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Abstract

The 3-loop invariant (or, the 3-loop polynomial) of a knot is a rational form (or, a polynomial)
presenting the 3-loop part of the Kontsevich invariant of knots. In this paper, we calculate the 3-loop
polynomial of knots obtained by plumbing the doubles of two knots; this class of knots includes
untwisted Whitehead doubles. We construct the 3-loop invariant by calculating the rational version
of the Aarhus integral of a surgery presentation. As a consequence, we obtain an explicit presentation
of the 3-loop polynomial for the knots.

1 Introduction

The Kontsevich invariant of knots is a very strong invariant of knots, which is universal
to all quantum invariants and all Vassiliev invariants, and it is expected that the Kontse-
vich invariant classifies all knots. The Kontsevich invariant takes its value in the space of
Jacobi diagrams. Jacobi diagrams are some kinds of uni-trivalent graphs, and they have
universal properties among the pairs (g, V'), where g is a simple Lie algebra and V' is its
representation. So we can “substitute” any pair of (g, V') into Jacobi diagrams, and it is
the reason why the Kontsevich invariant is universal to all quantum invariants. In addi-
tion, each term of the Kontsevich invariant is a Vassiliev invariant, and we can calculate
it algorithmically. However, since the value of the Kontsevich invariant is presented by
an infinite sum of Jacobi diagrams, it is difficult to determine all terms of Kontsevich
invariant at the same time concretely. So far, a powerful method to present them is not
known.

One approach to restrict the image of the Kontsevich invariant is the “loop expansion”.
It is conjectured in [21] that the Kontsevich invariant of a knot is expanded in the form of
the loop expansion, and it is shown in [10] that the Kontsevich invariant of a knot can be
expanded in this form, and it is shown in [7] that the loop expansion is a knot invariant. It
is calculated by using the rational version of the Aarhus integral of a surgery presentation.
A n-loop diagram is a connected open Jacobi diagram whose first Betti number is n. When
we fix a loop number, each loop part is presented by some polynomials, and in particular,
the 1-loop part is presented by the Alexander polynomial. The polynomial presenting
the 2-loop part is called the 2-loop polynomial. The 2-loop polynomial is a 2-variable
polynomial invariant of knots.

The 2-loop polynomial is calculated in many cases. For example, the 2-loop polynomial
for knots with up to 7 crossings is calculated in [21], for torus knots in [11], [12], [16],
for untwisted Whitehead doubles in [9], and for genus 1 knots in [17]. On the other



hand, there are few examples of the calculation of the 3-loop part. The 3-loop part of the
Kontsevich invariant of torus knots are calculated in [11], [12], where a cabling formula
for the Kontsevich invariant is used. However, it is not easy to calculate the 3-loop part
of the Kontsevich invariant in general, so the 3-loop part of other knots are not calculated
so far. We can calculate the 3-loop part in the same way as the calculation of the 2-loop
polynomial theoretically, but the calculation of the 3-loop part is more complicated than
that of the 2-loop part.

In this paper, we formulate the 3-loop invariant (or, the 3-loop polynomial) presenting
the 3-loop part of the Kontsevich invariant, we give some examples of the 3-loop poly-
nomial of knots. More concretely, in Theorem 3.1, we calculate the 3-loop polynomial of
D(K, K'), which are knots obtained by plumbing the doubles of two knots K (with fram-
ing 0) and K’ (with framing k); this class of knots includes untwisted Whitehead doubles
(Corollary 3.3). The 3-loop polynomial of these knots are relatively easy to calculate, and
this theorem is one of the few examples of the calculation of the 3-loop part of knots. We
can get the loop expansion of a knot by calculating the rational version of the Aarhus
integral of a surgery presentation of the knot, so we construct the 3-loop polynomial of
D(K, K’) in such a way, and we can show that its 3-loop polynomial is only depend on
Vassiliev invariants of K and K’ up to degree 4. As a consequence, we obtain an explicit
presentation of the 3-loop polynomial of D(K, K') by using Vassiliev invariants of K and
K’ up to degree 4. When we consider the sl reduction of the Kontsevich invariant of
knots, we can get the colored Jones polynomial of knots. In Proposition 7.2, we calculate
the 3-loop part of the colored Jones polynomial. In addition, by considering the Duflo
isomorphism, we can get the connected sum formula for the 3-loop invariant of any knots.

This paper is organized as follows. In Section 2, we review the Kontsevich invariant and
its loop expansion. In addition, we define the 3-loop invariant (or, the 3-loop polynomial)
of a knot, and we define knots D(K, K'), which are obtained by plumbing the doubles of
two knots. In Section 3, we state the main theorem of this paper; we present the 3-loop
polynomial of D(K, K'). As its corollary, we present the 3-loop polynomial of untwisted
Whitehead doubles of knots. In Section 4, we state some properties of the 3-loop part of
the Kontsevich invariant without proofs, and we state the connected sum formula for the
3-loop invariant. The proof of the connected sum formula for the 3-loop invariant is given
in Appendix. In Section 5, for the proof of the main theorem, we review the rational
version of the Aarhus integral. In Section 6, we prove the main theorem. In Section 7, we
calculate the 3-loop part of the colored Jones polynomial. Other topics are mentioned in
Appendix.

The author would like to thank Advisor Tomotada Ohtsuki for encouragement and
valuable discussions and comments, and Professor Andrew Kricker for stimulating discus-
sions and comments.

2 The Kontsevich invariant and its loop expansion

In this section, we review the Kontsevich invariant and we define the 3-loop invariant
of knots. For details, see [14],[15].
Let X be an oriented compact manifold. A Jacobi diagram on X is an uni-trivalent



graph such that univalent vertices are distinct points of X, and a cyclic order of the
three edges around each trivalent vertex is fixed, in other words, each trivalent vertex
is vertex-oriented. When we draw a Jacobi diagram on X, we draw X by thick lines
and uni-trivalent graphs by thin lines, and each trivalent vertex is vertex-oriented in the
counterclockwise order. Furthermore, we define the degree of a Jacobi diagram to be half
the number of all vertices of the graph of the Jacobi diagram. We define A(X) to be
the quotient vector space spanned by Jacobi diagrams on X subject to the AS, IHX, and

STU relations.
the AS relation : >Oi = - }

the IHX relation : I = >_< — X
the STU relation : Y = l l _

Note that we get some equations by the above relations;

% O

~0< zgﬁ

It is known, see [14],[15], that A(S"?) forms a commutative algebra whose product is
given by connected sum of copies of S', and A(]) also forms a commutative algebra
whose product is given by connecting copies of |. We can see that A(S') and A(]) are
naturally isomorphic as commutative algebras by the isomorphism given by connecting
two end points of |. An open Jacobi diagram is a vertex-oriented uni-trivalent graphs.
We call outward pointing edges that end in a univalent vertex a leg. We define B to be
the quotient vector space spanned by Jacobi diagrams subject to the AS, ITHX relations.
B forms a commutative algebra whose product is given by disjoint union. The PBW
isomorphism x : B — A(]) is defined by

SO0

for any diagram D € B, where the box means the symmetrizer,
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n lines

Note that PBW isomorphism is not an algebra isomorphism.

