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Abstract

The goal of this paper is the reconstruction of the isomorphism class of
a nonempty open subscheme of an elliptic curve over an algebraic closure
of a finite field by its étale fundamental group under some assumptions.
First we will prove a certain general property of elliptic curves over finite
fields. This shows the existence of linear relations of the cusps. On the
other hand, the author’s previous work shows that the existence of linear
relations of the cusps can be characterized by the étale fundamental group
and a certain subgroup. By combining these results, we prove the main
reconstruction result.

1 Introduction

This paper consists of three parts related to each other.

1.1 Elliptic Curves

First we will discuss general properties of elliptic curves over finite fields.
More precisely, we will show a certain relation between the group structure on
elliptic curves and the additive structure on P1 as follows.

Let p be a prime number, let q = pn (n ≥ 1), and E an elliptic curve over
Fq which is defined by a nonsingular Weierstrass form

y2 + a1xy + a3y = x3 + a2x
2 + a4x+ a6

where a1, a2, a3, a4, a6 ∈ Fq. Let O be the identity element of E,

x : E → P1

the finite morphism of degree 2 such that x((a, b)) = a and x(O) =∞.

Definition. For any positive integer r, let Hr be the endmorphism of P1 which

1



makes the following diagram commutative.

E
[r]

//

x

��

E

x

��
P1

Hr

// P1

Here, [r] stands for the multiplication by r.

For any endmorphism f of E, set

E[f ] =
def{P ∈ E(Fp) | f(P ) = O}.

If f = [r], we write E[r] as E[[r]].
The main result of the first part is the following.

Theorem 1.1 (cf. Theorem 2.6). Let m be a positive integer. Then there
exists a positive even integer r which satisfies the following.

x(E[m]) ⊂ Hr(⟨x(E[r]) \ {∞}⟩Fp
)

Here, ⟨x(E[r])\{∞}⟩Fp
stands for the Fp-vector subspace generated by x(E[r])\

{∞} in Fp = A1(Fp).

An equality Hr(x(E[r])) = {∞} clearly holds. So ⟨−⟩Fp
on the right hand

side of the main result is necessary, and the main result shows a relation between
the group structure on elliptic curves and the additive structure on P1. Let
P ∈ E(Fp).

x(P ) ∈ Hr(⟨x(E[r]) \ {∞}⟩Fp
)

holds if and only if we have

x([r]−1(P )) ∩ ⟨x(E[r]) \ {∞}⟩Fp ̸= ϕ.

This means that at least one of the points of x([r]−1(P )) can be written as a
linear combination of the points of x(E[r]) \ {∞}.

1.2 Anabelian Geometry

In the second part, we will discuss an application of Theorem 1.1 to an-
abelian geometry. Theorem 1.1 shows the existence of linear relations, and [3]
Theorem 3.3 (cf. Lemma 3.4) shows that the existence of linear relations can
be characterized by the étale fundamental groups under some assumptions.

Let U1 and U2 be nonempty affine open subschemes of elliptic curves (E1,O1)
and (E2,O2) over Fp respectively such that

α1 : π1(U1)
∼−→ π1(U2).

2



The goal of this section is to prove the following isomorphism under some
assumptions.

U1 ≃ U2

Theorem 1.2 ([3] Corollary 4.10). We have the following isomorphism of Fp-
schemes.

E1 ≃ E2

We identify E1 with E2 and write (E,O) instead of (E1,O1) and (E2,O2).
By a similar argument to [3] Lemma 4.2, α1 induces

αs : π1([s]
−1(U1))

∼−→ π1([s]
−1(U2))

for each s > 0, which makes the following diagram commutative.

π1([s]
−1(U1))

∼
αs

//
� _

�

π1([s]
−1(U2))� _

�
π1(U1)

∼
α1

// π1(U2)

Set S1 =
def
E \ U1 and S2 =

def
E \ U2. By [4] Theorem 2.5, αs naturally induces

a bijection
ϕs : [s]

−1(S1) ≃ [s]−1(S2)

for each s > 0. By [4] Corollary 1.10, α1 naturally induces an isomorphism

θ : π1(E) ≃ π1(E)

which makes the following diagram commutative.

π1(U1)
∼ //

����

π1(U2)

����
π1(E)

∼
θ

// π1(E)

We put the following assumption.

(A1) θ is contained in the image of the map π1 : AutFp
(E)→ Aut(π1(E)).

By Lemma 3.2, we can assume

• O ∈ S1 and O ∈ S2.

• ϕs|E[s] = id|E[s] for any s > 0.
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Let m be a positive integer such that

S1 ⊂ E[m].

By Theorem 1.1, we can take a positive even integer r such that

x(E[m]) ⊂ Hr(⟨x(E[r]) \ {∞}⟩Fp).

Let P ∈ S1. This implies that there is a point Q ∈ [r]−1(P ) which satisfies the
equality

x(Q) =
∑

µ∈x(E[r])\{∞}

aµµ

for some aµ ∈ Fp (µ ∈ x(E[r]) \ {∞}). The group Z/2Z = {0, 1} acts on E as
follows.

gP =

{
P (g = 0)

−P (g = 1)

where g ∈ Z/2Z and P ∈ E. We put the following assumptio

(A2) S1 and S2 are closed under the action of Z/2Z.

By using this assumption, we can show the following fact.

• [s]−1(S1) and [s]−1(S2) are closed under the action of Z/2Z for any s > 0.

