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The 3-loop polynomial of knots obtained by
plumbing the doubles of two knots

Kouki YAMAGUCHI

Abstract

The 3-loop polynomial of a knot is a polynomial presenting the 3-loop part of the Kontsevich
invariant of knots. In this paper, we calculate the 3-loop polynomial of knots obtained by plumbing
the doubles of two knots; this class of knots includes untwisted Whitehead doubles. We construct the
3-loop polynomial by calculating the rational version of the Aarhus integral of a surgery presentation.
As a consequence, we obtain an explicit presentation of the 3-loop polynomial for the knots.

1 Introduction

The Kontsevich invariant of knots is a very strong invariant of knots, which is universal
to all quantum invariants and all Vassiliev invariants, and it is expected that the Kontse-
vich invariant classifies all knots. The Kontsevich invariant takes its value in the space of
Jacobi diagrams. Jacobi diagrams are some kinds of uni-trivalent graphs, and they have
universal properties among the pairs (g, V'), where g is a simple Lie algebra and V' is its
representation. So we can “substitute” any pair of (g,V’) into Jacobi diagrams, and it is
the reason why the Kontsevich invariant is universal to all quantum invariants. In addi-
tion, each term of the Kontsevich invariant is a Vassiliev invariant, and we can calculate
it algorithmically. However, since the value of the Kontsevich invariant is presented by
an infinite sum of Jacobi diagrams, it is difficult to determine all terms of Kontsevich
invariant at the same time concretely. So far, a powerful method to present them is not
known.

One approach to restrict the image of the Kontsevich invariant is the “loop expansion”.
It is conjectured in [21] that the Kontsevich invariant of a knot is expanded in the form of
the loop expansion, and it is shown in [10] that the Kontsevich invariant of a knot can be
expanded in this form, and it is shown in [7] that the loop expansion is a knot invariant. It
is calculated by using the rational version of the Aarhus integral of a surgery presentation.
A n-loop diagram is a connected open Jacobi diagram whose first Betti number is n. When
we fix a loop number, each loop part is presented by some polynomials, and in particular,
the 1-loop part is presented by the Alexander polynomial. The polynomial presenting
the 2 (resp. 3)-loop part is called the 2 (resp. 3)-loop polynomial. The 2 (resp. 3)-loop
polynomial is a 2 (resp. 3)-variable polynomial invariant of knots.

The 2-loop polynomial is calculated in many cases. For example, the 2-loop polynomial
for knots with up to 7 crossings is calculated in [21], for torus knots in [11], [12], [16], for
untwisted Whitehead doubles in [9], and for genus 1 knots in [17]. On the other hand,
there are few examples of the calculation of the 3-loop polynomial of knots. The 3-loop



part of the Kontsevich invariant of torus knots are calculated in [11], [12], where a cabling
formula for the Kontsevich invariant is used. However, it is not easy to calculate the 3-
loop part of the Kontsevich invariant in general, so the 3-loop polynomial of other knots
are not calculated so far. We can calculate the 3-loop polynomial in the same way as the
calculation of the 2-loop polynomial theoretically, but the calculation of the 3-loop part
is more complicated than that of the 2-loop part.

In this paper, we give some examples of the 3-loop polynomial of knots. More con-
cretely, in Theorem 3.1, we calculate the 3-loop polynomial of D(K, K”), which are knots
obtained by plumbing the doubles of two knots K (with framing 0) and K’ (with framing
k); this class of knots includes untwisted Whitehead doubles (Corollary 3.3). The 3-loop
polynomial of these knots are relatively easy to calculate, and this theorem is one of the
few examples of the calculation of the 3-loop polynomial of knots. We can get the loop
expansion of a knot by calculating the rational version of the Aarhus integral of a surgery
presentation of the knot, so we construct the 3-loop polynomial of D(K, K’) in such a
way, and we can show that its 3-loop polynomial is only depend on Vassiliev invariants
of K and K’ up to degree 4. As a consequence, we obtain an explicit presentation of the
3-loop polynomial of D(K, K') by using Vassiliev invariants of K and K’ up to degree 4.
When we consider the sly reduction of the Kontsevich invariant of knots, we can get the
colored Jones polynomial of knots. In Proposition 7.2, we calculate the 3-loop part of the
colored Jones polynomial. In addition, by considering the Duflo isomorphism, we can get
the connected sum formula for the 3-loop polynomial of any knots.

This paper is organized as follows. In Section 2, we review the Kontsevich invariant and
its loop expansion. In addition, we define the 3-loop polynomial of a knot, and we define
knots D(K, K'), which are obtained by plumbing the doubles of two knots. In Section 3,
we state the main theorem of this paper; we present the 3-loop polynomial of D(K, K'). As
its corollary, we present the 3-loop polynomial of untwisted Whitehead doubles of knots.
In Section 4, we state some properties of the 3-loop part of the Kontsevich invariant
without proofs, and we state the connected sum formula for the 3-loop polynomial. The
proof of the connected sum formula for the 3-loop polynomial is given in Appendix. In
Section 5, for the proof of the main theorem, we review the rational version of the Aarhus
integral. In Section 6, we prove the main theorem. In Section 7, we calculate the 3-loop
part of the colored Jones polynomial. Other topics are mentioned in Appendix.

The author would like to thank Advisor Tomotada Ohtsuki for encouragement and
valuable discussions and comments, and Professor Andrew Kricker for stimulating discus-
sions and comments.

2 The Kontsevich invariant and its loop expansion

In this section, we review the Kontsevich invariant and we define the 3-loop polynomial
of knots. For details, see [14],[15].

Let X be an oriented compact manifold. A Jacobi diagram on X is an uni-trivalent
graph such that univalent vertices are distinct points of X, and a cyclic order of the
three edges around each trivalent vertex is fixed, in other words, each trivalent vertex
is vertezx-oriented. When we draw a Jacobi diagram on X, we draw X by thick lines



and uni-trivalent graphs by thin lines, and each trivalent vertex is vertex-oriented in the
counterclockwise order. Furthermore, we define the degree of a Jacobi diagram to be half
the number of all vertices of the graph of the Jacobi diagram. We define A(X) to be
the quotient vector space spanned by Jacobi diagrams on X subject to the AS, IHX, and

STU relations.
the AS relation : >©‘ = - }

the IHX relation : I = >_< — X
the STU relation : = l l _

Note that we get some equations by the above relations;

3 [-O

0= h -G

It is known, see [14],[15], that A(S"!) forms a commutative algebra whose product is
given by connected sum of copies of S, and A(]) also forms a commutative algebra
whose product is given by connecting copies of |. We can see that A(S') and A(]) are
naturally isomorphic as commutative algebras by the isomorphism given by connecting
two end points of |. An open Jacobi diagram is a vertex-oriented uni-trivalent graphs.
We call outward pointing edges that end in a univalent vertex a leg. We define B to be
the quotient vector space spanned by Jacobi diagrams subject to the AS, IHX relations.
B forms a commutative algebra whose product is given by disjoint union. The PBW
isomorphism x : B — A(]) is defined by

SO0

for any diagram D € B, where the box means the symmetrizer,



n lines

Note that PBW isomorphism is not an algebra isomorphism.

