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Abstract

The goal of this paper is the reconstruction of the isomorphism class of
a nonempty open subscheme of an elliptic curve over an algebraic closure
of a finite field by its étale fundamental group under some assumptions.
First we will prove a certain general property of elliptic curves over finite
fields. This shows the existence of linear relations of the cusps. On the
other hand, the author’s previous work shows that the existence of linear
relations of the cusps can be characterized by the étale fundamental group
and a certain subgroup. By combining these results, we prove the main
reconstruction result.

1 Introduction

This paper consists of three parts related to each other.

1.1 Elliptic Curves

First we will discuss general properties of elliptic curves over finite fields.
More precisely, we will show a certain relation between the group structure on
elliptic curves and the additive structure on P! as follows.

Let p be a prime number, let ¢ = p™ (n > 1), and F an elliptic curve over
F, which is defined by a nonsingular Weierstrass form

y2 +airy +asy = 23 + a2x2 + a4x + ag
where a1, as, as, a4, ag € Fq. Let O be the identity element of E,
z:E— P!
the finite morphism of degree 2 such that z((a,b)) = a and z(0) = co.

Definition. For any positive integer r, let H,. be the endmorphism of P! which



makes the following diagram commutative.

E

[7]

Pl—— P!

H,

Here, [r] stands for the multiplication by r.

For any endmorphism f of E, set
Blf|¥{P € E(F,) | f(P)=0}.

If f = [r], we write E[r] as E[[r]].
The main result of the first part is the following.

Theorem 1.1 (cf. Theorem 2.6). Let m be a positive integer. Then there
exists a positive even integer r which satisfies the following.

z(Elm]) C H,((z(E[r]) \ {oo})r, )

Here, (x(E[r])\{oc})r, stands for the IF)-vector subspace generated by z(E[r])\
{oo} in Fp, = AY(F,). O

An equality H,(z(E[r])) = {oo} clearly holds. So (—)r, on the right hand
side of the main result is necessary, and the main result shows a relation between
the group structure on elliptic curves and the additive structure on P'. Let

pPec E(F,).
z(P) € Hy((z(E[r]) \ {oo})r,)

holds if and only if we have
2([r)7H(P)) N (@(E[r]) \ {oo})w, # ¢-

This means that at least one of the points of x([r]~}(P)) can be written as a
linear combination of the points of z(E[r]) \ {co}.

1.2 Anabelian Geometry

In the second part, we will discuss an application of Theorem 1.1 to an-
abelian geometry. Theorem 1.1 shows the existence of linear relations, and [3]
Theorem 3.3 (cf. Lemma 3.4) shows that the existence of linear relations can
be characterized by the étale fundamental groups under some assumptions.

Let U; and Us be nonempty affine open subschemes of elliptic curves (E7, O1)
and (Fa, 03) over F, respectively such that

a1 7T1(U1) l) 7T1(U2).



The goal of this section is to prove the following isomorphism under some
assumptions.

U1 >~ Ug

Theorem 1.2 ([3] Corollary 4.10). We have the following isomorphism of F-
schemes.
El ~ E2

O

We identify E; with Es and write (E, Q) instead of (Eq,O1) and (Es, O2).
By a similar argument to [3] Lemma 4.2, a; induces

as i ([s] 7 (U1)) = m([s] 1 (U2)

for each s > 0, which makes the following diagram commutative.

m1([s] 71 (Uh) — = m([s]7 (U2)

m1(U1) o m1(U2)

Set S, <'E \ Uy and Sy Ry ) \ Us. By [4] Theorem 2.5, a5 naturally induces
a bijection
s+ [5] 71 (S1) = [s]71(Sa)
for each s > 0. By [4] Corollary 1.10, a; naturally induces an isomorphism
0:m(E)~m(E)

which makes the following diagram commutative.

m1(U1) —— m1(Us)

Vo

7T1(E) 4;>7T1(E)

We put the following assumption.
(A1) 6 is contained in the image of the map m; : Auty, (E) — Aut(m1(E)).
By Lemma 3.2, we can assume
e Oe S and O € Ss.

b ¢S|E[s] = Zd|E[s] for any s > 0.



Let m be a positive integer such that
S1 C E[m)].
By Theorem 1.1, we can take a positive even integer r such that
w(E[m]) C H,((x(E[r]) \ {oo}), )-
Let P € S;. This implies that there is a point @ € [r]~*(P) which satisfies the

equality
x(Q) = Z [

pex(Blr])\{oo}

for some a, € F, (u € z(E[r]) \ {co}). The group Z/2Z = {0,1} acts on E as
follows.

gP:{fP ?i?
where g € Z/27Z and P € E. We put the following assumptio
(A2) S; and S; are closed under the action of Z/2Z.
By using this assumption, we can show the following fact.
e [s]71(S1) and [s]~1(S2) are closed under the action of Z/2Z for any s > 0.

