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Abstract. We consider the following nonlinear Schrodinger equation with de-
rivative:

(1) i = —Uge — ilulus — blul*u, (t,z) ERXR, beR.

If b = 0, this equation is a gauge equivalent form of the well-known derivative
nonlinear Schrédinger (DNLS) equation. The equation (1) for b > 0 has de-
generate solitons whose momentum and energy are zero, and if b = 0, they are
algebraic solitons. Inspired from the works [29, 8] on instability theory of the
L?-critical generalized KdV equation, we study the instability of degenerate soli-
tons of (1) in a qualitative way, and when b > 0, we obtain a large set of initial
data yielding the instability. The arguments except one step in our proof work
for the case b = 0 in exactly the same way, and in particular the unstable di-
rections of algebraic solitons are detected. This is a step towards understanding
the dynamics around algebraic solitons of the DNLS equation.
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We consider the following nonlinear Schrodinger equation with derivative:
(1.1)

1. Introduction

iy = —Uge — ilul?uy — blultu, (t,7) € R xR,
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where b € R, and u is the complex-valued unknown function of (¢,2) € R x R. It

is well-known (see [39]) that (1.1) is locally well-posed in the energy space H'(RR)

and the following three quantities

1 1,. b
(Energy) E(u) := EHU:BH%2 - 1(1\U|2UxaU)L2 - 6”“”%67
(Mass) M (u) := JlulZe,
(Momentum) P(u) := (iug,u)p2,
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2
are conserved by the flow. Here the inner product (-, )72 is defined by
(v,w)p2 = Re/ v(zx)w(z) dz,
R

and we regard L?(R) as a real Hilbert space. The equation (1.1) is L2-critical
(mass-critical) in the sense that (1.1) is invariant under the scaling

ux(t, z) = A\ 2u(\2t, Ax),

which satisfies ||ux(0)||z2 = ||u(0)|| 2. By using the energy functional, (1.1) is
rewritten as
(1.2) iug(t) = E'(u(t)).

When b = 0 the equation (1.1) is sometimes referred to as the Chen-Lee-Liu equa-
tion [5]. This equation is a gauge equivalent form of the well-known derivative
nonlinear Schrodinger equation

(DNLS) “ﬁt = _wrm: - Z(WPW% (ta 1‘) € R x Ra

which was introduced as a model in plasma physics [32, 33] and shown to be com-
pletely integrable [21]. The equation (1.1) can be considered as a generalization of
(DNLS) while preserving L2-criticality and the Hamiltonian structure (1.2).

The equation (1.1) admits a two-parameter family of solitons!

Uy o(t, z) = ei“’tgbw@(fv —ct),

where (w, c) € R? satisfies

13) —2Vw < e < 2yw if b > —3/16,
(1. —2Vw < ¢ < —2k/w if b < —3/16,

1
Kys = Ky (b 1/1 \/3+ 6b (0,1) when b < —3/16,

v=~(b) =1+ 3b

and ¢, . is explicitly written as

Guw,c(r) = Py o(x) exp <Z;x — i/_ (I)w,c(y)Q dy) ,

[e.9]

2(4(.0 _ 62) 1/2
D, o(z) = <\/62 + v(4w — ¢2) cosh(Vdw — 2 z) — C> if —2v/w < ¢ < 2vw,

4C 1/2 .
(w) if e =2vk.

We note that ¢,, . € H*(R) is the nontrivial solution of the stationary equation

(1.4) —¢" +wé +cid — iloP’d —blol'¢ =0, zcR,

and that @, . is the positive even solution of

(1.5) —9" + (w — ‘32)c1> + So2e — 371q>|4¢> =0, z€R.
4 2 16

IThe terminology soliton was originally used in a context of integrable equations, but we also
use it for nonintegrable equations according to conventions in the literature.



The equation (1.5) has nontrivial H!-solutions if and only if (w, c) satisfies (1.3).
For (w, c¢) satisfying (1.3), one can rewrite (w,c) = (w, 2ky/w), where the param-

eter k satisfies

1<k<1  ifb>—3/16,

—1< k< —kKe ifb<-—3/16.
For each parameter x, the following curve

RT 3w (w,2rvw) € R

gives the scaling of the soliton:

¢w,2,{\/¢;($) = w1/4¢1,2,4(\/5x) for ¢ € R.
When b > 0, there exists a unique kg = ko(b) € (0, 1] such that

E(d’l,%o) = P(¢1,2K0) - 07
which implies that the soliton w, 9,z corresponds to the degenerate case. We
note that 0 < k(b) < 1if b > 0, and ko(0) = 1. Therefore, algebraic solitons of
(DNLS) correspond to the degenerate case, while degenerate solitons for b > 0 have
exponential decay at space infinity. The main purpose of this paper is to establish
instability of the degenerate soliton u, o, /4 in a qualitative way.

The degenerate soliton can be also found in a different context, for example, the
L?-critical NLS

(NLS) iUy = —Ugy — |ul*u, (t,r) € R xR,

and the L?-critical generalized KdV equation

(gKdV) up = —(Ugy + u®), (t,z) e R x R.

The equations (NLS) and (gKdV) have the same conserved quantities:
1 1

(Energy) E() = Sllvallze = G lvllze,

(Mass) M(v) = |[v]|72.

(NLS) has the standing wave e*Q(z) and (gKdV) has the traveling wave Q(- — t),

where Q(x) = 314

con172(22) is the positive even solution of

7Q”+Q7Q5:05 xG]R,
and @ is an optimizer of the following Gagliardo—Nirenberg inequality (see [44]):

1 1 2
(16) St <3 (S0 D) 1ale for fe '),
In particular £(Q) = 0 holds, which implies that the solitons e*Q(z) and Q(- — t)
correspond to the degenerate case. It is also known that these degenerate solitons
are unstable (see [44, 29]).

Instability of degenerate solitons is important to understand the global dynamics
of (NLS) and (gKdV). It follows from (1.6) and conservation laws that if the initial
data ug € H'(R) of (NLS) or (gKdV) satisfies M(ug) < M(Q), the corresponding
H'-solution is global and satisfies

2
% (1 — <M(uo)> ) e (t)||22 < E(ug) for all t € R.

M(Q)
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For (NLS), it is known that finite time blow-up occurs for the initial data satisfying
M(ug) > 27 and E(up) < 0 (see [36]). On the other hand, for (gKdV) existence of
blow-up solutions is a more delicate problem. Martel and Merle [30] proved that
finite time blow-up occurs for the initial data satisfying

(1.7) E(up) <0, M(Q) < M(ug) < M(Q) + o

and some decay condition, where o > 0 is a small constant. We note that before
the work [30], the same authors [29] proved instability of the soliton in a qualitative
way, which led to an important step for proving the existence of blow-up solutions.