The Kontsevich invariant Z(K) of a knot K is defined to be in A(S')(= A(])); for
details, see [14],[15]. Note that Z(K) and y'Z(K) are group-like, which means that they
are exponentials of series of connected diagrams. The loop expansion of the Kontsevich
invariant of knot K is a presentation of the following form ([7],[10],[14]),

h

ﬁmte
W
(e 2 (e
K ( €

élog(%)— Llog Ak (! piale /AK
)/ Ak (e

+ (terms of (> 3)-loop part),

where Af(t) denotes the Alexander polynomial, and p; ;(e"), ¢; ;(€"), r; (") are polyno-
mials in e*". For the 3-loop part of the Kontsevich invariant, see Section 4. Here, a
labeling of f(h) = co + c1h + coh® + c3h® + - - - implies that ,

>f<h>: cw) + m} + 02): + CSE
f(h) — )f(h)

Y

Note that

by the AS relation. Further, we note that

sinh(h
log(2202)



where we denote v = Z(unknot) € A(S'). Then, we define the 3-loop invariant of K by
AK(tla t27 t37 t4>

snT sgnT SgNT , —sgnT sgnT , —sgnT sgnT , —sgnT sSgnT ;, —sgnT SgNT , —sgnT
gtg)tgtg tgtg tgtg tgtg tgtg

_ Z Gir (b by G2t by ) is (e by ) Galtogy b s (o by )36y b))
A (tity A (bt ) Arc(tats ) A (tats ) A (tat ) A (tits )

7'664

sgnT 7—(S4gn‘r>7ﬁl ) (tsg(g;tT(Zg)nT)rz 5 (tj—g(gg't;(sg)nr>m75 (tig(g;t;(sﬁnT)ri,G (tj—g(?;t;gg)nT)

7’1 1
—I— —_ —_ J—
Z AK ()t ) 2Dk (tr@)tr ) Ar (bt ) A (bt () Ak ()t )
7664
€ QT 5 5 7)) (8, titatsts = 1),

v<t17 t?a t37 t4)
U(tl, tg, t3, t4)
1. In particular, if Ag(t) = 1, then Ak (t1,to,t3,%4) is a polynomial, so in this case, we call
it the 3-loop polynomial. For details about the 3-loop part of the Kontsevich invariant,
see Section 4.1.

where Q(t51, t51, t51, t51)! is the ring of rational forms such that w(1,1,1,1) =

3 The 3-loop polynomial of D(K, K')

In this section, we define D(K, K'), which are genus 1 knots with trivial Alexander
polynomial, and we state the main theorem of this paper.

Let K be a O-framed knot, and let K’ be a k-framed knot (k € Z). Let D, D' be
1-tangles whose closures are K, K’, respectively, noting that isotopy classes of D and D’
are uniquely determined by K and K’.

o= , K= i (1)

(0-framing) (k-framing)

We define D(K, K’) to be the following knot,

/é\

D2

D/(2)

where D® and D'® are the doubles of D and D', respectively. We can obtain D(K, K)
by plumbing of the doubles of K and K’, noting that D(K, K’) is a genus 1 knot with
trivial Alexander polynomial.



The Kontsevich invariants of K and K’ can be presented by
Z(K) = v#exp <a2 + as +ay

+ (linear sum of diagrams with more than 4 trivalent Vertices)> € A(SY), (2)

i linear sum of diagrams
Z(K') = v# exp (§ + dl, + ( with more than )) c A(SY),
2 trivalent vertices

(3)
where a; is a degree i Vassiliev invariant of K, and a} is a degree ¢ Vassiliev invariant of
K.

Now, we state the main theorem of this paper. We put w,, , = t,,t,* + ¢,'t, — 2 and
Vmn =ttt — 1, (myn € {1,2,3,4})

Theorem 3.1. Let K and K' be knots as shown in (1), and assume that their Kontse-
vich invariants are presented as in (2), (3). Then, the 3-loop polynomial of D(K, K') is
presented by

Apr,rn(ti, ta, t3,ts)

= (—16a2a'2 — l{QCLQ — 8]{,'&3)(%172 + Uy,3 + Uy, + U3 + U4 + U374)

2
+ 4k aq) (ug atog + Uy 4Us 4 + U2 4U3 4 + Up 3U2.3 + U 3UL3 + U2 3Us 3

+ Uy pUs g + Uy 2Ug o + Us Uy + Uz Uz + Uz 1Ugy + Us U )
2
+ 24k*aq(ug ous g + Ur 3Ug4 + Up 4U23)
2 2/ 2 2 2 2 2 2
+ 8k a2(u1,2 tujztuy gt U3t uy,t u3,4)
I{ZQCLQ

i (v1,4V2,4 + V1,4U3.4 + V2 4V3 4 + V1 3V2,3 + V1 3V 3 + V23043

+ V1 2U32 + V12042 + V3 9Us 0 + Vo 1U31 + Vo 1Us1 + V3104 1)
€ Q[ &, t§17 t51/(Sy, titatsty = 1).

We prove the theorem in Section 6.
We put
Ty 3 = tity + tity + tots + tots + tsts + tsts
+ ity gt gt et ey Ry P 1,
Tho = 1315 + 133 +tat] + 172t % + 5 2t5 2 + 151, 2,
Tia0 = titots + totst] + tatts + 17 5 2 + by g 12 + ty 1t 1y
+ iyttt oty oty sty sty



Tooa = otts + 3247 + 2655 + 1725 2t + 15252 + 1522ty
+ ity 2 Bt ot 2 bty Y + et 2+ taty 2,

Toss = titats + tatats + 1365t + titaty” + totst] > + tatity >
+t Mttt Rt T 4 1R

Then,

Ut +Urg +Uig + Uz g+ Upa +Usa = T112 — 6,
U 4U2 4 + Ut 4U3 4 + U2 4U3 4 + U1 3U2 3 + Uy 3U43 + U 3Us3

+ U1 2U3 2 + UL 2Us2 + U3 2Us2 + Uz 1U3 1 + U2 1U4 71 + U3 1U4 1
=To33+T13— 61112 +4,
Up2U34 + U Uz g + UpaUsg = Tho — 2717 19 + 4,
uiQ + Uig + U%A + u§73 + u§74 + u§74 =T594—4T112+6,
V1,4U2.4 + V1 ,4V34 + V2 4U3 4 + V1,3V23 + V1 3V4,3 + V23Us3

+ V12V32 + V1,2V4,2 + VU32Us2 + V2 1V31 + V2,1U41 + U31V41
=To33+T13—2T1,,.

Remark 3.2. The formula of Theorem 3.1 is rewritten,

Ap(r k) (ti, ta, 3, ts)
= (—16aya), — 32k*a3 — 8kaz — 72k*ay)Th 19 + 8k*a5Th 24

kZCLQ k2(12

+ <— + 4k2a4)T2,373 + (—

17!{:2@2

+ 4/{Z2CL4)T1’3 + 24]€2CL4T2,2

— 96agal, + 48k*a3 + + 48kaz + 112k%ay

€ Q[ﬁil» til, tétla tfl]/(64, titatsty = 1).

In particular, we can get the 3-loop polynomial of untwisted Whitehead double of K.
We denote it by Wh*(K).

Wh(K) = J\D@) , Wh(K) = /4\ D)




Here, D is a 1-tangle whose closure is K as shown in (1).