Definition. Let
Li,r = ker(m([r}*l(Ui)) — 7T1(]P1 \E,r) — 7T1(]P)1 \Tim)ab,p').

Here, T;, = z([r]71(S;)) (i = 1,2). Note that we can define the natural sur-
jection [r]71(U;) — P!\ T;, because [r]71(S;) is closed under the action of
7,/21.

We consider the following assumption, which depends on r.
(A3(r)) ay(L1,r) = Lo,.

The condition (A3(r)) implies that the condition
(A3(r)") ¢, preserves the action of Z/27Z.

holds, hence there is a unique bijection v, : T, — T5, which makes the
following diagram commutative.

[P (S) — = [117H(S2)

Fr

Tl,r T) T2,r



(See Lemma 3.3.) Note that the equality ¢, | Bl = id| [y induces the equality

Urlomp)) = 1@lomp)-
By [3] Theorem 3.3 (cf. Lemma 3.4) and the linear relation

.Z‘(Q) = Z [

pex(Elr])\{oo}

the following equality holds.

2@Q= > am= > au(p) =2(:(Q)).

nex(Elr])\{oo} nex(Elr])\{oo}

This means that
z(P) = z(¢1(P)).

By applying the above argument to all the points of S; (note that r does not
depend on the choice of P), we have the following theorem, which is a conditional
generalization of [3] Theorem 4.9.

Theorem 1.3 (cf. Theorem 3.5). Let p > 3 be a prime number, U; and U,
nonempty affine open subschemes of an elliptic curve (E, Q) over F,, such that

7T1(U1) ~ 7T1(U2).

We assume that
O e Sl,

O e sy

and

$1(0) = 0.

Let m be a positive integer such that S; C E[m], r a positive even integer such
that

w(E[m]) C Hy({z(E[r]) \ {oc})r, ).

(Note that such r exists by Theorem 1.1.) We assume (A1), (A2) and (A3(r)).
Then
Ui ~ U,

holds.

1.3 Observation on L;,

Lemma 3.4 (and hence Theorem 1.3) requires condition (A3(r)), but it is
not known whether L;, can be characterized by the étale fundamental group.
In the third part, we will observe a relationship among conditions (A2), (A3(r))
and (A3(r)") (cf. Proposition 4.7), and prove that L; , can be characterized by
the étale fundamental group in special cases (cf. Proposition 4.8).



2 Elliptic Curves

In this section, we will show a certain relation between the group structure
on elliptic curves and the additive structure on A'.

We use the same notation as in section 1.1. Let F' be the g-power Frobe-
nius endmorphism on E, Tr(F) the trace of F (i.e. X2 — Tr(F)X + q is the
characteristic polynomial of F'), a and 3 the roots of X? — Tr(F)X + q.

First we will show some properties of the trace of the Frobenius maps.

Lemma 2.1 ([1] Exercise 9.10.10). Let k be a positive integer. Then the
following equalities hold.

1. Tr(F?) =Tr(Fk)? —2¢*
2. Tr(F3%) = Tr(F*)Tr(FF) — ¢*Tr(FF)
Proof. Note that Tr(F™) = o™ 4+ g™* and a™Fp™F = ¢™k for any m. So
we have
Tr(F™) = o2* 4 g2
— (a¥ + "2 — 208"
= Tr(FF)? — 24"
and
Tr(F*) = o?* 4 g3
— (0 1 a2 B* 1 ok B2k 4 B3KY _ (a2 gk 4 ok g2y
— (0 1 B7%)(a* + %) — o*BF(ak + B*)
= Tr(F?")Tr(F*) — ¢*Tr(FF)
O

Proposition 2.2. Let k be a positive integer. Then there exists a positive
integer m such that
Tr(F™) > 0.

Proof. We consider two cases.

e Suppose Tr(EF™F) = 0 for any m.

At least one of Tr(F*), Tr(F2*) and Tr(F3%) is positive because of the second
equality in Lemma 2.1.

e Suppose Tr(F™k) = ( for some my.

Since the first equality in Lemma 2.1 holds, we have

T,,,,(F4mgk‘) — T,’,(FQmok)Q _ 2q2m0k
— (TT(Fmok) _ qugk‘)Q _ 2q2mok

— 4q2m0k _ 2q2m0k — 2q2m0k'

Thus, Tr(F*™0F) is positive. O



Remark 2.3. We can explicitly calculate the smallest value of mg in the second
case of the proof of Proposition 2.2.
If F is ordinary, the first case of the proof of Proposition 2.2 only occurs.
If E is supersingular, [6] Theorem 4.1 shows that one of the following con-
ditions holds. (recall that ¢ = p™.)