Definition. Let

Li,r = ker(π1([r]
−1(Ui))→ π1(P1 \ Ti,r)→ π1(P1 \ Ti,r)ab,p

′
).

Here, Ti,r = x([r]−1(Si)) (i = 1, 2). Note that we can define the natural sur-
jection [r]−1(Ui) → P1 \ Ti,r because [r]−1(Si) is closed under the action of
Z/2Z.

We consider the following assumption, which depends on r.

(A3(r)) αr(L1,r) = L2,r.

The condition (A3(r)) implies that the condition

(A3(r)′) ϕr preserves the action of Z/2Z.

holds, hence there is a unique bijection ψr : T1,r → T2,r which makes the
following diagram commutative.

[r]−1(S1)
∼
ϕr

//

x
����

[r]−1(S2)

x
����

T1,r
∼
ψr

// T2,r
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(See Lemma 3.3.) Note that the equality ϕr|E[r] = id|E[r] induces the equality

ψr|x(E[r]) = id|x(E[r]).

By [3] Theorem 3.3 (cf. Lemma 3.4) and the linear relation

x(Q) =
∑

µ∈x(E[r])\{∞}

aµµ,

the following equality holds.

x(Q) =
∑

µ∈x(E[r])\{∞}

aµµ =
∑

µ∈x(E[r])\{∞}

aµψr(µ) = x(ϕr(Q)).

This means that
x(P ) = x(ϕ1(P )).

By applying the above argument to all the points of S1 (note that r does not
depend on the choice of P ), we have the following theorem, which is a conditional
generalization of [3] Theorem 4.9.

Theorem 1.3 (cf. Theorem 3.5). Let p ≥ 3 be a prime number, U1 and U2

nonempty affine open subschemes of an elliptic curve (E,O) over Fp such that

π1(U1) ≃ π1(U2).

We assume that
O ∈ S1,

O ∈ S2

and
ϕ1(O) = O.

Let m be a positive integer such that S1 ⊂ E[m], r a positive even integer such
that

x(E[m]) ⊂ Hr(⟨x(E[r]) \ {∞}⟩Fp
).

(Note that such r exists by Theorem 1.1.) We assume (A1), (A2) and (A3(r)).
Then

U1 ≃ U2

holds.

1.3 Observation on Li,r

Lemma 3.4 (and hence Theorem 1.3) requires condition (A3(r)), but it is
not known whether Li,r can be characterized by the étale fundamental group.
In the third part, we will observe a relationship among conditions (A2), (A3(r))
and (A3(r)′) (cf. Proposition 4.7), and prove that Li,r can be characterized by
the étale fundamental group in special cases (cf. Proposition 4.8).
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2 Elliptic Curves

In this section, we will show a certain relation between the group structure
on elliptic curves and the additive structure on A1.

We use the same notation as in section 1.1. Let F be the q-power Frobe-
nius endmorphism on E, Tr(F ) the trace of F (i.e. X2 − Tr(F )X + q is the
characteristic polynomial of F ), α and β the roots of X2 − Tr(F )X + q.

First we will show some properties of the trace of the Frobenius maps.

Lemma 2.1 ([1] Exercise 9.10.10). Let k be a positive integer. Then the
following equalities hold.

1. Tr(F 2k) = Tr(F k)2 − 2qk

2. Tr(F 3k) = Tr(F 2k)Tr(F k)− qkTr(F k)

Proof. Note that Tr(Fmk) = αmk + βmk and αmkβmk = qmk for any m. So
we have

Tr(F 2k) = α2k + β2k

= (αk + βk)2 − 2αkβk

= Tr(F k)2 − 2qk

and

Tr(F 3k) = α3k + β3k

= (α3k + α2kβk + αkβ2k + β3k)− (α2kβk + αkβ2k)

= (α2k + β2k)(αk + βk)− αkβk(αk + βk)

= Tr(F 2k)Tr(F k)− qkTr(F k)

Proposition 2.2. Let k be a positive integer. Then there exists a positive
integer m such that

Tr(Fmk) > 0.

Proof. We consider two cases.
• Suppose Tr(Fmk) ̸= 0 for any m.
At least one of Tr(F k), T r(F 2k) and Tr(F 3k) is positive because of the second
equality in Lemma 2.1.
• Suppose Tr(Fm0k) = 0 for some m0.
Since the first equality in Lemma 2.1 holds, we have

Tr(F 4m0k) = Tr(F 2m0k)2 − 2q2m0k

= (Tr(Fm0k)− 2qm0k)2 − 2q2m0k

= 4q2m0k − 2q2m0k = 2q2m0k.

Thus, Tr(F 4m0k) is positive.
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Remark 2.3. We can explicitly calculate the smallest value ofm0 in the second
case of the proof of Proposition 2.2.

If E is ordinary, the first case of the proof of Proposition 2.2 only occurs.
If E is supersingular, [6] Theorem 4.1 shows that one of the following con-

ditions holds. (recall that q = pn.)

1. nk is even and Tr(F k) = ±2q k
2 .

2. nk is even and Tr(F k) = ±q k
2 .

3. nk is odd, p = 2, 3 and Tr(F k) = ±pnk+1
2 .

4. Tr(F k) = 0.

In the first case, we have αk = βk = ±q k
2 and

Tr(Fmk) = αmk + βmk = (±1)m2q
mk
2

for any m. So the first case of the proof of Proposition 2.2 only occurs.
In the second case, by Lemma 2.1, we have Tr(F 2k) = −qk, Tr(F 3k) =

∓2q 3k
2 and α3k = β3k = ∓q 3k

2 . Let s and t be the integers such that m = 3s+ t
and 0 ≤ t < 3. Then we have

Tr(Fmk) =


(∓2q 3k

2 )s (t = 0)

(∓2q 3k
2 )s(±q k

2 ) (t = 1)

(∓2q 3k
2 )s(−qk) (t = 2).

