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Abstract

The LMO invariant is a universal quantum invariant of 3-manifolds. In this paper, we present the
degree 2 part of the LMO invariant of cyclic branched covers of knots by using the 3-loop polynomial
of knots, and we calculate it concretely for knots obtained by plumbing the doubles of two knots.

1 Introduction

The LMO invariant of 3-manifolds is an invariant derived from the Kontsevich invariant
of knots, and it is universal to all perturbative invariants and finite type invariants of 3-
manifolds. The LMO invariant takes its value in the space of Jacobi diagrams, which
are some kinds of trivalent graphs. It is well-known that the degree 0 part of the LMO
invariant is equal to the order of the first homology group, and the degree 1 part of the
LMO invariant is equal to the Casson-Walker-Lescop invariant up to scalar multiplication.
The value of the LMO invariant is presented by an infinite sum of Jacobi diagrams, and
in general, it is difficult to determine all terms of it.

There are not so many examples of calculation of the LMO invariants of 3-manifolds
so far. For example, the LMO invariants of Lens spaces are caluculated in [1], and the
small degree parts of the LMO invariants of Seifert fibered rational homology spheres are
calculated in [2].

In [4], Garoufalidis and Kricker found a formula for the LMO invariant of cyclic
branched covers of knots by using the rational form of the Kontsevich invariant of knots,
which is closely related to the loop expansion of the Kontsevich invariant of knots [3], [6].
Its 2-loop part is presented by the 2-loop polynomial, and its 3-loop part is presented by
the 3-loop polynomial. By using the formula of Garoufalidis and Kricker, we can calcu-
late the degree 1 part of the LMO invariant (Casson-Walker invariant) of cyclic branched
covers of a knot, via the 2-loop polynomial of the knot [4].

In this paper, we calculate the degree 2 part of the LMO invariant of cyclic branched
covers of some knots, via the 3-loop polynomial of knots. Further, in [11], the author
calculated the 3-loop polynomial of knots obtained by plumbing the doubles of two knots,
where this class of knots includes untwisted Whitehead doubles. By using this result and
the formula in [4], we calculate the degree 2 part of the LMO invariant of cyclic branched
covers of knots obtained by plumbing the doubles of two knots. This is a new example of
the calculation of the degree 2 part of the LMO invariant.



This paper is organized as follows. In Section 2, we review the fundamental notions and
the formula of Garoufalidis and Kricker in [4]. In Section 3, we state the main theorem
and prove it. In Section 4, we consider the degree 2 part of the formula of the Garoufalidis
and Kricker in detail.

The author would like to thank Advisor Tomotada Ohtsuki for encouragement and
comments.

2 The LMO invariant of cyclic branched covers of knots

In this section, we review how to calculate the LMO invariant of the cyclic branched
covers of knots. This is a work of Garoufalidis and Kricker [4].

Let K be a knot in S®, and let 3%, is the p-fold cyclic branched covers of K. We call a
knot K p-regular if X% is a rational homology sphere, and we call a knot K regular if it
is p-regular for all p. It is known that a knot K is p-regular if and only if its Alexander
polynomial Ak (t) has no complex pth root of unity.

A Jacobi diagram on () is a trivalent graph such that a cyclic order of the three edges
around each trivalent vertex is fixed, in other words, each trivalent vertex is wvertex-
oriented. When we draw a Jacobi diagram on (), each trivalent vertex is vertex-oriented
in the counterclockwise order. Furthermore, we define the degree of a Jacobi diagram to
be half the number of all vertices of the graph of the Jacobi diagram. We define A(() to
be the quotient vector space spanned by Jacobi diagrams on ) subject to the AS, ITHX

relations.
the AS relation : >©‘ = — }
the IHX relation : I = >_< — X

The LMO invariant Z*M© of a closed 3-manifold is defined to be in A(0) (Strictly
speaking, it is defined to be in the completion of A(()) with respect to the degree). For a
closed 3-manifold M, the LMO invariant is presented by

ZEMO(M) = exp <01(M) @ + co(M) @ + (terms of connected diagrams of degree > 2)) ,

where ¢;(M) is a scalar invariant of M. Note that ¢;(M) is equal to (—1)*X(M)/2,
where A(M) is the Casson-Walker-Lescop invariant and by (M) is the first Betti number
of M. For details, see for example [8], [9].

Let ok : S' — Z be the signature function. It is defined for all complex numbers of
absolute value 1, see for example [5].