Corollary 3.3. The 3-loop polynomial of Wh*(K) is presented by

Awn=x) (L1, t2, 3, ts)
= (—ag £ 8a3)(ur o+ ur3 + U g + Uz s + Uy + U3 4)

Qa2
+ (_E + 4day) (U1 4 g + UsgUs 4 + UpaUs g + Up 3Uz 3 + Up 3Us3 + U 3Us3
+ Uy pUsz o + Uy 2Ug g + Us Uy + Us Uz + Us1Ugq + Us1Usg)

+ 24ay(u1 2us 4 + g 3U2.4 + U 4U23)
2/ 2 2 2 2 2 2
+ 8“2(“1,2 TUy 3T U g T U3 T U T U3,4)

a2
- Z<U1’4U2’4 + V14V34 + V2, 4V3 4 + V13V2 3 + V1,3V4,3 + V23Us3

+ V12032 + V12042 + V3 9Us 0 + Vo 1U31 + Vo 1Us1 + V3104 1)

€ Qi 651, 15 157/ (Su, tatatsts = 1).
The corollary immediately follows from Theorem 3.1.

Remark 3.4. As in Remark 3.2, the formula of Theorem 3.3 is rewritten,

Awn=ry (1, to, s, ta)
== (-32&3 + 8@3 - 72@4)T17172 + 8CL§T27274
a a
+ (—52 + 4(1,4)T27373 + (—32 + 4(1,4)T173 + 240,4T272

17
+ 4802 + —2 = 48kas + 112a,

€ @[tlila téda t3i1> tfl]/(Glla t1t2t3t4 = 1)

Remark 3.5. It is known ([24]) that Z(K) is presented by

1

1 : 1
Z(K) =v#exp ( —5C ~ 5173 + ﬂ<_1204 + 6¢5 — c3)

+ (linear sum of diagrams with more than 4 trivalent Vertices)>,

where ¢, are coefficient of the Conway polynomial Vg (z) = > ¢,2™ and j, are coefficient
of the Jones polynomial Jx(e') = 3 j,t". Note that the Conway polynomial is defined

by Vi (t2 —t72) = Ag(t). Therefore we can get

1 1 1
a9 = —502, as — —ﬁjg, ay = ﬂ(_1264 + 603 - CQ)



Example 3.6. As an example, we calculate the 3-loop polynomial of the untwisted White-
head double of (2,2n+1) torus knots, T'(2,2n+1). We consider the untwisted Whitehead
double of them, Wh* (T(2, 2n + 1)) It can be shown by using the skein relation that

n n+ ] A n— tn+3 _ t3n+2 + t3n+3
Vireomin(2) = Z ( )22], Jr@2n41)(8) = ’

' — 12
=0 2] 1—1¢
and so
1 2 1 —1
C2 = M7 C4 = <n+ )(n+ )n<n )a j3: —n(n+1)(2n+1)
2 24

From this, we get
Z(T(2,2n+1))
:V#exp<—w +n(n+12)i2n+1) +n(n—|—1)(2;182+2n+1)

+ (linear sum of diagrams with more than 4 trivalent Vertices)>.

Therefore

Awntr@ant1) (t1, t2, t3, ta)
n(n+1)
T2 (3£ (8n+4))(u1s +urs + urg + Up3 + g + Uz s)
n(n + 1)(8n + 80 + 5)
+
48
+ Uy 2U3 2 + Up 2Ug o + Ug2Us o + U U3 1 + U2 1Ua 1 + Uz Us)
n(n+1)(2n% +2n + 1)
i 2

(U1,4U2.4 + U1 4US 4 + Ug 4US 4 + U 3UL S + U 3ULZ + U 3U43

(w12ug4 + U1 3Uz4 + U 4U3)

n?(n+ 1)
2
N n(n+1)
16
+ V1 2U32 + V12042 + V32040 + Vg 1U31 + Vo 1Us1 + VU3 1041)
€ Q[tfh t5 15 151/ (Sy, tylatsty = 1).

2 2 2 2 2 2
<U1,2 tujztujgtuyz+uy,+ U3,4)

(V1,4V2,4 + V1,4U34 + V24V3 4 + V1 3V23 + V1 3043 + V23043



4 Some properties of the 3-loop part of the Kontsevich invariant
and the 3-loop invariant

4.1 The 3-loop part of Kontsevich invariant

In this section, we state some properties of the 3-loop part of the Kontsevich invariant.

We omit proofs, and for details, see [18].

Let Beoun be the subspace of B spanned by connected diagrams, and let BEoor) 1,0

the subspace of Beonn spanned by 3-loop open Jacobi diagrams. It is known ([18]) that
any elements in BEoP) can be presented by the linear combination of diagrams of the

following form,

such that nq +mng+ng +ng+ns + ng is an even number (If it is an odd number, the Jacobi
diagram equal to 0). We can correspond the diagram (4) to h{*h3*h5*h}*hi®hg®. These
variables satisfy that

hl—hQ—h6:0, hl—h3+h5:0, h4+h5—|—h6:0 (5)

h™ Bz

Here, we regard ' as a tetrahedron, and introduce new variables corre-

h™s

sponding with faces of the tetrahedron,

l‘lzhl—h5—|—h6, 1‘2:h2+h4—h6, $3:h3—h4—|—h5, 1‘4:—h1—h2—h3. (6)

By definition, these variables satisfy that x; + x9 + 23 + x4 = 0. Therefore, we get the
following isomorphism,

B(S—loop) ~ (C[$1, T, T3, J}4]/($1 + o+ X3+ 24 = 0)) /647

conn

where the action of 7 € &, takes a polynomial f(z1,xs,x3,4) to
f((sgn7)z 1y, (S80T) X+ (2), (58NT)T1(3), (SGNT )X~ (4)). Therefore,

3-loop) ~v 2
Bgonn ) = C[0-27 O3, 04]

where o; is the elementary symmetric polynomial of degree . By (5), (6),

T — T4 To — T4 T3 — T4
, hy = , hyg=——,
4 4 4
To — T3 T3 — T X1 — X2
h4: ; h5: y h6:
4 4 4

hy =

10



so, we can correspond the diagram (4) to

v — x4\ 12—y " (13— x4\
4 4 4

Note that there is a injective map

ns T — T ne
1 .

(CH 2653 5 (titatsty = 1)) /64 — (Cl[wy, 72, 23, 24]] /(71 + 22 + 13 + 74 = 0)) /6,4

t,—e

where (C[[xy, z2, z3, 24]] /(21 + 22 + 23 + 24 = 0)) /S, is the completion of
(Clzy, 2, 3, 4] /(21 + 22 + 23 + 24 = 0)) /&4 with respect to the degree.
Next, by using the IHX relation, we can deform a 3-loop graphs with labeling of

(polynomialh:eh /A K(eh)) into one of the following two types,

Sx,a(ﬁh')
Ak (eh) | Ax(eh)

by the IHX relation , and otherwise, it can be deformed into . ,."
Ag(eh)| Ag(el)

and this can be deformed into a sum of

Therefore we put ¢; = e¥/*

invariant as in Section 2.

finite

Remark 4.1. In general, the form of Z

11

si1(e™)sia(e)
A (eh)?

and the form of

= 1, the first one can be deformed into a sum of the second ones

Sz,z(eh) 9

A (el)

by the THX relation.

(1 =1,2,3,4), then we can get the definition of the 3-loop



holds for Ag(t) =t+¢ 1 —1 and

some polynomials g; ;(¢), then we have

1 1
4
<AK(7517521)2 " Ak (taty")? " Ak (tsty')? " Ak (tat3h)? " Ak (tstyh)? - AK(t1t51)2)
S(tla t27t37t4)
Ak (trty DAK (bt ) Ag (tsty Ak (tats Ak (st ) Ax (tity ')

then,

Ak (taty )V Ag(tsty)? - A (tity ) + A (it ) Ag (tsty ) - Ag (tityh)?
o A (it ) Ag (taty ) Ag (st ')

1
= Ag(tity AR (taty ) Ak (tst) D A (tatz D A g (tst ) Ag (tit5 1) - Z3(751,1t2,153,,754), (7)

1
where s(t1, o, t3,t4) is a polynomial. However, when we substitute ¢; = 1,t; = §,t3 =

]_ N/ —
1—vV=-3,t, = %3, the right hand side of (7) is equal to 0, but the left hand side is
not.