So the first case of the proof of Proposition 2.2 only occurs.
In the third case, we have

Tr(F 2k) = (p− 2)qk

and
Tr(F 3k) = ±(p− 3)p

3nk+1
2 .

So m0 = 2 (resp. m0 = 3) is the smallest positive integer such that Tr(Fm0k) =
0 if p = 2 (resp. p = 3).

In the final case, we can take m0 as 1.

We will show two lemmas to prove the main theorem of this section (Theorem
2.6).

Lemma 2.4. Let N and M be positive integers such that (p,M) = 1. Then
there exists a positive integer k which satisfies the following conditions.

1. Tr(F k) > 0

2. E[N ] ⊂ E(Fqk)

3. qk ≡ 1 mod M
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Proof. Clearly, we can take k which satisfies the conditions 2 and 3, and we
can replace k with any multiple. So, by Proposition 2.2, we can take k which
satisfies all the conditions.

Lemma 2.5. Let V be a finite dimensional vector space over Fp, S a subset of
V . If #V < p(#S), we have

V = ⟨S⟩Fp .

Here, #V (resp. #S) stands for the cardinality of V (resp. S).

Proof. We calculate the dimension of ⟨S⟩Fp .

dim⟨S⟩Fp
= logp(#⟨S⟩Fp

)

≥ logp(#S)

= logp(p#S)− 1

> logp(#V )− 1

= dimV − 1

This means that dim⟨S⟩Fp
≥ dimV. On the other hand, ⟨S⟩Fp

is a subspace of
V . So we have

V = ⟨S⟩Fp
.

Theorem 2.6. Let d and m be positive integers. Then there exists a positive
integer r which satisfies the following.

x(E[m]) ⊂ Hdr(⟨x(E[dr]) \ {∞}⟩Fp
)

Proof. Let a, b and l be the nonnegative integers such that

m = 2apbl,

(2p, l) = 1

if p ≥ 3, and
m = pbl,

(p, l) = 1

if p = 2. By applying Lemma 2.4 to N = 4dm (resp. N = 2dm) and M = 4l
(resp. M = l) if p ≥ 3 (resp. p = 2), we can take k which satisfies the following.

(C1) Tr(F k) > 0

(C2) E[4dm] ⊂ E(Fqk) if p ≥ 3

(C3) qk ≡ 1 mod 4l if p ≥ 3

(C4) E[2dm] ⊂ E(Fqk) if p = 2
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(C5) qk ≡ 1 mod l if p = 2

First we will calculate the cardinalities of E[F k + 1] and x(E[F k + 1]). Let
P ∈ E[F k − 1]. Then we have the following.

P ∈ E[2] ⇐⇒ P = −P
⇐⇒ F k(P ) = −P
⇐⇒ P ∈ E[F k + 1]

In other words, we have E[F k − 1] ∩ E[F k + 1] = E[F k − 1] ∩ E[2]. By the
conditions (C2) and (C4), E[2] ⊂ E(Fqk) = E[F k − 1] holds. Thus, we have

E[F k − 1] ∩ E[F k + 1] = E[2].

Let P ∈ E(Fp). Then we have the following.

P ∈ x−1(P1(Fqk)) ⇐⇒ F k(x(P )) = x(P )

⇐⇒ x(F k(P )) = x(P )

⇐⇒ F k(P ) = ±P
⇐⇒ P ∈ E[F k − 1] ∪ E[F k + 1]

In other words, we have

x−1(P1(Fkq )) = E[F k − 1] ∪ E[F k + 1].

By using these equalities, we have

#E[F k + 1] = #x−1(P1(Fqk))−#E[F k − 1] + #E[2]

= (2qk + 2−#E[2])− (qk + 1− Tr(F k)) + #E[2]

= qk + 1 + Tr(F k)

and

#x(E[F k + 1]) =
1

2
(qk + 1 + Tr(F k)−#E[2]) + #E[2]

=
1

2
(qk + 1 + Tr(F k) + #E[2]).

We will apply Lemma 2.5 to the Fp-vector space A1(Fqk) and its subset

x(E[F k + 1]) \ {∞}.

By condition (C1) (i.e. Tr(F k) > 0) and the inequality #(E[2]) > 0, we have

p(#(x(E[F k + 1])− {∞})) = p

2
(qk − 1 + Tr(F k) + #E[2])

>
p

2
qk

≥ qk = #A1(Fqk).
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(In particular, #(x(E[F k + 1]) \ {∞}) > 0.) Thus, we have

A1(Fqk) = ⟨x(E[F k + 1]) \ {∞}⟩Fp
.

Let r = #E[F k + 1] = qk + 1 + Tr(F k). It is clear that

E[F k + 1] ⊂ E[r] ⊂ E[dr].

Since Hdr(P ) =∞ for any P ∈ x(E[F k + 1]) \ {∞} ( ̸= ϕ), we have

∞ ∈ Hdr(⟨x(E[F k + 1]) \ {∞}⟩Fp) = Hdr(A1(Fqk)).

Then we have

Hdr(P1(Fqk)) = Hdr(A1(Fqk))
= Hdr(⟨x(E[F k + 1]) \ {∞}⟩Fp

)

⊂ Hdr(⟨x(E[dr]) \ {∞}⟩Fp
).

