,s(H)). Write (Ilr/Ny)|g < (Ir/Ny) xi1, H.

Let
as € Auty ((TIL/Ns)|mr)
[cf. the discussion entitled “Topological groups” in Notations and Conventions] be
a lifting of
s € Zowe e /N (P1,s(H)) € Zous(tig/n,) (p1,s(H))

& Auty (T /Ny)| ) /Inn(ITgp /N),

where the final isomorphism follows from the center-freeness of IIg /N, [cf. the
inequality 2g—2+dr > 1 in the first display of Definition 2.4; the discussion entitled

“Topological groups” in Notations and Conventions]. Since the image Hc% of
1,54+1

ILe in IIp /Ngi1 is commensurably terminal in Ilp/Nyy1 [cf. Lemma 3.4, (ii)], by
1

replacing &, by the composite of &, with a suitable inner automorphism of Iy /Ny,

we may assume that the automorphism of Il /N,y 1 induced by &g is the identity

automorphism, and that &g preserves the image Hc% C IIg /N, of Hcg in ITg /N5.
1,s 1

Next, let us fix verticial subgroups

Mg Clr oy, SMoa o, & r /N,
Hcgl,s C vafsfl,d—s,s - Hgd—s—l,d—s,s — HF/NS

containing ILr [cf. the notation introduced in Definition 3.3, (i)]. By Lemma
1,s

2.7, (ii) [where we take “ap” to be al; [CmbGC], Proposition 1.5, (ii), &s preserves
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IIr

. . Since the composites

F
new,l,d—s—1,s Vd—s—1,d—s,s

L ¥ — Hg1,d7571,s & g /Ng — Hp /Ny

new,l,d—s—1,s

I — Hgd—s—l,d—s,s & HF/N; - HF/NS-H

”57571.@75,5
are injective [cf. Lemma 3.4, (i)], it suffices to show that the images in IIp /Ny of
IT,r and IT,r generate IIp /N,. However, this follows immediately

new,l,d—s—1,s —s—1,d—s,

from the van Kampen theorem [cf. [CmbCsp|, Lemma 1.13, applied to a suitable
neighborhood of the cusps labeled 1, d — s — 1, and d — s in a “topological surface
representation” of IIg /Ny, where we take the cusp “a” to be the cusp labeled 1, the
cusp “b” to be the cusp labeled d — s — 1, and the cusp “c” to be the boundary of
the neighborhood]. This completes the proof of Claim 3.1.B.
Next, we verify the following assertion:

Claim 3.1.C: When r > 1, the outomorphism ay_s € OutC(HF/Nd_g)

is the identity outomorphism of IIgp/N4_s [cf. Definition 3.2].
We consider semi-graphs of anabelioids of pro-Xr PSC-type G1 2 4—2 and G; 42 asin
Definition 3.3, (i), (ii), and fix isomorphisms Ilg, , ,_, & p/Ng_o — g, , , that
determine outer isomorphisms as in the collections of outer isomorphisms discussed
in Lemmas 3.4, (i); 3.5, (i). Since Ng4_o is normal in II7 [cf. Definition 3.2], we
have a commutative diagram

1 —— IIg —_— 1Lt IIg 1
1 — HF/Nd,Q —_— HT/Nd,Q 1Ig 1,

where the vertical arrows are the natural surjections. Write
P1,d—2: IIg — OutC(HF/Nd,Q)

for the outer representation induced by the lower exact sequence of the above com-
mutative diagram. Since ag = a € Zgyeom,)(p1(H)) [cf. Definition 3.2], we obtain

. def
that ag_o € ZOutC(HF/Nd,g)(p17d—2(H))' Write (HT/Nd_Q)‘H = (HT/Nd_Q) XTIg
H. Let

&g—2 € Auty ((Ir/Ng—2)| 1)

[cf. the discussion entitled “Topological groups” in Notations and Conventions| be
a lifting of

Qd—2 € ZouC(1y /Ng_s) (P1.a—2(H)) € Zout(1e /Na_z) (P1,d—2(H))

<: AutH((HT/Nd,g)|H)/Inn(HF/Nd,2),

where the final isomorphism follows from the center-freeness of IIp/Ny_o [cf. the
inequality 2g — 2 4+ dr > 1 in the first display of Definition 2.4; the discussion enti-
tled “Topological groups” in Notations and Conventions|. Fix a cuspidal subgroup
e, , 4., €Ilg, ,_, associated to c1,1,42 [cf. Definition 3.3, (ii)]. Since the image
of I¢, , ,_, in IIp/Ng—1 is commensurably terminal in IIp/Ngq_; [cf. Lemma 3.5,
(ii)], it follows from Claim 3.1.A that, by replacing &4—o by the composite of é4—o
with a suitable inner automorphism of IIg /N4_o, we may assume that the automor-
phism of IIg/N4—;1 induced by ég4—o is the identity automorphism, and that &g
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preserves Il , ,_, € Ig/Ng_o. Write Il ,,, , for the image of the composite

II Cllg, ,_, & p/Ng_o = Ilg, , ,_,- Next, let us fix verticial subgroups

C1,1,d—2
HCI 1,2,d—2 - vaz d—z - Hgl,Z,d—Q «— HF/Nd*%
HCl.l,d—Q - Hvl,l,d—Z - Hgl,d—’z & HF/Nd—2
[cf. the notation introduced in Definition 3.3, (i), (ii)] containing Il;, , , , ,, e, , 4os,

respectively. By Lemma 2.7, (ii) [where we take “ar” to be a]; [CmbGC]|, Propo-

sition 1.5, (ii), &4—o preserves Hv{‘.z.d—z’ Il,, ; ,_,. Since the composites

II — 1_Ig1)21di2 (: HF/Nd,Q — HF/Nd,1

U1,2,d—2
Hvl,l,d—2 — H91,472 & HF/Nd—2 - l_[F/Zvd—l
are injective [cf. Lemmas 3.4, (i); 3.5, (i)], it suffices to show that the images
in IIp/Ng—o of Myr . and II,, , ,_, generate Ilp/Ngq_». However, this follows
immediately from the van Kampen theorem [cf. [CmbCsp], Lemma 1.13, applied
to a suitable neighborhood of the cusps labeled (1,1) [i.e., the label of the cusp
c1,1,4-2], 1, and 2 in a “topological surface representation” of IIp/Ny_o, where we
take the cusp “a” to be the cusp labeled (1,1), the cusp “b” to be the cusp labeled
1, and the cusp “¢” to be the boundary of the neighborhood]. This completes the
proof of Claim 3.1.C and hence the proof of Proposition 3.1 when r > 1.
Next, we verify the following assertion:

Claim 3.1.D: When » = 0 [so g > 2], and d > ¢g + 1, the outo-

morphism a = ag € OutC(HF /Np) is the identity outomorphism

of IIp /Ng <~ Il [cf. Definition 3.2].
Here, we consider the semi-graph of anabelioids of pro-Xg PSC-type

dcf
(Gr2,...9)0 = (G2, g)e(eh, (g+2<i<a))

[cf. Definition 3.3, (iii); [CbTpl], Definition 2.4]. Observe that the mazimal sub-
graphs [cf. [SemiAn], §1], hence also the respective sets of vertices and nodes, of the
underlying semi-graphs of G1 2. 4 and (Gi1,2,....4)e may be natumlly identified with
one another. In the following, we fix an isomorphism Ilg, , <— IIr as in the state-
ment of Proposition 3.1, which induces an isomorphism H(gL2 ..... e &g /Ng_g_1.
Recall from Lemma 2.11 that, relative to this natural identification, (Gi,2,...g)e
satisfies the following conditions:

b Vert((gl,Q ----- g)') = {vaw/FvvfaUQFv ) g+1}a

o Node((G12,....)s) = {e1 €5, ¢ g+1?61F762 R g—‘,—l}

hd N(wF) = {elf,eg,. ) g-‘,—l} N( /F) = {61 762 yrt g+1}7 and C(wF)# =
C(w'F)# = 0;

e fort=1,....,9+1, N@f)={ef,ef}, and C(vf) = {c}, };

o fort=1,...,9+1, v is of type (0,3).
By the assumptions imposed in the statement of Proposition 3.1, it holds that
o€ AutlEPhl(g , g) € Out(Ilg, , ) < Out(Ily), hence that

Qd—g-1 € Aut‘grph‘((gl,Q,.u7g)') € Out(Ilg, , . ,).) < Out(Ilp/Ny—g—1).

Fort=1,...,g+1, write N; g—1 C IIg/N4_4_1 for the normal closed subgroup of
IIp /Ng_g4—1 topologically normally generated by the e, where ¢ ranges over the
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elements of {1,...,g+ 1} \ {t}. Thus, we observe that, by possibly permuting the
labels 1,...,d for the cusps cFDi, it follows from Claim 3.1.A that aq—4—1 induces
the identity outomorphism of (ITg/Ng—g—1)/N¢,a—1.

Thus, since g + 1 > 2, by applying analogous injectivity properties concerning
verticial subgroups to the properties discussed in Lemmas 3.4, (i); 3.5, (i), we
conclude that

Qg—g—1 € ﬂ Im{DehH((gl,z,...,g).w{et,e;}) — Dehn((gl,Q,.“,g)-)}
1<t<g+1

c Dehn((glﬂwug)') - OUtC<H(g1,2,...,g)u)

[cf. Definition 3.3, (iii); [CbTpl], Definitions 2.4, 2.8, 4.4]. On the other hand,
[again since g + 1 > 2] it follows from [CbTpl], Theorem 4.8, (ii), (iv), that

ﬂ Im{Dehn((gl,Q,...,g)ow{e,«,,e;}) — Dehn((gl,z,...,g).)} = {1}.

1<t<g+1

Thus, we conclude that ag—g—1 € OutC(HF/Nd,g,l) is the identity outomorphism
of Ip/Ng_g—1. Since d — g — 1 < d — 2, Claim 3.1.B thus implies that oy = o €
Out®(Ilg) is the identity outomorphism of IIg. This completes the proof of Claim
3.1.D and hence the proof of Proposition 3.1. O

Finally, in the following Proposition 3.6, we observe that in fact, any element
a € Zoue g (p1(H)) [cf. Proposition 3.1] preserves the Ilp-conjugacy class of
HC% - C I, for each i = 1,...,d, in almost all cases under consideration.