4.2 A connected sum formula for the 3-loop invariant

In this section, we state a connected sum formula for the 3-loop invariant.
Let Ki, K5 be O-framing knots, and let K;# K5 be their connected sum. We denote

sinh(z/2) 1

fla) = 3los 2 gy(0) = 5loB A (€7,
o) = 5108 At () = 1) + ga(a),

12



where Ag;(t) is the Alexander polynomial of K. We denote

f(@) = gi(2)

X ' Z(Ky) = exp ( @ +43 +4®

+ (linear sum of diagrams with more than 4 trivalent Vertices)),
f(@) — g2(x)
_ 2 3
V2 () = exp ( +5” + 75"

+ (linear sum of diagrams with more than 4 trivalent vertices)),

where 7(2)

i 7%(-3) is the 2, 3-loop part of Kj, respectively.

Proposition 4.2. We can get

fz) —g(x)

X' Z(K\#Ky) = exp ( @ + 72 448 4 4P

+ (linear sum of diagrams with more than 4 trivalent vertices ))

When the 3-loop part of K is presented by

a3 (")
Ax ()

e ICR)
Ak (eh)

gt (e") ")

Ak (e A (@)

13



the 3-loop invariant of K is given by
A (t17t25t37t4)

4580T 4 —sgut (4) s psgnt ,—sgnty _(4) / sgnt ,—sgnry _(4) s ,sgnt,—sgnry (f) s ,sgnt,—sgnty (j) /,sgnT,—sgnT
)ty )quZ (trg(z) tf(f) )qz]?) (trgég) t7(4g) )%74 (tfég) tT(gg) )qzjs (tg( )tT(fg) )qzjﬁ (tTgu)tT(;) )

q“ (1) Ur(4)
Z Ag(tity DAk (bt DAk (st ) A (tats ) Ak (tst] D A (tity 1)

T€64

sgm—t sgn-r) €)) ( sg(n;t;(zg)nT)TZ(]:i) (tsg(n;rtf(zg)m-)rz(’jg (tsg(n;rt (ng)m-)rgﬁ) (tig(rll;—t;(s;)n'r)

zl T2
+ : T .
Z AK () tT(Z))QAK(T@ toin) Dr (tray ) Ar (bt 1) A (trayt )

7664
€ QU B 5 ) /(G tatatsts = 1) (5= 1,2),

as in Section 2.

Corollary 4.3. We get the 3-loop invariant of Ki# K5 as follows,

AKl#Kg(th tz, t3, t4) = Ag, (t1,t2, 13, t4) + Ak, (t1, 2, t3, ta)

_ _ _ -1 —_
N Z A, (tr (l)tT(lzi))A, (tr2)tryy) Py trt oy trats (1)AK1 (t 3t D, ()t )
24AK1( 1)t ) AK, (t 7(2)t_( ) ; 240k, (L )AKl( t;(z))
7664 TEGSY
€ QU 15 15 1) (G, titotsty = 1).

In particular, if Ak, (t) = Ak, (t) =1, then

Nrypre, (b1, to, ta, ts) = Agey (b1, to, B3, ) + Mgy (B, to, B3, 1) € QI 650, 657, 51/ (S, tatatsty = 1).

For the proof of Proposition 4.2, see Appendix.
For example, we can get

Apx, k) 4Dk (T tas B35 ta) = Apiey xpy (t1, B2, T3, 14) + Ap(i, i) (B, t2, 3, 14),

where K is a O-framing knot and K7 is a kj-framing knot (k; € Z, j = 1,2), and D(Kj, K})
is the knot defined in Section 3. In a similar way, we can get the 3-loop polynomial of

Y D(K;, K}).

5 The rational version of the Aarhus integral and a computation
of the loop expansion

In this section, we review how to compute the loop expansion. Along this, we calculate
the 3-loop invariant. For details, see for example, [7], [10].

14



In the following of this paper, we represent “exponential” by , for example;

C C C C C
EIATTARTAVARS

C C C ¢

....... — exp( ) — + + = c +

Further, we write « ( = : f (« and (8 are Jacobi diagrams) if o — 8 can be presented by
m+1

a linear sum of Jacobi diagrams with more than m trivalent vertices, where we do not

count trivalent vertices generated by attached power series. When m = 4, we write “="

instead of “(E)”. If a uni-trivalent graph has m trivalent vertices, we can put it anywhere
5

“ — »

modulo o so we can write them separately, for example,
m+1

Let K be a 0-framed knot in S3. It is known that K has a surgery presentation KoU L,
such that Kj is isotopic to the unknot with 0 framing and L is a (I-components) framed
link, and the linking number of K, and the each component of L is equal to 0, and the
pair obtained from the pair (S®, Ky) by surgery along L is homeomorphic to (53, K).
We can obtain the loop expansion of the Kontsevich invariant of K from the Kontsevich
invariant of Ky U L, in the following way ([10]). Let A(xx) be the space of open Jacobi
diagrams whose legs are labeled by elements of a set X.

Step 1 Compute the x;'Z(KyU L)

We label the component corresponding to Ky by h, and label the components corre-
sponding to L by the set X = {x1, 2, - ,2;}. Then, we compute X;IZ(KO U L), where
xn s Al UL SY) — Al UL SY) =2 A(S; UL, SY). As in [5], we note that

— € €
X,ZlZ Q = Uy o
h
R

15



We put t = e, and we write again (omitting y~!v for simplicity, because it does not
contribute to the 3-loop part),

Step 2 Compute the y ' Z(Ko U L)
X, Z(Ko U L) is obtained from y;,'Z(KyU L) by connected-summing by v to each com-
ponent labeling by a component of X, where we denote v = Z(unknot) € A(}). Note

1 .
that v (E) + 8 . Then, we compute X)—(lx}:lZ(Ko U L), where we choose a disjoint
3

union of the unknot and a string link Ky U vahose closure is isotopic to Ky U L, and
xx : Alxx) = ALy ). We denote it by x ' Z(Ky U L).

Step 3 Compute the rational version of the Aarhus integral (see [1], [2], [3], [10])
The Kontsevich invariant of K is computed by the rational version of the Aarhus integral
as follows,

X_IZ(K) — X_IZLMO(S37K)

3log(5H) - §log Arc(e")

. L 2 u L)
D2 (2O

where Uy denotes the unknot with +1 framing, and o, and o_ are the number of the
positive and negative eigenvalues of the linking matrix of L. “{( ))” is defined as follows.
It is known that x ' Z (K, U L) is presented by

5 1 Uiz (t) 3
XL Z(KoUL) = exp (5 S ) UP(Xx ' Z(KyU L)), (8)
xi,:ijX i B
where (lij(t)) is an equivariant linking matrix of L C S*\Kj satisfying that 1;;(¢t) =
L;;(t71), and P(x'Z(Ko U L)) is a sum of diagrams which have at least one trivalent
vertex on each component. Then,

T

oz = (e (5 3 N ) P(CIZ(K, U L)), (9)

19 (¢
zi,L;€X ( )

16



where (1% (t)) = (lij(t))fl, and ( , ) is defined by

(Cy,Co) = ( sum of all ways gluing the z-marked legs of C ) .

to the x-marked legs of C5 for all x € X (10)

For details, see [1]. Note ([6]) that

O Z(UL)) = (v ) exp (q:% @ ) = exp (EF% @ ) RENGEY

From this, we can compute the loop expansion of the Kontsevich invariant of K, and we
get

the 3-loop part of x ' Z(K)
(2 ULY)
Ot 2U)) et 2U-)h-

Then, we obtain the 3-loop invariant Ag (t1,ts, t3,14)

= the 3-loop part of

6 The proof of Theorem 3.1

In this section, we prove Theorem 3.1.

