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Abstract

In this note, we show that the natural homomorphisms between the Bloch groups of finite fields
and their extensions of odd degree are injective. Further, we give concrete orders of the quotients
of the Bloch groups of finite fields by the relation corresponding to a tetrahedral symmetry. In
fact, the results are elementary consequences of known results, but these are practically useful and
fundamental in studies of the Dijkgraaf–Witten invariant in Bloch groups of finite fields.

1 Introduction

Let p be an odd prime, and let Fq be the field of order q = pf . The Bloch group B(Fq)
of Fq is an abelian group generated by Fq −{0, 1} subject to a certain relation (2), which
is related to the scissors congruence; see [2, 6] and [3] for details. From the topological
viewpoint, the relation (2) corresponds to the 2–3 Pachner move (the pentagon relation)
among tetrahedral decompositions of a 3-manifold; see e.g. [5]. Further, we consider a
quotient group B̌(Fq) of B(Fq) by another relation (5), which corresponds to a tetrahedral
symmetry of a tetrahedron in a tetrahedral decomposition of a 3-manifold. By Lemma
4.1, we note that, if a field F satisfies certain conditions (see [2, Lemma 5.11]), the relation
(5) can be derived from the relation (2). In this sense, the relation (5) is natural, though
our field Fq do not satisfy the conditions of [2, Lemma 5.11]. Further, it is known ([3,
Lemma 7.4] and [8, Remark VI.5.1.1]) that B(Fq) ∼= Z/( q+1

2
)Z, and hence, B̌(Fq) is also

a finite cyclic group.
In this note, we show that, for odd n > 0, the natural homomorphisms B(Fq) → B(Fqn)

and B̌(Fq) → B̌(Fqn) are injective in Theorems 3.1 and 4.3. Further, we give the concrete
order of B̌(Fq) in Theorem 4.4. We note that Karuo [4] studies invariants of (cusped)
3-manifolds in B̌(Fq), which are related to the Dijkgraaf–Witten invariants [1] for SL2(Fq)
by the Bloch–Wigner map (see [2]). In fact, our theorems can be obtained by elementary
calculations from known facts, but our theorems are fundamental and useful in such
studies of the Dijkgraaf–Witten invariants in B̌(Fq); see Section 2.
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2 The Dijkgraaf–Witten invariants in B̌(Fq)

To explain a motivation of our theorems, we briefly review the Dijkgraaf–Witten invariant
in B̌(Fq) studied by Karuo [4], in this section. For definitions of B(Fq) and B̌(Fq), see
Sections 3 and 4.

Let M be a closed oriented 3-manifold, and let G be a finite group. We consider a
representation ρ : π1(M) → G. For a 3-cocycle α of G, the Dijkgraaf–Witten invariant
of (M,ρ) is defined to be (ρ∗α)[M ], where [M ] denotes the fundamental class of M . We
note that this is rewritten as α(ρ∗[M ]).

We consider the case whereG = SL2(Fq), and we consider a representation ρ : π1(M) →
SL2(Fq). We consider the composition

H3

(
SL2(Fq);Z

)
−→ B(Fq) −→ B̌(Fq) (1)

of the Bloch-Wigner map and the projection. By the universal coefficient theorem, the
above map can be given by a B̌(Fq)-valued 3-cocycle α of SL2(Fq). As in [4], we define
the reduced Dijkgraaf–Witten invariant of (M,ρ) to be (ρ∗α)[M ] ∈ B̌(Fq). We note that
this is rewritten as the image of ρ∗[M ] by the map (1).

We briefly review a construction of the reduced Dijkgraaf–Witten invariant. We con-
sider a tetrahedral decomposition of M , and consider its lift to M̃ as a tetrahedral decom-
position of M̃ , where M̃ denotes the universal cover of M . We label the vertices of the
tetrahedral decomposition of M̃ by elements of P 1(Fq), in such a way that this labeling
is equivariant under the action of π1(M), which acts on P 1(Fq) by ρ : π1(M) → SL2(Fq)
and the natural action of SL2(Fq) on P 1(Fq). We assume that labels of four vertices of
each tetrahedron are distinct. For labels a, b, c, d ∈ P 1(Fq) = Fq ∪ {∞} of four vertices

of a tetrahedron, we consider their cross-ratio (a−d)(b−c)
(a−c)(b−d)

∈ Fq − {0, 1}. Karuo [4] showed

that(
the reduced Dijkgraaf–Witten
invariant of (M,ρ)

)
=

∑
∆

[
cross-ratio of labels of
four vertices of a tetrahedron ∆

]
∈ B̌(Fq),

where the sum runs over tetrahedra in the fundamental domain of the universal cover
M̃ → M . For details, see [4]. See also [5] for the idea of this construction.