For (1.1) for the case b > 0,2 it was proved in [46, 16] that if the initial data
ug € HY(R) satisfies M(ug) < M(¢12s,) =@ M*, then the corresponding H'-
solution is global and satisfies

(1.8) [uz(®)l[L2 < C(|Juoll ) for all £ € R,

where the constant in the right-hand side is composed of the conserved quantities
E(up), M(up), and P(ug). For (DNLS) this mass condition is nothing but the 4r-
mass condition. In the recent progress of studies on (DNLS), global well-posedness
without the smallness assumption of the mass was established by taking advantage
of completely integrable structure (see [40, 20, 2]). These results give a remarkable
difference with other L2-critical equations (NLS) and (gKdV), while the uniform
boundedness of the flow as (1.8) is not known for M (ug) > 4w. We note that if
we impose further assumptions with M (ug) > 4x, for example, M (up) = 47 and
P(up) < 0, or highly oscillating data, then the estimate (1.8) still holds (see [10]).

It was proved in [16] that the mass threshold M* gives a certain turning point
in variational properties of (1.1). This suggests that global dynamics of (1.1) will
change at the mass of M*. From the variational point of view, M* corresponds
to the mass threshold M(Q) in (NLS) and (gKdV). Therefore, to investigate the
dynamics around the mass of M* is important to understand the global dynamics
of (1.1). To this end, in this paper we study instability properties of degenerate
solitons of (1.1) in a qualitative way.

We first give a precise definition of stability and instability of solitons.

Definition 1.1. We say that the soliton u, . of (1.1) is stable if for any o > 0
there exists 3 > 0 such that if ug € H*(R) satisfies ||ug — ¢w.c||z1 < B, the solution
u(t) of (1.1) exists globally in time and satisfies

sup inf (t) - €i€¢w,c(' - y)HHl <a.

U
teR (0,y)€R? |

Otherwise, we say that the soliton wu,, . is unstable.

We now review the known stability results related to our work. When b = 0,
Colin and Ohta [6] proved by applying variational approach that if w > ¢?/4, the
soliton u,, . is stable. For the case ¢ = 2/w some kinds of stability properties
were studied in [22, 23], while the stability or instability in the sense of Definition
1.1 remains an open problem. Liu, Simpson and Sulem [27] calculated linearized
operators of the generalized derivative nonlinear Schrodinger equation

(gDNLS) g + Uge +ilu|*Tuy =0, (t,x) ER xR, 0 >0,

and studied stability of nondegenerate solitons by applying the abstract theory
of Grillakis, Shatah and Strauss [12, 13] (see also [14] for partial results in this

2The global result for the case b < 0 was also established in [16].
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direction). Although well-posedness in the energy space for (gDNLS) was assumed
in [27], the well-posedness problem was later dealt with in [41, 18, 26].

When b > 0, Ohta [38] proved by applying variational approach in [43, 11, 6] that
the soliton w, . is stable if —2/w < ¢ < 2Kpy/w, and unstable if 2kpy/w < ¢ < 2/w.
Ning, Ohta and, Wu [35] proved that the algebraic soliton is unstable for small b > 0,
where the assumption of smallness is used for construction of the unstable direction.
We note that the momentum of the soliton P(¢, ) is positive in the stable region
{—2y/w < ¢ < 2Kp\/w}, negative in the unstable region {2kpv/w < ¢ < 24/w}, and
zero on {c = 2rpy/w} (see Remarks 2 and 3 of [38]). When b < 0 the second author
[17] proved by developing variational approaches in [4, 42, 6, 38] that all solitons
including algebraic solitons are stable. We note that if b < 0, the momentum of all
solitons is positive.

It is known that the stability/instability depends on the spectral properties of
the Hessian matrix of the two-variable function

d(w> C) = Sw,c(¢w,c)7
where S, is the action defined by

Swe(v) i= E(v) + %M(v) + gP(v).

From a direct computation, we have the identity

—2P w,C 2
det[d"(w,c)] = (Yuc) for w > <

Viw — {c? + y(4w — ¢?)} 4
If P(¢w,c) = 0, then d’(w,c) has a zero eigenvalue, which corresponds to the de-
generate case.

We note that the abstract theory in [12, 13] is not applicable to degenerate
solitons. In [7, 37, 28] instability of degenerate solitons with one-parameter is
studied in the abstract framework. The first author [9] extended the work of [37] to
degenerate solitons with two-parameter. However, these results are not applicable
to degenerate solitons of L2-critical equations (NLS), (gKdV) and (1.1). Recently,
Ning [34] proved the instability of the soliton w,, o,/ of (1.1) for sufficiently small
b > 0. The proof was done by combining localized virial identities and modulation
analysis, whose argument was originally developed in [47, 15].

Our approach in the present paper is motivated by the works [29, 8] on instability
of degenerate solitons of (gKdV).

We now state our results of this paper. We first organize the spectral properties
of the linearized operator around the soliton. The linearized operator is explicitly
written as

(1.9) Lycv:= Sxyc(qﬁw,c)v
= gy + WU + Clvy — i\¢w7c\2vx — 24 Re(¢chﬂ)¢fdyc
- b’¢w,c’4v - 4b‘¢w,c‘2 Re(gbw,c@)(bw,c

for v € H'(R). The following claim is used as a basic tool in the proof of our main
result.

Proposition 1.2. Let b € R and let (w,c) satisfy (1.3). Then the space H'(R) is
decomposed as the orthogonal direct sum

Hl (R) = Nw,c @ Zw,c @ Pw,c-
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Here N, is the negative subspace of L. spanned by the eigenvector X, . corre-
sponding to the simple negative eigenvalue A, ¢, Z, . 15 the kernel of L, . spanned
by i¢y, . and qbiw, and Py, . is the positive subspace of L, . such that

(i) if —2¢/w < ¢ < 2y/w, then there exists a positive constant k > 0 such that for

any p € Py e
(1.10) (Luep,p) = KlpllFn,
(ii) if ¢ = 2y/w, then for any p € P, \ {0}
(1.11) (Lw,cp,p) > 0.

We prove Proposition 1.2 by mainly following the argument in [27]. Here we
treat the case ¢ = 2y/w, which was not considered in previous works. As in the
assertion (ii), the coercivity fails for the case ¢ = 2y/w because the essential spectral
of L, . consists of the interval [0, 00) for this case.

We now state our main result, which concerns the instability of degenerate soli-
tons of (1.1).

