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ON ISOGENY CHARACTERS OF DRINFELD MODULES OF
RANK TWO

SHUN ISHII

ABSTRACT. In this paper, we study cyclic torsion subgroups of Drinfeld F4[T]-
modules of rank two over Fq(T) via isogeny characters associated to them.
Among other things, we prove that such Drinfeld F4[T]-modules do not have a
cyclic p-torsion subgroup defined over Fq(7T') under various conditions, where
p is a maximal ideal of F4[T]. We also obtain some unconditional results.

1. INTRODUCTION

Let p be a prime, ¢ a power of p, A := F,[T]| a polynomial ring over F,, K :=
F,(T) and p a maximal ideal of A. Let ¢ be a Drinfeld A-module of rank two
over K. The purpose of this paper is to study the character associated to each
cyclic subgroup of ¢[p] (the p-torsion submodule of ¢) which is defined over K.
In particular, we show that such a cyclic subgroup does not exist under various
assumptions. Such “various assumptions” are divided into the following three types
of conditions:

(f,) : conditions on g (e.g. ¢ is even/odd).

(fp) : conditions on p (e.g. deg(p) is even/odd, deg(p) is greater than g, etc).

(f4) : conditions on ¢. Let Sy be the set of all finite places of K at which ¢

has potentially good reduction. In this part, we assume that S is sufficiently large

(e.g. Sy contains a prime of degree one, Sy = {;(n = the set of all finite places of

K, etc).
For example, we prove the following results:

Theorem 1.1 (=Theorem 4.2). Let ¢ be a Drinfeld A-module of rank two over K.
Assume that the following conditions are satisfied:

(tp) deg(p) is even and greater than two.

(fy) p € Sy and Sy contains a prime of degree one.

Then ¢ does not have a nontrivial cyclic p-torsion subgroup defined over K.

Theorem 1.2 (=Theorem 4.5). Let ¢ be a Drinfeld A-module of rank two over K.
Assume that the following conditions are satisfied:

(Tq) q is even.

(fp) deg(p) is greater than q.

(Ty) p € Sy and Sy contains a prime of degree one.

Then ¢ does not have a nontrivial cyclic p-torsion subgroup defined over K.

Let us exlpain some previous results and their relations to our results. First,
Pal proved that, if ¢ = 2, no Drinfeld A-module of rank two over K admits a
p-isogeny defined over K for any maximal ideal p of A of degree greater than two
[11, Theorem 1.2]. To prove this result, he proved a weaker assertion [11, Theorem
8.10], which states that no Drinfeld F3[T]-module of rank two over Fo(T') which
has good reduction at every finite place admits a p-isogeny defined over K for any
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maximal ideal p of A of degree greater than two. In this paper, we prove the latter
assertion for arbitrary ¢:

Theorem 1.3 (=Corollary 4.7). Let ¢ be a Drinfeld A-module of rank two over
K. Assume that the following conditions are satisfied:
(tp) deg(p) is greater than q.

fin
(Jf¢) Sp = K-
Then ¢ does not have a nontrivial cyclic p-torsion subgroup defined over K.

Second, Armana proved that no Drinfeld A-module of rank two over K admits
a nontrivial K-rational p-torsion point for any maximal ideal p of A of degree three
or four [1, Théoreme 1.4]. We prove a stronger assertion when deg(p) is equal to
four:

Theorem 1.4 (= Corollary 5.3). Let p be a mazimal ideal of A of degree four.
Then no Drinfeld A-module of rank two over K has a p-isogeny defined over K.
Moreover, the set of K -rational points of the Drinfeld modular curve Yy(p) is empty.

We briefly explain the proof of these results. First, we prove a Drinfeld module
analogue of Mazur’s results in [9, §5 The Isogeny Character]. More precisely, let
C be a cyclic p-torsion subgroup of ¢ defined over K and r : Gal(K/K) — Fy(=
(A/p)*) the character associated to C' which we call the isogeny character associated
to (¢,C). Assuming p € Sy, we study ramification of r at p. Moreover, assuming
| € S4, we obtain a nontrivial congruence which relates p to [ by using traces of
Frobenius endomorphisms of Drinfeld modules defined over finite fields. With some
more assumptions, such a congruence (or, such congruences for various [) lead(s)
us to conclude that C' does not exist. Moreover, when deg(p) is equal to three or
four, we show that the existence of a cyclic p-torsion subgroup over K implies that
¢ has potentially good reduction at every finite place of K.

This paper is organized as follows. In section 2, we collect some lemmas on
Drinfeld modules. In section 3, we study cyclic p-torsion subgroups of Drinfeld
modules which are defined over finite extensions of K" (the maximal unramified
extension of the p-adic completion of K), by using a result of Raynaud [12]. In
section 4, we apply the result of section 3 and obtain certain local properties of
isogeny characters. In the last section, we discuss some unconditional results. More
precisely, we try to remove (T¢) appearing in main results and prove that the set
of K-rational points of the Drinfeld modular curve Yy(p) is empty when deg(p) is
equal to four. We also give a conjecture which relates the divisibility of certain
trinomials by p to the non-existence of K-rational points of Yy(p) when deg(p) is
equal to three.

Acknowledgement. The author deeply thanks Professor Akio Tamagawa for
his many helpful comments and warm encouragements.

NOTATION AND DEFINITION

e p: a prime.

e ¢ :=p" for some r > 1.

o K =F,(T).

o A:=T,[T].

e p: a maximal ideal of A of degree d =: deg(p) with monic generator f.

e oo: a place of K which corresponds to % (the infinite place).

o C,.: the completion of an algebraic closure of the co-adic completion Ko,

of K.