The Kontsevich invariant Z(K) of a knot K is defined to be in A(S')(= A(])); for
details, see [14],[15]. Note that Z(K) and y'Z(K) are group-like, which means that they
are exponentials of series of connected diagrams. The loop expansion of the Kontsevich
invariant of knot K is a presentation of the following form ([7],[10],[14]),

h(h/Z)) -5 log AK

Di, 1 /AK
ﬁmte ﬁn1te
2 /AK

+ Di,

\&M

+ (terms of (> 3)-loop part),

where Ag () denotes the Alexander polynomial, and p; j(e") and ¢; ;(e") are polynomials
in e*". Here, a labeling of f(h) = cy + c1h + coh® + csh® + - - - implies that |

)ﬂh):fv> +m} +czﬁ +c3E
f<h> _ )f(h)
Y

by the AS relation. Further, we note that

Note that

sinh(h /2
$log(34/2)

where we denote v = Z(unknot) € A(S'). Then, we define the 3-loop polynomial of K




by
AK<t17 t27 t37 t4>

= 3 O s 0 3 D 53T

7'664
€ Qtt t5 15 151 /(By, tytatsty = 1)

For details about the 3-loop part of the Kontsevich invariant, see Section 4.1
3 The 3-loop polynomial of D(K, K')

In this section, we define D(K, K'), which are genus 1 knots with trivial Alexander
polynomial, and we state the main theorem of this paper.
Let K be a O-framed knot, and let K’ be a k-framed knot (k € Z)

. Let D, D' be
1-tangles whose closures are K, K’, respectively, noting that isotopy classes of D and D’
are uniquely determined by K and K’

e[

(0-framing) (k-framing)

We define D(K, K’) to be the following knot

D’(2)
E
>

where D and D'® are the doubles of D and D', respectively. We can obtain D(K, K')
by plumbing of the doubles of K and K’, noting that D(K, K') is a genus 1 knot with
trivial Alexander polynomial

The Kontsevich invariants of K and K’ can be presented by

Z(K) = v#exp <a2

(linear sum of diagrams with more than 4 trivalent Vertices)) c A(SYH, (2)

5



I linear sum of diagrams
Z(K') = v# exp (5 + ay + ( with more than )) € A(SY),
2 trivalent vertices
(3)
where a; is a degree ¢ Vassiliev invariant of K, and a} is a degree i Vassiliev invariant of
K'.

Now, we state the main theorem of this paper. We put w,,,, = txt, Y+t 1t, — 2 and

Vmn =ttt — 1, (myn € {1,2,3,4})

Theorem 3.1. Let K and K’ be knots as shown in (1), and assume that their Kontse-

vich invariants are presented as in (2), (3). Then, the 3-loop polynomial of D(K, K') is
presented by

Apx,ry(t1, Lo, t3, ta)
::(——16a2a§-—-k2a2-—-8ka3)(u13 +‘U13'+’U1A'+’UQ3'+’UQA'+’U3A)

+ (- B + 4k%ay) (u1,aUs 4 + U1 aUs 4 + U aUs 4 + Uy 3UL 3 + Uy 3ULZ + U 3Us3

+ Uy pUsz o + Uy 2Ug o + UsoUa o + Us Uz + Us1Ugy + Us1Usg)
2
+ 24k ay(u1 pus 4 + ug 3Us g + Up aUs3)
2 2,2 2 2 2 2 2
+ 8k aQ(uL2 tujgtuj,tuss+usy,+ u374)

k2&2
1 (V1,4V2,4 + V1,4U34 + V24V 4 + V1 3V23 + V1 303 + V2 3Va 3

+ V1,203 9 + V12Us2 + U3 2Us0 + V21031 + Vo 1Us1 + U3 1V41)
€ QI 51, 65,171/ (8y, titataty = 1).

We prove the theorem in Section 6.
We put
Ty 3 = tits + tits + tots + tots + t3th + tats
L2 2 o 2 PR P B i e i e P e P P L TR 20
Too = t1t5 + tot; + 1517 + 17242 + 15245 + 15717,
Ti1o = titots + totst] + tatats + 17ty g2+t g2+ttt My
+ ity ity oty oty sty + sty
Tooa = titats + tatat] + tatsty + 1725 2t + 15252 + 152t %ty
+ 152+ 17+ G + 7 + 1 + 158
Tozs = titats + tatat] + 156585 + titaty® + totst] > + tatity”
Mttt Rt T 4 51



Then,

Ut + ULz + Uig + Uz + Upa +Usa =T112 — 6,
U1 4U2 4 + Ut 4U3 4 + U2 4U3 4 + U1 3U2 3 + U1 3U43 + U2 3Usg3
+ U1 2U32 + UL 2Us2 + U3 2Us2 + Uz 1U3 1 + U2 1U4 71 + U3 1U4 1
=To33+T13— 61112 +4,
Uy U3 4 + Up gUg g + U gUng = Too — 21715 + 4,
uiQ + Uig + U%A + u§73 + u§74 + u§74 =T594—4T112+6,
V1,4U2.4 + V1 4V34 + V2, 4U3 4 + V1 ,3V23 + V1 3V4,3 + V23Us 3
+ V12V32 + V1,2V4,2 + VU32Us2 + V2 1V31 + V2,1Us1 + U31V41
=To33+T13—2T11,.

Remark 3.2. The formula of Theorem 3.1 is rewritten,

Ap(x,rny(ty, Lo, 3, ts)
= (—16aya), — 32k*a3 — 8kaz — 72k*a,)Th 10 + 8k*a5Th 2.4
+ (—T —+ 4k a4)T2,373 + (—T + 4k a4)T173 + 24k CL4T272

17k?
— 96asd), + 48Kk2a2 + 36” + 48kas + 112k%ay
€ Q[ &, tgila t51/(Sy, titatsty = 1).

In particular, we can get the 3-loop polynomial of untwisted Whitehead double of K.
We denote it by Wh*(K).

Wh*(K) = \v///«\D@) , Wh™(K) = //&\Dm

Here, D is a 1-tangle whose closure is K as shown in (1).



Corollary 3.3. The 3-loop polynomial of Wh*(K) is presented by

Awn=ry (1, ta, s, ta)
= (—ag £ 8as)(u12 +ur 3+ ur g+ us3 + ug g + usa)

a2
+ <_E + 4ay)(ug gUg g + U 4Us 4 + Up aUs 4 + U 3UL3 + UL 3ULZ + U 3Us 3

+ Up 2Ug 2 + Uy 2Ug 2 + UgoUg g + Uz Uz 1 + U 1Us 1 + Us1Ua 1)
+ 24a4(uq 2ug 4 + Uy 3UL4 + U aUL3)

2/ 2 2 2 2 2 2
+ 8%(“1,2 t Uzt U, U3 T Uy T U3,4>

a2

1 (V1,424 + V1 4V3 4 + V2,4V3 4 + V1 3023 + U1 3043 + V2,304 3

+ V1 2U32 + V1,20Vs2 + U3 2Us 2 + V21U31 + V21041 + V31041)
€ Q' 51,451, 17]/ (S tatatsty = 1),

The corollary immediately follows from Theorem 3.1.

Remark 3.4. As in Remark 3.2, the formula of Theorem 3.3 is rewritten,
Awn=xy (1, ta, s, ta)
= (—32a3 £ 8az — 72a4)T1 12 + 8a5Th o4
a a
+ (=2 +dag)Togs + (—= +da)Tig + 24as Ty

3 3
17
+ 4802 + —=2 = 48kas + 112a,

€ Qe 65 151 157/ (Su, tatatsts = 1).