Proposition 3.6. In the notation of Definition 2.4, fori=1,....d, let HCE. CIIg

be a cuspidal subgroup of Il associated to cgq_ € Cusp™ (G.) [c¢f. Definition 2.6, (i),
(iii)], H C Tlg an open subgroup of g, and o € Zouwe gy (p1(H)). Then when
d > 3 (respectively, d = 2), a € Zoyoqr)(p1(H)) preserves the Ilp-conjugacy
class of Hcg C Il for each i =1,...,d (respectively, preserves the Ilg-conjugacy

i

class of HCB C Iy fori=1,2, up to permutation by the “hyperelliptic involution”,
i.e., the outomorphism of g of order 2 induced by the unique nontrivial covering
transformation of the covering w'°% : C'°8 —s Dog ),

Proof. By Lemma 2.7, (ii), @ € Aut(G; ;) for 1 < i < j < d [cf. Definition 3.3,
(i)]. Since 29 — 2+ dr > 1 [cf. Definition 2.4], vf,,, ;o is of type (0,3), while
v ;o is not of type (0,3) [cf. Lemma 2.5, (iv); Definition 3.3, (i)]. Thus, a induces
the identity automorphism of Vert(G; ;) and, in particular, preserves the subset
{ch,»ch,} € Cusp”(G.) [cf. Definition 2.6, (ii)].

Thus, when d > 3, we obtain the desired conclusion by varying ¢, 7 and applying
the well-known elementary fact that any automorphism of a set of cardinality d > 3
that stabilizes every subset of cardinality 2 is necessarily the identity automorphism.
When d = 2, the desired conclusion follows from the fact that the “hyperelliptic
involution” permutes ¢}, and cf, . O
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4. THE PROOF OF THEOREM A

In this section, our goal is to prove Theorem A [cf. Theorem 4.6]. After discussing
the existence of degenerations of simple coverings that satisfy certain conditions in
Lemmas 4.1, 4.2, 4.3, 4.4, and 4.5, we prove Theorem 4.6.

In Lemmas 4.1, 4.2, 4.3, 4.4, and 4.5, let 3 C Primes be a nonempty set of prime
numbers; k£ an algebraically closed field of characteristic zero. If 7 : C' — D is an
r-profiled simple admissible covering of degree d from a ([(d—1)(2g — 2+ 2d)] +dr)-
pointed stable curve (f : C' — Spec k;puy C C) of genus g to a ([2g — 2+ 2d] +r)-
pointed stable curve (h : D — Spec k; up C D) of genus 0 [cf. Definition 1.7], then
we shall write

Gc (respectively, Gp)

for the semi-graph of anabelioids of pro-X PSC-type determined by C' (respectively,
D).

Lemma 4.1. Let (t,m,d) be a triple of integers satisfying one of the following two
conditions (i), (ii):

() t>3,0<m<d—1,d>4;
(i) t=2,0<m<d—2,d>4.

Then there exists a 0-profiled simple admissible covering m : C' — D of degree d
over k from a symmetrically pointed stable curve (f : C — Spec k;uy C C) [cf.
Definition 1.2, (ii)] to a symmetrically pointed stable curve (h: D — Spec k;up C
D) satisfying the following conditions:

Nw)={e|l=d-m+i—1(mod d)} fori=2,...,m+1;

N(wj) = {eG-1)a+1, - »eja} for j=1,...,t;

vy s of type (0, (d—m)t +2(d—m—1)?) [where the {(d—m)t” corresponds

to the cardinality of N'(v1)];

o fori =2,...,m+ 1 (respectively, j = 1,...,t), v; (respectively, w;) is

of type (0,t + 2(d — m — 1)) (respectively, (0,d + 2(d — 1)?)) [where the

“” (respectively, “d”) corresponds to the cardinality of N (v;) (respectively,

N(w;))J;

Vert(Gp) = {v', wi,wh, ..., wi};

Node(Gp) = {e},eh, ..., e1};

N@') ={e\, ey ....e\};

N(wi) ={ej} A <j<t);

v’ is of type (0,t+2(d—m—1)) [where the “t” corresponds to the cardinality

of N(o);

o forj=1,...,t, w} is of type (0,1 + 2d — 2) [where the “1” corresponds to
the cardinality of N (w})];

o fori=1,...,m+1 (respectively, j = 1,...,t), v; (respectively, w;) lies

over v' (respectively, wj).

e 7 :C — D is ramified (i.e., fails to be unramified) over each point of up;
o 7m:C — D is unramified over each node of D;

o Vert(Go) = {v1,v2, ..., U1, W1, Wa, ..., Wt )5

e Node(Ge) = {e1,ea,...,eta};

L] N(Ul) = {61, €2,y €d—m; €d+1,--+3€2d—ms -+ €(t—1)d+1r+ > etd_m};

[ ]

[ ]

[ ]
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Proof. The desired simple admissible covering may be constructed by gluing to-
gether suitable simple coverings of smooth curves [cf. [Ful], Proposition 8.1] at
unramified points of the coverings. Note that the numerical conditions imposed on
(t,m,d) imply, in particular, that the resulting “symmetrically pointed curve D”
is indeed stable. O

Remark 4.1.1. In the situation considered in Lemma 4.1, the genus of C' is equal to
td—(m+t+1)+1=1td-1)—m.
In particular, every integer g satisfying g > d occurs as the genus of some C| i.e.,

for a suitable choice of (¢,m). We use these coverings in the proof of Claim 4.6.D
[cf. the proof of Theorem 4.6, (ii)].

Lemma 4.2. There exist simple admissible coverings satisfying various conditions
as follows:

(i) Let t be an integer satisfying t > 2. Then there exists a 0-profiled simple
admissible covering ™ : C — D of degree 3 over k from a symmetrically
pointed stable curve (f : C'— Spec k;uy C C) [cf. Definition 1.2, (ii)] to
a symmetrically pointed stable curve (h : D — Spec k;up, C D) satisfying
the following conditions:

e 7 : C — D is ramified (i.e., fails to be unramified) over each point of

Kns

w: C — D is unramified over each node of D;

Vert(Ge) = {v1, w1, wa, ..., w};

NOde(gc) = {617 €2y ..y €3t},'

N (v1) = Node(Ge);

N(w]) = {63]'727 €351, e3j} fOT'j =1,...,¢

vy 18 of type (0,3t 4+ 8) [where the “3t” corresponds to the cardinality

OfN(Ul)/;

o forj=1,...,t, w; is of type (1,3 +12) [where the “3” corresponds to

the cardinality of N'(w;)/;

Vert(Gp) = {v/,wi, wh, ..., wi};

Node(Gp) = {e}, €5, ..., ¢ei};

N@') ={e), e, ....e}};

N(wh) ={ej} forj=1,....t;

v’ is of type (0,t +4) [where the “t” corresponds to the cardinality of

N(W)];

o forj=1,...,t, w is of type (0,14 6) [where the “1” corresponds to
the cardinality of N (w})];
e vy lies over v', and w; lies over w’; for j =1,...,t.

(i) Let t be an integer satisfying t > 3. Then there exists a 0-profiled simple
admissible covering m : C — D of degree 3 over k from a symmetrically
pointed stable curve (f : C — Spec k;py C C) [cf. Definition 1.2, (ii)] to
a symmetrically pointed stable curve (h : D — Spec k; up, € D) satisfying
the following conditions

e 7 :C — D is ramified (i.e., fails to be unramified) over each point of

Khs
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w: C — D is unramified over each node of D;

Ve]f't(gc) = {Ul, V2,V3, W1, W2, ..., wt};

Node(Ge) = {e1,e2,...,e3t};

N(U1) = {617647 ey 63,5,2};

N(Ug) = {62,65, ey €3t_1}7‘

N(Ug) = {63,66, ey egt};

N(w]) = {ng_g, €35—-1, 63j} fOT’j = 1, AP ,t,'

fori = 1,2,3, v; is of type (0,t) [where the “t” corresponds to the
cardinality of N (v;)];

forj=1,...,t, w; is of type (1,3 +12) [where the “3” corresponds to
the cardinality of N'(w;)/;

Vert(Gp) = {v/,wi,wh, ..., w};

Node(Gp) = {e, 6/2a ceey 62};

N() = el e et}

N(w)) ={e}j} forj=1,....t;

v’ is of type (0,t) [where the “t” corresponds to the cardinality of
NW)J;

for j=1,....t, w} is of type (0,1 + 6) [where the “1” corresponds to
the cardinality of N (w})];

fori=1,2,3 (respectively, j =1,...,t), v; (respectively, w;) lies over
v’ (respectively, w}).

(iii) Let t be an integer satisfying t > 2. Then there exists a 0-profiled simple
admissible covering ™ : C — D of degree 3 over k from a symmetrically
pointed stable curve (f : C — Spec k;puy C C) [cf. Definition 1.2, (ii)] to
a symmetrically pointed stable curve (h : D — Spec k;up, C D) satisfying
the following conditions:

7w : C — D is ramified (i.c., fails to be unramified) over each point of
Hhy

m: C — D is unramified over each node of D;

Vert(Ge) = {v1, va, w1, wa, ..., we };

Node(Gco) = {e1,€2,...,e3t};

N(m) = {617627 €4,€5,...,€3t—2, €3t—1};

N(’Ug) = {63,66, ey 63,5},'

N(w]) = {633',27 €351, e3j} fOT’j = 17 st

v1 (respectively, va) is of type (0,2t +2) (respectively, (0,t+2)) [where
the “2t” (respectively, “t”) corresponds to the cardinality of N (v1)
(respectively, N (v2))];

forj=1,...,t, w; is of type (1,3 +12) [where the “3” corresponds to
the cardinality of N(w;)/;

Vert(Gp) = {v/, wi, wh, ..., w;};

Node(Gp) = {e}, €5, ..., ¢ei};

N@') ={e), e, ....e}};

N(wh) ={ej} forj=1,....t;

v’ is of type (0,t 4+ 2) [where the “t” corresponds to the cardinality of
N @)

for j=1,....t, W) is of type (0,1 +6) [where the “1” corresponds to
the cardinality of N (w})];
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o fori = 1,2 (respectively, j = 1,...,t), v; (respectively, w;) lies over
v’ (respectively, w}).