Theorem 1.3. Let b > 0 and ¢ = 2k9y/w and let X be as in Proposition 1.2.
Then there exist o, € (0,1) such that if 9 = ug — ¢pu for the initial data
ug € H'(R) satisfies

(112) 0< ||€0H%{1 S /8‘(807 ¢w,C)L2‘7 €0 1L {Xw,mi(pw,w ¢¢/,,;7ca i(bi}’C}?

then there exists to = to(up) € R such that the solution u(t) of (1.1) satisfies

inf Jlu(to) — €”¢uc(- — > a.
(97;§ER2\Iu( 0) = € buc- —y)llm = a

In particular, the soliton uy, . is unstable.
Remark 1.4. We can construct g satisfying (1.12) as follows. One can easily show
that the functions x,, id)w@,qb:u,c, D, igbiw are linearly independent. Applying
the Gram-Schmidt process, we have a function e; € H'(R) satisfying

(517 ¢w,c) #0, e L {Xw,w i¢w,67 (bf,.;,ca Z(ﬁiu,c}
Then ¢q := de; for small § > 0 satisfies (1.12).
Remark 1.5. If we replace the assumption (1.12) by

0< HSOH?-II < 6 |(507i¢;,c)L2| y €0 1 {Xw,c’i¢w,07 ¢;,C, ¢w,c}7

then the conclusion in Theorem 1.3 still holds.

Remark 1.6. In [34] some explicit function was used as a negative direction of L, .
instead of the eigenfunction x,, .. The smallness assumption on b > 0 in [34] comes
from the construction of a negative direction and the explicit formula is also used
for the control of modulation parameters. Although one cannot expect the explicit
formula of Xw,c,?’ we construct and control modulation parameters by using the
scaling properties of the equation. Moreover, we obtain a large set of initial data
yielding the instability while in [34] the only one unstable direction is found.

3In contexts of (NLS) and (gKdV) one can use the explicit eigenfunction for negative eigenvalue
of the linearized operator.



For the proof of Theorem 1.3 we use modulation theory and the virial identity

(1.13) ilm/xux(t,x)u(t,x) =4F(ug),

but we avoid a direct use of this identity. We consider the decomposition

e?®) x — z(t)
(114) ults) = i et 2) (15550,
where A(t) > 0, 6(t) € R, z(t) € R, and the function (¢,x) satisfies suitable
orthogonal conditions (see Proposition 3.2). If we put the formula (1.14) into
(1.13), the left-hand side of (1.13) yields the quantity

(1.15) zlm/e(t,xm%,g(@ (Af =14 xfx) ,

which plays an essential role in our proof. This quantity has already been effectively
used on the studies of the blow-up dynamics of (NLS) (see, e.g., [31]), but it seems
to be new in the contexts of (1.1), (DNLS) and (gDNLS). The quantity (1.15)
is well-defined in the H'-setting, so we do not need any cut-off arguments, which
becomes a much simpler argument than previous works [47, 15, 34]. Moreover, our
proof gives a close relation to instability theory on (gKdV) (see Appendix A).

The arguments except one step (Lemma 3.7) in our proof work for the case
b =0 and ¢ = 2y/w, i.e., algebraic solitons of (DNLS), in exactly the same way.*
Although we could not complete the proof of Theorem 1.3 for the case b = 0, the
unstable directions are detected in the same way as the case b > 0 (see Lemma 4.3).
Therefore, we believe that the conclusion of Theorem 1.3 is still true for algebraic
solitons of (DNLS).

In the assumption of Theorem 1.3, if we consider the initial data uy = ¢, + €0
with (g0, ¢uw,c)r2 > 0, then

(1.16) E(up) <0, M(puwc) < M(ug) < M(pw,c)+ Bo,

where fy is a small constant. We note that the condition (1.16) corresponds to the
blow-up set of (NLS) and (gKdV), and so Theorem 1.3 gives an important clue to
construct a singular solution of (1.1).

The rest of this paper is organized as follows. In Section 2 we study the spectra
of the linearized operator L, . and prove Proposition 1.2. In Section 3 we construct
the modulation parameters satisfying suitable orthogonal conditions and control
these parameters. In Section 4 we organize the virial identities. In Section 5 we
complete the proof of Theorem 1.3 by using the estimates obtained in previous
sections.

2. Structure of the linearized operator

In this section, we study the structure of the linearized operator L, .. Through-
out this section, we assume that (w, ¢) satisfies (1.3). For simplicity we often drop
the subscript (w,¢) as

S = Sw,Ca ¢ = ¢w,c; ¢ = (I)w,c'

4For the proof of Lemma 3.7, we use the coercivity property of L, . which does not hold in the
case ¢ = 2y/w.
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We define the function 7, . as
c 1 [*
(21) W) = nacle) = 5o 5 [ v dy,

and define the operator lN’/%c as
L=1Ly,=e @[, eMe)

For w € H'(R) we set f = Rew and g = Imw. After a direct calculation, Lw is
explicitly represented as
~ c? c 3 3
(2.2) Lw= —wy + (w - ) w~+ =®%w + cd?Rew — —ydw — 4P  Rew
4 2 16 4
- i@“ Rew — 5®%w, + 500w — 2%’ Rew

1 .
= Ly1f+ Li2g + 1‘1)4f +i(La1 f + La2g),

where
2
- (=) 4 Beg2_ 15 g
L11 = 835 + Ucp, Uq; = (OJ 4> + 20@ 16"}/(1) s
1 1
Lo = iqﬂam — 5<I><I>’,
1 3

Loy == —§<I>28$ — 5c1>c1>’,
Loy = —0% 4+ V& Vo i= w—é + o2 3t

22 = x ®, o = 4 9 167 .

Since €™(®) is a unitary operator, the spectral property of L is the same as that of
L. In what follows, we investigate the spectra of the operator L.

We first note that L can be considered as compact perturbation of the operator
—9% + (w — c?/4). Therefore, by Weyl’s theorem we deduce that

. 2 2
Gess(L) = G (<02 + (w=5)) = [0 = Fo0)

and the spectrum of L in (—oo,w — ¢2/4) consists of isolated eigenvalues.

2.1. Kernel. In this subsection we prove the nondegeneracy of the kernel of L.
Our proof depends on the argument in [25].

Lemma 2.1. The following statement is true.
(i) ker L1; = span{@;’c},
(ii) ker Loy = span{®,, .}.

Proof. Since @ is a solution of (1.5), we have Lgo® = 0. By differentiating the
equation (1.5), we also have L1;®’ = 0. Hence we have

ker L1 D span{®'}, ker Loy D span{®}.

It now suffices to show ker Loy C span{®} because one can show ker Lj; C span{®'}
by the same argument. Let g € ker Lyo. We consider the Wronskian of ® and g:

W(z) := ®'(x)g(z) — () (x).
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From ®,g € H?(R), we have W(x) — 0 as |z| — 0. Since Loa® = Laog = 0, we
obtain

W'(z) =0"g— &g" = Vodg — ®Vgpg = 0.
Thus, we deduce W = 0, which implies that ® and g are linearly dependent. This
completes the proof. O

Lemma 2.2. The kernel f)wvc 1s determined by

ker f/w,c = span {i@w,c, @;’C - 4@2 C} ,

which is equivalent to ker L, . = span{i¢y, ., LJC}

Proof. First we show ker L O span {iq), P — i‘lﬁ}. Since ¢ is a solution of (1.4),
and the equation has symmetries under the phase and spatial translation, we have
S'(e?¢(-—y)) = 0 for all (A,y) € R x R. Differentiating this with respect to @ or y
at (0,y) =0, we have
(2.3) Li¢ =0, L¢' =0,
respectively. Since e~ [ = Le="(*) and ¢ = @) ®, (2.3) is equivalent to
Li® =0, E(cp’ icd— 3<1>3) = 0.
2 4

This implies ker L O span {io, o' — %@3}.