Remark 3.5. It is known ([24]) that Z(K) is presented by

1 1. 1
Z(K) :U#exp<—502 — 5173 +ﬁ(—1204+6c§—02)

+ (linear sum of diagrams with more than 4 trivalent Vertices)>,

where ¢, are coefficient of the Conway polynomial Vg (2) = > ¢,2™ and j, are coefficient
of the Jones polynomial Jx(e') = 3 j,t". Note that the Conway polynomial is defined

by Vi (t2 —t72) = Ag(t). Therefore we can get
1 1

a9 = —562, az = —ﬁjg, ay = ﬁ(_12C4 + 6C§ — CQ)



Example 3.6. As an example, we calculate the 3-loop polynomial of the untwisted White-
head double of (2,2n+1) torus knots, T'(2,2n+1). We consider the untwisted Whitehead
double of them, Wh* (T(2, 2n + 1)) It can be shown by using the skein relation that

n n+ ] A n— tn+3 _ t3n+2 + t3n+3
Vireomin(2) = Z ( )22], Jr@2n41)(8) = ’

' — 12
=0 2] 1—1¢
and so
1 2 1 —1
C2 = M7 C4 = <n+ )(n+ )n<n )a j3: —n(n+1)(2n+1)
2 24

From this, we get
Z(T(2,2n+1))
:V#exp<—w +n(n+12)i2n+1) +n(n—|—1)(2;182+2n+1)

+ (linear sum of diagrams with more than 4 trivalent Vertices)>.

Therefore

Awntr@ant1) (t1, t2, t3, ta)
n(n+1)
T2 (3£ (8n+4))(u1s +urs + urg + Up3 + g + Uz s)
n(n + 1)(8n + 80 + 5)
+
48
+ Uy 2U3 2 + Up 2Ug o + Ug2Us o + U U3 1 + U2 1Ua 1 + Uz Us)
n(n+1)(2n% +2n + 1)
i 2

(U1,4U2.4 + U1 4US 4 + Ug 4US 4 + U 3UL S + U 3ULZ + U 3U43

(w12ug4 + U1 3Uz4 + U 4U3)

n?(n+ 1)
2
N n(n+1)
16
+ V1 2U32 + V12042 + V32040 + Vg 1U31 + Vo 1Us1 + VU3 1041)
€ Q[tfh t5 15 151/ (Sy, tylatsty = 1).

2 2 2 2 2 2
<U1,2 tujztujgtuyz+uy,+ U3,4)

(V1,4V2,4 + V1,4U34 + V24V3 4 + V1 3V23 + V1 3043 + V23043



4 Some properties of the 3-loop part of the Kontsevich invariant
and the 3-loop polynomial

4.1 The 3-loop part of Kontsevich invariant

In this section, we state some properties of the 3-loop part of the Kontsevich invariant.

We omit proofs, and for details, see [18].

Let Beoun be the subspace of B spanned by connected diagrams, and let BEoor) 1,0

the subspace of Beonn spanned by 3-loop open Jacobi diagrams. It is known ([18]) that
any elements in BEoP) can be presented by the linear combination of diagrams of the

following form,

such that nq +mng+ng +ng+ns + ng is an even number (If it is an odd number, the Jacobi
diagram equal to 0). We can correspond the diagram (4) to h{*h3*h5*h}*hi®hg®. These
variables satisfy that

hl—hQ—h6:0, hl—h3+h5:0, h4+h5—|—h6:0 (5)

h™ Bz

Here, we regard ' as a tetrahedron, and introduce new variables corre-

h™s

sponding with faces of the tetrahedron,

l‘lzhl—h5—|—h6, 1‘2:h2+h4—h6, $3:h3—h4—|—h5, 1‘4:—h1—h2—h3. (6)

By definition, these variables satisfy that x; + x9 + 23 + x4 = 0. Therefore, we get the
following isomorphism,

B(S—loop) ~ (C[$1, T, T3, J}4]/($1 + o+ X3+ 24 = 0)) /647

conn

where the action of 7 € &, takes a polynomial f(z1,xs,x3,4) to
f((sgn7)z 1y, (S80T) X+ (2), (58NT)T1(3), (SGNT )X~ (4)). Therefore,

3-loop) ~v 2
Bgonn ) = C[0-27 O3, 04]

where o; is the elementary symmetric polynomial of degree . By (5), (6),

T — T4 To — T4 T3 — T4
, hy = , hyg=——,
4 4 4
To — T3 T3 — T X1 — X2
h4: ; h5: y h6:
4 4 4

hy =

10



so, we can correspond the diagram (4) to

1 — T4 " To — Xy 2 T3 — Ty s T9 — I3 n4 Tr3 — T s 1 — Ty 16
4 4 4 4 4 4 '

Note that there is a injection map

(C[tfh, 52,653 15 ) (Litatsty = 1)) /Sy — (Cl[z1, 29, 3, 74]] /(21 + T2 + 23 + 24 = 0)) /&4
t; — €I¢/4

where (C[[xy, z2, z3, 24]] /(21 + 22 + 23 + 24 = 0)) /S, is the completion of

(Clzy, 22, 3, 4] /(21 + 22 + 23 + 24 = 0)) /&4 with respect to the degree. Therefore we
put t; = e*i (1=1,2,3,4), then we can get the definition of the 3-loop polynomial as
in Section 2.

4.2 A connected sum formula for the 3-loop polynomial

In this section, we state a connected sum formula for the 3-loop polynomial.
Let Ki, K5 be O-framing knots, and let K;# K5 be their connected sum. We denote

fla) = 51og ™20 gy(0) = 5 log A e9)

9(z) = 5 log Ay gres (€) = g1(2) + g2(2),

where Ag;(t) is the Alexander polynomial of K. We denote

f(@) —gi(2)

X ' Z(Ky) = exp ( @ +43 +4®

+ (linear sum of diagrams with more than 4 trivalent VGI‘tiCGS)),

f(z) — g2(x)

X ' Z(K3) = exp < @ + 48+

+ (linear sum of diagrams with more than 4 trivalent vertices)),

where 7](-2), %(-3) is the 2, 3-loop part of K, respectively.

11



Proposition 4.1. We can get

f(@) = g(a)

X 'Z(K #K>) = exp < @ + 42 44 44 4P

+ (linear sum of diagrams with more than 4 trivalent vertices )>

When the 3-loop part of K is presented by

IRAGE)
AK(E}L)

the 3-loop polynomial of K is given by

Age;(t1,to, t3,t4)

= D a T ey (T £ ) (B 05 e (T el (5T £ 5 s (B 5
=
c QT 51 5 15 /(G titotsty = 1) (j = 1,2),

as in Section 2.

12



Corollary 4.2. We get the 3-loop polynomial of K1# K5 as follows,

Ak 4K, (th ta, t3,ts)

_ t— ()(t t_l ) ()(t t_l ) ()(t t_l ) ()(t t_l ) (1)(t t_l )
%1 tr(1) Qz2 @)l 4)) 4,3 \br(3)Vr(4)) D34 \Ur(2) 7 (3) )i 5 \Lr(3) Lr(1) ) Dis6 \Ur(1) 7 (2)

T€64

X Ak, (t t_l )AKz(t t;(a))A 2 (tr (3)t7(4 Ak, (tr2)t )AK2< (ﬁ))AKz(tT(l)t;(lz))

— 2 —
+ Z 4;, 1 7(4) qz( 2) (tr2 )tT(i))qg,g) (tT(B)tT(z;))qz(A) (tr2 )tT(z))%( 5) (tT(B)tT(l))q’g,G) (tT(l)tT(lz))
7664
X Ak, (tT(l)t;(i)>AK1 (tre2 )Alﬁ( 3)t7(4 Ak, (tr2)t )AK1( ;(11))AK1( )t_( ))
1 _
+ D sptrtet
24
T7€6,4
x A, (tra )ti(i) VALK, (bt (1) Dy (et ) Ar (bt ) Ar (Erat 1) A (Bt z))
X AKQ( )A;Q( t_(le))A (tT(B)tT_(lA‘))A& (tT(2)tr_(13))AK2 <7“LT(3)t;(11)>AK2 (ta )t_(12))
+> ﬂtf(l)t;(z)tT(S)t;(z;)
T7€6,
X Ay (r( )AKI( b ))AlKl (t7(3)t;(a))AK1 (tr(2)t;({o,))AK1 (tT(g)t;(ll))AKl (tT(l)t;é))
X AKz( )AKQ( (4))AK2 (tr(S)t;(i))AKz (tr(2)t;(13))AK2 (tr (3) )AIKQ( )t_(12))

- Q[ :tl til til til]/(64, t1t2t3t4 = ].)