In [4], Garoufalidis and Kricker showed that for all p and p-regular knot K, we have

ZEMO (50 ) — ook (P)O/16 gt o 7-;2‘3 o Z™(K) € A(D). (1)



Here, Z™" is the rational form of the Kontsevich invariant of a knot K, defined in [3].
llog(w)
2 n/2

Further, o, is defined by o, = QPP € A(x), where Q = exp @ is

the value of the Kontsevich invariant of the unknot in A(x). Here, A(x) is the quotient
vector space spanned by open Jacobi diagrams subject to the AS, THX relations, where
an open Jacobi diagram is an uni-trivalent graph such that each trivalent vertex is vertex-
oriented. The maps Lift, and 7,2 are defined in [4].

By considering the degree 2 part (the 3-loop part) of ZEMO (X)), we obtain the fol-
lowing proposition.

Proposition 2.1. For all p and p-regular knot K, we have

ca(X)
_ 1 Z Ak (w1, wo, ws, (Wiwows) ™)
48p? A g (Wiwows) A g (w1wiws) A g (wiwow?) A g (Wows M) A g (wswy ) A g (wywy )

wf:wg:wgzl
Here, the polynomial Ag(ti,ts,ts,ts) € Qtf!, ¢35ttt/ (titatsty = 1) is the 3-

loop polynomial for a knot K, which is a polynomial presenting the 3-loop part of the

Kontsevich invariant of knots. For a knot K, we present its 3-loop part of Z™*(K) by

2i,2(t)
Ak (t)

then the 3-loop polynomial A (t1,ts,t3,%4) is defined by
AK(tla t27 t37 t4>

K
+ K.

= a8 5 a5 25

T€i64

€ QEE 45 45 451/ (titatsty = 1).
For details, see [10], [11]. Further, I} is a scaler invariant of a knot K, which can be
calculated by an equivariant linking matrix of a surgery link in 5'3\K . For details, see

[4]. As shown later, I)¥ is not essential for our case. For the definition of I/ and proof of
Proposition 2.1, see Section 4

3 The degree 2 part of ZLMO(E%(K’K,))

In this section, we state the main theorem of this paper and prove it.



Let K be a O-framed knot, and let K’ be a k-framed knot (k € Z). Let D, D' be

1-tangles whose closures are K, K’, respectively, noting that isotopy classes of D and D’
are uniquely determined by K and K’.

e . XS i (2)

(0-framing) (k-framing)

We define D(K, K') to be the following knot,

D'(2)

where D and D'® are the doubles of D and D', respectively. We can obtain D(K, K')
by plumbing of the doubles of K and K’, noting that D(K, K') is a genus 1 knot with
trivial Alexander polynomial, hence, D(K, K') is regular.

We denote that a; is a degree ¢ Vassiliev invariant of K, presented by

1 1. 1 2
ay = —=Cy, a3 =——7s, a4=—(—12¢c4+ 6¢; — c3),

2 24 Y
where ¢, are coefficient of the Conway polynomial Vg (z) = > ¢,2" and j, are coefficient
of the Jones polynomial Jx(e') = > j,¢". Note that the Conway polynomial is defined

by Vi(tz —t72) = Ag(t). The value ] is a degree i Vassiliev invariant of K, presented
by in the same way.

Now, we state the main theorem of this paper.

Theorem 3.1. For all p, we have

CQ(E%(K,K’))
1
~ 182 Do Appcr(wr,wn,ws, (wiwsws) )

pP_, P_ P_
wy =wy =wz =1

1
= (4a2a’2 + 6162@2 + 2kas + 10k%ay + 6k2a§> .



In particular, we can obtain CQ(Z’;‘,hi( Ky)» Where Wh*(K) denotes the untwisted White-
head double of K.

Wh(K) = \f\D@) : Wh™(K) = h D®

Here, D is a 1-tangle whose closure is K as shown in (2)

Corollary 3.2. For all p, we have

2 (Bt (1))

1 _
= o3 Z AWhi(K) (w1, wa, w3, (Wiwow3) 1)
48p vy D p 1

Wy =Wy :UJ3 =

1
= (6@ F 2a3 + 10a4 + 6ag) P.

The corollary immediately follows from Theorem 3.1.