Next we show the inverse inclusion. Let w € ker L, f = Rew, and ¢ = Imw. The

expression (2.2) of L implies that (f,g) satisfies the following system of ordinary
differential equations:

1
Lif+ Liag + ~®*'f =0,
(2.4) 4

Loif 4 Lazg = 0.

Now we apply the following transformation to g:

1 X

(2.5) g:h—2CI)/ Df dy.
— 00
Then we have
(2.6) Liag + 1<1>4f _Llpe Loarg + 1<1>4f
. 129 A ~ 9 9z B g 4
1 1
= —®%h, — —dD'h.
2 2

Moreover, noting that

1 X
FoR <2<I>/Oo¢>fdy>

it follows from Loy ® = 0 that

1 x 1 z
(2.7)  Loif + Lasg = Lo1 f + Lagh + 02 (2‘1>/ <I>fdy> — 2V<1><1>/ O f dy

—00 — 00

1 3 1

—o" Ofd Yol —p2 =
= /Oo fdy+ S09f 4 a7
1
= @ / Of dy — Lovf.

T

1
= Logh — 5(—@” + Vq;‘I)) / (I’f dy = Looh.

— 00
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Using (2.6) and (2.7) we write the equation (2.4) as

1
Luf+35® (®hy — ®'h) =0,
Losh = 0.

(2.8)

From the second equation in (2.8) and Lemma 2.1 (ii), we have h = a® for some
a € R. Substituting this into the first equation in (2.8), we get L11f = 0. Therefore,
Lemma 2.1 (i) implies that f = 8®’ for some S € R. Substituting h = a® and
f = B9 into (2.5), we have

x T
g:a(IDB@/ @@’dy:aq)ﬁq)/ (<I>2)'dy:a<1>—é<1>3.
2 ) N S 4
Therefore, we obtain that
w=f+ig=pd +i <a<I>— 5@3)
— Qi® + 3 (@’ - flqﬁ) € span {i@, 3 — flqﬁ} .
This completes the proof. O

2.2. Construction of a negative direction. In this subsection we prove that
f%c has exactly one negative eigenvalue. Our proof depends on the argument in
[27] (see also [14]). The following expression of the quadratic form is useful to
construct a negative direction.

Lemma 2.3. Let w € HY(R), f = Rew, and g = Imw. Then we have

1 _
(2.9) (Lo ew,w) = (Linf, f) + 7192 o f + 200,c05(2559) 172
Proof. First, by the expression (2.2), we have

(Ew,w) = (Lisf.g) + (Lizg, £) + (@45, 1) + (L) + (22g,0).
We set § = ®1g. It follows from Loo® = 0 that
(Lasg, g) = (§(=0; + Vo) @, 29) — (20'Gs + Pfaa, BG)
= —(0:(2%02). 3) = || @G| 72-
Next, we calculate the interaction terms as
(Liag. f) = (58°0,(20) — 305, 1) = (@, 13.)
and

<L21fa g> = —<;(b2fx + %(P‘I),f, q)g>

1 _ 1 . 1 -
—5(®%,9f0) = 5(0:(2%), £3) = 5(@°, f3u).
Therefore we deduce that

~ 1 ~ ~
(Lw,w) = (Lirf,g) + (@, f) + (9, Fiu) + |9Gal72

1 -
= (Liif, f) + = | P2 f + 28, 3.
4
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This completes the proof. O
Lemma 2.4. The operator Li1 has exactly one negative eigenvalue.

Proof. We note that Li; is a compact perturbation of the operator —92 + (w—c?/4).
Therefore, by Weyl’s theorem we deduce that
2 2

ot = (2 (5 5)) = o= 50)

and the spectrum of L1y in (—o0,w —c?/4) consists of isolated eigenvalues. We note
that L1;®" = 0 and that ®' has exactly one zero point. By Sturm-Liouville theory
we deduce that zero is the second eigenvalue of Lq1, and that Lq; has one negative
eigenvalue. Moreover, one can prove that the negative eigenvalue is simple (see,
e.g., [1, Theorem B.59]). This completes the proof. O

We denote the negative eigenvalue of L1; in Lemma 2.4 by A1 and its normalized
eigenvector by x11, that is,

(2.10) Luxin = Auxars xalzz =1
Lemma 2.5. The operator iw,c has exactly one negative eigenvalue.

Proof. Let
1 xX
X12 = —2@/ Px11 dy.
—0o0
Then we have

_ 1
00,(® " x12) = *5‘1)2X11-
Therefore, it follows from (2.9) and (2.10) that y. := x11 + i)x12 satisfies
(Lxs, x+) = (L11x11, x11) = A1 < 0.

This means that the operator L has at least one negative eigenvalue. .

Now we show that L has exactly one negative eigenvalue. Assume that L has
two negative eigenvalues (including repeats) A; < Ao < 0 with eigenvectors y; and
X2 such that

Lxi=Xix1, Lx2=2Xox2 |xillze = Ixellzz =1, (x1,x2)z2 = 0.

We note that by the formula (2.9) and Lemma 2.4, <I~/p,~p> > 0 for each p €
H'(R) satisfying (Rep, x11)z2 = 0. Thus, it follows from (Lya, x2) = A2 < 0 that
(Re x2, x11)12 # 0. If we set

(Rex1, x11) 12

o= — (Re X27X11)L2’ Po = X1 + axe,

then we have (Re po, x11)z2 = 0. Hence we deduce that (Lpg, po) > 0. On the other
hand, by a direct calculation we obtain

(ip07p0> = )\1 + 042>\2 < Oa
which yields a contradiction. This completes the proof. ([

Remark 2.6. When b > 0, by variational characterization of the solitons (see [6, 10,
16]) one can prove that L, . has exactly one negative eigenvalue (see the argument
of [25]). Our approach based on the formula (2.9) is more elementary and applicable
to the case b < 0 in a unified way.
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2.3. Spectral decomposition. We now complete the proof of Proposition 1.2.

Proof of Proposition 1.2. By Lemma 2.2 and Lemma 2.5, we have the following
decomposition

(2.11) H'(R) = span{x} @ span {iCI), P — ;@3} o P,

where Y is the eigenvector of NIN/ corresponding to its negative eigenvalue A and Pis
the nonnegative subspace of L. Since L = e~ () [ein(z) (2.11) is equivalent that

(2.12) H'R) =N&Z 0P,

where  is spanned by the negative eigenvector x := €@y of L, Z := span{i¢, ¢'}
is its kernel, and P := €"(*)P is its nonnegative subspace. The rest of the proof is
to show the positivity of L on P.