In particular, if Ag, (t) = Ak, (t) = 1, then
AKl#Kg (tla th t37 2(:4) - AK1 (tla tZa t37 t4) + AK2 (t17 tQa t3a t4)

For the proof of Proposition 4.1, see Appendix.
For example, we can get

Ap(x, k) #D (Ko, k3) (T, T, B35 ta) = Ap(icy 7y (t1, T2, t3, ta) + Ap(iey, iy (B, t2, t3, 14),

where K is a O-framing knot and K is a kj-framing knot (k; € Z, j = 1,2), and D(Kj, K))
is the knot defined in Section 3. In a similar way, we can get the 3-loop polynomial of
D(Kj, K3).

_] 1

5 The rational version of the Aarhus integral and a computation
of the loop expansion

In this section, we review how to compute the loop expansion. Along this, we calculate
the 3-loop polynomial. For details, see for example, [7], [10].

13



In the following of this paper, we represent “exponential” by , for example;

C C C C C
EIATTARTAVARS

C C C ¢

....... — exp( ) — + + = c +

Further, we write « ( = : f (« and (8 are Jacobi diagrams) if o — 8 can be presented by
m+1

a linear sum of Jacobi diagrams with more than m trivalent vertices, where we do not

count trivalent vertices generated by attached power series. When m = 4, we write “="

instead of “(E)”. If a uni-trivalent graph has m trivalent vertices, we can put it anywhere
5

“ — »

modulo o so we can write them separately, for example,
m+1

Let K be a 0-framed knot in S3. It is known that K has a surgery presentation KoU L,
such that Kj is isotopic to the unknot with 0 framing and L is a (I-components) framed
link, and the linking number of K, and the each component of L is equal to 0, and the
pair obtained from the pair (S®, Ky) by surgery along L is homeomorphic to (53, K).
We can obtain the loop expansion of the Kontsevich invariant of K from the Kontsevich
invariant of Ky U L, in the following way ([10]). Let A(xx) be the space of open Jacobi
diagrams whose legs are labeled by elements of a set X.

Step 1 Compute the x;'Z(KyU L)

We label the component corresponding to Ky by h, and label the components corre-
sponding to L by the set X = {x1, 2, - ,2;}. Then, we compute X;IZ(KO U L), where
xn s Al UL SY) — Al UL SY) =2 A(S; UL, SY). As in [5], we note that

— € €
X,ZlZ Q = Uy o
h
R

14



We put t = e, and we write again (omitting y~!v for simplicity, because it does not
contribute to the 3-loop part),

Step 2 Compute the y ' Z(Ko U L)
X, Z(Ko U L) is obtained from y;,'Z(KyU L) by connected-summing by v to each com-
ponent labeling by a component of X, where we denote v = Z(unknot) € A(}). Note

1 .
that v (E) + 8 . Then, we compute X)—(lx}:lZ(Ko U L), where we choose a disjoint
3

union of the unknot and a string link Ky U vahose closure is isotopic to Ky U L, and
xx : Alxx) = ALy ). We denote it by x ' Z(Ky U L).

Step 3 Compute the rational version of the Aarhus integral (see [1], [2], [3], [10])
The Kontsevich invariant of K is computed by the rational version of the Aarhus integral
as follows,

X_IZ(K) — X_IZLMO(S37K)

3log(5H) - §log Arc(e")

. L 2 u L)
D2 (2O

where Uy denotes the unknot with +1 framing, and o, and o_ are the number of the
positive and negative eigenvalues of the linking matrix of L. “{( ))” is defined as follows.
It is known that x ' Z (K, U L) is presented by

5 1 Uiz (t) 3
XL Z(KoUL) = exp (5 S ) UP(Xx ' Z(KyU L)), (7)
xi,:ijX i B
where (lij(t)) is an equivariant linking matrix of L C S*\Kj satisfying that 1;;(¢t) =
L;;(t71), and P(x'Z(Ko U L)) is a sum of diagrams which have at least one trivalent
vertex on each component. Then,

T

oz = (e (5 3 N ) P(CIZ(K,UL)), ()

19 (¢
zi,L;€X ( )

15



where (1% (t)) = (lij(t))fl, and ( , ) is defined by

(Ch, Cy) = sum of all ways gluing the x-marked legs of C}
L2277\ to the z-marked legs of C; for all z € X ’

(9)

For details, see [1]. Note ([6]) that

O Z(UL)) = (v ) exp (q:% @ ) = exp (EF% @ ) ()

From this, we can compute the loop expansion of the Kontsevich invariant of K, and we
get

the 3-loop part of y ' Z(K)

(x"'Z(Kyu L))
(X ZU) 1 ZU-))-
Then, we obtain the 3-loop polynomial Ak (1,2, t3,14).

= the 3-loop part of

6 The proof of Theorem 3.1

In this section, we prove Theorem 3.1.

Proof of Theorem 3.1. By handle slide, we can show that

W@ - O Y- o

—

(surgery along the link drawn by thin lines),

16



so we get the following surgery presentation,

e @@@

D'(2)
S

(¢

X p4

£

where K is depicted by a thick line, and L is depicted by thin lines. We put

X p4

Dy

w

We can see that Ky U Ly is equal to the surgery presentation of D(unknot, K’) = unknot,

so its 3-loop part is equals to 0. In addition, linking matrices of L and L are equal, and
a (in (17) below) are common for L and Lo. Thus, we get

1Z(KyUL
the 3-loop part of fx ( 0 )

(12U (xtZ(U-)he-

Z(KoUL)—x'Z
= the 3-loop part of fx ( 0 ) =X —

Z (Ko U Lo)))
HZU)) 12 U-)) -

Then we calculate x ' Z (Ko U L) — x "' Z(Ko U Ly). First, we calculate y,*Z (Ko U L) —
X, Z(Ko U Ly) by decomposing into the following parts. We note that each term of the
formula of (11) below has at least 2 trivalent vertices, so it is sufficient to calculate other

17



—"

parts modulo “=7.
(3)

- h : | X i "
Z ( >\\ L = l }fl X (1+i WHV ) : (15)
(16)

18



Then, by (13), (14), (15), (16), we get
Xn Z(KoUL) — x;  Z (Ko U L)

/ﬁm/ﬁ
| k@/) (g g

1Z(D) - Z<Dn>\ z(D))]

Il
—
+
™
NS

where
X y z w X X y y z z z z

1 1 1 1 1 1 1 1 H’
50:@¢*@¢*@¢+@¢—QH‘QH+QH—ﬂ -
X y z w z z w w w w w w

Hence, by (11), (12),

i Z(KoU L) — x;, ' Z(Ko U L)
k/2 k/2

e O O Q

19



where

X

56:@2¢ L Bo

X

¥ ' i X ¥ X X
1
* y ¥ * " X X

. . 1
Next, we calculate x; ' Z(KoU L) — x;,' Z(Ko U Lg). Recall that v (E) + —
3

X' Z(KoU L) = x;, Z(Ko U Lo)
= (X3 ' Z(Ko U L) — x;," Z(Ko U Lo)) #v**

1 1
_— -1 _ —1 - L L
= (' 2Ky U L) — i Z(Ky U L)) x [ 14 Cb §>+48§>+48§>

where
y
" a L 1 i 1 I 1 " 1
0 24 24 24 24
y
X X z z z V4
1 1 >_< 1 1 >t—<t
_ - L b
24 24 24 21
z z w w w w w w
Then, we get