Proof of Theorem 3.1. By handle slide, we can show that

W@ - O Y- o

—

(surgery along the link drawn by thin lines),

17



so we get the following surgery presentation,

e @@@

D'(2)
S

(¢

X p4

£

where K is depicted by a thick line, and L is depicted by thin lines. We put

X p4

Dy

w

We can see that Ky U Ly is equal to the surgery presentation of D(unknot, K’) = unknot,

so its 3-loop part is equals to 0. In addition, linking matrices of L and L are equal, and
« (in (18) below) are common for L and Lo. Thus, we get

1Z(KyUL
the 3-loop part of fx ( 0 )

(12U (xtZ(U-)he-

Z(KoUL)—x'Z
= the 3-loop part of fx ( 0 ) =X —

Z (Ko U Lo)))
HZU)) 12 U-)) -

Then we calculate x ' Z (Ko U L) — x "' Z(Ko U Ly). First, we calculate y,*Z (Ko U L) —
X, Z(Ko U Ly) by decomposing into the following parts. We note that each term of the
formula of (12) below has at least 2 trivalent vertices, so it is sufficient to calculate other

18



—"

parts modulo “=7.
(3)

- h : | X i .
Z ( >\\ L = l }fl X (1+i WHV ) : (16)
(17)

19



Then, by (14), (15), (16), (17), we get
i Z(KoU L) — ;' Z(Ko U L)

/ﬁm/ﬁ
| k@/) (g g

1Z(D) - Z<Dn>\ z(D))]

Il
—
+
™
NS

where
X y z w X X y y z z z z

1 1 1 1 1 1 1 1 H’
50:@¢*@¢*@¢+@¢—QH‘QH+QH—ﬂ -
X y z w z z w w w w w w

Hence, by (12), (13),

i Z(KoU L) — x;, ' Z(Ko U L)
k/2 k/2

e O O Q

20



where

X

56:@2¢ L Bo

X

¥ ' i X ¥ X X
1
* y ¥ * " X X

. . 1
Next, we calculate x; ' Z(KoU L) — x;,' Z(Ko U Lg). Recall that v (E) + —
3

X' Z(KoU L) = x;, Z(Ko U Lo)
= (X3 ' Z(Ko U L) — x;," Z(Ko U Lo)) #v**

1 1
_— -1 _ —1 - L L
= (' 2Ky U L) — i Z(Ky U L)) x [ 14 Cb §>+48§>+48§>

where
y
" a L 1 i 1 I 1 " 1
0 24 24 24 24
y
X X z z z V4
1 1 >_< 1 1 >t—<t
_ - L b
24 24 24 21
z z w w w w w w
Then, we get

X 'Z(KgUL)— x ' Z(KyU L)
= Xoy e (i Z (Ko U L) = X3 Z(Ko U Ly))

21



K2 K2

i y.-':'-. : i y.-':'-.
oy a2 ; ; +X;31/,z,w ; : x (By + 51)

= Xoyzw

w w
lllllllllll y-ll-llll'l--ll-
1 e, — Y,
Xy c (E) y c
i i
y y y
<1 1 1 ) ( +02 Cb +c c >_<
8 12 12 6 12 ’
w y w w

where ¢ is a scalar. Hence, by the above formula and Lemma 6.2 below,

k2
k2

y oy X
Ol
Xow | @2 ™ 5 = L x| a 5],

where
1 1 a9 a9
= N = N — = el
= é 3 ﬁD 2 H RS NCE
X y y y y y y y
. HE 1 H +k:2 Lk k H
= 8 12 8 12 24
X w w w y w w w

22




Moreover, it is known [17] that

x oy
Pow T
-1 ~ Z et e
Xzw ........_...1. ......... (3) w
......... LA t—1
B JERSTN wt SO W
1’”1221>f<’1><
14 = — N _
8 * 8 * 12 12 4 )t
w w w w w w
X x y y z z z z
+1)( +1 +1t 21-1+1
24 t-1 24 t-1 24 U 4 2t-1
z w z w w w
For the notation “( ~ )”, see Remark 6.1 below. Therefore we get
m—+1
k2
K2
vy X
1 1 X y
X;,y,z,w ) H H = X;,w X | a2 + 52
: : x
-1
7N | et
............. ;
=0 100
X
~ a U a2<b + B2+ 055,
(5) |
where
........ B2 =
o= AT ST T T (18)
i :y vy Wi W
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In addition, we get

-1
Xx,y,z,w

O Q X (By +B1) | =au(By + B).

Thus, we obtain

X

X ' Z(KgUL)— x ' Z(KyU L) = a U | a é + By + B+ Bt Bs |,

X

where, putting x; = z, 29 = y,x3 = 2,4 = w, the formula (8) is written in the following
form,

zi,x;€X
X

P(x'Z(KyUL) —x"'Z(KyU Lp)) = as é + By + Br+ Ba + Ps.

X

The equivariant linking matrix (I;;(¢)) of L € S*\ K, (and Lo C S*\Kj) is given by

0 0 1 0
0 k 0 1
O =110 o -1
01 ¢tt=1 0
Hence,
—k(t+t1t—2) t—1 -1 —k(t—1)
Lo 1 tt—1 0 0 —1
—5 (7)) =3 —1 0 0 0
—k(t™1 = 1) -1 0 k
We put
X x y X z :; w X w y
% 7 TR Py (t71)/2 By S 'i';/Q s
: L K
a—exp(—§ Z 193 (¢) >_ ” W ox bx :x Wy w
Ti,Tj eX ':_‘ i
52 (f,ri"—"i}/g Y kT -1



Then, we obtain the 3-loop part of y~1Z (D(K K’ )) from above Kontsevich invariants
using the rational version of the Aarhus integral. By (9), we get

(X" Z(KyUL) — x ' Z(Ko U Ly))) = <a as ¢ + By + B+ Ba + 53>.

Note that <d, as Cb + B85+ 1+ P2+ /33> contains only diagrams with at least 2 trivalent

X

vertices. So, we calculate the normalization term modulo “=". In our case, 0, = 0_ = 2,
®3)

so we get by (11)
(T2 T ZU) T = T ZUDN T Z(U-))*

(1))

Then, we calculate the Aarhus integral as follows,

w

(

X

(' Z(KoUL) — x ' Z(Ko U Lo)) _ i ¢ ;
P A e A T p Bt Bt By).

X

Note that <d, as Cb > part is in the 2-loop part. Therefore, we get

X

3-loop part of X_lZ(D(K, K')) = (&, (B) + B1+ Pa + 33)) (conn)

where we denote the connected part of ( , ) by ( , ) (conn)-

Then, we calculate each term of (&, (8] + 1+ B2+ 53)) (conn)- We denote u =t -+t~ —2
and v =t —t L

We calculate (&, 3)) (conn) > as follows.