Proof. The desired simple admissible covering may be constructed by gluing to-
gether suitable simple coverings of smooth curves [cf. [Ful], Proposition 8.1] at
unramified points of the coverings. Note that the numerical conditions imposed on
t imply, in particular, that the resulting “symmetrically pointed curve D” is indeed
stable. O

Remark 4.2.1. We observe that, as “C” varies over the various curves “C” con-
structed in the situations considered in Lemma 4.2, (i), (ii), (iii), every integer g
satisfying g > 5 occurs as the genus of some C| i.e., for a suitable choice of ¢:

(i) In the situation considered in Lemma 4.2, (i), the genus of C' is equal to
t+3t—(t+1)+1=3t(t>2).

We use these coverings in the proof of Claim 4.6.E.3 [cf. the proof of
Theorem 4.6, (ii)].

(ii) In the situation considered in Lemma 4.2, (ii), the genus of C' is equal to

t+3t—(t+3)+1=3t—2 (¢t > 3).

We use these coverings in the proof of Claim 4.6.E.4 [cf. the proof of
Theorem 4.6, (ii)].

(iii) In the situation considered in Lemma 4.2, (iii), the genus of C is equal to

t+3t—(t+2)+1=3t—1(t>2).
We use these coverings in the proof of Claim 4.6.E.5 [cf. the proof of
Theorem 4.6, (ii)].

Lemma 4.3. There exists a simple 0-profiled admissible covering m : C — D of
degree 3 over k from a symmetrically pointed stable curve (f : C — Spec k;uy C C)
of genus 5 [cf. Definition 1.2, (ii)] to a symmetrically pointed stable curve (h: D —
Spec k; pup, C D) of genus 0 satisfying the following conditions:

e w:C — D is ramified (i.e., fails to be unramified) over each point of up;
w: C — D is unramified over each node of D;
Vert(Ge) = {v1, w1, wa};
Node(Ge) = {e1,€2,...,€e6};
N (v1) = Node(G¢);
N(wl) - {61,62,63};
N(wz) = {eq,e5,¢e6};
vy (respectively, wy, ws) is of type (0,64 8) (respectively, (1,3+12), (0,3+
8)) [where the 6”7 (respectively, “3”, “3”) corresponds to the cardinality of
N(v1) (respectively, N'(wy), N(ws))];
Vert(Gp) = {v',w}, wy};
Node(Gp) = {e, 4}
N (v") = Node(Gp);
N(wh) = {e} for j=1,2;
v’ (respectively, wi, w}) is of type (0,2+4) (respectively, (0,146), (0,1+4))
[where the 27 (respectively, “1”, “1”) corresponds to the cardinality of
N () (respectively, N(wh), Nu)))J
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e vy lies over v', and w; lies over w'; for j =1,2.
2 J J ’

Proof. The desired simple admissible covering may be constructed by gluing to-
gether suitable simple coverings of smooth curves [cf. [Ful], Proposition 8.1] at
unramified points of the coverings. ]

Remark 4.3.1. In the proof of Claim 4.6.E.2 [cf. the proof of Theorem 4.6, (ii)], we
use the covering constructed in Lemma 4.3 instead of the covering constructed in
Lemma 4.2, (iii), for a technical reason.

Lemma 4.4. There exists a 1-profiled simple admissible covering m : C — D of

degree 3 over k from a ([24] + 3)-pointed (respectively, ([20] 4+ 3)-pointed) stable

curve (f : C — Spec k;uy C C) of genus 4 (respectively, 3) to a ([12] + 1)-pointed

(respectively, ([10] + 1)-pointed) stable curve (h : D — Spec k; up, C D) of genus 0

satisfying the following conditions:

e 7w : C — D is ramified (i.e., fails to be unramified) over each unordered

point of pin;

w: C — D is unramified over each node of D;

Vert(Ge) = {v1, va, v3, w1, wa};

Node(Ge) = {e1,€2,...,€e6};

N(v1) = {e1,ea};

(v2) = {ez,e5};

(v3) = {es, e6};

(w1) = {e1,e2,e3};

(w2) = {ea, e5,¢€6};

v; s of type (0,2 + 1) for i = 1,2,3 [where the “2”7 corresponds to the

cardinality of N'(v;); the “1” corresponds to the cardinality of the set of the

ordered marked points on v;J;

e wy is of type (1,3 + 12) [where the “3” corresponds to the cardinality of
N(w1)];

o wy is of type (1,3 +12) (respectively, (0,3 +8)) [where the “3” corresponds

to the cardinality of N (ws)];

Vert(Gp) = {U/v wlla wé};

Node(Gp) = {e1,€e5};

N (') = Node(Gp);

N(wh) = {e} for j=1,2;

v’ is of type (0,2+1) [where the “2” corresponds to the cardinality of N'(v');

the “1” corresponds to the cardinality of the set of the ordered marked points

on v'[;

e w is of type (0,1 + 6) [where the “1” corresponds to the cardinality of
N(wy)];

o wh is of type (0,1 + 6) (respectively, (0,1 + 4)) [where the “1” corresponds
to the cardinality of N (wh)];

e v; lies over v' fori=1,2,3, and w; lies over w); for j =1,2.

zzzZz

Proof. The desired 1-profiled simple admissible covering may be constructed by
gluing together suitable simple coverings of smooth curves [cf. [Ful], Proposition
8.1] at unramified points of the coverings. O
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Remark 4.4.1. We use these coverings in the proof of Claim 4.6.E.1 [cf. the proof
of Theorem 4.6, (ii)].

Lemma 4.5. Let t be an integer satisfying t > 3. Then there exists a 0-profiled
simple admissible covering m : C — D of degree 2 over k from a symmetrically
pointed stable curve (f : C — Spec k;uy C C) [cf. Definition 1.2, (i)] to a sym-
metrically pointed stable curve (h : D — Spec k; up, C D) satisfying the following
conditions:

o w:C — D is ramified (i.e., fails to be unramified) over each point of up;

w:C — D is unramified over each node of D;

Vert(Geo) = {v1,v9, w1, wa, ..., we};

Node(Ge) = {e1,e2,..., e };

N(’U1) = {617 €3,..., 6215,1},'

N(U2> == {62, €4y, 62,5},‘

/\/'(w]) = {€2j_1, €2j} fOTj = 1, ey t,‘

for i =1,2 (respectively, j =1,...,t), v; (respectively, w;) is of type (0,t)

(respectively, (0,2+2)) [where the “t” (respectively, the first “2” of “2+2”)

corresponds to the cardinality of N'(v;) (respectively, N'(w;))];

Vert(Gp) = {v',wi,wh, ..., wi};

Node(Gp) = {e},e5, ..., e};

N (") = Node(Gp);

N(wh) ={ei} forj=1,....t;

v is of type (0,t) [where the “t” corresponds to the cardinality of N'(v')];

wj is of type (0,14 2) for j = 1,...,t [where the “1” corresponds to the

cardinality of N'(w})];

o for i = 1,2 (respectively, j = 1,...,t), v; (respectively, w;) lies over v’
(respectively, w).

Proof. The desired simple admissible covering may be constructed by gluing to-
gether suitable simple coverings of smooth curves [cf. [Ful], Proposition 8.1] at
unramified points of the coverings. Note that the numerical conditions imposed on
t imply, in particular, that the resulting “symmetrically pointed curve D” is indeed
stable. O

Remark 4.5.1. In the situation considered in Lemma 4.4, the genus of C' is equal to
2A—-(t+2)+1=1t—-1.

We use these coverings in the proof of Claim 4.6.F [cf. the proof of Theorem 4.6,

(ii)].

Theorem 4.6. Let Y be a nonempty set of prime numbers; k an algebraically closed
field of characteristic zero; (g,d,r) a triple of nonnegative integers such that

d=2 N (g,7) 1{(0,0),(1,0)} A (g,d,7) ¢{(0,2,1),(0,3,1)}
(=29—24+dr>1 AN 29g+2d+r—-5>1).
Write (Hg.a.r)x for the r-profiled Hurwitz stack of type (g,d) over k [cf. Def-
inition 1.8; Definition 1.13, (ii)], where dim(Hgar)r = 29 —2+2d+7 -3 =
29+2d+1r—52>1 [¢f. Corollary 1.9]; (Cg.ar)k — (Hg.ar)k for the restriction of
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the tautological curve over (Mg 4r)k to (Hg.ar)x via the natural (1-)morphism

(Hg,dr)r — (Mg.ar)k [cf. Proposition 1.10, (ii)]; gy, , def m1((Hg,a,r)k) for the

étale fundamental group of the profiled Hurwitz stack (Hg.ar)k; g ar for the maz-
imal pro-¥ quotient of the kernel Ny q, of the natural surjection m((Cg,d,r)k) —
T ((Hgar)k) = My, ., He, ., for the quotient of the étale fundamental group
T ((Cqg,a,r)k) Of (Cg.anr) by the kernel of the natural surjection Ngq, — g q.;
OutC(Hg}d’T) for the group of outomorphisms [cf. the discussion entitled “Topo-
logical groups” in Notations and Conventions| of I, q , which induce bijections on
the set of cuspidal inertia subgroups of 114 4. Thus, we have a natural sequence of
profinite groups

1 — Hg,d,r — Hcgwdﬁ — HHg,d,'r‘ — 1
which determines an outer representation

pg,dr 1y, 4 — Out(Ily g,

Then the following hold:

(i) The profinite group I, 4, is the mazimal pro-X quotient of the étale fun-
damental group of a hyperbolic curve over an algebraically closed field of
characteristic zero [i.e., a pro-3 surface group — cf. [MT], Definition 1.2/
and is naturally isomorphic to the profinite group ‘Il ,” of [CbTpl|, The-
orem D, in the case where one takes the “(g,r)” of loc. cit. to be (g,dr)
[in the notation of the present discussion)].