X 'Z(KgUL)— x ' Z(KyU L)
= Xoy e (i Z (Ko U L) = X3 Z(Ko U Ly))

20



K2 K2

i y.-':'-. : i y.-':'-.
oy a2 ; ; +X;31/,z,w ; : x (By + 51)

= Xoyzw

w w
lllllllllll y-ll-llll'l--ll-
1 e, — Y,
Xy c (E) y c
i i
y y y
<1 1 1 ) ( +02 Cb +c c >_<
8 12 12 6 12 ’
w y w w

where ¢ is a scalar. Hence, by the above formula and Lemma 6.2 below,

k2
k2

y oy X
Ol
Xow | @2 ™ 5 = L x| a 5],

where
1 1 a9 a9
= N = N — = el
= é 3 ﬁD 2 H RS NCE
X y y y y y y y
. HE 1 H +k:2 Lk k H
= 8 12 8 12 24
X w w w y w w w

21




Moreover, it is known [17] that

x oy
Pow T
-1 ~ Z et e
Xzw ........_...1. ......... (3) w
......... LA t—1
B JERSTN wt SO W
1’”1221>f<’1><
14 = — N _
8 * 8 * 12 12 4 )t
w w w w w w
X x y y z z z z
+1)( +1 +1t 21-1+1
24 t-1 24 t-1 24 U 4 2t-1
z w z w w w
For the notation “( ~ )”, see Remark 6.1 below. Therefore we get
m—+1
k2
K2
vy X
1 1 X y
X;,y,z,w ) H H = X;,w X | a2 + 52
: : x
-1
7N | et
............. ;
=0 100
X
~ a U a2<b + B2+ 055,
(5) |
where
........ B2 =
i :y vy Wi W

22



In addition, we get

-1
Xx,y,z,w

O Q X (By +B1) | =au(By + B).

Thus, we obtain

X

X ' Z(KgUL)— x ' Z(KyU L) = a U | a é + By + B+ Bt Bs |,

X

where, putting x; = z, 29 = y,x3 = 2,4 = w, the formula (7) is written in the following
form,

zi,x;€X
X

P(x'Z(KyUL) —x"'Z(KyU Lp)) = as é + By + Br+ Ba + Ps.

X

The equivariant linking matrix (I;;(¢)) of L € S*\ K, (and Lo C S*\Kj) is given by

0 0 1 0
0 k 0 1
O =110 o -1
01 ¢tt=1 0
Hence,
—k(t+t1t—2) t—1 -1 —k(t—1)
Lo 1 tt—1 0 0 —1
—5 (7)) =3 —1 0 0 0
—k(t™1 = 1) -1 0 k
We put
X x y X z :; w X w y
% 7 TR Py (t71)/2 By S 'i';/Q s
: L K
a—exp(—§ Z 193 (¢) >_ ” W ox bx :x Wy w
Ti,Tj eX ':_‘ i
52 (f,ri"—"i}/g Y kT -1



Then, we obtain the 3-loop part of y~1Z (D(K K’ )) from above Kontsevich invariants
using the rational version of the Aarhus integral. By (8), we get

(X" Z(KyUL) — x ' Z(Ko U Ly))) = <a as ¢ + By + B+ Ba + 53>.

Note that <d, as Cb + B85+ 1+ P2+ /33> contains only diagrams with at least 2 trivalent

X

vertices. So, we calculate the normalization term modulo “=". In our case, 0, = 0_ = 2,
®3)

so we get by (10)
(T2 T ZU) T = T ZUDN T Z(U-))*

(1))

Then, we calculate the Aarhus integral as follows,

w

(

X

(' Z(KoUL) — x ' Z(Ko U Lo)) _ i ¢ ;
P A e A T p Bt Bt By).

X

Note that <d, as Cb > part is in the 2-loop part. Therefore, we get

X

3-loop part of X_lZ(D(K, K')) = (&, (B) + B1+ Pa + 33)) (conn)

where we denote the connected part of ( , ) by ( , ) (conn)-

Then, we calculate each term of (&, (8] + 1+ B2+ 53)) (conn)- We denote u =t -+t~ —2
and v =t —t L

We calculate (&, 3)) (conn) > as follows.

<A ao CE ﬁ; > k?QCLQ k?ZCLQ
(0% _— = =
’ 24 L L (conn) 12 u 6
X y
(6 5 D )~ T 5
(8% e = — = ——
’ 24 L y (conn) 12 t—1 6
O S DL
O{7 _ = — = —
24 L ! (conn) 12 6




< N ao {D ég > k?zag = ]{32CL2
e — = — _
’ 24 L » (conn) 12 t—1 6

3 s -2 D%
’ COHH_ 6 - 6

< . (12 é k’ag = k’ag
o, — )—{ = =_——=
24 (conn) -1 6

o3 a5
Y (conn) 6
X V4 z t
o md iy -t e
’ 24 L R (conn)_ 12 ¢ a 6

Hence,
<OA‘7 (/)/>(007m)

a9 k2a2 k’a,g k’CLQ k;2a2 a9 ka2 k?ag
C5"% 6 6 B St )

(05} ]{IQCLQ ka2 | ]{ZQCLQ (05}
— (_ _ _ + = . 1

We calculate (&, 1) (conn) , as follows.

X pe
<d, Aol ﬁ) ﬁ) > = 2a,a) C = —dayay
i y / (conn) t—1
T

X

25



Hence,

<d7 51>(conn)

= (—4(12&/2 — 2]6’&3) + 2k2a4 @ + 3k2&4 + 2]62&%

We calculate (&, 52) (conn) , as follows.

(6 2O O S ke

’ 8 i ! (conn)_4 _2

o 5 e O O -
’ 12 L [ (conn) 6 3 3

X

o tlohn-sD-2
(8% _— = — = —
’ 12 (conn) 12 6

z z

o 19D
(8% e = —— = ——
7 6 (conn) 6 3

z

¥ y i u
< " a9 é é > ka2 kﬁag
O{7 _— = —— = —
8 L i (conn) 4 -1 2
x y y -1 u
o 20 H
&’ _— = — = ——
12 | S A (conn) 6 t—1 3

26




(&

(conn)
<A k’CLQ é} <> CL2 C I k2a2
Q, - =

(conn) t—1 3
-1
kGQ é >_< Q9 B _k2a2
& (conn) -1 6

Hence,
<d7 ﬁ?) (conn)

. I{?(lg ]CCLQ :I{ZCLQ k'(lg ]{?26L2 ]{?2@2 ]{?2(12 a9 a9
S 3t 3 Tty 6 G 3

ka2 2
ol L)50)

We calculate (&, 53) (conn) , as follows.

t+1

& az é é _ k:a2 —0
COnn t—1
A é >_< ]fag > _ka2
7 conn o - 3
0 Hh- (D
@ com_ 6 . 3
2 = k
a9 a9 -
¢H Do =7 jD‘TCH P =0
(i %5# i Yy =~
% 24 ! ! :1 (conn) - 12 o - 6




x y oy i1 u
(0% e = —— = —
’ 24 L t_i " (conn) 12 t—1 6

x zZ z z

¢
A a2 2t-1
= =0
<C¥, 2468 \ﬁ/ >(conn)
o ad Loy g [
“ ﬂ ! 4 -l (conn) B 12

1—t
. _k:2a2 B k:2a2 B k2a2
6 24 8

Hence,

<OAéa B3> (conn)

— (% o k2a2) o k2a2 B k‘2a2
6 6 6 24
k2ay kas  kas

: + (52 -2

3 3
a k%a, k%a, k%a, k2as
—\g - - - . (21
(6 6)@ 6 24 8 (21)
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By (18), (19), (20), (21), we get

<A ( 0 + 61 + 62 + B3)> (conn)
<Oé 50)(607’”1, 51 (conn) + <@562 (conn) < 753>(conn)

. a9 ]{72(L2 ]C(lg ]{ZQCLQ a9
“C% 7% 3 )® * "%

2 k? @2 2 2 2

+ (—4azay — 2kag) + (2k“ay — + 3k"ay + 2k%a;

k;ag as
/{Z2CL2 a2
6
k> k?
= (—4azay — a2 ) + (- i 2k ay)
24
1{32
+ 3k%ay @ + 2k%a @ - 8@2 )
By the definition of the 3-loop polynomial, we get the required formula. Il
Remark 6.1. The symbol “~” means the link relation, see [1], [2], [3],
e LD D ﬁ)
and “( ~ )” is the equivalent relation which is generated by ( = : and ~. It is known that
m+1 m+1

under the link relation, the result of the Aarhus integral does not change ([6]).