<A ao CE ﬁ; > k?QCLQ k?ZCLQ
(0% _— = =
’ 24 L L (conn) 12 u 6
X y
(6 5 D )~ T 5
(8% e = — = ——
’ 24 L y (conn) 12 t—1 6
O S DL
O{7 _ = — = —
24 L ! (conn) 12 6




< N ao {D ég > k?zag = ]{32CL2
e — = — _
’ 24 L » (conn) 12 t—1 6

3 s -2 D%
’ COHH_ 6 - 6

< . (12 é k’ag = k’ag
o, — )—{ = =_——=
24 (conn) -1 6

o3 a5
Y (conn) 6
X V4 z t
o md iy -t e
’ 24 L R (conn)_ 12 ¢ a 6

Hence,
<OA‘7 (/)/>(007m)

a9 k2a2 k’a,g k’CLQ k;2a2 a9 ka2 k?ag
C5"% 6 6 B St )

(05} ]{IQCLQ ka2 | ]{ZQCLQ (05}
— (_ _ _ + = . 1

We calculate (&, 1) (conn) , as follows.

X pe
<d, Aol ﬁ) ﬁ) > = 2a,a) C = —dayay
i y / (conn) t—1
T

X
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Hence,

<d7 51>(conn)

= (—4(12&/2 — 2]6’&3) + 2k2a4 @ + 3k2&4 + 2]62&%

We calculate (&, 52) (conn) , as follows.

(6 2O O S ke

’ 8 i ! (conn)_4 _2

o 5 e O O -
’ 12 L [ (conn) 6 3 3

X

o tlohn-sD-2
(8% _— = — = —
’ 12 (conn) 12 6

z z

o 19D
(8% e = —— = ——
7 6 (conn) 6 3

z

¥ y i u
< " a9 é é > ka2 kﬁag
O{7 _— = —— = —
8 L i (conn) 4 -1 2
x y y -1 u
o 20 H
&’ _— = — = ——
12 | S A (conn) 6 t—1 3
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(&

(conn)
<A k’CLQ é} <> CL2 C I k2a2
Q, - =

(conn) t—1 3
-1
kGQ é >_< Q9 B _k2a2
& (conn) -1 6

Hence,
<d7 ﬁ?) (conn)

. I{?(lg ]CCLQ :I{ZCLQ k'(lg ]{?26L2 ]{?2@2 ]{?2(12 a9 a9
S 3t 3 Tty 6 G 3

ka2 2
ol L)50)

We calculate (&, 53) (conn) , as follows.

t+1

& az é é _ k:a2 —0
COnn t—1
A é >_< ]fag > _ka2
7 conn o - 3
0 Hh- (D
@ com_ 6 . 3
2 = k
a9 a9 -
¢H Do =7 jD‘TCH P =0
(i %5# i Yy =~
% 24 ! ! :1 (conn) - 12 o - 6




x y oy i1 u
(0% e = —— = —
’ 24 L t_i " (conn) 12 t—1 6

x zZ z z

¢
A a2 2t-1
= =0
<C¥, 2468 \ﬁ/ >(conn)
o ad Loy g [
“ ﬂ ! 4 -l (conn) B 12

1—t
. _k:2a2 B k:2a2 B k2a2
6 24 8

Hence,

<OAéa B3> (conn)

— (% o k2a2) o k2a2 B k‘2a2
6 6 6 24
k2ay kas  kas

: + (52 -2

3 3
a k%a, k%a, k%a, k2as
—\g - - - . (22
(6 6)@ 6 24 8 (22)

29



By (19), (20), (21), (22), we get

<A ( 0 + 61 + 62 + B3)> (conn)
<Oé 50)(607’”1, 51 (conn) + <@562 (conn) < 753>(conn)

. a9 ]{72(L2 ]C(lg ]{ZQCLQ a9
“C% 7% 3 )® * "%

2 k? @2 2 2 2

+ (—4azay — 2kag) + (2k“ay — + 3k"ay + 2k%a;

k;ag as
/{Z2CL2 a2
6
k> k?
= (—4azay — a2 ) + (- i 2k ay)
24
1{32
+ 3k%ay @ + 2k%a @ - 8@2 )
By the definition of the 3-loop polynomial, we get the required formula. Il
Remark 6.1. The symbol “~” means the link relation, see [1], [2], [3],
e LD D ﬁ)
and “( ~ )” is the equivalent relation which is generated by ( = : and ~. It is known that
m+1 m+1

under the link relation, the result of the Aarhus integral does not change ([6]).

Lastly, we prove the lemma used in the above calculation.
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Lemma 6.2.

X

n(n—1)(n — 2) ,,3{ y >_<
12
n(n —1) nz{ y
12
n a1
-z 23
6 { X (23)
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We show this. It is shown by a mirror image of Lemma 5.1 of [17] that

1111

z

(25)

The first term of the right-hand side of (25) is calculated by applying (24) (replacing n
with n 4 1) as follows,

32



Il
|
|3

Il
|
|3

=
——
[ [ 11

75




where we obtain the first equivalence by classifying the strand which is connected to the
bottom strand at the right hand side of the symmetrizer of the first term, and we obtain
the second equivalence by applying (24) to the left symmetrizer of the diagram of the
right-hand side of the first line. Hence,

n+1 " noard [ n(n —1) n-Z{ A
— = — : : X - : : X .
2 4 4
(29)

The third term of the right-hand side of (25) is calculated as follows. By classifying the
strand which is connected to the bottom strand at the right hand side of the symmetrizer,
the connected component of this strand is shown, as follows,

~ T (-1 % =(n—1) M

|
:

6
n n-1 : : n(n - 1) n—2{ : :
—_n : . X B S : - X )—( ){ : 30
6 { + 6 (30)
Thus, by applying (28), (29), (30) to (25), we obtain (23). Therefore, we obtain the
required formula of the lemma. Il

7 The sl; reduction of the 3-loop invariant

7.1 The review of the loop expansion of the colored Jones polynomial

In this section, we briefly review the colored Jones polynomial and the loop expansion
of it. For details, see [22], [23].

The colored Jones polynomial J,,(K;t) is the polynomial invariant of knots, which is
obtained by

V(K ;t) IR
V,.(the unknot; t) — ¢/2 —¢=n/2

Jo(K:t) = V(K5 1),
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where V,,(K; t) is obtained by V,,(K;e™") = Wy, v, (Z(K)), and Wy, v, denotes the weight
system derived from the Lie algebra sl and its irreducible representation V,,. For details,
see [14], [15], and [13]. It is known, see Conjecture 1.2 of [22], Theorem 1.2 of [23],
Proposition 3.1 of [20], that J,,(K;t) can be presented in the following form,

Zhlzdlk (nh)" ZhlAK ent) 2l+1

>0 k>0 >0

for some Pj(t) € Q[t*!]. This is called the loop expansion of the colored Jones polynomial.

P.
The 3-loop part of the colored Jones polynomial is given by ﬁ
en

7.2 The 3-loop part of the colored Jones polynomial

In this section, we cons&der the 3 loop part of the colored Jones polynomial.

For a knot K, Ag(t2,t2,t72,¢72) is a symmetric polynomial in ¢*! divisible by ¢ — 1
(since Ag(1,1,1,1) = 0) and hence divisible by (¢t — 1)?. We define the reduced 3-loop
tnvariant by

A AK(t% t% t t %) +1y1
AK(t) = (t1/2 — - 1/2 )2 € Q(t ) )

t:l:l

which is symmetricl in ¢='. If Ag(¢) = 1, then this is a polynomial, so we call it the

reduced 3-loop polynomial.