Let [ be a maximal ideal of A. We denote the [-adic completion of A by Aj.

Its field of fraction and residue field are denoted by K| and FFy, respectively.
2



Let R be an A-algebra. R is called an A-field if R is a field.

For a field R, we denote a separable closure of R by R.

Let R be a commutative F,-algebra. We define R{7} as the skew poly-
nomial ring over R defined by 7a = a7 for every a € R. This ring is
naturally regarded as a subring of End(G,, r), the endomorphism ring of
the additive group scheme over R, via identifying 7 with the ¢-th power
Frobenius endomorphism. A natural homomorphism R{7} — R is defined
by 7 — 0.

Let R be an A-field with structure homomorphism ¢ : A — R. A Drinfeld
A-module over R is defined to be a homomorphism ¢ : A — R{r} such

that the composite of A 2, R{7} — R is equal to ¢ and the degree of ¢r
as a polynomial in 7 is positive. If ¢ is a Drinfeld A-module over R, the
rank of ¢ is defined to be the degree of ¢ (:= ¢(T)) as a polynomial in 7.
By definition, for every Drinfeld A-module ¢ of rank two over R, ¢ can
be written as ¢ = (T) + a17 + az7? for some a; € R and ap € R*. Note
that, if R C S is a field extension, then ¢ is also naturally regarded as a
Drinfeld A-module over S which is denoted by the same character ¢.

A homomorphism between two Drinfeld A-modules ¢1 — ¢2 over R is de-
fined to be an element h € R{7} such that hé1 1 = ¢2 rh. An isomorphism
between two Drinfeld A-modules is defined in the obvious manner.

Let ¢ be a Drinfeld A-module over R and a a nonzero ideal of A. The a-
torsion subscheme of ¢ is defined to be the scheme theoretic intersection of
{ker(¢q : Ga,r = Gq,r)}aca and denoted by ¢[a]. This is a finite flat (A/a)-
module scheme over R. If ker(:) does not divide a, then ¢[a] is étale and
étale-locally isomorphic to the constant (A/a)-module scheme with value
in (A/a)d°8(¢1) In this paper, we refer to a nonzero cyclic (A4/a)-module
contained in ¢[a](R) as a cyclic subgroup of ¢[a]. We say that a cyclic
subgroup of ¢[a](R) is defined over R if it is closed under the action of the
absolute Galois group of R.

Let Y(p)a be the Drinfeld modular curve over Spec(A) of level T'(p) C
GL2(A) and X (p)4 its compactification which are constructed by Gekeler
in [4, 5.1] (where Y (p) 4 and X (p) 4 are denoted by M (p) and M (p), respec-
tively). Similarly, let Yj(p) 4 be the Drinfeld modular curve over Spec(A) of
level Ty (p) and Xo(p) 4 its compactification which are constructed in [4, 5.2]
(where Yj(p)a and Xo(p)a are denoted by My (p) and My(p), respectively).
We define the Drinfeld modular curve over Spec(A) of level T'y (p) which we
denote by Y7(p)a as the quotient of Y (p)4 by the natural action of I'y (p).
Similarly, we define X;(p)a to be the quotient of X(p)a by the natural
action of T'1(p).

For an A-scheme X4 and an A-algebra R, X4 Xgpec(a) Spec(R) is denoted
by Xg unless otherwise specified.

2. PRELIMINARIES ON DRINFELD MODULES OF RANK TWO

In this section, we prepare some lemmas used later. Let R be an A-field with
structure homomorphism ¢ : A — R.

Automorphism.
Lemma 2.1. Let ¢ be a Drinfeld A-module of rank two over R. Then Aut(¢) is

equal to ]FZ or F;z,

Proof. 1t is easy to see that Aut(¢) = {u € R* | u"'¢ru = ¢r}. The assertion
follows by comparing the coefficients of 7 and 72 in ¢ . O
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Lemma 2.2. Assume that R is separably closed and let ¢ be a Drinfeld A-module
of rank two over R. Let C be a cyclic subgroup of ¢[p](R) and Aut(p, C) the group
of automorphisms of ¢ which preserves C. Then the natural map Aut(¢,C) —
Autp, (C) = Fy, is injective.

Proof. Each element h € Aut(¢) induces an automorphism of ¢[p] and is induced by
an element u of R* so the induced automorphism on ¢[p] is simply the multiplication
by u. Hence h is uniquely determined by its value at a nonzero element of ¢[p](R).
The assertion follows. O

Reduction.

Assume that R is equipped with a normalized discrete valuation v and ¢(A) is
contained in the discrete valuation ring O of v.

Let ¢ be a Drinfeld A-module of rank two over R defined by ¢r = «(T) +
a17 + as7? for a1 € R and as € R*. We say ¢ has good reduction at v if there
exists u € R* such that all coefficients of u~!'¢ru are contained in O and its
leading coefficient is contained in O*. By definition, this is equivalent to saying
that there exists v € R* such that v(u?ta;) = (¢ — 1)v(u) + v(a;) > 0 and
U(’U,qz_lag) = (¢*> — 1)v(u) +v(az2) = 0. We say ¢ has potentially good reduction at
v if there exists a finite extension of discrete valuation fields (S, w) of (R,v) such

(az)

that ¢ has good reduction at w. This is equivalent to saying that % > 22—_1.

Lemma 2.3. Let ¢ be a Drinfeld A-module of rank two over R which has potentially

good reduction at v. Then ¢ has good reduction at the unique extension of v to
1

R(na®-1) where 7 is a uniformizer of v.