Lastly, we prove the lemma used in the above calculation.
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Lemma 6.2.

X

n(n—1)(n — 2) ,,3{ : Ly
; 19 H
n(n —1) nz{ y :
12

|
o3
=
-
——
X
—~
DO
[\
~—

30



We show this. It is shown by a mirror image of Lemma 5.1 of [17] that

1111

z

(24)

The first term of the right-hand side of (24) is calculated by applying (23) (replacing n
with n 4 1) as follows,

31



Il
|
|3

Il
|
|3

=
——
[ [ 11

75




where we obtain the first equivalence by classifying the strand which is connected to the
bottom strand at the right hand side of the symmetrizer of the first term, and we obtain
the second equivalence by applying (23) to the left symmetrizer of the diagram of the
right-hand side of the first line. Hence,

n+1 " noard [ n(n —1) n-Z{ A
— = — : : X - : : X .
2 4 4
(28)

The third term of the right-hand side of (24) is calculated as follows. By classifying the
strand which is connected to the bottom strand at the right hand side of the symmetrizer,
the connected component of this strand is shown, as follows,

~ T (-1 % =(n—1) M

|
:

6
n n-1 : : n(n - 1) n—2{ : :
: { + M (29)
Thus, by applying (27), (28), (29) to (24), we obtain (22). Therefore, we obtain the
required formula of the lemma. Il

7 The sl; reduction of the 3-loop polynomial

7.1 The review of the loop expansion of the colored Jones polynomial

In this section, we briefly review the colored Jones polynomial and the loop expansion
of it. For details, see [22], [23].

The colored Jones polynomial J,,(K;t) is the polynomial invariant of knots, which is
obtained by

V(K ;t) IR
V,.(the unknot; t) — ¢/2 —¢=n/2

Jo(K:t) = V(K5 1),

33



where V,,(K; t) is obtained by V,,(K;e™") = Wy, v, (Z(K)), and Wy, v, denotes the weight
system derived from the Lie algebra sl and its irreducible representation V,,. For details,
see [14], [15], and [13]. It is known, see Conjecture 1.2 of [22], Theorem 1.2 of [23],
Proposition 3.1 of [20], that J,,(K;t) can be presented in the following form,

Zhlzdlk (nh)" ZhlAK ent) 2l+1

>0 k>0 >0

for some Pj(t) € Q[t*!]. This is called the loop expansion of the colored Jones polynomial.

P.
The 3-loop part of the colored Jones polynomial is given by ﬁ
en

7.2 The 3-loop part of the colored Jones polynomial

In this section, we cons&der the 3 loop part of the colored Jones polynomial.

For a knot K, Ag(t2,t2,t72,¢72) is a symmetric polynomial in ¢*! divisible by ¢ — 1
(since Ag(1,1,1,1) = 0) and hence divisible by (¢t — 1)?. We define the reduced 3-loop
polynomial by

. Ag(t2, t2, 472 t72)
AK(t): (tl/Z—t 1/ )2 )

which is symmetric polynomial in t*!.

Example 7.1. The reduced 3-loop polynomial of D(K, K’) is presented by

Rpen(?)

. ( 4k2a2 16k2a2

+ 64k%ay + 32K%a3)(t + 1) — — 64k%a3 — 64aqal, — 32kas — 128k%ay.

Ok (t, t1 , 1)
(t1/2 — ¢-1/2)2
where O (t1, ta, t3) is the 2-loop polynomial of K. For definition of the 2-loop polynomial,
see for example [14], [17].

We denote the reduced 2-loop polynomial by O (t) = defined in [16],

P. nh
Proposition 7.2. The 3-loop part of the colored Jones polynomial A QEG D 15 presented
K€"
by
P (t t1/2 _ t_1/2 2 t1/2 _ t—l/Q 4

Ar(ty AK< )° INOE
A(t AW Ay(t)*?

)t?
3(t—DAK(E)? " 6Ax(1)?  3Ax(1)3
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Proof. In this proof, we write o =, B if styn(a) = Wi v, (8). It is shown in the proof

of Proposition 3.1 in [20] that Z x

—2l+1hl is given by
1>0 k(t)

1 D 12 1/2
Z A 2l+1 T a2 412 ﬁ ( (t Z A 21+1 ) (30)

1>0
where
d
D =2t—
dt’
D oh/2 _ o=h/2 B2 _
Dl = B e_hD/2D =1+ 24(1 — D?) + (higher terms),
X 'Z(K)u(x ')t = Z Pl—()hl for some P(f) € Q[i*]
sl A (f)2417 '
>0 K( )

Here, t = emh, and C denotes the Casimir element of sl, whose eigenvalue on V,, is equal

b
1 .
to = . At first, we calculate P(t). We put

Ag(t) = (72 —t7Y22A 5 (1), Ox(t) = (812 —t72)20 4 (t).

By using the equivalence below,

=, 2h - , (31)
it is shown in [16], [20] that
b(e")
Q = (1) + V() + (1) (32
~ 3 log Ax(e") pia(eh)/Ax(e")

exXp EE[Q 1 N 7 Z pi72(eh)/AK(6h) Es[z @K <f) h7
Ax () - h Ag(t)?
i3(e”)/Ax(e"
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Further, by (32) and Lemma 7.4 below, we obtain

qu(Eh) QL2<€h)
Ak (el Ag(el)

+ ¢i2(1)qi5(1)

+qi1(1)gi,4(1)

qhz(eh)
A (el)

AR2 o o N N N .
=0, E AL D (210 ai2(B)qi3(1) @) s Naie(1) + @i (G20 ) a3(1) e ) a,5()gi6(1)
i K

+ qia(t )Qz 2(1)gss(t ) (7?71)%,5(1)%,6({) + %,1(1?71)%‘,2(1)%,3(571)%,4({)%,5(1)%,6(571)
+ Qil( )QzQ( £i3(0)qia(1)qis(E)qis(t") + qz‘,l(1)%72(5_1)C]i,3(7§_1)qz',4(1)qz',5(f_l)qz',ﬁ(f))

=5l = .
AK(t)4

Note that ¢;1(1)g;2(1)¢i3(1)¢i4(1)gi5(1)qi6(1) = 0. Hence, we get

>/*\
—_
Y
—_
+
(o}
=
=
>=
+
=
=
=
[\
+
@
=
=
> ~~—
[\
>
/’_‘9
oo
=
@)
—~
—+
D
—
=
=z
N——
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Thus, by (30), we obtain

1 D 1/2 —-1/2 1 Ok (1)
Z A 2l+1 T A2 412 D] <(t - )<AK(t) + AK(t)3h

>0
: (ﬁ:é:; ) 1+ e )

1 Ok (1) - (AK(t) n O (1) ) B2
)5

T A T A0 T\ AP T 28k
32 1 [1/2 _ p-1)2
S I 5 EA Y

a1 e - D) Ax()

Here, the last term of the right-hand side of (33) is calculated as follows,

) + (higher terms).  (33)

1/2 _ 4—1/2 1/2 _ 4—1/2
-’ AK(tt) ) = (1 (”i) ) (ﬁ)
O 8AR () AN (D 8AL (1)
T t—DAg1)? T Ag()? Ag(t)?