(ii) Let H C gy, , . be an open subgroup of Ty
natural homomorphisms

AU't(Hg,d,r)k ((Cg,d,r)k) — AUtH”g,d,r (Hcg,dﬂ*)/lnn(ngﬂiﬂ’)
= Zout(t, a.)(Im(pg.a.r)) € Zowe,. ) (Pg.ar(H))

[cf. the discussion entitled “Topological groups” in Notations and Conven-
tions] determines an isomorphism

Autig, ), (Coar)k) = Zowe, a,) (Pg.dr(H)).
Moreover, Aut (s, , ), ((Cg.ar)x) is isomorphic to
Z)2L x Z/2Z if (9,d,7) € {(0,2,2),(0,4,1)};

Then the composite of

g,d,r*

Z/2Z if (g,d,7) € {(g,2,7) [ (9,7) # (0,2)} U{(2,d,0)};
{1} if (9,d,r) ¢ {(0,4,1),(9,2,7),(2,d,0)}.

(iii) Let H C Ouwt®(M,.q.,) be a closed subgroup of Out® (I, q,) that contains
an open subgroup of Im(pg q») C Out(Ily q,). Then H is almost slim /cf.
the discussion entitled “Topological groups” in Notations and Conventions].
If, moreover,

(g7 d7 T) ¢ {(07 47 1)’ (g’ 2’ r)7 (2’ d’ 0)}7
then H is slim [cf. the discussion entitled “Topological groups” in Notations

and Conventions].

Proof. Assertion (i) follows immediately from Proposition 1.14, (ii), together with
the various definitions involved.
Next, we verify assertion (ii). First, we verify the following assertion:

Claim 4.6.A: The composite homomorphism

Aut, 4.0 (Co.ar)k) — Zous, a,) (Pg.dr(H)) = Zouyw, ) (Pg.a.r(H))
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[cf. Theorem 4.6, (i)] is injective.

This follows immediately from the well-known fact that any non-trivial automor-
phism of a hyperbolic curve over an algebraically closed field of characteristic ¢ ¥
induces a non-trivial outomorphism of the maximal pro- quotient of the étale fun-
damental group of the hyperbolic curve [cf., e.g., [LocAn], the proof of Theorem
14.1]. This completes the proof of Claim 4.6.A.

Note that it follows immediately from the various definitions involved that the
composite homomorphism Aut s, , ), ((Cg.ar)k) = Zour(, s)(Pg.a.r(H)) factors
through Zoyeom, ,,)(Pg,a.r(H)), hence determines an injection

AUt(Hg,d,7-)k ((Cg,d,r)k) — ZoutC(Hg,d,,) (Pg,d,r(H))~

In the remainder of the proof, for each = € Hgy 4, (k) [cf. Proposition 1.10, (i)],
write

o
for the semi-graph of anabelioids of pro-¥X PSC-type associated to the geometric
fiber of 819?5,7’ — ng‘?i’r [cf. Definition 1.13, (i)] over 218 & & X ng‘?i’r. Thus,

we have a natural Im(pg 4, )-torsor of outer isomorphisms II, 4 at IIg,. Let us fix
an isomorphism II, g, 5 g, that belongs to this collection of isomorphisms.
Next, we verify the following assertion:

Claim 4.6.B: Suppose that
{r>1 A 2972+d(7"71)21}\/{r:1 AN29—2>1 A d>g}

<~
r>0 AN {r=1=d>g} A (g,7) ¢ {(0,1),(1,1)} A (g,d,7)#(0,2,2).

Then the injection

Autr, 400 (Codr)k) = Zowse (. a0 (Pg,dr(H))

is surjective. Moreover, the description of Aut(z, , ), ((Cg.a.r)x) in
the statement of Theorem 4.6, (ii), holds.

Indeed, since 2g + 2d +r — 5 > 1, it makes sense to define N to be the kernel
of the surjection ITy, , ~— Iy, ,, . [cf. Proposition 1.14, (iii)] determined by
the (1-)morphism @y a,-1 @ (Hg,ar)k — (Hgdr—1)k [cf. Proposition 1.10, (iii)]
obtained by forgetting the final d sections (respectively, final section) of the domain
curve (respectively, codomain curve). Then it follows immediately from the various
definitions involved that there exists a commutative diagram of profinite groups

1 —— g E N 1
| | |
1 —— Ilp It IIg 1,

where the upper sequence is the exact sequence obtained by pulling back the exact
sequence

1 — 1y g — Hcg,d,r — H'Hg,d,r — 1
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[cf. Proposition 1.14, (ii)] by the natural inclusion N < Ily, , ; the lower sequence
is the exact sequence “1 — Il — Ilp — IIgy — 1” obtained by applying the
procedure given in the statement of Lemma 2.3 in the case where ¥ = ¥ and
m = 1 to an (r — 1)-profiled simple log admissible covering of degree d whose
domain is a stable log curve of genus g over (Spec k)!°%; the vertical arrows are
isomorphisms.

Let a € Zowe, ,,)(Pg,d,(H)) be an outomorphism of I, 4,. Thus, a naturally
determines an element of Zgc, ,,)(Pg,a(H N N)) = Zowe ) (p1(H N N)),
where p; is as in Lemma 2.3.

Next, we claim the following:

Claim 4.6.B.1: When r—1 = 0, the condition “a € Aut/ ("} (G12,..9)

in Proposition 3.1 is satisfied.
Let z € C1(k) C ﬁg,d,l(k) be as in Definition 3.3, (iii), so G, may be identified with
“Gi,2,...¢ - Next, let us consider the composite

m1(218) — (K e) < Ty, , ™% Out(Il q),

where the first arrow is the natural outer homomorphism; the second arrow is the
outer isomorphism obtained by applying the log purity theorem to the natural (1-
Jmorphism (Hg 1)k < (ﬁ;il)k [cf. Proposition 1.10, (ii); [ExtFam], Theorem
B]. This composite factors through 7 (2°¢) — Dehn(G,) [cf. [CbTpl], Definition
4.4; [CbTpl], Lemma 5.4, (iii)]. By considering the log structure of (ﬁlgofl’l)k [cf.
Theorem 1.5; Corollary 1.9; Proposition 1.10, (ii); [GCH], §3.23], we conclude that
the image of this arrow 7 (2'°8) — Dehn(G,) contains a positive definite element
[cf. [CbTpl], Lemma 5.4, (ii); [CbTpI], Definition 5.8, (iii)], hence is IPSC-ample
[cf. [CbTpl], Definition 5.13]. Thus, it follows from [CbTpl], Lemma 5.12, (i);
[CbTpl], Theorem 5.14, (i), that a € Zoyeo(m, ,)(Pg,a,1(H)) is graphic. Next, let
us observe that it follows immediately from the description of the log structure of

(ng(fm)k given in [GCH], §3.23 [cf. also Theorem 1.5; Corollary 1.9; Proposition

1.10, (ii); Lemma 2.11], that the deformations parametrized by (ngofu)k of nodes

€ N(w") are independent of the deformations parametrized by (’ﬁ;ofl)l)k of nodes
€ N(w'"). Thus, the fact that o € Zouwe(11,.4)(Pg,d1(H)) implies [cf. [CbTpI],
Lemma 5.4, (ii)] that o determines an element of Aut(G,) that preserves w¥. This
completes the proof of Claim 4.6.B.1.

Thus, by Propositions 3.1 and 3.6, the elements of Zg 4o, (p1(H N N)) are
geometric, hence a € Zoyo, ,,)(Pg.a,-(H)) is geometric [i.e., in this case, is trivial
or arises from the hyperelliptic involution]. This completes the proof of Claim 4.6.B.

Next, we verify the following assertion:

Claim 4.6.C: Suppose that
{fr=0=d>%+1} v (¢9,7) € {(0,1),(1,1)} V (g,d,7) =(0,2,2).

Then the injection Aut(z, , ), ((Cg,ar)k) = Zowe, q,)(Pg.d.r(H))

is surjective. Moreover, the description of Aut (s, , 1, ((Cg.a.r)k) in

the statement of Theorem 4.6, (ii), holds.
Since the image of the arrow ¥g 4, : (Hg.a,r)k — (Mg ar )k [cf. Definition 1.13, (i)]
is dense in this case [cf. Corollary 2.9; Proposition 2.10; the well-known, elementary
structure of double coverings of the projective line over k], the image of the arrow
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U3, 0000 = Him, 00, s open. Thus, the assertion follows immediately from the
corresponding “Grothendieck Conjecture” for the universal curve over (M, 4, )5 [cf.
Theorem M, (i)]. This completes the proof of Claim 4.6.C.

Next, we verify the following assertion:

Claim 4.6.D: Suppose that

r =0, d >4 (respectively, r =1, d > 4).
Then the injection Auty, , ), ((Cg.a,r)k) — ZoutC(ngdr) (pg,a,r(H))
is surjective. Moreover, the description of Aut (s, , ), ((Cga.r)k) in
the statement of Theorem 4.6, (ii), holds.

By Claim 4.6.C (respectively, Claim 4.6.B), we may assume that g > 2d —1> 7
(respectively, g > d > 4). Thus, it suffices to show that the centralizer

Zouwte (11, 4,) (Pg,d,r(H))
is trivial. Next, let us observe that by considering the covering obtained by applying

Lemma 4.1 in the case where

t 4 [745] (=t > 3 (respectively, t > 2)), m Lof t(d—1)—g,

one may verify easily that there exists a k-valued point = € ﬁg,d,o(k) [so G, has

no cusps!] (respectively, x € Hgy q1(k) [so G, has precisely d cusps]) satisfying the
following conditions:

o Vert(G,) = {v1,v2, ..., Umt1, W1, Wa, ..., Wt };
e Node(G,) = {e1,ea,...,e};
b N(Ul) = {61, €25+, €d—m,€d+1,--+3,€2d—ms- - €(t—1)d+1y- > €td—m};

e Nw))={e|l=d—m+i—1(modd)} fori=2,..., m+1;
N(w;) = {e-1)a+1, - »eja} for j=1,...t;

vy is of type (0, (d — m)t) (respectively, (0, (d —m)(t+ 1)));
fori=2,...,m+1, v; is of type (0,t) (respectively, (0,¢+ 1));
for j =1,...,t, w; is of type (0,d).