1. nk is even and Tr(F*) = £2¢%.

2. nk is even and Tr(F*) = +¢5.

nk+1
2

3. nkis odd, p= 2,3 and Tr(F*) = +
4. Tr(F*) =o0.

In the first case, we have of = g*F = :I:qg and

nk

for any m. So the first case of the proof of Proposition 2.2 only occurs.

In the second case, by Lemma 2.1, we have Tr(F?*) = —¢*, Tr(F3%) =
+2¢% and o3% = 83% = T¢% . Let s and t be the integers such that m = 35+t
and 0 <t < 3. Then we have

%)y (=0
Tr(F™) = (F2¢%)°(£¢%) (t=1
(F20%)*(—¢") (t=2

So the first case of the proof of Proposition 2.2 only occurs.
In the third case, we have

Tr(F?*) = (p - 2)¢"

and
+1

Tr(F3%) = £(p - 3)p~

So mg = 2 (resp. mg = 3) is the smallest positive integer such that T'r(F™oF) =
0if p=2 (resp. p = 3).
In the final case, we can take mg as 1.

We will show two lemmas to prove the main theorem of this section (Theorem
2.6).

Lemma 2.4. Let N and M be positive integers such that (p, M) = 1. Then
there exists a positive integer k¥ which satisfies the following conditions.

1. Tr(F¥) >0
2. E[N] C E(F )
3. ¢* =1mod M



Proof. Clearly, we can take k& which satisfies the conditions 2 and 3, and we
can replace k with any multiple. So, by Proposition 2.2, we can take k which
satisfies all the conditions. O

Lemma 2.5. Let V be a finite dimensional vector space over F,,, S a subset of
V. If #V < p(#S), we have
V =(S),.

Here, #V (resp. #5) stands for the cardinality of V' (resp. S).

Proof. We calculate the dimension of (S)r,

dim(S)r, = log,(#(5)r,)
> log,, (#5)
= log,, (p#5) — 1
> log,(#V) — 1
=dimV -1
This means that dim(S)r, > dim V. On the other hand, (S)r, is a subspace of
V. So we have
V = (S)r,-

O

Theorem 2.6. Let d and m be positive integers. Then there exists a positive
integer r which satisfies the following.

z(E[m]) C Hap((x(E[dr]) \ {oo})r,)
Proof. Let a,b and | be the nonnegative integers such that
m = 29p°l,

(2p.1) =1
if p> 3, and
m = p°l,

(p,1) =1

if p = 2. By applying Lemma 2.4 to N = 4dm (resp. N = 2dm) and M = 4l
(resp. M =1)if p > 3 (resp. p = 2), we can take k which satisfies the following.

(C1) Tr(F*) >0

(C2) E[4dm] C E(Fy)ifp>3
(C3) ¢" =1 mod 4l if p >3
(C4)

C4) E2dm] C E(F) if p =2



(C5) ¢" =1mod [ ifp=2

First we will calculate the cardinalities of E[F* + 1] and x(E[F*F + 1]). Let
P € E[F* —1]. Then we have the following.

PeE2] < P=-P
— F*P)=-P
< Pc E[FF+1]
In other words, we have E[F* — 1] N E[F* + 1] = E[F* — 1] N E[2]. By the
conditions (C2) and (C4), E[2] C E(F,) = E[F* —1] holds. Thus, we have

E[F* —1]nE[F* +1] = E[2).

Let P € E(F,). Then we have the following.
Pea ' (PY(Fu)) < F*(x(P))==(P)
> x(F"(P)) = z(P)
— F*P)=4P
< Pc E[FF —1UE[F* +1]
In other words, we have
' (PY(FF)) = E[F* — 1)U E[F* +1].
By using these equalities, we have
#E[F* +1] = #a~ (P! (Fgr)) — #E[F" — 1] + #E[2]
= (2¢" +2 - #EB[2)) = (¢" + 1 = Tr(F")) + #E[2]
=q¢"+1+Tr(F")

and

#a(E[F* +1]) = %(qk + 14 Tr(F*) — #E[2)) + #E[2]

= %(qk +1+Tr(FF) + #E[2)).