When we study the reduced Dijkgraaf–Witten invariant, our theorems are fundamental
and useful in the following sense. In Theorem 4.4, we give the concrete order of the
cyclic group B̌(Fq), in which the reduced Dijkgraaf–Witten invariant is defined. Further,
Theorem 4.3 shows that the natural homomorphism B̌(Fq) → B̌(Fqn) is injective for
odd n. This theorem is useful, when we label the vertices of a complicated tetrahedral
decomposition satisfying the above mentioned assumption, since we might need many
labels for such decomposition and we can increase the number of labels by replacing Fq

with Fqn noting that B̌(Fq) can be embedded in B̌(Fqn) by Theorem 4.3.

3 The Bloch group of a finite field of odd characteristic

The aim of this section is to show Theorem 3.1, which give an injective homomorphism
from the Bloch group of Fq to the Bloch group of Fqn for odd n. For the Bloch groups of
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finite fields, see [3] and [8, Section VI.5].

The pre-Bloch group P(Fq) of Fq is the abelian group generated by [x] for x ∈ F×
q −{1}

subject to the relations

[x]− [y] +
[ y

x

]
−

[ 1− x−1

1− y−1

]
+
[ 1− x

1− y

]
= 0 (2)

for x ̸= y. The Bloch group B(Fq) of Fq is the kernel of the homomorphism

λ : P(Fq) −→ F×
q ∧

Z
F×
q

∼= Z/2Z

defined by λ
(
[z]

)
= z ∧ (1− z).

It is known [3] that
B(Fq) ∼= Z/( q+1

2
)Z .

For a positive integer n, the natural inclusion Fq ⊂ Fqn induces a natural homomorphism
B(Fq) → B(Fqn).

Theorem 3.1. If n is odd > 0, the natural homomorphism B(Fq) → B(Fqn) is injective.

Proof. It is known [3, 7] that

H3

(
SL2(Fq),Z[ 1p ]

) ∼= K3(Fq) ∼= Z/(q2−1)Z ,

and it is known [7, Theorem 8] that the natural homomorphism K3(Fq) → K3(Fqn) is
injective. Further, it is known [3] that there is the following natural surjective homomor-
phism,

H3

(
SL2(Fq),Z[ 1p ]

)
−→ B(Fq)

∼= ∼=

Z/(q2−1)Z Z/( q+1
2
)Z .

Hence, since n is odd, we have by Lemma 3.2 below that the natural homomorphism

B(Fq) −→ B(Fqn)

∼= ∼=

Z/( q+1
2
)Z Z/( q

n+1
2

)Z

is injective, as required.

Lemma 3.2. Let n be odd > 0. We consider the following commutative diagram

Z/(q2−1)Z g1−−−→ Z/( q+1
2
)Z

f1

y yf2

Z/(q2n−1)Z g2−−−→ Z/( q
n+1
2

)Z

where g1 and g2 are natural surjective homomorphisms, and f1 is a natural injective
homomorphism. Then, f2 is injective.
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Proof. The kernels of g1 and g2 are {multiples of q+1
2
} and {multiples of qn+1

2
}. The image

of f1 is {multiples of q2n−1
q2−1

= qn+1
q+1

· qn−1
q−1

}. Further, f1(kernel g1) is
{multiples of q+2

2
· q2n−1

q2−1
= qn+1

2
· qn−1

q−1
}. Hence,

image f1 ⊃ f1(kernel g1) and kernel g2 ⊃ f1(kernel g1).

In order to show that f2 is injective, it is sufficient to show that

image f1 ∩ kernel g2 = f1(kernel g1).

Hence, it is sufficient to show that

lcm
(
qn+1
q+1

· qn−1
q−1

, qn+1
2

)
= qn+1

2
· qn−1

q−1
.

Therefore, it is sufficient to show that

gcd
(
qn+1
q+1

· qn−1
q−1

, qn+1
2

)
= qn+1

q+1
.