(i) We consider the case —2y/w < ¢ < 2y/w. Since oess(L) = [w —c%/4, oo), the
spectra of L except for its negative eigenvalue and zero eigenvalue are positive and

bounded away from zero. Therefore, there exists a positive constant dg > 0 such
that

(2.13) (Lp,p) > dolp[|7> for all p € P.

From the explicit formula (1.9), there exists a positive constant Cy such that

1
(Lv,0) 2 5l = Collol3

for all v € H'(R). Combined with (2.13), we have

1+ 2C
o1 < 2(2p.) + (L 26001 < (242520 2o

for all p € P, which shows the desired inequality (1.10).

(ii) We now consider the case ¢ = 2y/w. Assume by contradiction that there
exists pg € P such that ||po||;2 = 1 and (Lpo, po) = 0. Then we obtain the following
relation:

(Lpo, po) = min{(Lp,p): |Ipllrz =1, (x,p)r2 = (i¢,p)2 = (¢, p)r2 = 0}.

This minimization problem implies that there exist Lagrange multipliers aq, ao,
a3, and a4 such that

Lpy = a1x + azig + azd’ + aapo.

By the orthogonal conditions and (Lpg, pg) = 0, we have o; = ag = a3 = ay = 0.
Therefore, pg € ker L NP = {0}, which is a contradiction. Hence (1.11) holds. O

3. Modulation theory

In this section we organize modulation theory for three fundamental symmetries
which are phase, translation, and scaling.

We prepare some notations. For o > 0 we define a tubular neighborhood around
the soliton ¢, . by

Uy ={uec H'(R): inf |[e“u(- — bl g1 < al.
{u (R) (eéf)lewHe u(-+2) = Puellm < a}
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For u € H'(R), A > 0, and 6,y € R, we denote the function & by
e(N,0,z;u) =e(\,0,2) = )\I/Qe_wu()\ c4x) — Pue-
For A > 0 and f: R — C, we define the rescaling
) =N f ().

Let A be the generator of this transformation as

Af =3Pt = L+ udy
We note that A is skew-symmetric, i.e.,
(Af,g)r2 = —(f, Ag)r2.

3.1. Construction of modulation parameters. We construct the modulation
parameters A, 6, and «x satisfying suitable orthogonal conditions. We first prepare
the following lemma.

Lemma 3.1. Assume that (w,c) satisfy (1.3). Then we have
(i) (A¢w,ca Z'wa,C)LQ = (Awa,m Qbi;,c)LQ =0.
If we further assume b > 0 and ¢ = 2k0(b)\/w, then we have

(H) (i(b:u,ca A¢w,c>L2 = (Z‘gﬁi}’c, (bw,c)L? = 07
(111) (A(bw,cu Xu),c)L2 7’é 0.

Proof. (i) It follows from the explicit formula of 1 (see (2.1)) that

/ C 1 2
- "9
n 9 40
¢ = e (in® + ') = (z';@ ~ %@3 n <I>’) .

Since @ is a real-valued and even function, one computes easily that

(A6,i0)r2 = (§ +0i6) | = (v0',i0)2

- o lodp o) (i) = Copr Lga) _
—Re/y<12® 4<I> —|—<I>> (z@)—Re/y<2§> 4@)—0,

(A6,0) 2 = (§+6.0) |

1 2
— ) =t [ @+ (G0 120) | o
ii) Since P(¢) = 0 by ¢ = 2Kkg+/w, we have
(ii) (®) Vw
(16 Ad)1 = (16§ + y)12 = Re [ iglo/P = .
iii) By twice differentiating the following relation
(iii) By g g
S(¢M) = N2E(¢) + wM () + AcP(e)

at A = 1, we have (LA¢, Ap) = 2E(¢) = 0. Suppose that (A¢, x)r2 = 0. From
Proposition 1.2 and (i) proved just above, we obtain that (LA¢, A¢) > 0. This is a
contradiction and completes the proof. O

The next proposition is the foundation of the modulation analysis.
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Proposition 3.2. Let b > 0 and ¢ = 2kgy/w. Then there exist constants oy >
0, Ao > 0 and Cl-mappings (A, 0, X): Usy — (1 — Xo, 1+ Xo) x R? such that
(e(A(w), O(u), X (1)), Xw,e)r2 = (e(A(u), O(u), X(u)), idu.c) 12

= (E(A(u)a @(u),X(u)), ¢£u,c)L2 =0

for all w € Uy,. Moreover, there exists a constant C > 0 such that for any o €
(0, ap) and u € U,

(3-2) le(Aw), ©(u), X (u) g < Ca,  |A(u) = 1] < Cov.

(3.1)

Proof. Let F: (0,00) x R? x HY(R) — R be the function defined by

((/\Ga:u
F(\0,z;u) = {( (N, 0, z;u) ]
((/\qu <Z>’L2

We define the open neighborhoods V,, of ¢ and Qs C (0,00) x R? of (1,0,0) by

Vo ={ue H'R): [lu—9¢|m <a},
05 = {(\, 0,2) € (0,00) x R2: [\ — 1|+ 0] + |z| < &)

By the orthogonality between ker L and x, and Lemma 3.1, we have

OF [(Ad )2 —(i0, )2 (¢ X)12
m(l,oﬁ; O) = | (A, id) 2 —(id, i)z (¢,i¢) 2
o (A¢ ¢,)L2 —(Z'QZs, (Z)/)LQ ((Z)/, d),)Lz
(A, X) 12 0 0
= 0 —lol2. 0
0 0 1¢'11%
Since (A@, x)r2 # 0 by Lemma 3.1 (3), we deduce that
8F

Combined with F'(1,0,0;¢) = 0, the implicit function theorem implies that there
exist constants & > 0 and § > 0 and C'-mappings (A, ©, X): V5 — Q5 such that

(3.4) F(A(u),0(u), X(u);u) =0 for all u e Vg
and
(3.5) IA(w) — 1]+ [0@W)| + [ X (w)| < |lu—¢||gr  for all u € V.

By the expression of e(A(u),©(u), X(u)) and (3.5), one can compute easily that
le(A(w), O(u), X(u)llg S lu— @l for ue Va.

In particular, for o € (0, @) we have

(3.6) lle(A(u), O(u), X (w)||lg S, [Alu)—1] S a foruel,.