By the definition of Hdr, we have

Hdr(P1(Fqk)) = x([dr](x−1(P1(Fqk))))
= x([dr](E[F k − 1] ∪ E[F k + 1]))

= x([dr](E[F k − 1]))

= x([dr + d#(E[F k − 1])](E[F k − 1]))

= x([2d(qk + 1)](E[F k − 1]))

= x([2d(qk + 1)](E(Fqk))).

Then it suffices to show that

E[m] ⊂ [2d(qk + 1)](E(Fqk)).

We consider two cases p ≥ 3 and p = 2 separately.
• Suppose that p ≥ 3.
Recall that m = 2apbl. By condition (C3), we have the following equalities.

• ( q
k+1
2 , 2) = 1

• ( q
k+1
2 , l) = 1 (note that l is odd.)

As ( q
k+1
2 , p) = 1 clearly holds, these equalities implies that

(
qk + 1

2
,m) = 1.

By condition (C2), we have

E[m] = [
qk + 1

2
](E[m])

= [2d(qk + 1)](E[4dm])

⊂ [2d(qk + 1)](E(Fqk)).
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• Suppose that p = 2.
Recall that m = pbl. By condition (C5), we have the following equality.

• (qk + 1, l) = 1 (note that l is odd.)

As (qk + 1, p) = 1 clearly holds, this equality implies that

(qk + 1,m) = 1.

By condition (C4), we have

E[m] = [qk + 1](E[m])

= [2d(qk + 1)](E[2dm])

⊂ [2d(qk + 1)](E(Fqk)).

3 Anabelian Geometry

In this section, we assume that p ≥ 3. Let (E1,O1) and (E2,O2) be elliptic
curves over Fp defined by Legendre forms

y2 = x(x− 1)(x− λ1)

and
y2 = x(x− 1)(x− λ2)

respectively, where λ1, λ2 ∈ Fp.
Let U1 and U2 be nonempty affine open subschemes of E1 and E2 respec-

tively, such that
α1 : π1(U1)

∼−→ π1(U2).

By [3] Corollary 4.11, we have E1 ≃ E2. So we can (and do) assume λ1 = λ2
and identify E1 with E2. Write (E,O) instead of (E1,O1) and (E2,O2).

By a similar argument to the proof of [3] Lemma 4.2, we can identify
π1([s]

−1(Ui)) with a subgroup of π1(Ui) (i = 1, 2), and α1 induces an isomor-
phism

αs : π1([s]
−1(U1))

∼−→ π1([s]
−1(U2)).

for each s > 0.
Let S1 = E \ U1 and S2 = E \ U2. By [4] Lemma 2.1 and [4] Theorem 2.5,

we can identify [s]−1(S1) with the set of the equivalence classes of the inertia
subgroups, and obtain a bijection

ϕs : [s]
−1(S1)→ [s]−1(S2)

from αs for each s > 0.
First we discuss the condition ϕs|E[s] = idE[s]. Note that the open immersion

Ui → E induces a surjective homomorphism π1(Ui)→ π1(E) (i = 1, 2).
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Lemma 3.1 ([4] Corollary 1.10). The isomorphism α1 induces an isomorphism

θ : π1(E)
∼−→ π1(E).

Let AutFp(E) be the set of Fp-automorphisms of E. We put the following
assumption.

(A1) θ is contained in the image of a map π1 : AutFp(E)→ Aut(π1(E)).

Lemma 3.2. There are open immersions (Ui → E)s>0,i=1,2 such that

O ∈ S1,

O ∈ S2

and
ϕs|E[s] = idE[s]

for any s > 0.

Proof. Let σ ∈ AutFp
(E) such that θ = π1(σ). Then we have the following

commutative diagram.

0 // π1(E)

θ

��

π1([s]) // π1(E)

θ

��

// E[s]

σ|E[s]

��

// 0

0 // π1(E)
π1([s]) // π1(E) // E[s] // 0

Here the horizontal sequences are exact. We can assume that O ∈ S1,O ∈ S2

and ϕs(O) = O. We have that ϕs|E[s] = σ|E[s]. So by replacing the open
immersion U1 → E with

U1 → E
σ−1

−−→ E,

and replacing S1, ϕs and θ with those which correspond to U1 → E
σ−1

−−→ E,

ϕs|E[s] = idE[s]

holds.

We assume that O ∈ S1,O ∈ S2 and ϕs|E[s] = idE[s] for any s > 0 from now
on.

Let
x : E → P1

be the finite morphism of degree 2 defined by x((a, b)) = a and x(O) =∞.
The group Z/2Z = {0, 1} acts on E as follows.

gP =

{
P (g = 0)

−P (g = 1)

where g ∈ Z/2Z and P ∈ E.
We put the following assumption from now on.
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(A2) S1 and S2 are closed under the action of Z/2Z.

Let m be a positive integer such that

S1 ⊂ E[m].

By Theorem 2.6, we can take a positive even integer r such that

x(E[m]) ⊂ Hr(⟨x(E[r]) \ {∞}⟩Fp).

The isogeny [r] preserves the action of Z/2Z. So [r]−1(Si) is closed under the
action. This means that x : E → P1 restricts to a finite morphism

x : [r]−1(Ui)→ P1 \ Ti,r,

where
Ti,r = x([r]−1(Si))

for i = 1, 2.

Definition. Let U be an open subscheme of E such that E \U is closed under
the action of Z/2Z. Then we set

LU = ker(π1(U)→ π1(P1 \ x(E \ U))→ π1(P1 \ x(E \ U))ab,p
′
).