We will apply Lemma 2.5 to the Fj,-vector space Al (Fgx) and its subset
z(E[F* 4+ 1))\ {oc}.
By condition (C1) (i.e. Tr(F*) > 0) and the inequality #(E[2]) > 0, we have

p#(x(E[F" +1]) — {o0})) = S(¢" — 1+ Tr(F*) + #E[2])



(In particular, #(z(E[F* 4+ 1]) \ {00}) > 0.) Thus, we have
AY(F,) = (2(BIF* + 1))\ {oo})s,.
Let r = #E[F* + 1] = ¢* + 1 + Tr(F*). It is clear that
E[F* +1] c E[r] C E[dr].
Since Hg,-(P) = oo for any P € x(E[F* +1]) \ {oco} (# ¢), we have
%0 € Hur({a(BIF* + 1))\ {oo})s,) = Har(1(F ).
Then we have
Hy (P (Fyr)) = Har (AN (F )

= Har ({2(B[F* + 1)\ {oo})r,)
C Har({z(E[dr]) \ {oc})r, ).

By the definition of Hy,., we have
Hap (P (Fgr)) = a([dr)(a™" (P (Fgr))))

r|(E[F* — 1)U E[F* 4 1]))

U

=T

=X

\
8

Then it suffices to show that
Efm] € [2d(¢" + D)(E(F,)).

We consider two cases p > 3 and p = 2 separately.
e Suppose that p > 3.
Recall that m = 2%pl. By condition (C3), we have the following equalities.

o (B4 2)=1
. (qkTH,l) =1 (note that [ is odd.)

As (L;l, p) = 1 clearly holds, these equalities implies that

(qk +1 ,m)=1.
By condition (C2), we have
k
Elm] = [ (Blm)
= [2d(g" + 1)) (Bdm])
C 2d(g" + V)(B(F,))



e Suppose that p = 2.
Recall that m = p®l. By condition (C5), we have the following equality.

e (¢ +1,1) =1 (note that [ is odd.)
As (¢¥ +1,p) = 1 clearly holds, this equality implies that
(" +1,m)=1.

By condition (C4), we have

3 Anabelian Geometry

In this section, we assume that p > 3. Let (£1,01) and (E2, O2) be elliptic
curves over I, defined by Legendre forms

v =z —1)(z—A\)

and
vr=a(x—1)(z — X))

respectively, where A1, Ay € Fp.
Let U; and Us be nonempty affine open subschemes of E; and Fs respec-
tively, such that
Qg 7T1(U1) :—) 7T1(U2).

By [3] Corollary 4.11, we have Ey ~ F5. So we can (and do) assume A\; = Ay
and identify Fy with Ey. Write (E, O) instead of (E1,O1) and (Ea, O2).

By a similar argument to the proof of [3] Lemma 4.2, we can identify
71([s]71(U;)) with a subgroup of m1(U;) (i = 1,2), and «; induces an isomor-
phism

oy ()71 (O1) 2 mls] 7 (U2)):

for each s > 0.

Let S4 = E\U; and S; = E \ Us. By [4] Lemma 2.1 and [4] Theorem 2.5,
we can identify [s]71(S1) with the set of the equivalence classes of the inertia
subgroups, and obtain a bijection

s [s]71(S1) = [s] 7 (S2)

from a4 for each s > 0.
First we discuss the condition ¢y] E[s] = idps- Note that the open immersion
U; — E induces a surjective homomorphism m (U;) — 71 (E) (i = 1,2).

11



Lemma 3.1 ([4] Corollary 1.10). The isomorphism «; induces an isomorphism
0:m(E) = m(E).
0

Let Autg,(E) be the set of Fp-automorphisms of E. We put the following
assumption.

(A1) 6 is contained in the image of a map 71 : Autg,(E) — Aut(m1(E)).

Lemma 3.2. There are open immersions (U; — E)s>0,i=1,2 such that

0 e Sy,
0Oes,
and
sl gl = s
for any s > 0.

Proof. Let o € Autg,(E) such that § = 7;(c). Then we have the following
commutative diagram.

m1([s])

0——m(E) ——=m(E) Els] 0
ie le lf’hs[s]
m1([s])
0——m(E) ——=m(E) Els] 0

Here the horizontal sequences are exact. We can assume that O € S;,0 € S,
and ¢4(0) = O. We have that ¢S|E[s] = O’|E[s]. So by replacing the open
immersion U; — E with

-1
U, - EZ—E,
and replacing S, ¢ and € with those which correspond to Uy — E LN E,

¢s|E[s] = idgs)
holds. O
We assume that O € S1,0 € S5 and ¢S|E[S] = idp[ for any s > 0 from now
on.

Let
z: FE — P!

be the finite morphism of degree 2 defined by z((a,b)) = a and z(O) = oco.
The group Z/27Z = {0,1} acts on E as follows.