1
Proof. Let w be the discrete valuation on R(mw<*-1) which extends v and u €

R(?T‘IZ%I) an element with w(u) = —Z(%fl). Then u~'¢ru satisfies the desired

property. O

Let k& be the residue field of © and assume that ker(A - O — k) is equal to
p. Let ¢ be a Drinfeld A-module of rank two which has good reduction at v. By
replacing ¢ with u=!¢u for suitable u € R*, we may assume that ¢ € O{r} and
its leading coefficient is contained in O*. By reducing ¢ modulo the maximal ideal
of O, we obtain a Drinfeld A-module of rank two over k which we denote by ¢.

Lemma 2.4. The degree of the lowest nonzero term of $f is equal to either d or
2d.

Proof. See P&l [11, Lemma 8.2]. O

If the first nonzero coefficient of af appears in 7%, we say that ¢ has good ordinary

reduction at v. Otherwise, we say that ¢ has good supersingular reduction at v.

Frobenius Trace.

Let [ # p be a maximal ideal of A with monic generator g and ¢ a Drinfeld
A-module of rank two over F; defined by ¢ = T + a7 +ap72. Then 79€(9) defines
an endomorphism of ¢ called the Frobenius endomorphism of ¢.

Lemma 2.5 (Gekeler [6, 1.8. Theorem], [5, 3.4. Corollary]). There exists a qua-
dratic polynomial P, € A[X] which satisfies the following properties:

(1) Py is equal to the characteristic polynomial of 79e8(9) with regard to its
action on the p-adic Tate module of ¢.
(2) Write P, = X? —aX +b for some a,b € A. Then (b) = L.
(3) Py is irreducible over Ko . In particular, 2deg(a) < deg(b) = deg(g).
We refer to this a as the Frobenius trace of ¢.
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Corollary 2.6. Let! be a positive integer and Py = X2—a; X +b; the characteristic
polynomial of 7'9°8() € End(4). Then 2deg(a;) < deg(b;) = I deg(l).

Proof. See Gekeler [6, 1.8. Theorem (iii)]. O

3. ISOGENY CHARACTERS

3.1. Ramification Arising from Cyclic Subgroups of Drinfeld Modules.
In this subsection, let L be a finite extension of the maximal unramifield extension
K" of the p-adic completion K, of K, e the degree of L over K", v the normalized
discrete valuation on L, O the discrete valuation ring of L which corresponds to v
and m the maximal ideal of O.

Let ¢ be a Drinfeld A-module of rank two over L which has good reduction
and C a cyclic p-torsion subgroup of ¢ defined over L. We may assume that ¢p
is contained in O{7} and its leading coefficient is contained in O*. Let ¢[p]o be
the p-torsion submodule scheme of ¢ which is a finite flat F,-module scheme over
Spec(0) and Cp the scheme-theoretic closure of C' in ¢[p]o. Then Cp is naturally
equipped with a structure of finite flat F,-module scheme over Spec(O).

By a result of Raynaud [12, COROLLAIRE 1.5.1], we have the following isomor-
phism of Fy-module schemes for some (0;);ez/rqz contained in O:

(1) Co = Spec(O[{X;}iczraz) /(XY — 0iXiv1)iczraz)-
Note that the group scheme structure of the right hand side is induced by the
natural embedding into G.%. The Fy-module scheme structure of the right hand
side is, by rearranging {X;};ez/raz, described as follows: For a € Fy, a acts on X;
by a- X; = i(a?")X;. Here, i : F, — A, is the section homomorphism of the natual
surjection A, — IFy.

In the following, we compute (v(0;))iez/raz- First, assume that ¢ has good
ordinary reduction. In this case, gb[p]m = ¢[plo Xspec(0) Spec(Fy) is a direct

sum of e = Spec(F,[X]/(X qd)) and a finite étale group scheme over F,. In
particular, C’R = Co Xspec(0) Spec(IFy) is isomorphic to either agq or a finite étale
group scheme over F,,.

If CFF is étale, it follows that v(d;) = 0 for all ¢. If CE] = age, by comparing
the right hand side of (1) and «aa, it follows that there exists an index 4 such that
v(0;) = 0 and v(d;) > O for all j # i. Therefore, by [12, COROLLAIRE 1.5.1] there
exists an isomorphism of [Fy,-module schemes for some ¢ € m:

Co = Spec(O[X]/(X1" - 5X)).
We claim that v(d) < e. Since Cp is a closed subscheme of ¢[p]o, there exists an
h(X) € O[X] such that A'(0) € O* and X7 —§X | o¢(R(X)) in O[X]. Since the
coefficient of X in ¢¢(h(X)) is equal to fh'(0) whose valuation is greater than v(J),
it follows that v(d) < v(f) =e.

Next, assume that ¢ has good supersingular reduction at p. Then it follows that
gb[p]m = ag2a and Cf = age. By the same argument as above, there exists deEm

with v(d) < e ! and an isomorphism:
Co = Spec(O[X]/(X1" - 5X)).
Summarizing the above, we proved the following:
Proposition 3.1. Let L be a finite extension of the mazximal unramifield extension

K", e the degree of L over K", v the normalized discrete valuation on L, O the

discrete valuation ring of L which corresponds to v.