We write Li,r instead of L[r]−1(Ui) for i = 1, 2.

We consider the following conditions, which depend on r.

(A3(r)) αr(L1,r) = L2,r.

(A3(r)′) ϕr preserves the action of Z/2Z.

We use the condition that r is even in the following lemmas.

Lemma 3.3 ([3] Proposition 3.1). The condition (A3(r)) implies the condition
(A3(r)′). Under the condition (A3(r)′), we have the bijection

ψr : T1,r → T2,r

induced by ϕr.

We assume (A3(r)) from now on. The key lemma is the following.

Lemma 3.4 ([3] Theorem 3.3). For any aµ ∈ Fp (µ ∈ T1,r \ {∞}), we have the
following. ∑

µ

aµµ = 0 ⇐⇒
∑
µ

aµψr(µ) = 0
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Next we will show the existence of linear relations by using Theorem 2.6.
Let P ∈ S1. x(P ) ∈ Hr(⟨x(E[r]) \ {∞}⟩Fp) holds if and only if we have

x([r]−1(P )) ∩ ⟨x(E[r]) \ {∞}⟩Fp ̸= ϕ.

This means that there is a linear relation

x(Q) =
∑

µ∈x(E[r])\{∞}

aµµ

for some Q ∈ [r]−1(P ) and some aµ ∈ Fp (µ ∈ x(E[r]\{∞}) ⊂ T1,r). By Lemma
3.4, we have the following.

x(ϕr(Q)) = ψr(x(Q)) =
∑

µ∈x(E[r])\{∞}

aµψr(µ).

Recall that ϕr|E[r] = idE[r], hence ψr|x(E[r]) = idx(E[r]). Thus,

x(Q) =
∑

µ∈x(E[r])\{∞}

aµµ =
∑

µ∈x(E[r])\{∞}

aµψr(µ) = x(ϕr(Q))

holds. This implies that x(P ) = x(ϕ1(P )). By applying the above argument to
all the points of S1, U1 = U2 holds. So we obtain the following theorem.

Theorem 3.5. Let p ≥ 3 be a prime number, U1 and U2 nonempty affine open
subschemes of elliptic curves (E1,O1) and (E2,O2) respectively over Fp such
that

π1(U1) ≃ π1(U2).

(1) [[3] Corollary 4.11]. We have that

E1 ≃ E2.

(2). We assume that

(E,O) =def(E1,O1) = (E2,O2),

O ∈ S1 = E \ U1,

O ∈ S2 = E \ U2

and
ϕ1(O) = O.

Let m be a positive integer such that S1 ⊂ E[m], r a positive even integer such
that

x(E[m]) ⊂ Hr(⟨x(E[r]) \ {∞}⟩Fp).

(Note that such r exists by Theorem 2.6.) We assume (A1), (A2) and (A3(r)).
Then

U1 ≃ U2

holds.

Remark 3.6. We can prove the tame version of Theorem 3.5 (where π1(U1)
and π1(U2) are replaced with the tame fundamental groups πt1(U1) and π

t
1(U2)

respectively) by using the theorems of [5] section 5.
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4 Observation on Li,r

In this section, we will observe a relationship between (A2), (A3(r)) and
(A3(r)′), and prove a generalization of [3] Theorem 4.3.

We assume that p ≥ 3. Let U1 and U2 be nonempty affine open subschemes
of an elliptic curve E over Fp such that

α1 : π1(U1)
∼−→ π1(U2).

Set S1 = E \U1 and S2 = E \U2. (In this section, we do not assume O ∈ S1 or
O ∈ S2.) Recall that the isomorphism α1 induces the isomorphism

αr : π1([r]
−1(U1))

∼−→ π1([r]
−1(U2)),

and that αr induces the bijection

ϕr : [r]
−1(S1)→ [r]−1(S2)

for each r > 0. We consider the following conditions.

(A2) S1 and S2 are closed under the action of Z/2Z

(A3(r)) αr(L1,r) = L2,r

(A3(r)′) ϕr preserves the action of Z/2Z

Recall that Li,r is defined as follows under condition (A2).

Li,r = ker(π1([r]
−1(Ui))→ π1(P1 \ Ti,r)→ π1(P1 \ Ti,r)ab,p

′
)

Here, Ti,r = x([r]−1(Si)) (i = 1, 2).

Definition. Set
A− =

def{a ∈ A | 1a = −a}

for any abelian group A equipped with an action of Z/2Z, and set

Mi,r =
def
π1([r]

−1(Ui))
ab,p′

for any i = 1, 2 and any r > 0.

Lemma 4.1. Assume condition (A2). Then we have

(Mi,r)
− = ker(Mi,r

π1(x)
ab,p′

−−−−−−→ π1(P1 \ Ti,r)ab,p
′
).

for any i = 1, 2 and any r > 0.

Proof. Note that the action of Z/2Z = {0, 1} on [r]−1(Ui) induces an action of
Z/2Z on Mi,r. We have

(Mi,r)
− ⊂ ker(Mi,r → π1(P1 \ Ti,r)ab,p

′
)

15



because of the following commutative diagram and the fact that π1(P1\Ti,r)ab,p
′

is torsion-free.

Mi,r
π1(1)

ab,p′

//

π1(x)
ab,p′ &&NN

NNN
NNN

NNN
Mi,r

π1(x)
ab,p′xxppp

ppp
ppp

pp

π1(P1 \ Ti,r)ab,p
′

So we have the following homomorphism.