)P (g
gP_{—P (9

0)
1)

where g € Z/27 and P € E.
We put the following assumption from now on.

12



(A2) S; and S5 are closed under the action of Z/27Z.
Let m be a positive integer such that
S1 C E[m)].
By Theorem 2.6, we can take a positive even integer r such that
2(Elm)) € H((z(E[r]) \ {0}, )-

The isogeny [r] preserves the action of Z/2Z. So [r]71(S;) is closed under the
action. This means that z : E — P! restricts to a finite morphism

T [r]_l(Ui) — P! \Tir,

where

fori=1,2.

Definition. Let U be an open subscheme of E such that E\ U is closed under
the action of Z/27Z. Then we set

Ly = ker(m (U) = m(P\ 2(E\U)) = m (P \ z(E\ U))®r").
We write L;, instead of Lj,)-1(y,) for i =1,2.
We consider the following conditions, which depend on 7.
(A3(r)) ar(L1y) = Lo,.
(A3(r)") ¢, preserves the action of Z/2Z.
We use the condition that r is even in the following lemmas.

Lemma 3.3 ([3] Proposition 3.1). The condition (A3(r)) implies the condition
(A3(r)"). Under the condition (A3(r)"), we have the bijection

1/)7‘ : Tl,r — T2,r
induced by ¢,.. O
We assume (A3(r)) from now on. The key lemma is the following.

Lemma 3.4 ([3] Theorem 3.3). For any a, € F, (u € T, \ {o0}), we have the

following.
Y aup=0 = aue(n) =0
I Iz

13



Next we will show the existence of linear relations by using Theorem 2.6.
Let P € S1. 2(P) € H,((x(E[r]) \ {oo})F,) holds if and only if we have

z([r]H(P)) N (z(E[r]) \ {oo})r, # ¢.
This means that there is a linear relation
z(Q) = Z aup
p€x(E[r])\{oo}
for some Q € [r]71(P) and some a,, € F,, (1 € z(E[r]\{oc}) C T ). By Lemma
3.4, we have the following.
26(Q) = @)= X aunl).
p€x(E[r])\{oo}

Recall that QST‘E[T] = idgy,), hence 1/}7"|1(E[r]) = idy(g[)- Thus,
x(Q) = Z ap b = Z a/ﬂ/}r(ﬂ) = x(¢r(Q))

nex(Elr])\{oo} nex(Elr])\{oo}

holds. This implies that z(P) = z(¢1(P)). By applying the above argument to
all the points of S1, U; = Uy holds. So we obtain the following theorem.

Theorem 3.5. Let p > 3 be a prime number, U; and U, nonempty affine open
subschemes of elliptic curves (E1,01) and (Ea, O2) respectively over F, such
that

7T1(U1) ~ 7T1<U2).

(1) [[3] Corollary 4.11]. We have that
FEi ~ Es.
(2). We assume that
(B,0) € (1, 01) = (Ez, 0a),

0eS =FE\U,
0eSy=FE\U
and
$1(0) = 0.

Let m be a positive integer such that S; C E[m], r a positive even integer such
that
z(E[m]) C Hy((x(E[r]) \ {oo})r, )-
(Note that such r exists by Theorem 2.6.) We assume (A1), (A2) and (A3(r)).
Then
U1 >~ Ug
holds. O

Remark 3.6. We can prove the tame version of Theorem 3.5 (where 71 (U)
and 71 (Us) are replaced with the tame fundamental groups 7% (U;) and 7t (Us)
respectively) by using the theorems of [5] section 5.

14



4 Observation on L;,

In this section, we will observe a relationship between (A2), (A3(r)) and
(A3(r)"), and prove a generalization of [3] Theorem 4.3.

We assume that p > 3. Let U; and Us be nonempty affine open subschemes
of an elliptic curve E over Fp such that

(65) Z7T1(U1) :—> 7T1(U2).

Set S1 = E\ Uy and Sy = E\ Us. (In this section, we do not assume O € S; or
O € S3.) Recall that the isomorphism «a; induces the isomorphism

ap = ([r] 7 (U) = m([r] 7 (2)),
and that «, induces the bijection
¢r 2 [r]7H(S1) =[] 71 (S2)
for each r > 0. We consider the following conditions.
(A2) S; and S, are closed under the action of Z/27Z
(A3(r)) ar(L1y) = Loy
(A3(r)") ¢, preserves the action of Z/2Z

Recall that L, , is defined as follows under condition (A2).
Liy = ker(my([r] 7 (U3)) = m(P\ Ty,p) — mi(PY\ Tip)*")
Here, T; = z([r]71(S;)) (i = 1,2).