By possibly choosing « smaller, we can extend A, ©, and X to the functions defined
on the tubular neighborhood U, (see, e.g., [24] for more details). This completes
the proof. O
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3.2. Control of the modulation parameters. Now we derive the equation for
€ and estimate on the modulation parameters.
Let up € Uy, and u(t) be the solution of (1.1) with u(0) = ug. We denote the
exit times from the tubular neighborhood U, by
TF =inf{t > 0: u(£t) ¢ Uy}.
We set I, = (=T, ,T.). Since u(t) € Uy, for t € I,,, we can define

(3.7) A(t) = Alu(t), 0(t) =O(u(?), ()= X(u(t)),

where the functions (A, ©, X) are given in Proposition 3.2. We see that A(t), 0(t),
and z(t) are C'-functions on I,,. For t € I,, we denote

(3.8) o(t) = v(t, y) = A2 POt M)y + 2(t))
and define the function €(¢) by
(3.9) e(t) = e(At), 0(t), z(t); u(t)) = v(t) = Pu,c

We rescale the time as follows. We set

t

dr ~

s = | T L =3I
( ) A )\(7)2 @Q ( Oto)

Obviously t + 3(t) is strictly increasing, so the inverse function # := 5! exists.

For a function I, > t — f(t), we define I, > s — f(s) by

f(s) = F(i(s)).
We note that
(3.10) fs(s) = fi()A)? for s = 5(t).

For simplicity of notations, in what follows we omit “tilde” over the functions of
the variable s although it is the same symbol as the function of the variable ¢.

Lemma 3.3. For s € I,,, <(s) satisfies

e _ Ts _ Nidl 42
(3.11) ies = Le + (05 — w)duw,c + ( 3 c) iy + 3 Ny ¢
Tg . )\s .
+ (s —w)e + (7 - c) igy + TZAE + R(e),

where R(e) is the sum of second and higher order terms of € explicitly written as
R(e) = —ile[* ¢, . — 2 Re(edu,c)ey — 4b{Re(edu,c)} du.c — 2bldu,c|*lel*duc
— 4b|dy.c|* Re(euw c)e — ile|*ey, — 4ble|* Re(edu ) Puw.c — 4b{Re(cdu o) }oe
— 20| c|*[e]Pe — ble|*Pu.c — 4ble|? Re(ePu.c)e — ble| e,
and there exists C > 0 such that

(3.12) /IR(E)I < Clllellze + lellzzlleyllzz)  for e € HY(R) with ||l < 1.

Proof. By direct calculations we see that v(t) satisfies the equation
iNvp = —vyy — i|v]?vy — blu[*o + MAiAv + 0070 + 2 \ivy,.

By rescaling the time and (3.10), we have

A
Z2iAv 4 0,0 + Ls

s = —vyy — i|v]2vy — blo[*v + 3 3

WUy
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By substituting v(s) = ¢ + £(s), we obtain that
As . s .
(3.13) ies = 1vs = —vyy — i|v]|?vy — blu[*v + TzAv + 65v + %wy
=@+ )y —ilo+ el (6 +e)y bl +ell(@+e)
As s .
+ SHA(G +2) + 0u(d+2) + Ti(6 + <)y

A
We now set

Ri(e) = —ilo +el*(¢ + e)y +il9*¢' +i|¢| ey + 2i Re(ed)¢
= —ile|*¢’ — 2iRe(ed)ey — ile|sy,
Ro(e) = —ble + £'(6 + €) + blg|"6 + blg|"e + 4blo[* Re(c)¢
= —b(4{Re(=0)}26 + [e]'6 + 4|e[* Re(cd)6 + 2|6 e[
+ 4{Re(e)}2e + |e[*e + 4|¢|> Re(ed)e + 4|e|* Re(ed)e + 2]¢|2]5\25),
and R(e) = Ri(e) + Ra(e). By the Sobolev embedding we have
/(|R1(6)! +[Ra(e))) S llellfe + llellzelleyllz - for e € HY(R) with [|e]| n < 1.

From (3.13), we obtain that
ies = —(¢ + €)yy + Ru(e) — il6]*¢' — il¢|*e, — 2i Re(ed)¢’
+ Ry(e) — blg| "¢ — 3b||'e — 20|¢|*¢°E
+ %m(qﬁ o)+ 0,(6+e)+ %i(qﬁ +e),
= —eyy — i|¢|%e, — 2iRe(ed)¢’ — 3b|@|*e — 2b|¢|*p%E
—¢" —i|¢]2¢ — b|o|*e + %z’A(gb &) +0s(p+e)+ %i(qb +¢)y + R(e).
By using the relations
— gyy — 1|02, — 2i Re(ed)¢’ — 3b|o|*e — 2b|p|*¢?E = Le — we — ciey,
—¢" —ilg]*d’ — blo|'p = —we — cid,

we obtain (3.11). O
We note that from Proposition 3.2,

(3.14) (e(8), Xw.e)r2 = (e(8),iuc)r2 = (e(s), Bl )2 = 0,

(3.15) le(s)|lgr < Ca, |A(s) — 1| < Ca

hold for a € (0, ap) and s € I, where C' is independent of o and s.

Lemma 3.4. Let b > 0 and ¢ = 2kgy/w. For s € I,,, the following equalities hold.

As . .
T(A(bw,ca Xw,c)L2 = _<€7 Lw,cZXu),c)L2 - (05 - w)(&‘, ZXOJ,C)LZ

As

Ts .
+ (5 =) b + 5HE A2 — (R(E)sixwe) 22,

(0s — w)||¢w,c||%2 = —(e, Lw,cﬁbw,C)L? — (0s —w)(e, ¢w,c)L2
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. -, Ae,
N (% B C) (€7Z¢w,C)L2 B 7(57A'L¢w70)L2 - (R(€)7 ¢W’C)L2’

Ts . .
(52 =) lghcliza = (e Luvcidl, )iz = (0 = ) (e idl, e

s 1 As ! 104
+ (% - C) (E w c)L2 LY by (€7A¢w,c)L2 - (R(€)7Z¢M,C)L2'

Moreover, there exist C > 0 and a1 € (0, a0) such that for s € I,,, the following
estimate holds.

A x
S0 — w4 |5

(3.16) s

| < Clle(s)ll =

Proof. By differentiating the orthogonal relation (g(s), x)r2 = 0 with respect to s,
we have the first relation in the statement as follows:

0= (887 X)L2

= (e, X) iz — (0 — )i )z + (5 =€) (¢, X) e + (A2

— (0= )i 0+ (55— €) (602 + 31 (Ae, )52 — (R(E), o

= (&, Lix)e + 32 (A0, )2

(8- w)(e 0z (5 ) XD — 326 A + (R(E), )2,

where we used (i¢, x)r2 = (¢', x)r2 = 0 in the last equality.
From Lemma 3.1 we recall that the following equalities hold.

(A¢7i¢)L2 = (A¢7 gb,)LQ = (Z.QZ)/, QZ))LQ =0.