Mi,r/(Mi,r)
− → π1(P1 \ Ti,r)ab,p

′

By [3] Lemma 4.4, we have

(M l
i,r)Z/2Z ⊗Zl

Ql ≃ π1(P1 \ Ti,r)ab,l ⊗Zl
Ql

for any prime number l that is not p. So π1(x) induces an isomorphism

((Mi,r)Z/2Z)/T ≃ R

where T stands for the torsion subgroup of

(Mi,r)Z/2Z,

and R stands for the image of

Mi,r
π1(x)

ab,p′

−−−−−−→ π1(P1 \ Ti,r)ab,p
′
.

Here, we have used the fact that R is torsion-free. Set

N = {1a− a | a ∈Mi,r}.

By the definition of (−)Z/2Z, (Mi,r)Z/2Z =Mi,r/N holds. By easy computation,
we have

2(Mi,r)
− ⊂ N ⊂ (Mi,r)

−.

Note that Mi,r/(Mi,r)
− is torsion-free. Thus, we have

Mi,r/(Mi,r)
− ≃ ((Mi,r)Z/2Z)/T

≃ R.

So (Mi,r)
− is the image of Li,r under

π1([r]
−1(Ui))→Mi,r.

for any i = 1, 2 and any r > 0.
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Definition. Let
Wi,r (⊂Mi,r)

be the sum of the images of the inertia subgroups under

π1([r]
−1(Ui))→Mi,r

(i = 1, 2 and r > 0). Let
σM,G :M →M

be the homomorphism which is defined by

m 7→ Σg∈Ggm (m ∈M)

for any group G and any G-module M . Note that if G = Z/2Z, we have

M− = ker(σM,Z/2Z).

Lemma 4.2. The kernel and the cokernel of the natural homomorphism

(Mi,r)
E[r] →Mi,1,

which is the composite of the natural homomorphisms

(Mi,r)
E[r] ↪→Mi,r,

Mi,r ↠ (Mi,r)E[r]

and
(Mi,r)E[r] →Mi,1,

are finite for any i = 1, 2 and any r > 0.

Proof. By applying [2] Corollary 7.2.5 (Hochschild-Serre spectral sequence) to
the exact sequence

1→ π1([r]
−1(Ui))→ π1(Ui)→ E[r]→ 1,

we have the following exact sequence.

0→ H1(E[r],Q/Z)→ H1(π1(Ui),Q/Z)

→ H1(π1([r]
−1(Ui)),Q/Z)E[r] → H2(E[r],Q/Z)

By applying [2] Theorem 2.9.6 (Pontryagin duality) to this, we have the following
exact sequence.

0← E[r]← π1(Ui)
ab ← (π1([r]

−1(Ui))
ab)E[r] ← HomZ(H

2(E[r],Q/Z),Q/Z)

This implies that the kernel and the cokernel of the homomorphism

(Mi,r)E[r] →Mi,1

17



are finite. So it suffices to show that the kernel and the cokernel of the homo-
morphism

(Mi,r)
E[r] → (Mi,r)E[r]

are finite. Let
σ : (Mi,r)E[r] → (Mi,r)

E[r]

be the homomorphism which is induced by σMi,r,E[r]. First we consider the
composite of the following homomorphisms.

(Mi,r)E[r]
σ−→ (Mi,r)

E[r] → (Mi,r)E[r]

This is equal to the multiplication by #(E[r]). So its cokernel is finite, and so
is the cokernel of the homomorphism

(Mi,r)
E[r] → (Mi,r)E[r].

Next we consider the composite of the following homomorphisms.

(Mi,r)
E[r] → (Mi,r)E[r]

σ−→ (Mi,r)
E[r]

This is also equal to the multiplication by #(E[r]). Note that

(Mi,r)
E[r]

is torsion-free. So this composite homomorphism is injective. Thus, the homo-
morphism

(Mi,r)
E[r] → (Mi,r)E[r]

is also injective.

Lemma 4.3. Let M and N be Z/2Z-modules,

f :M → N

a homomorphism of Z/2Z-modules. We let

f− :M− → N−

denote the homomorphism induced by f . Then the following hold.

1. The kernel of f is finite ⇒ the kernel of f− is finite.

2. The kernel and the cokernel of f are finite ⇒ the cokernel of f− is finite.

Proof. We consider the following commutative diagram.

0 // M− //

f−

��

M

f

��

σM,Z/2Z// M

f

��
0 // N− // N

σN,Z/2Z// N

18



Here, the horizontal sequences are exact. Then we obtain an injection

ker(f−)→ ker(f),

an exact sequence

ker(im(σM,Z/2Z)→ im(σN,Z/2Z))→ coker(f−)→ coker(f)

and an injection

ker(im(σM,Z/2Z)→ im(σN,Z/2Z))→ ker(f).

Now the assertions clearly hold.

Lemma 4.4. Assume condition (A2). The kernel and the cokernel of the nat-
ural homomorphism

((Mi,r)
E[r])− → (Mi,1)

−

are finite for any i = 1, 2 and any r > 0.

Proof. This follows from Lemma 4.2 and Lemma 4.3.

Lemma 4.5. We have

#(Mi,r/((Mi,r)
E[r] +Wi,r)) <∞

for any i = 1, 2 and any r > 0.

Proof. We have the following commutative diagram.