1One can easily show that v(8) < e by looking at the coefficient of xa* appearing in ¢ ¢ (h(X)).
5



Let ¢ be a Drinfeld A-module of rank two over L which has good reduction and
C a cyclic p-torsion subgroup of ¢ defined over L. Assume that ¢ is contained
in O{7} and its leading coefficient is contained in O*. Then there exists a 6 € O
with v(0) < e such that Co is isomorphic to Spec((’)[X]/(qucg(p) —0X)) as Fy-
module schemes. In particular, the corresponding character Gal(K,/L) — Fy(=
7./(q°8®) — 1)Z) is the Kummer character asscociated to & € L*/(L*)qdeg(’j)_l.

3.2. Properties of Isogeny Characters. In this subsection and the next section,
we prove natural Drinfeld-module analogues of results which are proved by Mazur
in [9, §5 The Isogeny Character]. Let ¢ be a Drinfeld A-module of rank two over K
which has a cyclic p-torsion subgroup C' defined over K. We have the corresponding
character

r: Gal(K/K) — Autg, (C) = F}

which is referred to as the isogeny character associated to (¢, C).

Lemma 3.2. Let Auty(¢,C) be the group of automorphisms of ¢ over K which
preserves C. Then the order of Aut(¢,C) divides g> — 1. Moreover, if deg(p) is
odd, Autg(¢,C) is equal to ;.

Proof. By Lemma 2.1, Autz(¢) is equal to either F; or F’.. By Lemma 2.2,
the natural homomorphism Autz(¢,C) — Autp, x(C) = F} = Autpr(C’) is
injective. It follows that Auts(¢, C) = Autk (¢, C). If deg(p) is odd, it holds that
Autg (¢, C) = F; because of the injectivity of the above homomorphism. O

Recall that the Carlitz module is a Drinfeld A-module of rank one over K defined
by A = K{r} : T — T +7. Let x = xp : Gal(K/K) — F}; be the character
associated to the p-torsion subgroup of the Carlitz module. It is known that x is
unramified outside p and oo, totally ramified at p and oo splits into |F} /Fy| = q:_—_ll
places with ramification index ¢ — 1 on the field extension of K which corresponds

to ker(x) (for a proof, see Hayes [8, Theorem 3.2]).

Lemma 3.3. Let L/K, be a finite tamely ramified extension with ramification
indezx e and I C Gal(L/L) the inertia subgroup of L. Then x|; is equal to the e-th
power of the fundamental character 0,a_y (for the definition of the fundamental
character, see Serre [15, §1, 1.3]).

Proof. The proof is essentially the same as the one in [15, §1, 1.8, Proposition

8]. Indeed, the p-torsion subgroup of the Carlitz module has a natural Galois-

equivariant injection into V_e _ which is defined at the beginning of [15, §1, 1.8]) and

the tame inertia subgroup of L acts on V_g¢ - by ng_l by [15, §1, 1.8, Proposition
pr

6]. O

Lemma 3.4. There ezists a unique k € Z/(q* — 1)Z such that r = o - x* where
a: Gal(K/K) — T, is unramified at p.

Proof. Let I, C Gal(K/K) be the inertia subgroup at p (which is determined up to

conjugacy). Since r is tamely ramified at p, r|;, factors through I;r, the maximal

tame quotient of I,. Since x is equal to the fundamental character 0,4_; on I by

Lemma 3.3, it holds that every homomorphism I{,r — F} is a power of the Carlitz

character. Hence the assertion follows. O
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We use the following notations:

d
m = \Fp/Fq| = 1
q%—1 . .
n o= LT (if d is odd)
32:1 (if d is even)
; m )1 (if d is odd)
n |q+1 (ifdis even)

Proposition 3.5. In the notation as above, o9~V is trivial.

Proof. First of all, we prove that a(?~D? is unramified everywhere outside co. By
construction, the natural morphism Xi(p)411) — Xo(p) 4[1) is a finite flat Galois
P P

covering with Galois group isomorphic to Fy/Fy. Let Xg(p)A[%] — Xo(p)A[%] be
the finite flat Galois covering which corresponds to the quotient of Fy /T of order
n. We claim that this morphism Xy (p)A[%] — Xo (p)A[%] is étale.

In the proof of [10, Lemma 8.17], it is proved that Xa(p)x — Xo(p)x is étale.
Moreover, for every maximal ideal [ # p of A, Xo (p)A[%] — Xo(p)A[;] is étale over

the generic point of Xo(p)r,. Indeed, let Yo(p)z[l] and Yl(P)Z[;]
P P

images of Az[;] \ {0} with respect to j-invariant maps. Since Y} (p>f4[;] is étale
» »

be the inverse

over Yo(p)z[%], Xl(p)A[%] — Xo(p)A[%] is étale over the generic point of Xo(p)p,.
In particular, Xo (p)A[%] — Xo(p) o[1 is étale over the generic point of Xo(p)r,.
P
However, since Xo(p) 471 is smooth over Spec(A[%]) by [4, (5.2) (i)], the branched
P
locus of Xa(p) a1} — Xo(p) (1) consists of codimension 1 irreducible closed sub-
P b
schemes by Zariski-Nagata purity. Hence the branched locus of Xs(p) AL
P
Xo(p) af1] must be empty.
P

Let x be the K-rational point of X(p) which corresponds to (¢, C). Let K;/K
be the finite Galois extension which corresponds to the kernel of Gal(K/K) =
Fy — Fy /IFZ This is a cyclic extension of degree dividing m and x admits a lift to
a point of Y1(p)(K;). By the above argument, there exists a subextension Ks/K
of K;/K which is unramified outside p and oo and such that [K; : K5] divides t.
Hence (@~ D?t factors through Gal(K5/K). This shows that 74~ 1t is unramified
outside p and oo, so is a9~ Dt Moreover, since « is also unramified at p, tamely
ramified at oo and the geometric tame fundamental group of A]}q is trivial, a(a= 1t
is also unramified at oo. Hence al9=V* factors through Gal(F,/F,,).