(34)

By applying (34) to (33), we get

1 O (1)
Z A 2l+1 - AK(t) + AK(t)3h

1>0
Al | Ok NP AP N0
Ag(t)®  2Ak(t)>  3(t—1)Ag(t)?  6Ak(1)2  3Ag(1)?
+ (higher terms).
Therefore, considering the h? terms, we obtain the required formula. O]

We recall that the Conway polynomial V() is defined by Vg (t1/2 — t71/2) = Ag(t).

Remark 7.3. The formula of Proposition 7.2 is rewritten in terms of the Conway poly-
nomial as

Pty 22 2
Ay VK(Z)5AK(t) oo, ( B ———=Ok(t)’
N 322+ 8 Vi(2) N 2244 Vi (2) B 22+ 4V (2)?

24z Vg(z)? 24 Vg(z)? 12 Vg(2)¥

where z = /2 — t71/2,

Proof. For z = t'/? —t71/2 we get
d

z d d
O V2 =2 p o (412 /2
it T TR
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1/2 _ 4—1/2 1/2 _ 4—1/2
D (;) — Qtii — (t1/2 + tfl/Q)i c

Ak (t) dt  Ak(t) dzVig(z)
/2 — =172 d d =
D2 ) =2t (2
( Ar(®) ) at (( R ey
d =z d z
_ (2 L /2 17232 2
( )dz Vik(2) T ) (dz) Vk(2)
:(t1/2—t_1/2)£L+(Z2+4) i i <
dz Vi(z) dz) Vik(z)
Thus, we obtain
1 $/2 41/ d =z 244 d\ oz
D? =— + —
t1/2 —¢=1/2 Ak (t) dz Vk(z) 2 dz) Vi(z)
1 32 +8 Vi(2) 5, , Vik(2) 2, g Vi(2)?
= — — 4)=—F"=+2 4)=——=.
Vk(z) z  Vg(2)? (2" + )VK(Z)2 T2+ )VK(Z)?’
Therefore, the formula (34) can be rewritten as
1 o (Y2 — 1712 322 +8 Vi (2) 5 Vi(2) 5 Vi (2)?
g =P ( A )T T W2 T (2" + 4)VK(z)2 — 2+ 4) Vi(2)3

By applying this to (33), we obtain the required formula. Hence, the formula of Proposi-
tion 7.2 is rewritten as the formula of the remark. O

We prove the lemma used in the proof of Proposition 7.2.

Lemma 7.4.

fi(h) fa(h) fi(h)
fi1(h) f2(h) fo(h)
ﬁ =, 40° | f5(0)f5(0) + f2(0) f5(0)
fa(h

f3(h) f3(h)

fa(h)
fo(h)
+/1(0)/200) g ,
N
h)

I

where fi(h) is a power series in h.
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Proof. By using (31), we get the following equivalences,

>—L =l 07

fu(h) fa(h)

ﬁ 55[2 2h

f3(h)

Es[g 2h

fi(h) fa2(h) fi(h) fa2(h)

fa(h)

Ja(h) Ja(h)

Ji(h) fa(=h)

+

fa(h)

Ji(h) fs(=h)
f3(0)

f2(h) fa(h)

Further, it is shown by the formula after Lemma 6.2 in [16] that

fi(h)

We put fZ =

fi(h)
m =.., 2h | f5(0) + f2(0)

fi(h)

. Then, by (35),

fi1(h) fa(h Ji(h) fa(h 1(h) fa(h)
+ f6(0
3

f h fl(h
= + f5(0 + f6(0

39

(36)



fs(h

fi(h) fa(h) J1(h) f2(h) f1(h) f2(h)
=1, f4(0) ‘ + f5(0) ﬁ + f6(0) ﬁ :
f3(h) ) f3(h)
(38)

By (36),(37), the first term of the right-hand side of (38) is calculated as follows,

1(h 2(/ f
fi(h) fa(h) fao(h) f5(—h)

fo(h) fo(—=h)  f3(h) f5(h) m
_l_

1:(0) = 200400 | hO) ()

fa(h)
fa(R) f3(h) f5(h) fo(—) fo(h) f3(=h) fs(=h) fo(—h)

=41, 2hf4(0) thl(o)( - )

fo(h) f3(=h) f5(=h) fo(—h)
2R (0) ( )

fo(R) f3(h) f5(h) fo(—R)
=1, 407 f1(0) f4(0) : (39)

By (36),(37), the second term of the right-hand side of (38) is calculated as follows,

fl(h) f2(h) fl(h)f4(h)

[ fs(h)  fs(h) fa(=h) m
=, 2hf5(0) | f2(0)
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f1(R) f3(h) fa(=h) fe(R) Fi(h) f5(=h) fa(h) fo(h)

—.., 20f5(0) | 21 f2(0)< - )
f1(R) f3(=h) fa(h) fo(R) fo(R) f3(h) fo(—h)
+2h(f2(0) @ + £1(0) f4(0) @ )
F1(h) f3(h) fa(=h) fs(h) fo(h) f5(h) fo(—)
=1, 4h* | f2(0)f5(0) + £1(0) £2(0) f5(0) : (40)

By (36),(37), the third term of the right-hand side of (38) is calculated as follows,

J1(h) f2(h) Fi(h)fa(=h)

RO L(-h)  Fah) falh) m

5(0) = 20560 | O (O H+ "
0 fs(h)

f3(h)
Ji(h) fa(R) fa(h) f5(—h) Ji(h) fa(=h) fa(=h) fs(—h)

=1, 2h.f(0) 2hf3(0>( @ - )

f1(h) f2(=h) fa(=h) fs(=h) Ji(h) fa(h) fa(=h) Ja(h) fa(h) f5(h)
fi(h) fa(h) fa(h) f5(—=h) J1(h) f3(h) fa(=)
=, 4h* | f3(0) f6(0) + f2(0) f5(0) f5(0)
J2(h) f3(h) fs(h)

+£1(0) £2(0) f6(0) @ . (41)
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Thus, by applying (39), (40), (41) to (38), we obtain

Ji(h) fa(h)
f6 (h)
f3(h)
h) f3(h) fa(—
2(h) fa(h
Therefore, we obtain the lemma. Il
Appendix

A The Duflo isomorphism and the proof of the connected sum
formula for the 3-loop polynomial

In this section, we review the Duflo isomorphism ([4], [5]), and we prove Proposition 4.1
(the connected sum formula for the 3-loop polynomial) in Section 4.2. For the notation,
see Section 4.2.

Let D’ be a diagram which have at least one trivalent vertex on each component. Then
we define 0p/ : B — B by

0 if D" has more legs than D,
O (D) = the sum of all ways of gluing
b ) all the legs of D' to some otherwise

(or all) legs of D



Duflo isomorphism Y : B — B is defined by
T = x 0 0q,
where we denote € = y~!v. It is known [5] that T is an algebra isomorphism. Note that
Y~'Z(K) is group-like.
Then, we prove Proposition 4.1.

Proof of Proposition /.1.