Example 7.1. The reduced 3-loop polynomial of D(K, K’) is presented by
Apxry(t)
. ( 4k2a2
B 3

16k2a2

+ 64kay + 32k%a2)(t + 1) — — 64k%*a3 — 64asal, — 32kas — 128k%ay.

Or(t,t711)
(t12 —¢-1/2)2
where O (t1, ta, t3) is the 2-loop polynomial of K. For definition of the 2-loop polynomial,
see for example [14], [17].

We denote the reduced 2-loop polynomial by Ok (t) = defined in [16],

P. nh
Proposition 7.2. The 3-loop part of the colored Jones polynomial A 226 D is presented
K€"
by
Py(t Age(t)  (#2 =712
2( )5 _ (t1/2 —t*1/2)2 K( ) ( ) @K(t)2

Ac) T 2R
AL (D)t? A (Ot Ay ()t
T3 DAR)? T 6AR()?  BAR@)P
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Proof. In this proof, we write o =, B if styn(a) = Wi v, (8). It is shown in the proof

of Proposition 3.1 in [20] that Z x

—2l+1hl is given by
1>0 k(t)

1 D 12 1/2
Z A 2l+1 T a2 412 ﬁ ( (t Z A 21+1 ) (31)

1>0
where
d
D =2t—
dt’
D oh/2 _ o=h/2 B2 _
Dl = B e_hD/2D =1+ 24(1 — D?) + (higher terms),
X 'Z(K)u(x ')t = Z Pl—()hl for some P(f) € Q[i*]
sl A (f)2417 '
>0 K( )

Here, t = emh, and C denotes the Casimir element of sl, whose eigenvalue on V,, is equal

b
1 .
to = . At first, we calculate P(t). We put

Ag(t) = (72 —t7Y22A 5 (1), Ox(t) = (812 —t72)20 4 (t).

By using the equivalence below,

=, 2h - , (32)
it is shown in [16], [20] that
b(e")
Q = (1) + V() + (1) (3)
~ 3 log Ax(e") pia(eh)/Ax(e")

exXp EE[Q 1 N 7 Z pi72(eh)/AK(6h) Es[z @K <f) h7
Ax () - h Ag(t)?
i3(e”)/Ax(e"
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Further, by (33) and Lemma 7.4 below, we obtain

sy Z 4n* | gi3(1)gis(1) ooy + qi2(1)gi5(1)

+qi1(1)gi,4(1)

(Iz,z(eh)

A (el)
An? > h > ~1 ~1 ~ 1 S 1 >
=sly Z m(Qi,l(t)Qi,Q(t)q1,3(1>qi,4(t)Qi,5(t )ai6(1) + i1 (0 )ai2(t)ai3(1) ¢4t )gi5(1)gi6(1)
i K
+ qi,l(E)Qi,Q(1)%,3({)%,4({71)%,5(1)%’,6({) + Qi,l(7?71)%‘,2(1)%,3(571)%,4({)%,5(1)%’,6(571)
+¢i1(1)gi2(B)qis®)qia(1)qis O aqiet) + qz‘,l(1)%’72(5_1)C]i,3(7§_1)qz',4(1)qz',5(t_l)%’,ﬁ(t))-
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and

Ti,1 (Eh)
ri2(e) A (eh)2
Ax(eh)

+7i0(1)ri5(1)

S Z4h2 ri,3<1)ri,6<1)

+Ti71(1)
= )ria(L)ris(E)rie(1)
+ 71 Tz,6(£71)
+ Ti1 _1)Ti,6<£))
Note that g; 1(1)g;2(1) 2(D)ri3(1)ri5(1)ri6(1) = 0. Hence
we get
Pi(i AN (f o A (12
Et) B =y, ;A 1+ @K(f) h+ Ag(t)h? + GK(Q h? + (higher terms)
AK(t)Ql“ Agk(t) Ak (t)? 2A K (t)*

1 Ok (f) A() | Ok 5 .
- — + h + (AK(tA) + 22 (i) ) h* + (higher terms).

Thus, by (31), we obtain

Bl — 1 D 1/2 _ 4-1/2 1 O(t)
Z A 21+1 = . ﬁ <(t /2 Y )<AK(T,) + AK(t)3h

Ag(t) | Ok \ 5, 4.
i (AK(z&) " zAK(t)5) "+ (higher terms)))
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= -
Ag(t)  Ag(t)? Ag(t)  2Ak(t)d
h2 1 t1/2 _ 75—1/2
S (A
24 12 —t-1/2 Ak (t)
Here, the last term of the right-hand side of (34) is calculated as follows,

1 t1/2 _ t—1/2 1 d 2 t1/2 _ t_1/2
1/2 _ —1/2(1 o D2)< ) T2 412 1= <2t_) < )
t t AK(t) t t dt AK(t)

L BALMEAAR(E SN (1)
SO 0AR T AT T A P

1 Ox(t) - (f\x(t) N O (t)? ) 2

) + (higher terms).  (34)

By applying (35) to (34), we get

) 1 O (t)
2 R B T Bw

Aw(t) | Ox(t) Ak () A Ak (1) )2
A(t) " 2Ak(1)5 3t —1)Ag()?  6Ak(t)?  3Ak(t)?

+ (higher terms).

Therefore, considering the h? terms, we obtain the required formula. O
We recall that the Conway polynomial V(2) is defined by Vg (t1/2 —t71/2) = Ak (t).

Remark 7.3. The formula of Proposition 7.2 is rewritten in terms of the Conway poly-
nomial as

Pz(t) 2’2 A Z4
Acf Ve KW 5y G
N 322+ 8 Vi(2) N 2P H4 Vi(z) 22 +4ViE(2)?
24z Vg(2)2 24 Vg(2)2 12 Vg(2)¥

O (t)?

where z = /2 — t71/2,

Proof. For z = t'/2 —t71/2 we get

i o=
A PV et SRV S VN
A dt () 4 Vi2)]
/2 _ 4172 d d_z
D2 L t1/2 t_1/2 —_
I
d =z d :
— (2 U D (/2 2)2 T2
( =V T TG
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ST = e R C e

Thus, we obtain

1 D N W +z2+4 d >z
/2 — =172 Ak (t) ~ dzVk(2) z dz) Vik(z)

1 322+ 8 Vi(2) 5 Vi (2) 5 Vi (2)?
- - . 4) BV 92 gy TG
P O 2 O LA 2 CE R e A
Therefore, the formula (35) can be rewritten as
1 o (12— 1712 322 +8 Vi(2) 5 Vie(2) 5 Vi (2)?
SV 75—1/2(1 - D7) ( Ax() Tz Vk(2)? T+ 4)VK(Z)2 — 2=+ 4) Vi(2)?

By applying this to (34), we obtain the required formula. Hence, the formula of Proposi-
tion 7.2 is rewritten as the formula of the remark. n

We prove the lemma used in the proof of Proposition 7.2.

Lemma 7.4.

=sly 4h2 fS(O)fG(O)
“ fa(h

f3(h)

f3(h)
where f;(h) is a power series in h.