Hence, it is sufficient to show that

gcd
(
qn−1
q−1

, q+1
2

)
= 1. (3)

Since
qn−1
q−1

= qn−1 + qn−2 + · · ·+ 1 = q+1
2

· 2(qn−2 + qn−4 + · · ·+ q) + 1,

we obtain (3). Hence, we obtain the lemma.

By Theorem 3.1, we have a commutative diagram,

H3

(
SL2(Fq),Z

)
−−−→ B(Fq)y y

H3

(
SL2(Fqn),Z

)
−−−→ B(Fqn)

(4)

where the right vertical homomorphism is injective.

4 A quotient of the Bloch group of a finite field of odd charac-
teristic

The aim of this section is to show Theorem 4.3, which gives an injective homomorphism
from a quotient of the Bloch group of Fq to a quotient of the Bloch group of Fqn for odd
n by the relation corresponding to a tetrahedral symmetry.

As in [5], we consider the relation

[x] =
[
1− 1

x

]
=

[ 1

1−x

]
= −

[ 1

x

]
= −

[ x−1

x

]
= −[1−x] (5)

for x ∈ F×
q − {1}; this relation corresponds to a tetrahedral symmetry when we consider

the Dijkgraaf–Witten invariant of 3-manifolds for SL2(Fq). Let P̌(Fq) be the quotient
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abelian group of P(Fq) by this relation, and let B̌(Fq) be the image of B(Fq) by the
projection homomorphism P(Fq) → P̌(Fq).

In order to calculate a concrete form of B̌(Fq), we review some properties of the Bloch
group. The following two lemmas are due to Suslin [6]; see also [2], [3], [8, Section VI.5]
for related useful formulas.

Lemma 4.1 ([6]). The following equations hold in P(Fq),

2
(
[z] +

[ 1
z

])
= 0, (6)

[z2] +
[ 1

z2
]

= 0, (7)

[x] + [1−x] = [y] + [1−y], (8)

for x, y, z ∈ F×
q − {1}.

Since it might be difficult for readers to see [6], we review a proof of the lemma. In fact,
(6) and (7) are written in [2, Lemma 5.4], but we review the proof because we use (9) in
the proof of Lemma 4.2 later. Further, in fact, (8) is written in [3, Lemma 7.3 (2)], but
we review the proof because the proof is not given in [3, Lemma 7.3 (2)].

Proof. We review proofs of [6].
We can show (6), as follows. By replacing x and y in (2) with 1

x
and 1

y
, and adding

the resulting relation and (2), we obtain that[ x
y

]
+
[ y
x

]
= [y] +

[ 1
y

]
− [x]−

[ 1
x

]
. (9)

Further, by replacing x and y in (9), and adding the resulting relation and (9), we obtain
(6), where we put z = x

y
.

We can obtain (7) from (9) by putting x = z2 and y = z.
We can show (8), as follows. By replacing x and y in (2) with 1−y and 1−x, we obtain

that

[1−y]− [1−x] +
[ 1− x

1− y

]
−

[ 1− x−1

1− y−1

]
+
[ y
x

]
= 0.

Further, by subtracting this relation from (2), we obtain (8), as required.

For x ∈ F×
q −{1}, we put CFq(x) = [x]+ [1−x] ∈ P(Fq). Then, by (8), CFq(x) ∈ P(Fq)

does not depend on the choice of x ∈ F×
q − {1}. Hence, we put CFq = CFq(x) ∈ P(Fq).

Further, we note that CFq ∈ B(Fq), since

λ(CFq) = λ
(
[x] + [1−x]

)
= x ∧ (1−x) + (1−x) ∧ x = 0.

For x ∈ F×
q − {1}, we put ⟨⟨x⟩⟩ = [x] + [ 1

x
] ∈ P(Fq). We set ⟨⟨1⟩⟩ = 0.
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Lemma 4.2 ([6]). There is a homomorphism

ΦFq : F×
q /(F×

q )
2 −→ P(Fq)

∼=

Z/2Z

defined by ΦFq(x) = ⟨⟨x⟩⟩.
In fact, the lemma is written in [3, Lemma 7.3 (1)], but we review the proof because the
proof is not given in [3, Lemma 7.3 (1)].