Thus, let us fix z € ﬁgydjo(k) (respectively, x € ﬁgyd,l(l{)) satisfying the above
conditions.

Let a € Zoyie(m, 1) (Pg,a,0(H)) (respectively, a € Zoyiom, ,)(Pg.a,1(H))) be an
outomorphism of I, o (respectively, I  4). Suppose, moreover, that, relative to the
isomorphism II, o = IIg, (respectively, II, 4 = Ilg,) fixed above [cf. the discussion
immediately preceding Claim 4.6.B], a € Zgyo, o) (Pg,a,0(H)) (respectively, a €
Zouse (11, 1) (Pg,d,1(H))) determines an element of Aut(g,) that preserves w; for each
j=1,...,t [cf. Claim 4.6.D.2]. For j =1,...,t, write

def
(G2)i = (Gz)wsfe—vyarneonarereia)

[cf. [CbTpI], Definition 2.8]; «; for the image of a via the natural inclusion
Aut™(G,) < Aut((G.);) [cf. [CbTpI], Definition 2.6, (i); [CbTpl], Proposition
2.9, (ii)], where we write W et {w1,wa, ..., w}.
Next, we claim the following:
Claim 4.6.D.1: a; € Dehn((Gz);).
Note that one may verify easily that there exists a k-valued point y; € ﬁg,dyo(k)

respectively, y; € H 4.1(k)) such that G,. may be identified with (G,);.
j 9.d, Y; J
By gluing together
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e a (t — 1)-profiled (respectively, t-profiled) simple covering of degree d from
a smooth curve of genus d — 1 — m [corresponding to vi,va,. .., Unt1, Wj)
to a smooth curve of genus 0

and

e an ordered collection of (¢t — 1) 1-profiled simple coverings of degree d from
smooth curves of genus 0 [corresponding to wj:, for 5/ € {1,2,...,t}\ {j}]
to smooth curves of genus 0
at unramified marked points of

e the domain curves [i.e., foreach p=1,...,t —1and ¢ = 1,...,d, we glue
the ((p — 1)d + ¢)-th marked point of the domain curve of the (¢t — 1)-
profiled (respectively, ¢t-profiled) simple covering to the ¢-th marked point
of the domain curve of the p-th member of the ordered collection of (¢ — 1)
1-profiled simple coverings]

and

e the codomain curves [i.e., for each p = 1,...,t—1, we glue the p-th marked
point of the codomain curve of the (¢t — 1)-profiled (respectively, t-profiled)
simple covering to the marked point of the codomain curve of the p-th
member of the ordered collection of (¢ — 1) 1-profiled simple coverings],

we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Ha-1-m,dt—1 X Hodn X -+ X Hog1 — Hgdo
(vespectively, Ha—1-m,dt X Ho,a,1 X == X Hoa1 — Hga,1),

where the number of factors in the above product is . Since the image of this
clutching morphism is contained in the normal locus of H4 40 (respectively, Hg 4.1)
[cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus obtain a clutching morphism

Hi—1-mat—1 X Hoar X -+ X Hoag1 — Hga0_

(respectively, Ha—1-m,d,t X Ho,a,1 X -+ X Ho,a,1 — Hg,d1)-

Note that y; € ﬁgyd’o(k) (respectively, y; € ﬁg,d,l(k)) is contained in the image of
the above clutching morphism, and that
0 € Zowe g, )(Pe.0(H)) N Aut((Ga);) € Out(Ilg, )
(respectively, a; € ZoutC(Hgyj)(pg,d,l(H)) NAut((G,),) € Outc(Hgyj )

naturally determines, by considering the above clutching morphism, an element of

Z0ut® My o-ya) (Pad—1-m,d—1(HT))
(respectively, Zowe (11, y_ . ,a) (Pd—1-m,d,t (HT))),

where H' C Iy, , . ., . (respectively, HT C Ily, , . ..) is an open subgroup
of M, 4. (vespectively, Iy, .. ). Since d > 4 and ¢t > 3 (respectively,

t > 2), this element is trivial by Claim 4.6.B. In particular, a; € Autlgrphl(gyj) -
Aut(G,,;) = Aut((Gz);j). On the other hand,

0 € Zowe g, )(Pe.0(H)) N Aut((Ga);) € Out(Ilg, )
(respectively, a; € ZoutC(Hgyj)(pg7d71(H)) NAut((G,),) € Outc(Hgyj ))

naturally determines, by considering the above clutching morphism, an element of

Zoue 11,4 (P0.a,1 (HY))
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for each component of the above product Hoa1 X - -+ X Ho,q,1, where H¥ C Iy, , |

is an open subgroup of Il ,,. Since a; € Aut/ePh] (Gy,), these elements preserve
each Il 4-conjugacy class of cuspidal subgroups of Ho,d- Thus, since d > 4, these
elements are trivial by Claim 4.6.C. This completes the proof of Claim 4.6.D.1.

Thus, by varying j, we conclude from Claim 4.6.D.1 and [CbTpl], Theorem 4.8,
(ii), (iv), that « is trivial. Hence it remains to verify the following:

Claim 4.6.D.2: « determines an element of Aut(G,) that preserves
w; for each j =1,...,t.
The proof of Claim 4.6.D.2 is similar to the proof of Claim 4.6.B.1, i.e., it suffices to

observe that, for j # j', the deformations parametrized by (7?030) % (respectively,

9,
(’ngoj)l)k) of nodes € N(w;) are independent of the deformations parametrized

by (ﬁgﬁ,o)k (respectively, (’ngoil)k) of nodes € N(wj:) [cf. Lemma 4.1]. This
completes the proof of Claim 4.6.D.2; hence also the proof of Claim 4.6.D.
Next, we verify the following assertion:
Claim 4.6.E: Suppose that

r =0, d =3 (respectively, r = 1, d = 3).

Then the injection Aut(z, , ), ((Cq,ar)k) — ZoutC(Hmdr) (pg,ar(H))
is surjective. Moreover, the description of Aut(, , , ((Cga.r)k) in
the statement of Theorem 4.6, (ii), holds.

Since we are operating under the assumption that (g,d,r) # (0,3,1), it follows
from Claim 4.6.C (respectively, Claims 4.6.B, 4.6.C) that we may assume that
g > 5 (respectively, g > 3). Thus, it suffices to show that the centralizer

Zouwte (11, 4,) (Pg.dr(H))
is trivial.

Claim 4.6.E.1: When g = 4 (respectively, g = 3), r = 1, Claim
4.6.E holds. [Note that in the statement and proof of the present
Claim 4.6.1, the non-resp’d case corresponds to the case g = 4,
r = 1, while the resp’d case corresponds to the case g = 3, r = 1.
This partition into non-resp’d and resp’d cases differs from the
partition into non-resp’d and resp’d cases that is adopted in the
statement of Claim 4.6.E, as well as in the statements and proofs
of Claims 4.6.E.2, 4.6.E.3, 4.6.E.4, 4.6.E.5, i.e., where the non-
resp’d case corresponds to the case r = 0, while the resp’d case
corresponds to the case r = 1.]

Let us first observe that by considering the covering obtained by applying Lemma
4.4, one may verify easily that there exists a k-valued point € Hy3,1(k) [so G
has 3 cusps] satisfying the following conditions:

o Vert(G,) = {v1,v2,v3, w1, wa};
e Node(G,) = {e1,ea,...,¢e5};

o N(v1) = {e1,ea};

N(vg) = {ea,e5};

N (vs) = {es, e6};

N(wy) = {e1, 2, e3};

o N(ws) = {ey,e5,€6};

e v; is of type (0,3) for i = 1,2, 3;
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e w is of type (1, 3);
e wy is of type (1,3) (respectively, (0, 3)).

Thus, let us fix = € 7?[473,1(/{) (respectively, x € 7-73_,371(16)) satisfying the above
conditions.

Let a € Zowem, ) (pa,3,1(H)) (respectively, a € Zoyo, ,)(03,3,1(H))) be an
outomorphism of Il 3 (respectively, I3 3). Suppose, moreover, that, relative to the
isomorphism Il 3 = Ilg, (respectively, II3 3 — Ilg,) fixed above [cf. the discussion
immediately preceding Claim 4.6.B], o € Zoyeom, ,)(p4,3,1(H)) (respectively, o €
ZoutC(11, ) (P3,3,1(H))) determines an element of Aut(G,) that preserves w; for each
j=1,2 [ef. Claim 4.6.E.1.3]. For j = 1,2, write

def
(gﬂi)J = (gI)W{€3j—27e3j—1,~--,€3j}

[cf. [CbTpl], Definition 2.8]; «; for the image of « via the natural inclusion
Aut™(G,) < Aut((G.);) [cf. [CbTpl], Definition 2.6, (i); [CbTpl], Proposition
2.9, (ii)], where we write W o {w1,ws}.
Next, we claim the following:
Claim 4.6.E.1.1: as € Dehn((G,)2).
Note that one may verify easily that there exists a k-valued point ys € 7‘74,3,1(k)

(respectively, ys € ﬁ3,371(k)) such that G,, may be identified with (G, )a.
By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Hizzoe X Hiz1 — ﬂ4,3,17
(respectively, Ho 2 X Hi31 — Hz31),
where the first factor in the product corresponds to the irreducible component of
(Gz)2 that arises from vy, va, vs, and we; the second factor corresponds to wj.
Since the image of this clutching morphism is contained in the normal locus of
H4,3,1 (respectively, Hs 3.1) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus
obtain a clutching morphism
Hizo X Hizi — 7?14,3,1 N
(respectively, Ho3.2 X Hi31 —> Hz3z1)-
Note that yo € 7:24,371(143) (respectively, yo € ﬁ3,371(k)) is contained in the image of
the above clutching morphism, and that
Qg € ZOutC(Hng)(p4,3,1(H)) N Aut((Gz)2) C OUtC(HQyQ)
(respectively, @z € Zoue(rg,, ) (P3,3,1(H)) N Aut((Gr)2) C Out(Ilg,, ))
naturally determines, by considering the above clutching morphism, an element of
Zowe (. ) (P1,3,2(HT))
(vespectively, Zoyuic (11, 4)(00,3,2 (H))),

where H' C Iy, ,, (respectively, HT C Iy, ,,) is an open subgroup of Iy, ,,
(respectively, Il ,,). This element is trivial by Claim 4.6.B. In particular, ay €