Now we prove that (4= D? is trivial. It suffices to prove that r(q_l)t‘Gal(?m/Kw)
is trivial since y97! | Gal(Ro /.. ) 18 trivial. Let A be a Gal(K o/ K )-stable discrete
A-lattice of rank two in C., which corresponds to ¢ via analytic uniformization (for
the theory of analytic uniformization of Drinfeld modules over C, see [7, 4.6]).
Then the following commutative diagram exists:

Auta(A) ——— GLy(A)

— ] !

Gal(K oo/ Koo) — Autg, (p~1A/A) —=— GLy(F,)

\ J{Z /
Autp, (¢[p](K))
7



Since the image of Gal(K o, /Ko ) = GL2(A) is finite, eigenvalues of each element
in this image is contained in Fq. In particular, the characteristic polynomial of
each element is contained in (F, N A)[T] = F,[T]. This shows that the image
of T|Gal(?oo/Koo) is contained in IFZ if d is odd and in ]FZ2 if d is even. Hence

T(q_l)thal(?m/Koo) is trivial. O
Lemma 3.6. In the notation as above, assume that ¢ has potentially good reduction

at p. Then the element k € Z./(q¢® — 1)Z in the assertion of Lemma 3.4 takes only
the following values modulo n:

{qil where 0 < x < g+ 1 (if deg(p) is odd)

0,1  (if deg(p) is even)

Proof. Since ¢ has potentially good reduction at p, ¢ has good reduction over

L = K,(n-1) where 7 is a uniformizer of p by Lemma 2.3. We abbreviate the
fundamental character §,a_; as . By Lemma 3.3, it holds that x = 97°~1 as

characters on the inertia subgroup I of L. So we have an equality r = gr(a®—1)
on I. Moreover, by Proposition 3.1, r|; is also equal to the Kummer character
associated to some § € LK} with v(6) < ¢ —1 and this character is equal to (%),
Hence it follows that 0 < (k(¢? —1))4a—1 < ¢* — 1. Here, (k(¢* —1))4a_; is defined
to be the unique integer y with 0 < y < ¢¢ — 1 which satisfies y = k(¢*> — 1) mod

g% —1. Since ¢ — 1| ¢® — 1 if d is even, k is equal to 0 or 1 modulo m. If d is odd,

since ¢ + 1 is relatively prime to q:_—_ll, it follows that (k(¢? — 1)),a_y = 2(q — 1)

with some 0 <z < g+ 1. O

4. CONSEQUENCES

We use the same notation as in subsection 2.2.

Set Sy = {I| I is a maximal ideal of A at which ¢ has potentially good reduction}.
Assume that [ € Sy. By local class field theory, we have the following noncanonical
isomorphism which depends on the choice of a uniformizer of K:

Gal(K/K\)* = Af x Z.

We factorize o = O‘|Ga1(?[/K[)ab as oy = v - by where ~y; factors through the
projection to A} and b is unramified. Moreover, by Lemma 3.5, the orders of v
and by divide (¢ — 1)t and the finite Galois field extension L/K which corresponds
to the kernel of vy is totally tamely ramified.

We claim that ¢ has good reduction over L. Let M/L be the field extension
corresponding to the kernel of by - X’;‘Gal(f /L)’ the isogeny character of ¢ over L.
Now the claim follows from the following general lemma:

Lemma 4.1. Let p be a mazimal ideal of A with d := deg(p) > 2. Let L be an A-
field with complete discrete normalized valuation v which satisfies v(A) > 0 and the
characteristic of the residue field of L is different from p, M/L a finite unramified
extension and ¢ a Drinfeld A-module of rank two over L which has potentially good
reduction. If ¢ has a nontrivial p-torsion over M, ¢ has good reduction over L.

Proof. First, write ¢7 = T + a17 + a27> where a; € L and as € L*. Since ¢

has potentially good reduction over L, it holds that way) > vias) By replacing ¢

1 = 21
with ugu=! for a suitable u € L*, we may assume th;t 0< vq(ag) < ¢*> — 1 (hence
v(ay) > 0).

Since ¢[p](L) is a two-dimensional Fy-vector space, the Newton polygon of
% € L[X] has at most two line segments. Moreover, since ¢¢(X) has a nonzero
root in M, it follows that at least one of their slopes is an integer.
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If the Newton polygon of @ € L[X] is a line, the unique slope is equal to

v(az)
2—1>

the other hand, if the Newton polygon of

which is an integer if and only if v(az) = 0 i.e. ¢ has good reduction. On
¢(X)
e

consists of two line segments, some

computations show that the maximal slope is smaller than %. It follows

_(@"+1)v(a2)
q%(q*—1) 0

if the minimal slope is zero, it holds that v(az) = 0 or v(a;) = 0. Since v(az) = 0

that the valuation of each root of %X) is contained in [ ]. Moreover,

holds in both cases, we may assume that the valuation of each root of % is
d

contained in [7%, 0).

However, since d > 2, it holds that

(¢ + Dv(az) _ (¢"+1(¢* —2)
¢(®—-1) =  q¥¢*-1)

Hence the valuation cannot be an integer. O

<1

Since L/K| is totally ramified, by reducing ¢ modulo the maximal ideal of L
we obtain a Drinfeld A-module ¢p, over F( with p-isogeny defined over F; whose
isogeny character is equal to by - x*.