Proof. By using (32), we get the following equivalences,

izfimo, (36)

40



fi(h) fa(h) f1(h)

55[2 2h f3(0)

Further, it is shown by the formula after Lemma 6.2 in [16] that

fi(h)

We put fZ . Then, by (36),

fi(h 1(h) fa(h)
‘ ‘ ' f6
fa(
L (h) fa(h) fi(h) 5(h) (h)
) f5 + f6

fi(h)
m =a, 20 | f3(0) + £2(0)

(38)

=4, f4(0 “ + f5(0 ‘ﬁ + f6(0 ﬂ
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By (37),(38), the first term of the right-hand side of (39) is calculated as follows,

1(h 2(/ f
fi(h) f2(h) fao(h) f5(—h)

R Gs(-h) ) fs(h) m

£4(0) =i, 20£4(0) | £1(0) Q@ + -
‘ fi(h)

fa(h)
fa(R) f3(h) f5(h) fo(—) fo(h) f3(=h) fs(=h) fo(—h)

=41, 2hf4(0) 2hf1(0)< - )

Fa(h) f3(=h) f5(=h) fo(~h)

fo(R) f3(h) f5(h) fo(—R)
=1, 4h° f1(0) f4(0) : (40)

By (37),(38), the second term of the right-hand side of (39) is calculated as follows,

fi(h) fa(h) F1(R) fa(R)

RWA0)  Fa)fa(—h) m

£5(0) =i, 2hf5(0) | f2(0) Q@ - -
@ fa(h)

fs(h)
F1(h) f3(R) f1(=h) fo () F1(h) f5(=h) fa(h) fo(h)

=41, 2hf5(0) 2hf2(0)< - )

Fu(h) f3(=h) fa(h) fo(h) fo(h) f3(h) fo(—h)
20 £:(0) + F(0)/4(0) )

Fr(R) f3(h) f1(=h) fe(h) fo(R) f3(h) fo(—h)
=1, 4h* | f2(0)f5(0) + f1(0) £2(0) f5(0) : (41)

42



By (37),(38), the third term of the right-hand side of (39) is calculated as follows,

fi(h) fa(h) f1(h) fa(—h)

Sr(h) fs(=h)  fa(h) fa(h) M

f5(0) =0 20/60) | KO (- )+

J3(h)
1(h) f2(h
1(h) fa(=h) fa(=h)fs(— h) fs(R) fa(— fa(h) f3(h) f5(h)
+2h(£,(0) ( ) + H(0)150) Q +H0)1400) @ )
F1(h) fa(h) fa(h) f5(—h) f1(h) f3(h) fa(—P)
— 412 | £3(0)£6(0) @ T £2(0)£5(0)£5(0)
fa(h) fs(h) fs(h)

A0 £(0)45(0) Q . (42)

Thus, by applying (40), (41), (42) to (39), we obtain

fl(h) f2(h)
F1(h) f3(h) fa(=h) fo(h
f3(h)
}L fg }L f6 h f2
Ji(h) fa(h) fa(—
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fi(h) fa(R) fa(h) fs(—h) fi(R) f3(h) fa(=h) fe(h)
o 412 | £3(0)5(0) @ + £2(0)£5(0) @
fa(h) f3(h) f5(h) fe(—h)

+/1(0)£4(0)

Therefore, we obtain the lemma. Il

Appendix

A The Duflo isomorphism and the proof of the connected sum
formula for the 3-loop invariant

In this section, we review the Duflo isomorphism ([4], [5]), and we prove Proposition
4.2 (the connected sum formula for the 3-loop invariant) in Section 4.2. For the notation,
see Section 4.2.

Let D’ be a diagram which have at least one trivalent vertex on each component. Then
we define dp/ : B — B by

0 if D' has more legs than D,
(D) = the sum of all ways of gluing
br ) all the legs of D’ to some otherwise

(or all) legs of D
Duflo isomorphism Y : B — B is defined by
T = X © aQa

where we denote € = y~!v. It is known [5] that T is an algebra isomorphism. Note that
Y~'Z(K) is group-like.

Then, we prove Proposition 4.2.
Proof of Proposition 4.2.

T71Z(K1) = @Q—l)(lZ(Kl)
f(@) = gi(2)

2 3

f(@) = g1(x)

1 ['@-a@ f'(@) = g1 (2)
~oe( )5 0 )
43
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Tilz(Kg) == 89_1)(12(}(2)
f(@) = g2(=)

f(@) = g2(x)

1 f'(z) — gh(x) f'(z) — gh(x)
~dc( -5 0—< O
48

1
where C' = 8 Cb € B. Since T is an algebra map,

Y ' Z(K#Ks) = Y Z(K)#Z(K)#v ) = Y Z(K) U Y Z(K) u Y 'w
Here, as in [8],

1
1y = -1 ol o = (14— QL.
Ty = (Q,Q)71Q, so Tl ! = (Q, Q)0 (+1152@>

Thus, we get

—f(2)

Y1 Z(K\#K,) = (1 + % @ ) Ll exp @

f(@) —gi1(=) f(@) — g2(=)

f(@) —gi1(=) f(@) = g2()

2f(z) — g(x)

1 ['@-a) f'(@) = g1(=) 1 @) -%@ f’(w)gé(r))

(2)

2
+M %

+ Vs
= O0CDO %
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Therefore,

X 1Z (K #Ky) = 0¥ Z(K\#K>)

F@) — g(@)
1 2 2 3 3
= (“m @) Hexp O 4+
2 o) | F@-g@ F@) - (@)
e )~5 0
| F@ - @) - dh(a) fla) - glo)
(-0 +weew( ()
1) — gla)
1 2 2 3 3
= <1+@ @) L exp @ + 71 + 257 + 1 + A
= | @ f@)
0 ( J+5C 0 O
7@ f@ogE o SW @) - (@)

Here, as in [4], [5], 0a(€2) = (£2,2)Q2, so we get

) | @ ['@) 1
~00( @ )+ s TR

This implies that

; sl 1 1 | S £(x)
exp | 0 ) Ve @\ -0 D)
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Therefore,

f(@) - g(x)
_ 2 2 3 3
X ' Z(K1#K5) = exp @ F 42 442 14 40
. 1 J'(x) f'(z) 1 f'(x) f'(x) — g1 ()
7 O>0COz7C >0
1 f'(x) f'(x) — g5(x) N 1 f'(x) — g1 () f(x) — g5()
72 OO0C O+ >0CO
fz) —g(x)

2 2 3 3
NGRS 2 SL e

1 g1 () gh(x)
+57 C O-0—C D

f(@) = g(a)

NGRS 2 SX e

Hence, we obtain the proposition. Il

B A Vassiliev invariant of degree 4 of the untwisted Whitehead
double of the trefoil knot

In this section, we calculate a Vassiliev invariant of degree 4 of the untwisted Whitehead

double of the trefoil knot concretely We calculate it in two ways; one is by using a

calculator and the other is by using our main theorem. Thereby, we verify the result of
the main theorem.

The trefoil knot is 7'(2, 3) = & , and we give it 0-framing.
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By using a calculator, we can get its degree 4 part of the Kontsevich invariant,

> (degree 4)

log (Z(Whi(:r(z, 3)))#v ! iR i) . (43)

On the other hand, a straightforward calculation shows that (see Example 3.6)

Z(T(2,3))#v ™" = exp ;l} +411IE % @

Note that A . (r(2) (t) = 1. So by Theorem 3.1, we get
log (! (Z(Wh(T (2, 3)))#V—1))(degree !
= (-4 (—%) -0 — (1) '4(_1/2) —2-(F1)- i) @) .8(_1/2) 22

This matches to (43).
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