Autlgrphl(gyz) C Aut(Gy,) = Aut((G;)2). On the other hand,

Qg € ZOutc(Hgy2)(p4,3,1(H)) N Aut((gm)g) - OutC(Hgyz)
(respectively, as € ZoutC(Hgy2)(p3,3’1(H)) NAut((Gz)2) C OutC(Hng))
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naturally determines, by considering the above clutching morphism, an element of

ZomC(Hl,s) (Pl,B,l(Hi))a

where HY C I3, ,, is an open subgroup of Il , ,. This element is trivial by Claim
4.6.C. This completes the proof of Claim 4.6.E.1.1.
Next, we claim the following:
Claim 4.6.E.1.2: The image of a € Aut'"!(G,) by the natural
morphism Aut!"!(G,) — Aut(G,|g) is trivial, where H denotes the
sub-semi-graph of G, determined by the set of vertices {v1, v, v3, w1 }
[cf. [CbTpI], Definition 2.2, (i)].
Note that one may verify easily that there exists a k-valued point y; € 7‘74,3,1(/{)
(respectively, y; € 7:237371(]6)) such that G,, may be identified with (G, ).
By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Hize X Hiz1 — ﬁ4,3,17
(respectively, H132 X Hoz1 — H33.1),
where the first factor in the product corresponds to the irreducible component of
(Gy)1 that arises from vy, ve, vs, and wi; the second factor corresponds to ws.
Since the image of this clutching morphism is contained in the normal locus of
Ha3,1 (respectively, Hs33.1) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus
obtain a clutching morphism
Hizo X Hizi — Has _
(respectively, 7‘[173,2 X 7‘[073,1 — ’H37371).

Note that y; € Haz1(k) (respectively, y; € Hss1(k)) is contained in the image of
the above clutching morphism, and that
a1 € Zowe g, (P31 (H)) N Aut((G,)1) € Out®(Ilg,, )
(respectively, a1 € Zouee(ng, ) (3,31 (H)) 0 Aut((Gr)1) € Out®(Ilg,, ))

naturally determines, by considering the above clutching morphism, an element of
Zowse (. ¢) (P1.32(HT)),

where H C Iy, , , is an open subgroup of Iy, , ,. This element is trivial by Claim
4.6.B. This completes the proof of Claim 4.6.E.1.2.
Thus, we conclude from Claim 4.6.E.1.1, Claim 4.6.E.1.2, and [CbTpl], Theorem

4.8, (ii), (iv), that « is trivial. Hence it remains to verify the following:

Claim 4.6.E.1.3: « determines an element of Aut(G,) that pre-

serves w; for each j =1,2.
The proof of Claim 4.6.E.1.3 is similar to the proof of Claim 4.6.D.2. This completes
the proof of Claim 4.6.E.1.

Claim 4.6.E.2: When g = 5, Claim 4.6.E holds.
Let us first observe that by considering the covering obtained by applying Lemma
4.3, one may verify easily that there exists a k-valued point x € 7-75,3’0(k) [so G, has
no cusps!] (respectively, x € ﬁ573,1(/€) [so G, has 3 cusps]) satisfying the following
conditions:

o Vert(G,) = {v1,w1,w2};
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ode(gx) = {61, €2, .. ., 66};

(v1) = Node(G.);

(w1) = {e1, e, e3};

(w2) = {ea, e5,¢€6};

vy is of type (0,6) (respectively, (0,9));
wy is of type (1,3);

wy is of type (0, 3).

zzz%

Thus, let us fix x € ﬁ573,0(kz) (respectively, x € ﬁ5,371(k)) satisfying the above
conditions.

Let o € Zowen, ) (p5,3,0(H)) (respectively, a € Zoype, ,)(p5,3,1(H))) be an
outomorphism of Il5 o (respectively, II5 3). Suppose, moreover, that, relative to the
isomorphism II5 o = Ilg, (respectively, II5 3 — Ilg_ ) fixed above [cf. the discussion
immediately preceding Claim 4.6.B], a € Zg 011, o) (05,3,0(H)) (vespectively, a €
Zout© (115.4) (P5,3,1(H))) determines an element of Aut(G,) that preserves w; for each
j=1,2 [cf. Claim 4.6.E.2.3]. For j = 1,2, write

def
(gx)J = (gx)w{esj—%ef}j—l7»--7e3j}

[cf. [CbTpI], Definition 2.8]; «; for the image of a via the natural inclusion
Aut™(G,) < Aut((G.);) [cf. [CbTpI], Definition 2.6, (i); [CbTpl], Proposition
2.9, (ii)], where we write W ef {w1, wa}.
Next, we claim the following:
Claim 4.6.E.2.1: a5 € Dehn((G,)2).

Note that one may verify easily that there exists a k-valued point yy € 7-7573,0 (k)

(respectively, yo € Hs 3.1(k)) such that G,, may be identified with (G ).
By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Hasz1 X Hign — Hssz0
(respectively, Ha 32 X Hi31 — Hs31),

where the first factor in the product corresponds to the irreducible component of
(G: )2 that arises from vy, woy; the second factor corresponds to w;. Since the image
of this clutching morphism is contained in the normal locus of Hs 3¢ (respectively,
Hs.3.1) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus obtain a clutching
morphism
Hasy X Hizy — Hszo
(respectively, Ho 3o X Hi31 — Hs31)-

Note that yo € 7:['5,370(143) (respectively, yo € 7?57371(143)) is contained in the image of
the above clutching morphism, and that

Qg € ZOutC(Hgyz)(pE'),S,O(H)) N Aut((Gz)2) C Ou‘ﬂc(ﬂgw)
(respectively, ap € ZOutC(Hgyz)(p5,3,l(H)) N Aut((Gz)2) C OutC(Hg”))

naturally determines, by considering the above clutching morphism, an element of

Zoue (115.4) (P2,3,1(HT))
(respectively, Z0ut®(Is.6) (p2)372(HT))),
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where HY C Ily,,, (respectively, H' C Ily,,,) is an open subgroup of Iy, ,
(respectively, Iy, ,,). This element is trivial by Claim 4.6.B. In particular, ay €
Aut/EP (G ) C Aut(G,,) = Aut((G,)2). On the other hand,

@z € Zowe (g, ) (Ps.0(H)) N Aut((Gr)2) € Out®(Ilg,, )
(respectively, ao € ZoutC(Hgyz)(ps’&l(H)) NAut((Gz)2) C OutC(Hgyg))

naturally determines, by considering the above clutching morphism, an element of
Zowe, ) (p1.31(HY)),

where H¥ C Ily, , , is an open subgroup of Iy, ,,. This element is trivial by Claim
4.6.C. This completes the proof of Claim 4.6.E.2.1.
Next, we claim the following:
Claim 4.6.E.2.2: The image of a € Aut"!(G,) by the natural
morphism Aut!"!(G,) — Aut(G,|u) is trivial, where H denotes the
sub-semi-graph of G, determined by the set of vertices {v1,w; } [cf.
[CbTpl], Definition 2.2, (i)].
Note that one may verify easily that there exists a k-valued point y; € ?q573,0 (k)
(respectively, y; € 7:2573’1(]6)) such that G,, may be identified with (G ).
By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Haz1 X Hozi1 — ﬁs,&oi
(respectively, Hz 32 X Hos1 — Hs31),
where the first factor in the product corresponds to the irreducible component of
(G.)1 that arises from vy, wy; the second factor corresponds to ws. Since the image
of this clutching morphism is contained in the normal locus of Hs 3¢ (respectively,
Hs3.1) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus obtain a clutching
morphism
Hszz1 X Hoz1 — Hs3,0 _
(respectively, Hs 32 X Ho31 — Hs31)-
Note that y; € ﬁ5,370(k) (respectively, y; € 7A-Z57371(k)) is contained in the image of
the above clutching morphism, and that

a1 € Zowe(mg, ) (Ps.3.0(H)) N Aut((Ga)1) C Out®(Ilg,, )
(respectively, oy € Zoutc(ngyl)(PS,B,l(H)) NAut((G:)1) C OutC<Hgyl))

naturally determines, by considering the above clutching morphism, an element of

ZouC (1 5) (P3,3.1(H))
(respectively, Zoutc(nm)(P3,3,2(HT)))a

where HT C Iy, ,, (respectively, HT C 3, ,,) is an open subgroup of Iy, ,
(respectively, I3, , ,). This element is trivial by Claim 4.6.E.1 (respectively, Claim
4.6.B). This completes the proof of Claim 4.6.E.2.2.

Thus, we conclude from Claim 4.6.E.2.1, Claim 4.6.E.2.2, and [CbTpl], Theorem
4.8, (ii), (iv), that « is trivial. Hence it remains to verify the following:

Claim 4.6.E.2.3: « determines an element of Aut(G,) that pre-
serves w; for each j =1, 2.
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The proof of Claim 4.6.E.2.3 is similar to the proof of Claim 4.6.D.2. This completes
the proof of Claim 4.6.E.2.

Claim 4.6.E.3: When g = 0 (mod 3), Claim 4.6.E holds.

Let us first observe that by Claim 4.6.E.1, we may assume that ¢ > 5. By consid-
ering the covering obtained by applying Lemma 4.2, (i), in the case where

Q.
-

wla

e

t=2>9
one may verify easily that there exists a k-valued point xz € 7?[973,0(16) [so G, has

no cusps!| (respectively, z € ﬁg,gyl(k) [so G, has 3 cusps]) satisfying the following
conditions:

o Vert(G,) = {v1, w1, ws, ..., w};

e Node(G,) = {e1,e2,...,e3:};

e N(v1) = Node(G,);

o N(w;) = {esj—2,e3j-1,e35} for j =1,...1;
e vy is of type (0, 3t) (respectively, (0,3t + 3));
e for j=1,...,t, w; is of type (1,3).