By differentiating the relation (g(s),i¢);2 = 0 with respect to s, we obtain the
second relation as

0= (5S?i¢)L2

= —(iLe,i6) iz — (0 —W)(i6,i0) 2 + (55 — ) (6 i0)sa + 3 (Ad,i6)

= (0s — w)(ie, i) 2 + <7 - C) (ey,id)r2 + >;\ (Ae,id)r2 — (iR(e),id) 2
= (e, L9) 1z — (6, — w)llo3:
(0~ )6 8~ (2 —€) (21612 — L6 iAD)sa — (R(E),0)e

Similarly, by differentiating the relation (£(s), ¢')r2 = 0 with respect to s, we obtain
the third relation as

0= (50, 0)2
= (iLe, )1 — (0 — )6, iz + (52— ) (8 6)in + 32 (00, )
— (0~ )iz, )1+ (52— ) (e @iz + 52 (e )iz — (1R(E), )i
= (&, Lig")2 + (52 =) 16/l
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S /! )\S / - !
+ (0, —w)(e 612 — (52 =) (5,02 = 526, A0 2 + (R(E)i6)) 12
As As + 105 — w| + 2

A
From three relations above and (3.12), we obtain

Ts
Sl 0=l 5= of s elae + (|5 ) el
By (3.15) and taking « small enough, we obtain the estimate (3.16). O

3.3. Error estimates. In this subsection, we derive the uniform estimate of £(s)
for s € I,,. Assume that g € H'(R) satisfies

(3.17) (€05 Xw,e) 2 = (€0, 10w,c) 12 = (€0, ¢, ) = 0.
We set ug = ¢y, + 0. From (3.4) and (3.17), we have
A0) = Alug) =1, 6(0) =O(ug) =0, x(0) =X(uo) =0,
which implies that
£(0) = £(A(0),6(0),2(0)) = £(1,0,0) = uo = Pu.c = €0

We define
Ee() = E(Gue+2) = B(9),
Me(e) = M(@ue +) = M) = 2ue: )12 + M(e),
Pu(e) = P(du +2) = P(bue) = 2id, 0,2) + P(e),
Se(€) = Sucl6+€) = Sucl®) = Ee(e) + SMe(e) + S P(e).

Lemma 3.5. For ¢ € H'(R), we have

Ee(e) = —w(Qu,es )12 — c(id], o €) 12 + O([el7n),
Me(e) = 2(due:€) 2 + O([lel7n),
P.(e) = 2(i¢), ., €) 12 + O(llel7p),
Se(e) = 1( Lu.ce,€) + O(llelzn) = Ollellzn).

Proof. Since S’(¢) = 0, this is equivalent to
E'(§) = —wé — cid.
By the Taylor expansion we have
Ee(e) = E(¢ +¢) — E(¢) = (E'(9),) + O([el7p)
= —w(,9)z2 — c(i¢/,€) 12 + O(llelF),
Se(e) = 5(6+€) — 5(6) = 5{Le,2) + O(eld).
The estimates for M, and P, are trivial from the definition. O

Lemma 3.6. Let b > 0 and ¢ = 2k9\/w. For s € I,,, we have
Mc(e(s)) = Mc(20), Pe((s)) = A(s)Pel€0),  Ee(2(5)) = A(s)* Ee(e0)-
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Proof. A direct computation shows that
M(¢+e(s)) = M(v(s)) = M(u(s)) = M(uo) = M(¢ + €0)-
By expanding both sides we deduce that
2(¢,e(s)) 12 + M(e(s)) = 2(¢,€0) 12 + M (<o),

which is the desired equality.
Since E(¢) = P(¢) = 0 from the assumption, we have

Ee(e(s)) = E(¢ue +e(s)) = E(v(s),  FPe(e(s)) = P¢u,c +&(s)) = P(v(s)).
Therefore, we deduce that
Pe(e(s)) = P(v(s)) = Ms)P(u(t(s))) = A(s)P(uo) = A(s)Pe(eo),
Ee(e(s)) = E(v(s)) = A(5)*E(u(t(s))) = M(s)*E(uo) = A(s)* Ee(e0)-
This completes the proof. O

Lemma 3.7. Let b > 0 and ¢ = 2k0y/w. Then there exist C > 0 and oz € (0, o)
such that for any a € (0,a2) and s € I, we have

(3.18) le($)[1F1 < C(al20(bues 20) 2 + (i), €0) 2]
+ a?|w(u,e, €0) 2 + c(i0, 0 €0) 2| + lleoll 7).

Proof. Since w > ¢?/4 from the assumption, we note that the coercivity property
(1.10) holds. It follows from Lemma 3.5 and (3.15) that by taking a small enough,

Se(e(s)) = %<L5(8)75(8)> +O0(lle(s)llz1) 2 lle(s)lIz-
On the other hand, we deduce from Lemmas 3.5 and 3.6 that
Se(e(s)) = A(s)* Ee(eo) + 2M e(€0) + Als ) Fe(eo)
= Se(e0) + (A(s)” = 1) Ee(e0) + (A(s) = 1)gPe(€O)
= (M(s) = 1)(2B.(c0) + 5 P(e0)) + (A(3) = 1)2Eele0) + Ollleol 1)
= (A(s) = 1)(—2w(¢,e0) 12 — c(id,€0) 2)
— (A(s) = D)*(w(¢, 20) 12 + e(i¢, €0) 12) + O(lleoll7p)-
Therefore, combined with (3.15), we obtain (3.18). O

4. Virial identities

In this section we organize virial identities of (1.1). Let u be the H!-solution of
(1.1) with u(0) = up € H'(R), which is defined on a maximal interval (—Tiin, Timax)-

Proposition 4.1 (Virial identity). For ug € H'(R) such that [ 2%|ug|* < oo, we
have the following relations:

d
(4.1) dt/leu\z :4Im/xuxu+/x|u]4,

(4.2) % Im/xuxu = 4F(uyp)

fort € (—Tmin, Timax)-
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Proof. See [45, Lemma 2.2] and [3, Proposition 6.5.1]. O

The first relation (4.1) is different from the one of (NLS) due to the appearance
of the second term in the right-hand side. On the other hand, the second relation
(4.2) is the same as (NLS). We take advantage of the latter relation for the proof
of instability.

We now assume that u(0) = ug € Uy,. We recall that v(t) and e(¢) are defined
in (3.8) and (3.9), respectively. We rescale the time variable ¢ to s as in Section 3.
Following [31], we rewrite the virial relation in terms of £(s). We denote

Jv] = Im/yvyvdy =— Re/iyvyvdy.
Then J[e] is represented as follows.

Lemma 4.2. Let b > 0 and ¢ = 2kg\/w. Assume that [ x?|ug|®> < co. For s € I,
we have

(4.3) JIe(s)] = 2(e(5), iMdu,c) 12 + J[u(s)] + () P(uo).

Proof. From the phase and scaling invariance of J, we have

(4.4) Jo(s)] = Jlu(s, -+ 2(s)] = J[u(s)] + x(s) P(uo).