Write ¢ as T +a17+az7? for ay € K and ay € K*. Let p, : Gx — GLo(Fy) be
the Galois representation associated to ¢[p]. It is known that det(p,) coincides with
the Galois representation associated to the p-torsion submodule of the Drinfeld A-
module ¢ of rank one defined by ©r = T — as7 (see van der Heiden [17], for
example). Therefore, if we denote a character Gal(K/K) — F; associated to
(—az)™' € K*/(K*)17! by € : Gx — F}, it holds that det(p,) = € ® x.

The Frobenius trace of ¢y, modulo p is expressed as by(Froby)x* (Froby)+e(Froby )by (Frob;) ~!x' ~*(Froby).
Moreover, it is easily observed that x(Frob;) = g mod p. Hence the Frobenius trace
of ¢r, modulo p is equal to by(Froby)g* + e(Frob)by(Frob;)~tg'~*. In particular, it
is contained in F} - g* +F - g =% if deg(p) is odd and in F -gF +F -g*F if deg(p)
is even. Similarly, one can calculate the trace of an arbitrary power of Frobenius
endomorphism.

For each positive integer I, we define a certain set a(Fy/F() C A as follows:

a(Fu /F) = {a € A| a is the trace of 798V of some Drinfeld A-module of rank two over F}.

Theorem 4.2. Let ¢ be a Drinfeld A-module of rank two over K. Assume that
the following conditions are satisfied:

(fp) deg(p) is even and greater than two.

(T¢) p € Sy and Sy contains a prime of degree one.

Then ¢ does not have a nontrivial cyclic p-torsion subgroup defined over K.

Proof. Let [ be an arbitrary prime of degree one contained in S4. By Lemma 3.6,
we know that (¢ — 1)k = 0 or ¢*> — 1 mod ¢% — 1. By considering the trace of
the Frobenius endomorphism 7 € End(¢r,), we see that one of the elements of
F?, - T +F;, mod p is congruent to one of the elements of a(F/Fy). However, since
a(F(/Fi) C Fy by Lemma 2.5 (3), it follows that T' € F2 C F,. This is impossible
since d > 4 and T' generates Fy, as an F;-algebra. ([

Proposition 4.3. Let ¢ be a Drinfeld A-module of rank two over K. Assume that
the following conditions are satisfied:
(t,) q is odd.
(tp) deg(p) is odd and greater than q.
(fy) p € Sy and Sy contains a prime of degree one.
9



Then ¢ does not have a nontrivial cyclic p-torsion subgroup defined over K with
k#1 =

section.

(i.e. © # q+1) where k and x are defined as in the previous

Proof. Let [ be an arbitrary prime of degree one contained in Sy. By considering
the trace of the (¢ + 1)-th power of Frobenius 7971 € End(¢p,), it holds that one

of the elements of
F; cglathk F; - glatD=k)

is congruent modulo p to one of the elements of a(F4+1/Fy). Here, g is the monic
generator of .

First, we claim that (¢ + 1)k is not equal to 0 mod qqd%ll (i.e. © # 0). Indeed,
if this is the case, by considering the trace of 7 € End(¢r,) and Lemma 2.5 (3), it
holds that one of the elements of F; + F7 - g is congruent to one of the elements of
a(F(/F) C F,, which gives a contradiction. By the same argument, it holds that
(¢ + 1)k is not equal to ¢ + 1 mod % (i.e.  # ¢+ 1). Hence the degree of
F cglathk 4 F - g(q“)(l*k) =F; g*+F; 'g‘JH’I is greater than <% and less
. On the other hand, the

degree of each element of a(Fq+1/Fy) is less than or equal to % by Corollary 2.6.
Hence the assertion follows. 0

Remark 4.4. In the above Proposition, if (Tq) 1s replaced by the condition that q
is even, the above proof shows that such k does not exist.

Theorem 4.5. Let ¢ be a Drinfeld A-module of rank two over K. Assume that
the following conditions are satisfied:

(t4) q is even.

(fp) deg(p) is greater than q.

(fy) p € Sy and Sy contains a prime of degree one.

Then ¢ does not have a nontrivial cyclic p-torsion subgroup defined over K.

Proof. This follows from Remark 4.4 and Theorem 4.2. O
The rest of this section is devoted to the proof of the following theorem.

Theorem 4.6. Let ¢ be a Drinfeld A-module of rank two over K. Assume that
the following conditions are satisfied:

(f,) q is odd.

(Tp) deg(p) is odd and greater than 1. If ¢ = 3, then deg(p) > 3.

(Jf¢) S¢ =y

Then 10} does not have a nontrivial cyclic p-torsion subgroup defined over K with
k=35 mod L= (z e. T = q+1) where k and x are defined as in the previous
section

Proof. By Proposition 3.5, a?~! is trivial. Hence, by taking the twist of ¢ which
corresponds to a1, we may assume that r = Xk.

Since we have reduced the situation to the case when a = 1, ¢ has good reduction
at every finite place outside p by Lemma 4.1. In particular, ¢ — 1 | ¢*> — 1 | v((a2)
for every maximal ideal [ # p. Here, v is the normalized discrete valuation on K
corresponding to . Hence it holds that (—as)~! € K* modulo (K*)?~! is equal to

sf* for some s € Fy andsome0<u<q—1

Write 2k = 1 +vi—= o L mod ¢ — 1 for some 0 < v < ¢ — 1 and fix an arbitrary
maximal ideal [ # p of degree smaller than d with monic generator g. By considering
the trace of 729°¢() ¢ End(¢p,), it holds that g?* + e(Frob)2¢?>~2* is congruent
modulo p to one of the elements of a(F /Fy).