Thus, let us fix z € 7-Lg73,0(k) (respectively, x € ﬁg&l(k)) satisfying the above
conditions.

Let a € Zoyeom, o) (Pg,3,0(H)) (respectively, a € Zoyeom, ,)(Pg,3,1(H))) be an
outomorphism of II, o (respectively, II, 3). Suppose, moreover, that, relative to the
isomorphism II, o = IIg, (respectively, II, 3 = Ilg ) fixed above [cf. the discussion
immediately preceding Claim 4.6.B], a € Zgyo, 4)(Pg,3,0(H)) (respectively, a €
Zoute (11, 4)(Pg,3,1(H))) determines an element of Aut(g,) that preserves w; for each
j=1,...,t[cf. Claim 4.6.E.3.2]. For j = 1,...,t, write

(gI)J déf (gE)W{Eijz,€3j717~~~,€3j}
[cf. [CbTpl], Definition 2.8]; «; for the image of « via the natural inclusion
Aut™(G,) < Aut((G.);) [cf. [CbTpl], Definition 2.6, (i); [CbTpl], Proposition

2.9, (ii)], where we write W e {wy,wa,...,w}.
Next, we claim the following:

Claim 4.6.E.3.1: a; € Dehn((G,);)-

Note that one may verify easily that there exists a k-valued point y; € ﬁg737o(k)
(respectively, y; € ﬁg’?,,l(k)) such that G, may be identified with (G,);.

By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Hagi—1 X Higa X - X Hig1s — Hgzo
(respectively, Hz s+ X Hiza X -+ X Hi31 —> Hg3.1),

where the number of factors in the above product is ¢; the first factor in the product
corresponds to the irreducible component of (G, ); that arises from v; and wj; the
factors other than the first factor correspond to wj., for 7/ € {1,2,...,t} \ {j}.
Since the image of this clutching morphism is contained in the normal locus of

Hg.3,0 (respectively, Hg3.1) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus
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obtain a clutching morphism

Hzsze—1 X Hiza X - X Hiz1 — 7'79,3,0~
(respectively, H3,3,t X H17371 X e X H173,1 — 7‘[973,1).
Note that y; € ﬁg,gyo(k) (respectively, y; € ﬁg7371(k)) is contained in the image of
the above clutching morphism, and that
aj € ZoucC(ngyj)(Pg,&o(H)) NAut((Gz);) C OUtC(HQ )
(respectively, a; € ZoutC(Hgy'_)(pg&l(H)) NAut((Gz),) C OutC(Hg ))

naturally determines, by considering the above clutching morphism, an element of

20w (50 1y) (P38,-1(H))
(respectively, Zouo (i1, 4,) (p3s.:(HT))),
where HT C Ily, ,, , (respectively, HT C Ily, ) is an open subgroup of Iy, ,, ,
(respectively, IT3;, , ). Since ¢t > 2, this element is trivial by Claim 4.6.B and Claim

4.6.E.1. In particular, a;; € Aut‘grph'(gyj) C Aut(Gy,;) = Aut((Gs);). On the other
hand,

aj € ZOutC(Hgyj)(pg,fi,O( ) N Aut((Gs);) € Out®(Ilg, J)
(respectively, o € ZoutC(Hgyj)(pg’g’l( ) NAut((Gz);) € OutC(Hg ))

naturally determines, by considering the above clutching morphism, an element of

Zowe (1 4) (P1,3,1(HY))

for each component of the above product Hi 31 X -+ x H1 3,1, where Hf C My, 5,
is an open subgroup of Ily;, ,,. These elements are trivial by Claim 4.6.C. This
completes the proof of Claim 4.6.F.3.1.
Thus, by varying j, we conclude from Claim 4.6.E.3.1 and [CbTpl|, Theorem

4.8, (ii), (iv), that « is trivial. Hence it remains to verify the following:

Claim 4.6.E.3.2: « determines an element of Aut(G,) that pre-

serves w; for each j =1,...,1.
The proof of Claim 4.6.E.3.2 is similar to the proof of Claim 4.6.D.2. This completes
the proof of Claim 4.6.E.3.

Claim 4.6.E.4: When g = 1 (mod 3), Claim 4.6.E holds.

Let us first observe that by Claim 4.6.E.1, we may assume that ¢ > 5. By consid-
ering the covering obtained by applying Lemma 4.2, (ii), in the case where

def 2
e

one may verify easily that there exists a k-valued point = € H,30(k) [so G, has

no cusps!] (respectively, x € ﬁg’g’l(k) [so G, has 3 cusps]) satisfying the following
conditions:

e Vert(G,) = {v1,v2,v3, w1, wa, ..., w};
. Node(gz) = {e1,ea,...,€3:};
(’U1> = {61, €4y, 63,5,2};
L N(U2) = {62, €5, .., 63,5_1};
o N(’Ug) = {63, €y v ey €3t};
L] N'(wj) = {63j_2,63j_1,63j} for j = ]., . ,t;
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e fori=1,2,3, v; is of type (0,¢t) (respectively, (0,¢ + 1));
o for j=1,...,t, w,; is of type (1, 3).

Thus, let us fix = € 7?Lg7g,o(k) (respectively, x € ﬁ%g’l(k)) satisfying the above
conditions.

Let a € Zowe, o) (Pg.3.0(H)) (respectively, a € Zouio, 5)(pg,3,1(H))) be an
outomorphism of II; o (respectively, II, 3). Suppose, moreover, that, relative to the
isomorphism II, o = Ilg, (respectively, II, 3 = Ilg ) fixed above [cf. the discussion
immediately preceding Claim 4.6.B], a € Zgyo, 4)(Pg,3,0(H)) (respectively, a €
Zoute (11, 4)(Pg,3,1(H))) determines an element of Aut(g,) that preserves w; for each
j=1,...,t[cf. Claim 4.6.E.4.2]. For j = 1,...,t, write

def
(ng)J = (ga:)w{63_7’—2,63]‘—1,»---,63_7’}
[cf. [CbTpI], Definition 2.8]; «; for the image of a via the natural inclusion
Aut™(G,) < Aut((G.);) [cf. [CbTpI], Definition 2.6, (i); [CbTpl], Proposition
2.9, (ii)], where we write W e {w1,wa, ..., w}.
Next, we claim the following:

Claim 4.6.E.4.1: «; € Dehn((G,);).

Note that one may verify easily that there exists a k-valued point y; € ﬁg@o(k)

(respectively, y; € Hy3,1(k)) such that G, may be identified with (G,);.
By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Hige—1 X Higa X X Hig1s — Hgszo
(respectively, H1737t X 7‘[1,371 X o+ee X H17371 — /Hg,gvl),

where the number of factors in the above product is ¢; the first factor in the product
corresponds to the irreducible component of (G,), that arises from vy, vs, vs, and
wj; the factors other than the first factor correspond to wj:, for j" € {1,2,...,t}\
{j}. Since the image of this clutching morphism is contained in the normal locus
of Hy 30 (respectively, Hgy31) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we
thus obtain a clutching morphism

Hige—1 X Higa X X Hignr — Hgzo
(respectively, Hl,S,t X 7‘[1,371 X oo X H1,3,1 — 7‘[%3,1).

Note that y; € 7'~lg,3’0(k) (respectively, y; € 7'~lg,3’1(k)) is contained in the image of
the above clutching morphism, and that

aj € ZOutc(Hgyj)(pg,&O(H)) NAut((Gz);) € OUtC(Hgy].)
(respectively, a; € ZoutC(Hgyj)(p%g,l(H)) NAut((G,),) € OutC(Hgyj))

naturally determines, by considering the above clutching morphism, an element of

Zoutc(nl,s(t,fu) (P1,3,t71 (HT))
(respectively, ZOutC(Hl,a,,) (/)1737t(]r1ﬁ)))7

where HT C Ily, ,, , (respectively, HT C Iy, ,,) is an open subgroup of Iy, ,, ,
(respectively, I3, ,,). Since ¢ > 3, this element is trivial by Claim 4.6.B. In
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particular, a; € Autlgrphl(gyj) C Aut(Gy,;) = Aut((G-);). On the other hand,

Qaj € ZOutC(Hgyj )(Pg73,0(H)) N Aut((Gz);) € OUtC(Hgyj)
(respectively, a; € ZoutC(Hgyj)(pg,B,l(H)) N Aut((G.);) € OutC(HQyj))

naturally determines, by considering the above clutching morphism, an element of

Zoutc(nl,g) (P1,3,1 (Hi))

for each component of the above product Hi 31 X -+ x H1 3,1, where Hf C My, ,,
is an open subgroup of Ily, ,,. These elements are trivial by Claim 4.6.C. This
completes the proof of Claim 4.6.E.4.1.
Thus, by varying j, we conclude from Claim 4.6.E.4.1 and [CbTpI], Theorem

4.8, (ii), (iv), that « is trivial. Hence it remains to verify the following;:

Claim 4.6.E.4.2: « determines an element of Aut(G,) that pre-

serves w; for each j =1,...,¢.
The proof of Claim 4.6.E.4.2 is similar to the proof of Claim 4.6.D.2. This completes
the proof of Claim 4.6.E.4.

Claim 4.6.E.5: When g = 2 (mod 3), Claim 4.6.E holds.
Let us first observe that by Claim 4.6.E.2, we may assume that g > 8. By consid-
ering the covering obtained by applying Lemma 4.2, (iii), in the case where

def g41
t= =3,

one may verify easily that there exists a k-valued point = € H,30(k) [so G, has

no cusps!| (respectively, z € ﬁg1371(k) [so G, has 3 cusps]) satisfying the following
conditions:

o Vert(G,) = {v1,v2, w1, wa, ..., w};
e Node(G,) = {e1,e2,...,e3t};
o N(v1) ={e1,e2,€4,€5,...,€3_2,€31_1};

b N(U2) = {637 €6y-- -, 6315};

N(w]) = {63]'_2, 63j_1,63j} fOI‘ _] = ]., e 7t;
v is of type (0,2t) (respectively, (0,2t 4 2));
vy is of type (0,t) (respectively, (0,¢+ 1));
for j =1,...,t, wj is of type (1,3).