On the other hand, J[v(s)] is rewritten as

(4.5) J[v(s)] = J[e(s) + o] = J[e(s)] — 2(e, iAg) L2 + JT[9].

By Lemma 3.1, J[¢] is rewritten as

(4.6) J[¢] = (i¢,y¢") 12 = (i¢), 36 +yd) 12 = (i, A¢) 2 = 0.

By combining (4.4), (4.5), and (4.6), we obtain (4.3). O
The first term in the right-hand side of (4.3)

(4.7) (e(8),iApuw.c) 2 = Im/s(s)Agbwyc

plays an essential role in our proof of instability. We note that (4.7) is well-defined
without the assumption [ 2?|ug|?> < co. From the equation (3.11), we have

d
%(5(3)72'/\(@]:2 = —(i55(5)7A¢)L2
:_<Le+(93—w)¢+i(x;—C>¢/+iAASA¢
A
(0 —w)eti (22 —c) ey +is2Ae + R »A)
(05 — w)e @()\ c)ey i Ae (e) ¢L2

for s € I,,. We note that (¢,A¢)r2 = (iAd,A@)r2 = 0 and (i¢/, Ad)r2 = 0 by
Lemma 3.1 (2). Therefore, by (3.12) and (3.16), we deduce that

(4.8) %(6(8)#’A¢)L2 = —(e(s), LAG) 12 + O(ll(s) 1)

for s € I,,, where a; > 0 appeared in Lemma 3.4. Therefore, by using the relation
LA¢ = —2w¢ — ci¢’, we obtain the following claim.

Lemma 4.3. Let b > 0 and ¢ = 2ko\/w. There exists C > 0 such that for s € I,,,

d
(4.9) —-(e(5),1AGu )2 — (£(5), 2w + i, )12 | < Clle(s)ll7n-
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5. Proof of instability

We are now in a position to complete the proof of Theorem 1.3. We first note
that by Lemma 3.5, the second term in the left-hand side of (4.9) is rewritten as

((5), 2w + ci6) 2 = WM, (<(5)) + 5 Pele()) + O(le(3) [F0)-
By Lemma 3.6 we have
WM, (2(5)) + 5 Pele(s)) = wMe(e0) + A(5)Pe(e0)

= 2w(c0, @) 2 + eA(s) (20, i¢") 12 + O([leoll 7).

Therefore, we obtain the following expression:

(5.1) (e(5), 2w + i) 2 = 2w (g0, §) 12 + cA(s) (€0, i) L2
+O0(lleoll7p) + O(lle(9) 1)
Proof of Theorem 1.3. Let a, 3 > 0 be chosen later and assume that eg € H*(R)
satisfies
0 < JleollFn < Bl(e0, A1zl €0 L {x,i0, &', i0'}.
Let ug := ¢ 4+ €9 and let « satisfy
0 < a<min{ag,as} < ap < 1.

In what follows, we only consider the case (g, ¢)r2 > 0 because one can treat the
case (g9, )2 < 0 in the same way.

Now suppose that u(t) € U, for all ¢ € R. Then it follows that I, = R. From
Lemma 3.7, we have

Sup le(s)lI7 < a0, 8) 12 + lleol 71
S

We note that sup,cp [A(s) — 1| < a by (3.15). Therefore, by Lemma 4.3 and (5.1),
we have

d

T (e(5), 106) 2 2 (20, )12 — a0, 8) 2 + Olllol3n)
>

(1 —a— Cﬁ)(&“o, ¢)L27

where the constant C is independent of gg, «, 8 and s. Therefore, by taking o, 5 > 0
small enough, we obtain that

L (e(s),i00) 2 = (20, B) e > 0

ds
for all s € R. This inequality yields that

(e(s),iAp)r2 — 00 as s — o0.
On the other hand, from (3.15) we have

Sup |(e(5),iA@) 2] S [A@] 12 < o0,
S

which is a contradiction. This completes the proof. ([
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Appendix A. Relation to instability theory on (gKdV)

By following the argument of [8], we review the instability theory of the soliton
Q(- —t) for the L2-critical generalized KdV equation

(gKdV) up + (Uge +1°) =0, (t,2) ER xR,

and see a relation to our proof of Theorem 1.3.
We define a tubular neighborhood around @ by

Uy ={uec H'R): inf |u—Q(-—1)|m < a}.
yER

The linearized operator L around (@ is given by
Lv = —vgy +v —5Q% for v € H'(R).
We note that L satisfies the following properties:
LQ? = —8Q3, ker L =span{Q'}.
We consider the initial data ug = Q + eo such that g € H'(R) satisfies
(A1) (€0,Q”) 2 = (20, Q") 2 = 0.

Let u(t) be the solution of (gKdV) with u(0) = ug. In the same way as in Section
3, one can prove that there exist ag > 0 and C!-functions A(t) > 0 and z(¢) € R
such that if u(t) € Uy, for all t > 0, then (t) = (¢, y) defined by

e(t,y) = (&) Pult, A(t)y + () — Q(y)

satisfies
(A.2) (e(t), Q%) 2 = (e(t),Q) 2 =0 for all t > 0.
We rescale the time ¢t — s by % = /\%(t) A direct calculation shows that e(s)
satisfies
)\5 Ts )\S Ls
(A.3) es = (Le)y + TAQ + (7 - 1) Qy + TAE + <7 - 1) ey —1(€)y,

where 7(¢) is the sum of second and higher order terms of . By (A.2) and (A.3)
one can prove that

AS S
(A.4) 1+ ””7 - 1‘ < |le(s)|l 2 for all s > 0.
We now introduce the following functional
y
(A.5) 1) = [=) [ a0,

which corresponds to (4.7) as a Lyapunov functional. As pointed out in [8], if we
consider the exponentially decaying data as

(A.6) leo(z)] < ce™?®l for some & > 0,

it is rather easy to show the L2-exponential decay on the right of the soliton. In
particular, (A.5) is well-defined for all s > 0. From (A.3) and (A.4), one can obtain
easily that

2
(A7) dilsj(s) - —/s(s)LAQ - 2% (J(s) - i (/ Q) ) + O(l|z(s)]122)-
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Here we define a rescaled functional of J by

K@zA@VQJ@—1</Qf

It follows from (A.7) that

LK) = =72 [ e(5)LAQ + O(=(3) ).

which corresponds to (4.8). By using the relation LAQ = —2@Q), we have

SEE) =292 [ ()@ + O(le(s) 132,

which corresponds to (4.9). Therefore, if we assume (A.1), (A.6) and

(A8) 0<kﬂ%<%/mQ

for suitably small by > 0, we can complete the proof of instability of the soliton.
We conclude that the functionals (4.7) and (A.5) play an essential role in the
proof of instability of the degenerate solitons in (1.1) and (gKdV), respectively, and

that the unstable directions are determined by LA¢ for (1.1) and LAQ for (gKdV),
respectively.
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