Definition. Set
Ao e A|Ta=—a}

for any abelian group A equipped with an action of Z/2Z, and set
My Sy () (U)™

for any ¢ = 1,2 and any r > 0.

Lemma 4.1. Assume condition (A2). Then we have

m™ (x)ab,p/

(Miy)™ = ker(M;, ——— m (P! \Ti,r)ab’p/).
for any ¢ = 1,2 and any r > 0.

Proof. Note that the action of Z/2Z = {0,1} on [r]~1(U;) induces an action of
Z/2Z on M; ,. We have

(M; )~ C ker(M,; . — m (P! \Tiyr)ab,p’)

15



because of the following commutative diagram and the fact that m; (P\T;,,.)*>#’
is torsion-free.
- (T)ab,p,

Mir Mir

) s

) (Enl \ Tz‘,r)ab’p/

So we have the following homomorphism.
M; /(M )~ = m (P Ty )20
By [3] Lemma 4.4, we have
(Mil,r)Z/QZ ®z, Q =~ m (P\ Ti )% @z, Q
for any prime number [ that is not p. So 7 (z) induces an isomorphism
(Mi,r)zy22)/T ~ R
where T stands for the torsion subgroup of
(M;,r)z225
and R stands for the image of

T (z)"’b’p/

M, 22 i (P T, )P
Here, we have used the fact that R is torsion-free. Set
N={la—a|a€e M,,}.

By the definition of (—)z/2z, (M;+)z/22z = M; /N holds. By easy computation,
we have

2(Mi,r)_ C N C (Mi,r)_~
Note that M; ,/(M;,)~ is torsion-free. Thus, we have

M; /(M )™ ~ ((Miy)z/22)/T
R.

1R

So (M;,)~ is the image of L; , under
T ([r] N (Ui) = M.

for any ¢ = 1,2 and any r > 0.

16



Definition. Let
Wi,r (C Mi,r)

be the sum of the images of the inertia subgroups under
mi ([N U) = My

(i=1,2 and r > 0). Let
0M7(;ZM*>M

be the homomorphism which is defined by
m = Ygeqggm (m € M)
for any group G and any G-module M. Note that if G = Z/2Z, we have
M~ =ker(onz/27)-
Lemma 4.2. The kernel and the cokernel of the natural homomorphism
(M) Pl — M,
which is the composite of the natural homomorphisms
(M; )1 — M.,

M; . — (M; ) gl

and
(M) B — Mg,

are finite for any ¢ = 1,2 and any r > 0.

Proof. By applying [2] Corollary 7.2.5 (Hochschild-Serre spectral sequence) to
the exact sequence

1= ([ ) = m(U) = E[r] =1,
we have the following exact sequence.

0 — HY(E[r],Q/Z) — H'(n(U;),Q/7Z)
— H' (m([r] 7" (U:)), Q/2)"I"N - H?(E[r],Q/Z)

By applying [2] Theorem 2.9.6 (Pontryagin duality) to this, we have the following
exact sequence.

0 4= Blr] = m(U)* « (m([r] = (U) ™) gpy) ¢ Homz (H?(E[r], Q/Z),Q/Z)
This implies that the kernel and the cokernel of the homomorphism

(M;.) By — Mia
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are finite. So it suffices to show that the kernel and the cokernel of the homo-
morphism
(M) Pl — (M;) B

are finite. Let
o (Miﬂ")E[r] — (Mi,r)E[T]

be the homomorphism which is induced by oy, | g[y). First we consider the
composite of the following homomorphisms.

(M; ) B = (Mi,r)Em — (M) Bl

This is equal to the multiplication by #(FE[r]). So its cokernel is finite, and so
is the cokernel of the homomorphism

(M) P — (M) .-
Next we consider the composite of the following homomorphisms.
(M) P = (M) gy & (M) B0
This is also equal to the multiplication by #(E[r]). Note that
(M;.)¥ [r]

is torsion-free. So this composite homomorphism is injective. Thus, the homo-
morphism
(M) 2 — (M) iy

is also injective. O
Lemma 4.3. Let M and N be Z/2Z-modules,
f:M—N
a homomorphism of Z/2Z-modules. We let
T M - N~

denote the homomorphism induced by f. Then the following hold.

1. The kernel of f is finite = the kernel of f~ is finite.

2. The kernel and the cokernel of f are finite = the cokernel of f~ is finite.

Proof. We consider the following commutative diagram.

O M7 MUM,Z/zzM
- )
0 N- NN

18



Here, the horizontal sequences are exact. Then we obtain an injection
ker(f~) — ker(f),
an exact sequence
ker(im(o s z/22) — im(on z/22)) — coker(f~) — coker(f)
and an injection
ker(im(or,z/2z) = im(on z/22)) — ker(f).