10



Let X2 — aX + b be the characteristic polynomial of 79°¢() ¢ End(¢r,). By
Lemma 2.5 (1), b is equal to the determinant of 79°2() with regard to the p-adic
representation associated to ¢, which is equal to e(Froby)g.

The characteristic polynomial of 729°8(Y) € End(¢p,) is then equal to

X2 — (a® = 2b)X + b
Therefore, it holds that
g*F + e(Froby)?¢g?2* = 42 — 2¢(Frob;)gmod p.

Since deg(l) < d and deg(a) < deg ) by Lemma 2. 5(3), it holds that a* = gNg, /r,(9) "

Nr, r,(9)" )2 where Ny, /r, (9) € IF* is defined to be the unique element of F; which

satisfies g o= = Ny, /r, (g) mod p. Since g is irreducible, it holds that a« = 0 and

é(Froby) + Ng, /r, (g ) = 0. In the following, we concentrate on the second equal-
ity. We have e(Frob;) = Ng,/p, (sf") and, by the reciprocity law [13, Theorem
3.5], it holds that Ny, /5 (9) = (=1)*¢Ng e (f). To sum it up, we have that
NFI/Fq(st*”N—l) = (—1)v4ee()+1 where (u — v),_; is defined to be the unique
integer y with 0 < y < g — 1 which satisfies y = v — v mod g — 1.

Let [ := ged(u — v,q — 1). Then it holds that Np, /r, (fle=vla-1) € (F ; First,
by taking [ to be a prime of degree one, it follows that s € (— )”+1( Z)l. Next,
by taking [ to be a prime of degree two, it follows that s9t! = s2 ¢ (IF:;) . From
these facts, we obtain that —1 € (F;)" (ie. [ | -1y and s € (F;)".

In the following, we assume that deg([) is odd.

Take arbitrary [-th roots of s and —1 and denote them by s1 and (-1 )l, re-

spectively. We take a qQ;ll—th power of NF[/]Fq(st*“M*l) = (- )“deg D+ First,

z dea (D) _
since deg([) is odd, it holds that N, /r, (s )qu1 =sTm =(s %) . Second, note
that, since % is relatively prime to 47+ which is even, {uz 1? is odd. Since
deg(l) _ _ e, _
m“£TW«%:“;«W%gmmmm%mWWHW¥

N, r, (f )qT_l From these observations, we have the following equality:

(- (2)

Here, (f) denotes the quadratic residue symbol for F. Since v does not depend
n [, by taking f to be st (—1)UT+1f, it follows that the following condition (1) holds:

(1) Let C be a hyperelliptic curve over F, whose affine equation is given by
y?> = f(x) with natural double cover C' — IP’]%q. For each odd positive integer
d' < d, every IF o -rational point of P%q admits a lift to an F . -rational point of C'.

Let d’ be an odd integer in (2log,(d— 1), d) which exists under (f,) and (f,). B
the Weil estimate, it holds that |C(F )| < g + 1—|—29(C)qd7/ = ¢V +1+(d—1)q%
On the other hand, since (f) is satisfied, it holds that [C(F «)[ > 2¢" +1. By

combining these two inequalities, we have d > 1 + q% so d’ < 2log,(d—1). This is
a contradiction. O

Corollary 4.7. Let ¢ be a Drinfeld A-module of rank two over K. Assume that
the following conditions are satisfied:
(tp) deg(p) is greater than q.
11
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fi
(T¢>) S¢ = Kn
Then ¢ does not have a nontrivial cyclic p-torsion subgroup defined over K.

Proof. If q is even, the assertion follows from Theorem 4.5. So we may assume
that ¢ is odd. If d is even, the assertion follows from Theorem 4.2. Otherwise, the
assertion follows from Proposition 4.3 and Theorem 4.6. O

Remark 4.8. (1) The above Corollary 4.7 can be seen as a generalization of the
result of Pdl [11, Theorem 8.10] where he proved the case when ¢ = 2 and ¢ (appears
in the assertion of the corollary) has good reduction at every finite place, as is
mentioned in the introduction.

(2) In the above Corollary 4.7, we cannot replace the condition d > q with d > q.
For example, if ¢ = d = 3, the Drinfeld modular curves Xo(T® — T + 1) and
Xo(T? — T — 1) have K-rational CM points which arise as Drinfeld modules with
cyclic torsion subgroups over K (see Lemma 5.4). Moreover, it is known that, if a
Drinfeld modular curve Xo(p) with deg(p) > 3 has a K-rational CM points, then
q=d =3 and p is either T3 — T +1 or T3 — T — 1 (see Schweizer [14, Remark
4.6]). In the end of the next section, we shall discuss K -rational points of Xo(p)
with deg(p) = 3.

5. UNCONDITIONAL RESULTS

In this section, we discuss how one can remove the conditions (T¢) which appear
in the main results proved in the previous section when deg(p) is equal to three or
four. First, we introduce a result of Armana:

Proposition 5.1 (Armana, [1, Proposition 7.6]). Let ¢ be a Drinfeld A-module
of rank two over K which has a p-isogeny defined over K. Suppose that deg(p) is
equal to three or four. Then ¢ has potentially good reduction at every finite place
different from p.

Additionally, we prove the following concerning potentially good reduction at p:

Proposition 5.2. Let ¢ be a Drinfeld A-module of rank two over K which has a
p-isogeny defined over K. Suppose that deg(p) is equal to three or four. Then ¢
has potentially good reduction at p.