Proof. We review a proof of [6].
By (6), we have that 2⟨⟨z⟩⟩ = 0 for z ∈ F×

q −{1}. We note that this relation also holds for
any z ∈ F×

q , since ⟨⟨1⟩⟩ = 0 by definition. Further, by (9), we have that ⟨⟨x
y
⟩⟩ = ⟨⟨y⟩⟩− ⟨⟨x⟩⟩

for x ̸= y ∈ F×
q − {1}. We note that this relation also holds for any x, y ∈ F×

q , since

⟨⟨1⟩⟩ = 0 and ⟨⟨ 1
y
⟩⟩ = ⟨⟨y⟩⟩ by definition. By replacing x in this relation with xy, we have

that ⟨⟨xy⟩⟩ = ⟨⟨y⟩⟩ − ⟨⟨x⟩⟩ = ⟨⟨x⟩⟩ + ⟨⟨y⟩⟩ for x, y ∈ F×
q , since 2⟨⟨x⟩⟩ = 0. Hence, we obtain

a homomorphism F×
q → P(Fq) which takes x to ⟨⟨x⟩⟩. Further, since ⟨⟨z2⟩⟩ = 0 by (7), we

obtain the required homomorphism.

Since the equalities of (5) are generated by the equalities that [x] + [1 − x] = 0 and
[x] + [ 1

x
] = 0, we have that

P̌(Fq) = P(Fq) / ⟨CFq , imageΦFq⟩.

Hence, noting that CFq ∈ B(Fq), we have that

B̌(Fq) = B(Fq) / ⟨CFq , B(Fq) ∩ imageΦFq⟩.

By Lemma 4.2,
imageΦFq =

{
0, ΦFq(a)

}
,

where a is a quadratic nonresidue in Fq; we note that ΦFq(a) is 0 or the element of order

2 in P(Fq). Hence, since B(Fq) ∼= Z/( q+1
2
)Z,

B(Fq) ∩ imageΦFq =

{{
0, ΦFq(a)

}
if q+1

2
is even,

{0} if q+1
2

is odd.

Therefore,

B̌(Fq) =

{
B(Fq) / ⟨CFq , ΦFq(a)⟩ if q+1

2
is even,

B(Fq) / ⟨CFq⟩ if q+1
2

is odd.

Further, it is known ([3, Lemma 7.4] and [8, Remark VI.5.1.1]) that the order of CFq ∈
B(Fq) is gcd(6,

q+1
2
), ΦFq(a) is a multiple of CFq when q+1

2
is even. Hence,

B̌(Fq) = B(Fq) / ⟨CFq⟩. (10)

For a positive odd integer n, the homomorphism of Theorem 3.1 induces a natural
homomorphism B̌(Fq) → B̌(Fqn).
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Theorem 4.3. If n is odd > 0, the natural homomorphism B̌(Fq) → B̌(Fqn) is injective.

Proof. We denote the homomorphism of Theorem 3.1 by ι : B(Fq) → B(Fqn). It is
sufficient to show that

ι
(
⟨CFq⟩

)
= ι

(
B(Fq)

)
∩ ⟨CFqn

⟩.
Hence, it is sufficient to show that the order of CFq in B(Fq) is equal to the order of CFqn

in B(Fqn).

We show this, as follows. It is known [3, Lemma 7.11] that the order of CFq ∈ B(Fq) is

gcd(6, q+1
2
). Since

gcd
(
6,

q + 1

2

)
=


1 if q ≡ 1,−3 mod 12,

2 if q ≡ 3,−5 mod 12,

3 if q ≡ 5 mod 12,

6 if q ≡ −1 mod 12,

(11)

we can verify by concrete calculation that

gcd
(
6,

q + 1

2

)
= gcd

(
6,

qn + 1

2

)
.

Hence, since ι is injective, the order of CFq is equal to the order of CFqn
, as required.

The commutative diagram (4) induces a commutative diagram,

H3

(
SL2(Fq),Z

)
−−−→ B̌(Fq)y y

H3

(
SL2(Fqn),Z

)
−−−→ B̌(Fqn)

(12)

where the right vertical homomorphism is injective by Theorem 4.3.

Since the order of CFq ∈ B(Fq) is gcd(6,
q+1
2
), we obtain the following theorem by (10)

and (11).

Theorem 4.4.

B̌(Fq) ∼=


Z/( q+1

2
)Z if q ≡ 1,−3 mod 12,

Z/( q+1
4
)Z if q ≡ 3,−5 mod 12,

Z/( q+1
6
)Z if q ≡ 5 mod 12,

Z/( q+1
12

)Z if q ≡ −1 mod 12.
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