Now the assertions clearly hold.
O

Lemma 4.4. Assume condition (A2). The kernel and the cokernel of the nat-
ural homomorphism

(M) P — (M)~
are finite for any ¢ = 1,2 and any r > 0.
Proof. This follows from Lemma 4.2 and Lemma 4.3. O
Lemma 4.5. We have
#(Mir /(M) PP + W) < o0
for any ¢ = 1,2 and any r > 0.

Proof. We have the following commutative diagram.

0
0 Wi,r Miﬂa Ir 1 (E)p/ —0
\L im([r])ab’p/ N
O Wi71 Mi71 7 7T1(E)pl 4>0

Here, f, and f; stand for the natural homomorphisms arising from the open
immersions [r]7!(U;) < E and U; < E, respectively, and the horizontal and
vertical sequences are exact. So it suffices to show that

#(m (B [ (from ([r]) ™ ) (M) 1)) < oo,
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By Lemma 4.2, we have
#(Mi /(1 ([r]) 07 (M) P7)) < oo,
This implies that

#(m (B [ (from ([r]) ™ ) (M) 1)) < oo,

Lemma 4.6. Assume condition (A2). Then we have
#(Mir)™ /(M) P~ 4+ (W;,) 7)) < o0
for any ¢ = 1,2 and any r > 0.

Proof. Let N;, denote
(Mi,r>E[r] + Wi,r-

The second statement of Lemma 4.3 and Lemma 4.5 imply that M, /N, is

finite. Next we consider the following exact sequence.

0— Ni,_r/(((Mi,r)E[T])7 +(Wir)™)
- Mijr/(((Mi,r)E[T])f + Wiw)™) = M. /N; . =0
Since
2N, C (M) ") ™ + (W)™ C N,
the group
N, /(M) PN+ (W,)7)
is finite. So
Mi;-/(((Mi,r)E[r])i +(Wir)™)

is also finite.

O

Definition. Let M be a ZP' -module and N a submodule of M. Then we define

T (N)

to be the smallest subgroup of M such that M /Ty;(N) is torsion-free and that

N C Tu(N).

Proposition 4.7. Assume condition (A2). Then condition (A3(r)) holds if and

only if conditions (A3(r)") and (A3(1)) hold.

Proof. We have already seen that (A3(r)) implies (A3(r)"). ([3] Proposition

3.1 (hence Lemma 3.3) requires that

J;:Ui—>IP1\Ti,1

is unramified, but this condition is not necessary.) So it suffices to show the

equivalence between (A3(r)) and (A3(1)) by using (A2) and (A3(r)’).
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o (A3(r)) = (A3(1))

First we assume (A3(r)). By Lemma 4.4, the cokernel of the homomorphism
Wl([r])ab’p/ s M, — M

is finite. Note that
Mi,l/ Mz‘Tl

is torsion-free. So )
M'L’Tl = TMi,l(”Tl([r])ab’p (MZTT))
holds. By Lemma 4.1, Condition (A3(r)) means that
o (M) = Mj,.
So we have
ab,p’ — ab,p’ ab,p’ —
ay? (M1,1) =ai"? (TMl,l(Wl([TD bp (er)))

= Togy, (1 ([P)™7 0 07" ) (M)

= My ;.
By Lemma 4.1, this means that condition (A3(1)) holds.
o (A3(1)) = (A3(r))
Next we assume (A3(1)). Set

Ly = (m(Ir)™*) " (M) 0 MET (o ().

@7

First we will prove that
Elr]\—
L/ (M)

is finite. We consider the following commutative diagram.

0—— ker(Mfr[r] — M; 1) — MZ—]:JT[T] — M;

| ]

0 —— ker(I;, — M, ) I r M
0 0 0

Here, the horizontal and vertical sequences are exact. By Lemma 4.2, the kernel
of the homomorphism
MZ?,,,[T] — Mi,l
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is finite, and so is the kernel of the homomorphism
Ii,r — Mijl'

Then we consider the following commutative diagram.