0

��
0 // Wi,r

//

��

Mi,r
fr //

π1([r])
ab,p′

��

π1(E)p
′ //

π1([r])
ab,p′

��

0

0 // Wi,1
// Mi,1

f1

// π1(E)p
′ //

��

0

E[r]p
′

��
0

Here, fr and f1 stand for the natural homomorphisms arising from the open
immersions [r]−1(Ui) ↪→ E and Ui ↪→ E, respectively, and the horizontal and
vertical sequences are exact. So it suffices to show that

#(π1(E)p
′
/(f1 ◦ π1([r])ab,p

′
)((Mi,r)

E[r])) <∞.
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By Lemma 4.2, we have

#(Mi,1/(π1([r])
ab,p′((Mi,r)

E[r])) <∞.

This implies that

#(π1(E)p
′
/(f1 ◦ π1([r])ab,p

′
)((Mi,r)

E[r])) <∞.

Lemma 4.6. Assume condition (A2). Then we have

#((Mi,r)
−/(((Mi,r)

E[r])− + (Wi,r)
−)) <∞

for any i = 1, 2 and any r > 0.

Proof. Let Ni,r denote

(Mi,r)
E[r] +Wi,r.

The second statement of Lemma 4.3 and Lemma 4.5 imply that M−
i,r/N

−
i,r is

finite. Next we consider the following exact sequence.

0→ N−
i,r/(((Mi,r)

E[r])− + (Wi,r)
−)

→M−
i,r/(((Mi,r)

E[r])− + (Wi,r)
−)→M−

i,r/N
−
i,r → 0

Since
2N−

i,r ⊂ ((Mi,r)
E[r])− + (Wi,r)

− ⊂ N−
i,r,

the group
N−
i,r/(((Mi,r)

E[r])− + (Wi,r)
−)

is finite. So
M−
i,r/(((Mi,r)

E[r])− + (Wi,r)
−)

is also finite.

Definition. Let M be a Ẑp′ -module and N a submodule of M . Then we define

TM (N)

to be the smallest subgroup of M such that M/TM (N) is torsion-free and that
N ⊂ TM (N).

Proposition 4.7. Assume condition (A2). Then condition (A3(r)) holds if and
only if conditions (A3(r)′) and (A3(1)) hold.

Proof. We have already seen that (A3(r)) implies (A3(r)′). ([3] Proposition
3.1 (hence Lemma 3.3) requires that

x : Ui → P1 \ Ti,1

is unramified, but this condition is not necessary.) So it suffices to show the
equivalence between (A3(r)) and (A3(1)) by using (A2) and (A3(r)′).
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• (A3(r))⇒ (A3(1))

First we assume (A3(r)). By Lemma 4.4, the cokernel of the homomorphism

π1([r])
ab,p′ :M−

i,r →M−
i,1

is finite. Note that
Mi,1/M

−
i,1

is torsion-free. So
M−
i,1 = TMi,1(π1([r])

ab,p′(M−
i,r)).

holds. By Lemma 4.1, Condition (A3(r)) means that

αab,p
′

r (M−
1,r) =M−

2,r.

So we have

αab,p
′

1 (M−
1,1) = αab,p

′

1 (TM1,1(π1([r])
ab,p′(M−

1,r)))

= TM2,1((π1([r])
ab,p′ ◦ αab,p

′

r )(M−
1,r))

= TM2,1(π1([r])
ab,p′(M−

2,r))

=M−
2,1.

By Lemma 4.1, this means that condition (A3(1)) holds.

• (A3(1))⇒ (A3(r))

Next we assume (A3(1)). Set

Ii,r = (π1([r])
ab,p′)−1(M−

i,1) ∩M
E[r]
i,r (⊃ (M

E[r]
i,r )−).

First we will prove that

Ii,r/(M
E[r]
i,r )−

is finite. We consider the following commutative diagram.

0 // ker(ME[r]
i,r →Mi,1) // ME[r]

i,r
// Mi,1

0 // ker(Ii,r →M−
i,1)

//

OO

Ii,r //

OO

M−
i,1

OO

0

OO

0

OO

0

OO

Here, the horizontal and vertical sequences are exact. By Lemma 4.2, the kernel
of the homomorphism

M
E[r]
i,r →Mi,1
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is finite, and so is the kernel of the homomorphism

Ii,r →M−
i,1.

Then we consider the following commutative diagram.

0 // (ME[r]
i,r )− //

��

Ii,r //

��

Ii,r/(M
E[r]
i,r )− //

��

0

0 // π1([r])ab,p
′
((M

E[r]
i,r )−) //

��

M−
i,1

// C // 0

0

Here, C stands for the cokernel of the homomorphism

(M
E[r]
i,r )− →M−

i,1,

and the horizontal and vertical sequences are exact. By Lemma 4.4, C is finite.
We have already seen that the kernel of the homomorphism

Ii,r →M−
i,1

is finite. So the kernel of the homomorphism

Ii,r/(M
E[r]
i,r )− → C

is also finite, and so is

Ii,r/(M
E[r]
i,r )−.

Now, by Lemma 4.6,

M−
i,r = TMi,r

((M
E[r]
i,r )− +W−

i,r)

holds. By using the finiteness of

Ii,r/(M
E[r]
i,r )−,

we have
M−
i,r = TMi,r

(Ii,r +W−
i,r).