Proof. Let Jo(p) be the Jacobian of Xo(p)x and J' an optimal quotient of Jo(p)
over K. By [11, Lemma 3.4], J' does not have a K-rational p-primary torsion.
Suppose that the Mordell-Weil group of J' is finite. Let J’ be the Neron model of

J" over A, and set 7’ =J' X Spec(Ap) Spec(Fy). Since the torsion subgroup of the
kernel of the specialization map J'(K) = J'(4,) — 7/(Fp) is a finite p-group (for

a proof, see [2, Proposition 3.2]), it follows that J'(K) — 7/(15‘,,) is injective.

Next, let Xo(p)y be the smooth locus of Xo(p).a, and Xo(p)g" == Xo(p)%) Xspec(a,)

Spec(Fp). Note that oo : Spec(Ap) — Xo(p)a, factors through Xo(p)%». Let

x € Xo(p) be a K-rational point which reduces to co after the reduction modulo p.
Observe the following commutative diagram:



Here, Xo(p)(K) — J'(K) is a morphism induced by Xo(p)x < Jo(p) : y — [y — o]
and Xo(p)ff; — J' is a morphism induced by the Neron mapping property. Since
oo is in the smooth locus of Xo(p)a4,, the morphism x : Spec(A4,) — Xo(p)a, also
factors through Xo(p)3y". So the above diagram shows that [z — oo] = 0 in J'(K).
The rest of the proof follows from the same argument as in [1, Proposition 7.6]. O

Corollary 5.3. Let p be a mazximal ideal of A of degree four. Then no Drinfeld
A-module of rank two over K has a p-isogeny defined over K. Moreover, the set of
K -rational points of the Drinfeld modular curve Yo(p) is empty.

Proof. The first half of the claim follows from Theorem 4.2, together with Proposi-
tion 5.1 and Proposition 5.2. To prove the last half of the claim, it suffices to show
that each K-rational point of Yp(p) comes from a Drinfeld module ¢ over K with
a cyclic p-torsion subgroup C' over K. This follows from Lemma 5.4 below. O

Lemma 5.4. Let (¢,C) be a Drinfeld A-module of rank two over K and a cyclic
p-torsion subgroup of ¢. Suppose that the isomorphism class of (¢,C) is invariant
under Gal(K /K)-action. Then there exists a pair (¢,C) of a Drinfeld A-module
over K and a cyclic p-torsion subgroup of ¢ defined over K such that (¢,C) is
isomorphic to (¢,C) over K.

Proof. The proof of this lemma is essentially the same as the one in [3, Proposition

3.2] since Aut(¢) is isomorphic to either 41 or p,2_1 by Lemma 2.1. O

Corollary 5.5. Assume q is even and let p be a mazximal ideal of degree four. Then
the order of Aut(Xo(p)%) (the automorphism group of the Drinfeld modular curve

Xo(p)) is two.

Proof. In the proof of [11, Corollary 1.7], it is proved that the order of Autz(Xo(p))
is two if ¢ is even and Yj(p)(K) is empty (See the paragraph above [11, Remark
9.6]). Hence the assertion follows. O

Lastly, let us add some observations when deg(p) is equal to three. Let (¢, C) be
a pair of a Drinfeld A-module of rank two and a cyclic p-torsion subgroup defined
over K. By Proposition 5.1 and Proposition 5.2, ¢ has potentially good reduction
at every finite place of K. Let k be an element of Z/(¢> — 1)Z which is associated
to the isogeny character of (¢, C') as is defined in section 3. By Lemma 3.6, k¥ mod
¢> + g+ 1is equal to ﬁ for some x with 0 <z < ¢+ 1.

For each maximal ideal [ of degree one with monic generator g, we know that
there exists (a,b) € F; x F, such that g® + ag'~F = b mod p, by taking the trace
of the Frobenius at [ as in the previous section. Since the underlined condition is
still true after we replace k with any element of Z/(¢*> — 1)Z which is congruent
to k modulo ¢% 4+ ¢ + 1, we may take %k to be gijx = (¢*> + 1)x. Then it is easy
to observe that the underlined condition is equivalent to the condition that there
exists (a,b) € F, x Fy such that 92””""12 + ag® + b = 0 mod p. Note that, if =
is equal to %, then the condition is trivially true for a = 0 and some b € F}
since 2z + ¢ = ¢> + ¢ + 1. We conjecture that this is the only case such that the

underlined condition holds for every [

Conjecture 5.6. Suppose that q is odd. Let p be a mazimal ideal of A of degree
three and x an integer with 0 < x < q+ 1. Suppose that, for every mazximal ideal |
of A of degree one with monic generator g, there exists (a,b) € Fy x Fy such that

22+¢> ; - . +1
g**tT 4 ag® +b=0 mod p. Then x is equal to =,

This conjecture has the following consequence:
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Proposition 5.7. Suppose q is odd and greater than three. Let p be a mazximal ideal
of A of degree three. If Conjecture 5.6 is true, then no Drinfeld A-module of rank
two over K has a p-isogeny defined over K. Moreover, then the set of K-rational
points of the Drinfeld modular curve Yo(p) is empty.

Proof. Suppose that there exists a pair (¢, C) of a Drinfeld A-module of rank two

defined over K and a cyclic p-torsion subgroup defined over K. If Conjectue 5.6 is
3

true, it holds that k = % mod qq__ll. However this contradicts Theorem 4.6. The
rest of the assertion follows from Lemma 5.4. O

We confirmed that Conjecture 5.6 is true for odd primes ¢ = p < 181, with the
help of SageMath. However, at the writing of this paper, the author does not know
how to prove this conjecture in general.
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