Thus, let us fix z € Hys0(k) (respectively, z € Hys1(k)) satisfying the above
conditions.

Let a € Zouc, o) (Pg.3.0(H)) (respectively, a € Zouio, 5)(0g,3,1(H))) be an
outomorphism of I, o (respectively, I, 5). Suppose, moreover, that, relative to the
isomorphism II, o = IIg, (respectively, II, 3 = Ilg ) fixed above [cf. the discussion
immediately preceding Claim 4.6.B], a € Zgyc, 4)(Pg,3,0(H)) (respectively, a €
Zouse (11, 4)(Pg,3,1(H))) determines an element of Aut(g,) that preserves w; for each
j=1,...,t [cf. Claim 4.6.E.5.2]. For j =1,...,t, write

def
(gw)J = (gI)W{ESJ’72,83j—1,~..,63j}

[cf. [CbTpl], Definition 2.8]; «; for the image of « via the natural inclusion
Aut™l(G,) < Aut((Gy);) [cf. [CbTpl], Definition 2.6, (i); [CbTpl], Proposition

2.9, (ii)], where we write W f {wi,wa,...,w}.
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Next, we claim the following:
Claim 4.6.E.5.1: a; € Dehn((G,);)-

Note that one may verify easily that there exists a k-valued point y; € 7:2%3,0 (k)

(respectively, y; € Hy 3,1(k)) such that G, may be identified with (G, );.
By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism [cf. [Knud], Definition 3.6]

Hozi—1 X Hiza X X Hiz1 — ﬁg,&oi
(respectively, Ho s+ X Hiza X -+ X Hi31 —> Hg3.1),
where the number of factors in the above product is ¢; the first factor in the product
corresponds to the irreducible component of (G,); that arises from vy, va, and wj;

the factors other than the first factor correspond to wj/, for j* € {1,2,...,t}\ {j}.
Since the image of this clutching morphism is contained in the normal locus of

Hg.3.0 (vespectively, Hg3.1) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus
obtain a clutching morphism

Hosze—1 X Hiza X - X Hiz1 — 7'~lg,3,0~
(respectively, H2)37t X H1,371 X e X H173)1 — 7‘[973)1).
Note that y; € Hg30(k) (respectively, y; € H,3.1(k)) is contained in the image of
the above clutching morphism, and that
Qaj € ZOutC(Hgyj )(pg73,0 (H)) N Aut(<gz)J) - Out® (Hgyj)
(respectively, a; € ZOutC(Hgyj)(pgyg’l(H)) NAut((G,),) € OutC(Hgyj))

naturally determines, by considering the above clutching morphism, an element of

ZoutC(H2,3<t_1))(P2,3,t—1(HT))
(respectively, Zoutcmw)(pg’g,t(HT))),
where HT C Ily;, ,, , (vespectively, HT C Iy, , ) is an open subgroup of Iy, , , ,
(respectively, Iy, ,,). Since t > 3, this element is trivial by Claim 4.6.B. In
particular, a; € Autlgrphl(gyj) C Aut(Gy,;) = Aut((Gz);). On the other hand,

aj € ZOlltc(Hgyj)(pg,g,O(H)) N Aut((G.);) € OUtC(HQy].)
(respectively, a; € ZoutC(Hgyj)(p%g,l(H)) NAut((G,),) € OutC(Hgyj))

naturally determines, by considering the above clutching morphism, an element of
Zowe (1 q) (P1,3,1(HY))

for each component of the above product Hi 31 X -+ x H1 3,1, where Hf C My, 5,
is an open subgroup of Ily;, ,,. These elements are trivial by Claim 4.6.C. This
completes the proof of Claim 4.6.E.5.1.
Thus, by varying j, we conclude from Claim 4.6.E.5.1 and [CbTpl|, Theorem
4.8, (ii), (iv), that « is trivial. Hence it remains to verify the following:
Claim 4.6.E.5.2: « determines an element of Aut(G,) that pre-
serves w; for each j =1,... ¢t
The proof of Claim 4.6.E.5.2 is similar to the proof of Claim 4.6.D.2. This completes
the proof of Claim 4.6.E.5.
Next, we verify the following assertion:
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Claim 4.6.F: Suppose that
r =0, d=2 (respectively, r = 1, d = 2).

Then the injection Aut (s, , ), ((Cq.a.r)k) — ZOutC(Hg’dT)(pg,d,T(H))

is surjective. Moreover, the description of Aut(z, , ), ((Cg.a.r)x) in

the statement of Theorem 4.6, (ii), holds.
By Claim 4.6.C, we may assume that g > 3 (respectively, g > 2). Since the
hyperelliptic involution determines a nontrivial element of Aut(z, , ), ((Cg2.+)k),
it suffices to show that the cardinality of the centralizer Zoo(, ,,)(Pg,2,-(H))
is equal to 2. Next, let us observe that by considering the covering obtained by
applying Lemma 4.5 in the case where

t g 41,

one may verify easily that there exists a k-valued point x € 7-797270(/@‘) [so G, has
no cusps!] (respectively, x € Hgy2.1(k) [so G, has 2 cusps]) satisfying the following
conditions:

o Vert(G,) = {v1,v2} [the hyperelliptic involution permutes vy, va];

e Node(G,) = {e1,eqa,...,e:} [the hyperelliptic involution permutes the bran-

ches of each e;, for j =1,...,1];

e N(v1) = N(v2) = Node(G,);

o for i = 1,2, v; is of type (0,¢) (respectively, (0,¢+ 1)).

Thus, let us fix z € Hyo0(k) (respectively, # € Hy o1 (k)) satisfying the above
conditions.

Let a € Zoyiom, o) (Pg.2,0(H)) (respectively, a € Zoyiom, ,)(Pg,2,1(H))) be an
outomorphism of I, o (respectively, I o). Suppose, moreover, that, relative to the
isomorphism II, o = IIg, (respectively, II, o = Ilg ) fixed above [cf. the discussion
immediately preceding Claim 4.6.B], a € Zgyo, o) (Pg,2,0(H)) (respectively, a €
Zoute (11, 2)(Pg,2,1(H))) determines an element of Aut/#PP(G,) [ef. Claim 4.6.F.2).
For j =1,...,t, write

def
(gz)J = (gr)w{ej}
[cf. [CbTpl], Definition 2.8]; «; for the image of « via the natural inclusion
Aut®l(G,) — Aut((G,);) [cf. [CbTpI], Definition 2.6, (i); [CbTpl], Proposition
2.9, (ii)], where we write e {e1,€2,...,€et}.
Next, we claim the following:
Claim 4.6.F.1: «; € Dehn((Gg);)-

Note that one may verify easily that there exists a k-valued point y; € ﬁg,zﬁo(k)
(respectively, y; € Hg 2.1 (k)) such that Gy, corresponds to (G,);.

By gluing together simple coverings at unramified marked points as in the proof
of Claim 4.6.D.1, we obtain a clutching morphism

Ho,2,6—1 X 7‘[0,2,1 X -+ xHoo1 — Hg,Z,Oi
(respectively, Ho,g,t X HO’Q’I X - X 7‘[0’2,1 — H9)2’1>7

where the number of factors in the above product is ¢; the first factor in the product
corresponds to the irreducible component of (G, ), that arises from vy, vo, and e;;
the factors other than the first factor correspond to ej/, for j' € {1,2,...,¢} \ {j}.
Since the image of this clutching morphism is contained in the normal locus of
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Hg.2.0 (respectively, Hg2.1) [cf. Theorem 1.5; Corollary 1.9; [GCH], §3.23], we thus
obtain a clutching morphism

Hoo,e—1 X Hopa X - X Hoo1 — Hg,2,o~
(respectively, ,Ho,gﬂg X 'Ho7271 X e X H072,1 — ’Hg72,1).

Note that y; € ﬁg7270(k) (respectively, y; € ﬁg7271(k)) is contained in the image of
the above clutching morphism, and that

@j € Zowe(ng, ) (Pg.2.0(H)) N Aut((G2);) Out®(Ilg, )
(respectively, a; € ZoutC(Hgyj)(ng)]_(H)) NAut((G5);) € OutC(Hgyj ))

naturally determines, by considering the above clutching morphism, an element of

Z0ut® (Mg 51y (P0,2,—1 (HT))
(respectively, ZOutC(HO,Qt)(Po,z,t(HT))),

where HY C 3, ,_, (respectively, Hf C 3, ,) is an open subgroup of Iy, ,_,
(respectively, Ily, ,,). Since, by assumption, a € Zoyeem, ) (Pg,2,0(H)) (respec-

tively, & € Zowe,,)(Pg,2,1(H))) determines an element of Autle™ (G ) and
t > 4 (respectively, t > 3), this element is trivial by Claim 4.6.B. This completes
the proof of Claim 4.6.F.1.

Thus, by varying j, we conclude from Claim 4.6.F.1 and [CbTpl], Theorem 4.8,
(ii), (iv), that « is trivial. Hence it remains to verify the following:

Claim 4.6.F.2: « determines an element of Aut(G,) that preserves
ej foreach j =1,...,t. In particular, by taking the composite with
the hyperelliptic involution if necessary, & € Zoiem, o) (Pg,2,0(H))
(respectively, a € Zoyeo, 4)(Pg,2,1(H))) determines an element of

Aut/erphl (Ga).

The proof of Claim 4.6.F.2 is similar to the proof of Claim 4.6.D.2. This completes
the proof of Claim 4.6.F.
Thus, in summary, we have proven assertion (ii) in the following cases:

r > 2 (Claim 4.6.B, Claim 4.6.C),
r <1,d >4 (Claim 4.6.D),
r <1,d =3 (Claim 4.6.E),
r<1,d=2 (Claim 4.6.F).

Since these cases cover all of the possibilities for r and d, this completes the proof
of assertion (ii).

Assertion (iii) follows immediately from assertion (ii). This completes the proof
of Theorem 4.6. O
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