Note that condition (A3(1)) means that

αab,p
′

1 (M−
1,1) =M−

2,1

by Lemma 4.1, and that Ii,r is the inverse image of M−
i,1 under

M
E[r]
i,r →Mi,1.
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So the equality
αab,p

′

r (I1,r) = I2,r

holds. Condition (A3(r)′) implies that

αab,p
′

r (W−
1,r) =W−

2,r

So we have

αab,p
′

r (M−
1,r) = αab,p

′

r (TM1,r
((M

E[r]
1,r )− +W−

1,r))

= αab,p
′

r (TM1,r
(I1,r +W−

1,r))

= TM2,r
(αab,p

′

r (I1,r) + αab,p
′

r (W−
1,r))

= TM2,r (I2,r +W−
2,r)

= TM2,r
((M

E[r]
2,r )− +W−

2,r)

=M−
2,r

By Lemma 4.1, this means that condition (A3(r)) holds.

Finally, we consider the case of #S1 ∈ {1, 2}. First we assume #S1 = 2. We
can assume that S1 is closed under the action of Z/2Z by replacing the open
immersion U1 → E with a suitable one as follows. Let S1 = {P1, P

′
1} such that

P1 ̸= P ′
1 and take R ∈ E such that 2R = −P1 − P ′

1. Then we have

−(P1 +R) = −P1 +R− 2R = −P1 +R+ P1 + P ′
1 = P ′

1 +R.

So by replacing U1 → E with U1 → E
+R−−→ E, we have S1 = {P1+R,−(P1+R)}.

By applying the same argument to U2, we can and do assume (A2), and let
S1 = {P1,−P1}. Given any r > 0, we can assume both (A2) and (A3(r)′)
by replacing U1 → E and [r]−1(U1) → E with suitable ones. Indeed, let Q ∈
[r]−1(S1), R ∈ E[r] such that ϕ−1

r (−ϕr(Q)) = −Q+R, and let W ∈ E[2r] such
that 2W = R. Then we have the following.

ϕr(Q) oo
ϕr � Q Q−W�+Woo

−ϕr(Q) oo
ϕr � −Q+R −Q+W�+Woo

We replace the open immersions U1 → E and [r]−1(U1) → E with U1 →
E

+rW−−−→ E and [r]−1(U1) → E
+W−−→ E respectively (then ϕr is replaced with

ϕr ◦ (+W )), and we replace Q with Q −W . Note that {P1 − rW,−P1 − rW}
is closed under the action of Z/2Z because rW ∈ E[2].

π1([r]
−1(U2))� _

π1([r])

�

π1([r]
−1(E\{P1,−P1}))� _

π1([r])

�

αr

∼oo π1([r]
−1(E\{P1−rW,−P1−rW}))� _

π1([r])

�

∼

π1(+W )

oo

π1(U2) π1(E\{P1,−P1})α1

∼oo π1(E\{P1−rW,−P1−rW})
∼

π1(+rW )

oo
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Then we have −ϕr(Q) = ϕr(−Q). Let

σr : E[r] ≃ E[r]

be the isomorphism defined by the following commutative diagram. (Recall that
θ is defined in Lemma 3.1.)

0 // π1(E)
π1([r]) //

θ

��

π1(E)

θ

��

// E[r]

σr

��

// 0

0 // π1(E)
π1([r]) // π1(E) // E[r] // 0

Here the horizontal sequences are exact. Then we have the equality

ϕr(P +R) = ϕr(P ) + σr(R)

for any P ∈ [r]−1(S1) and any R ∈ E[r]. Any point of [r]−1(S1) can be written
as Q+R or −Q+R for some R ∈ E[r]. Then we have

ϕr(−(Q+R)) = ϕr(−Q)− σr(R)
= −ϕr(Q)− σr(R)
= −ϕr(Q+R).

We also have the equality ϕr(Q − R) = −ϕr(−Q + R). So ϕr preserves the
action of Z/2Z.

Next, we assume #S1 = 1. We can assume (A2) by replacing the open

immersion Ui → E with Ui → E
−Ri−−−→ E for i = 1, 2 (here Si = {Pi} and

Ri ∈ Pi+E[2]). By using a similar argument as above, we can assume (A3(r)′)
in this situation.

Now we prove the following proposition, which is a generalization of [3]
Theorem 4.3.

Proposition 4.8. Let r be a positive integer. Assume that #S1 ∈ {1, 2}.
In this case, we can assume conditions (A2) and (A3(r)′) for suitable open
immersions

[r]−1(Ui) ↪→ E

(i = 1, 2). Then condition (A3(r)) holds.

Proof. By [4] Theorem 1.9, we have #S2 = #S1. Set

Si = {Pi,−Pi} (i = 1, 2)

(we admit Pi = −Pi), and assume ϕ1(P1) = P2. We have observed that condi-
tion (A3(r)′) holds for suitable open immersions. By Proposition 4.7, it suffices
to show that condition (A3(1)) holds. By [3] Lemma 4.4,

(π1(E \ {Pi,−Pi})ab,l)Z/2Z ⊗Zl
Ql ≃ (π1(E \ {Pi,−Pi})ab,l)Z/2Z ⊗Zl

Ql
≃ π1(P1 \ {x(Pi)})ab,l ⊗Zl

Ql
= 0
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holds for any prime number l ̸= p. Note that

(π1(E \ {Pi,−Pi})ab,p
′
)Z/2Z

is torsion-free. So we have

(π1(E \ {Pi,−Pi})ab,p
′
)Z/2Z = 0.

This implies that

(π1(E \ {Pi,−Pi})ab,p
′
)− = π1(E \ {Pi,−Pi})ab,p

′
.

By Lemma 4.1, we have

Li,1 = π1(E \ {Pi,−Pi}).

So condition (A3(1)) clearly holds.
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