Y 'Z(K)) = 0g-1x ' Z(K))
f(x) = g1(x)

f(z) = g1(x)

1 [@-a@ f'(@) — g1(x)
(w50l
48

Y ' Z(Ky) = 0g-1x ' Z(K>)
f(x) = ga(x)

= exp +757 + 75

f(@) — g2(x)

1 @) -ek) f'(x) — ga(x)
~oe( ) w0 )
43

1
where C' = e é) € B. Since T is an algebra map,

T_1Z<K1#K2) = T_l (Z(Kl)#Z(K2>#V_1) = T_IZ(Kl) L T_IZ(KQ) L T_IV_I.

Here, as in [§],
1
14+ — Lt
( UETED) @ )

Tl =(Q,Q0)710 so T v 1 =(Q,Q0!
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Thus, we get

—f(z)
vt = (10 o 1 Juew ( @
)

f(@) —g1(=) f(@) —g2(=
2 3 3
f(@) —g1(@) f(@) = g2(2)
o ) —oe( )
1 f@-a@ f'(@) = g1(=) 1 ') -a) f'(x) — ga(x)
5 O0-C - E @O@

3
A+ 287+ o (
g1(z)

1 f'(@) = g1(=)

| Fe@- ¥) - g
5 C0C 50 )

Therefore,

X' Z(K#K>) = 00T ' Z(K 1 #K>)

1(2) - 9(2)
1 3 3
= <1+@ @ ) L exp @ +7§2)+7§)+7()+v()
Rl | 0 7@) = (o)
-~ )~ (-0
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f(@) —g(x)

1 2 2 3 3
E<1+Tﬁié:§>twm> <::>-+%)+%)+%)+ﬁ)

Here, as in [4], [5], 0a(Q2) = (2, 2)Q, so we get

—f(2)

1 f'(x) f'(x) 1
~0c( @ )+ T R

This implies that

) 1 | @ (@)
o (D)= (e ) 0 )
i @ 1152 P8
Therefore,
fla) —g(=)
_ 2 2 3 3
X ' Z(K #Ks) = exp @ + 73 448 4 4P
. 1 f'(z) f'(=) 1 f'(z) f'(z) — g1 ()
1 O0CO-xm7CO0CD
1 f'(z) f'(z) — g5(x) N 1 f'(x) — g1 () () — g5(x)
Y O‘@ 24
f(x) —g(=)

2 2 3 3
— exp <::>+%>+%Hw9+ﬁ)
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(2)

2
+ M )

3
+ V2 )

3
+mn )

+ V2

Hence, we obtain the proposition. Il

B A Vassiliev invariant of degree 4 of the untwisted Whitehead
double of the trefoil knot

In this section, we calculate a Vassiliev invariant of degree 4 of the untwisted Whitehead

double of the trefoil knot concretely We calculate it in two ways; one is by using a

calculator and the other is by using our main theorem. Thereby, we verify the result of
the main theorem.

The trefoil knot is 7'(2, 3) = & , and we give it O-framing.

By using a calculator, we can get its degree 4 part of the Kontsevich invariant,

(degree 4) 1

log (Z(Wh*(T(2,3))) v — (=¥ (42)

On the other hand, a straightforward calculation shows that (see Example 3.6)

Z(T(2,3))#v " =exp |} IE @
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Note that A = 1. So by Theorem 3.1, we get

Wh* (T(2,3)) (t)

(degree 4)

log (X (ZWh*(T(2,3)407))

1 (£1)2- (—=1/2

(a0 B

)—2-(11)&) _E)REY2)

This matches to (42).

References

[1] D. Bar-Natan, S. Garoufalidis, L. Rozansky, D. P. Thurston, The Arhus integral of
rational homology 3-spheres I: A highly non trivial flat connection on S®, Selecta
Math. (N.S.) 8 (2002) 315-3309.

[2] D. Bar-Natan, S. Garoufalidis, L. Rozansky, D. P. Thurston, The Arhus integral of
rational homology 3-spheres II: Invariance and universality, Selecta Math. (N.S.) 8
(2002) 341-371.

[3] D. Bar-Natan, S. Garoufalidis, L. Rozansky, D. P. Thurston, The Arhus integral of
rational homology 3-spheres IIl: Relation with the Le-Murakami-Ohtsuki invariant,
Selecta Math. (N.S.) 10 (2004) 305-324.

[4] D. Bar-Natan, S. Garoufalidis, L. Rozansky, D. P. Thurston, Wheels, wheeling, and
the Kontsevich integral of the unknot, Israel J. Math. 119 (2000) 217-237.

[5] D. Bar-Natan, T. T. Q. Le, D. P. Thurston, Two applications of elementary knot
theory to Lie algebras and Vassiliev invariants, Geom, Topol. 7 (2003) 1-31.

[6] D. Bar-Natan, R. Lawrence, A rational surgery formula for the LMO invariant, Israel
J. Math. 140 (2004) 29-60.

[7] S. Garoufalidis, A. Kricker, A rational noncommutative invariant of boundary links,
Algebr. Geom. Topol. 8 (2004) 115-204.

[8] S. Garoufalidis, A Kricker, Finite type invariants of cyclic branched covers, Topology
43 (2004) 1247-1283.

[9] S. Garoufalidis, Whitehead doubling persisits, Algebr. Geom. Topol. 4 (2004) 935-942.

[10] A. Kricker, The lines of the Kontsevich integral and Rozansky’s rationality conjecture,
arXiv:math. GT/0005284.

[11] J. Marché , On the Kontsevich invariant of torus knots, math. GT/0310111.

47



[12] J. Marché, A computation of the Kontsevich integral of torus knots, Algebr. Geom.
Topol. 4 (2004) 1155-1175.

[13] Melvin, P. M. and Morton, H. R., The colored Jones function, Comm. Math. Phys.,
169 (1995) 501-520.

[14] T. Ohtsuki, Musubime no Fuhenryo (in Japanese), Kyoritsu Shuppan Co.,Ltd 2015.

[15] T. Ohtsuki, Quantum invariants, Series on Knots and Everything 29, World Scientific
Publishing Co., River Edge, NJ (2002).

[16] T. Ohtsuki, A cabling formula for the 2-loop polynomial of knots, Publ. Res. Inst.
Math. Sci. 40 (2004) 949-971.

[17] T. Ohtsuki, On the 2-loop polynomial of knots, Geom. Topol. 11 (2007) 1357-1457.

[18] T. Ohtsuki, D. Moskovich, Vanishing of 3-loop Jacobi diagrams of odd degree, J.
Combin. Theory Ser. A 114 (2007) 919-930.

[19] T. Ohtsuki, Problems on invariants of knots and 3-manifolds, Geom. Topol. Monogr.
4 (2002) i-iv, 377-572.

[20] T. Ohtsuki, Pertubative invariants of 3-manifolds with the first Betti number1, Geom.
Topol. 14 (2010). 1993-2045

[21] L. Rozansky, A rationality conjecture about Kontsevich integral of knots and its impli-
cations to the structure of the colored Jones polynomial, from: “Invariants of Three-
Manifolds (Calgay,1999)”, Topology Appl. 127 (2003) 47-76.

[22] L. Rozansky, Higher order terms in the Melvin-Morton expansion of the colored Jones
polynomial, Comm,. Math. Phys., 183 (1997), 291-306.

(23] L. Rozansky, The universal R-martiz, Burau representation, and the Melvin-Morton
expansion of the colored Jones polynomial, Adv. Math. 134 (1998) 1-31.

[24] S. Willerton, An almost-integral universal Vassiliev invariant of knots, Algebr. Geom.
Topol. 2 (2002) 649-664

Research Institute for Mathematical Science, Kyoto University, Sakyo-ku, Kyoto, 606-
8502, Japan
E-mail address: yamakou@kurims.kyoto-u.ac.jp

48



	web-title
	paper-yamakou-1