00— (M)~ Ly —— L/ (M)~ ——0
0 —— my ([r]) 7' (M) ) M, c 0

Here, C stands for the cokernel of the homomorphism

Elr]\— —
(M= = M,

i,r

and the horizontal and vertical sequences are exact. By Lemma 4.4, C' is finite.
We have already seen that the kernel of the homomorphism

Ii’»,‘ — szl
is finite. So the kernel of the homomorphism
L /(M) =

is also finite, and so is
Elr]y—
L) (M)
Now, by Lemma 4.6,
M;, =Ty, (MPYY= 4w
r =T, (M) + Wi ;)

1/7

holds. By using the finiteness of

we have
M, =T, (Lip + W)

Note that condition (A3(1)) means that
ab,p’ — —
o31 b (M1,1) = Mz,l
by Lemma 4.1, and that I; , is the inverse image of Mijl under

MfT[T] — Mi,l-
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So the equality )
afPP (L) = Iy

holds. Condition (A3(r)") implies that

So we have

By Lemma 4.1, this means that condition (A3(r)) holds. O

Finally, we consider the case of #5; € {1,2}. First we assume #5; = 2. We
can assume that S; is closed under the action of Z/2Z by replacing the open
immersion U; — E with a suitable one as follows. Let S; = {Py, P{} such that
Py # P| and take R € E such that 2R = —P; — P|. Then we have

—(PL+R)=-Pi+R—-2R=—-P+R+ P+ P =P +R.

So by replacing Uy — E withU; — E HB B, wehave §; = {Pi1+R,—(P1+R)}.
By applying the same argument to Us, we can and do assume (A2), and let
S1 = {P1,—P1}. Given any r > 0, we can assume both (A2) and (A3(r)")
by replacing U; — E and [r]71(U;) — E with suitable ones. Indeed, let @ €
[7]71(S1), R € E[r] such that ¢, *(—=¢,(Q)) = —Q + R, and let W € E[2r] such
that 2W = R. Then we have the following.

6r(Q) ~—21Q

f¢r(Q)<¢—r|7Q+R<i|fQ+W

+W

1Q—-—W

We replace the open immersions U; — E and [r]"'(U;) — E with Uy —
E Y, E and [rI7Y(U,) - FE . B respectively (then ¢, is replaced with
or o (+W)), and we replace @ with @ — W. Note that {P; — rW,—P, —rW}

is closed under the action of Z/2Z because rW € E[2].

(]2 (U2)) == mi (1] T B PL—PD) S m (1] T (B Pr—r W= Pi—rW )
w1 ([r]) w1 ([r]) w1 ([r])
71 (U2) <7;1 m(E\{P1,=P1}) =—— e m(BE\{Pi—rW,—PL—rW})
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Then we have —¢,.(Q) = ¢, (—Q). Let
oy : E[r] ~ E[r]

be the isomorphism defined by the following commutative diagram. (Recall that
0 is defined in Lemma 3.1.)

m1([r])

0——m(E) ——=m(E) Er] 0
6 0 Or
0——m(E) "1 () E[r] 0

Here the horizontal sequences are exact. Then we have the equality
¢ (P + R) = ¢n(P) + 0 (R)
for any P € [r]71(S;) and any R € E[r]. Any point of [r]~1(S}) can be written
as @ + R or —Q + R for some R € E|r|. Then we have
d)'f'(_(Q + R)) = ¢r(_Q) - GT(R)
= —¢,(Q) — or(R)
= _¢7’(Q + R)
We also have the equality ¢,.(Q — R) = —¢.(—Q + R). So ¢, preserves the

action of Z/27Z.

Next, we assume #S5; = 1. We can assume (A2) by replacing the open
immersion U; — E with U; — E —2% E for i = 1,2 (here S; = {P;} and
R; € P, + F[2]). By using a similar argument as above, we can assume (A3(r)")
in this situation.

Now we prove the following proposition, which is a generalization of [3]
Theorem 4.3.

Proposition 4.8. Let r be a positive integer. Assume that #5; € {1,2}.
In this case, we can assume conditions (A2) and (A3(r)’) for suitable open
immersions
[~ (U) = E
(i =1,2). Then condition (A3(r)) holds.
Proof. By [4] Theorem 1.9, we have #5S; = #5;. Set
Si=Ap,-P} (i=1,2)

(we admit P; = —P;), and assume ¢1(P;) = P,. We have observed that condi-
tion (A3(r)") holds for suitable open immersions. By Proposition 4.7, it suffices
to show that condition (A3(1)) holds. By [3] Lemma 4.4,

(M (B\ {P;, =P )" @, Q =~ (1 (E\ {P;, —P}) ™) 202 ®2, Q

~ 1 (P {2(P) )™ @2z, Q
=0
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holds for any prime number [ # p. Note that

(m(B\ {P,, P} )12

is torsion-free. So we have

(m(E\ {P;, —P})ebr )22 = o,

This implies that

(M(E\ (P =PH™")~ = m(E\{P; =P}

By Lemma 4.1, we have

Ly = 7T1(E \ {Piv *Pi})'

So condition (A3(1)) clearly holds. O
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