Proof of Theorem 3.1. By Proposition 4.1 in Section 4, we get l,?(K’K/) = 0. Further, we
note that Apk, k) (t) = 1. Thus, by Proposition 2.1, we obtain that

1 _
CQ(E%(K,K’)) - KPQ E AD(K,K’) (Wlu w2, W3, <w1w2w3) 1)' (3>
W= =up =1

On the other hand, the 3-loop polynomial of D(K, K’) is calculated in [11], as follows,

Apr,rny(t1, ta, ts, ta)

= (—16agal, — k*ay — 8kaz)(u1 o + u13 + U4 + Usz + Uz g + Uz4)
k2a,

12

+ Uy U3 2 + Up 2l o + Uz 2Us g + U U1 + U2 1Ua 1 + Ug1Ug 1)

2
+ ( + 4k“aq) (ug auo g + Uy gU3 4 + U2 gU3 4 + Ug 3U23 + Ut 3UL3 + U2 3043

2
+ 24k%aq(uq pus g + Uy 3Uz4 + Up 4U23)
2 2/ 2 2 2 2 2 2
+ 8k a2(u172 tujgtujt+uysztuyy + U3,4)
]{32(12
4
+ V1 9U32 + V1 2Us2 + V3 9Us 0 + Vo 1U31 + Vo 1Us1 + VU3 10Us1), (4)

(V1,4V2,4 + V1 4V3.4 + V2 4V3 4 + V1 3V2,3 + U1 303 + V2304 3



where u; ; = tﬁ;l +t;7 ', — 2, and v; ; = tﬂ;l — t;'t;. By straightforward calculation, we
get

6%6722“ + 6727;’%627;“ — 2 =2cos 20k — D -2,
2mik  _ 2mil _2mik  2mil L 2k=0r
e e e e = 2isin ( ) (0<k<p0<l<p).

p
Thus, by applying to (4) to (3), we obtain

2(Xp g i)

1
= R’ Z ((—1661261/2 — k?ay — 8kaz)(rk—1 + Them + Tiem + Tokriem + Thiattm + Thiirom)
p 0<k<p
0<i<p
0<m<p
k2a2 2
+ (= + 4k aa) (Tr—1Tk—m + ThetT1—m + ThemT1—m + Tk—1T2k+1+m

12
+ Tk—iTk+204+m T Tk—mT2k+i+m T Tk—mTk+i+2m T Tl—mTk+20+m

+ Pl Tkt 2m + ToktidmTht204m + T2ktidmThi2m + Tkt 204mTh-+142m)
+ 24k*ag(re— 1Tk 142m + ThemTE+204m + TlemT2k+14m)
+ 82 a3 (re_y + T T UL Tokrtm F Thoottm + Thisom)
k2a2
4
+ Sk—1Sk+20+m — Sk—mS2k+i+m T Sk—mSk+i+2m — Sl—mSk+2l+m

(—Sk—1Sk—m + Sk—1S1—m — Sk—mSi—m — Sk—152k-+i+m

+ Si—mSktitom — S2k+itmSk+20+m — S2k-+l+mSk+i+2m — 3k+2l+m5k+l+2m)>7

2nm . 2nm
where r,, = 2cos — — 2, 5, = 2sin ——. Further,

p p

3
E (Tht + Them + Timm + Toktitm + Tht2iem + Thrivom) = —12p°,
0<k<p
0<I<p
0<m<p
E (ThetThem + Th—tT1—m + Th—mTi—m + Th—iT2%k+1+m
0<k<p

0<Il<p
0<m<p

+ Tk iTkt204m T Th—mT2k+1+m T Tk—mTk+i+2m T Tl—mTk+20+m

3
+ Plem kit 2m F Tokplem k4 204m + T2kt ltmThi+2m + Th2l4mThti+om) = 48p°,

3
E (Th—iTktit2m + Th—mTk+204m T Tl—mT2k414m) = 12p°,

0<k<p
0<I<p
0<m<p

2 2 2 2 2 2 . 3
E (it + T+ T+ Tkt T Thaotim T Thatrom) = 36p7,

0<k<p
0<i<p
0<m<p



g (—Sk—1Sk—m + Sk—1Si—m — Sk—mSi—m — Sk—152k-+i+m
0<k<p
0<I<p
0<m<p
+ Sk—1Sk+21+m — Sk—mS2%k+i+m T Sk—mSk+i+2m — Si—mSk+20+m

+ Si—mSk+itom — S2ktitmSk+20+m — S2k+i+mSk+i+2m — Sk+2l+m3k+l+2m) = 0.

Therefore, we obtain

2(Xpx rer))

= L((—16a aby — k*ay — 8kaz)(—12p®) + (_k‘2a2
48p? 272 2 ’ 12

+ 4k%ay) - 48p°

k2
+ 24K%ay - 12p° + 8k2a2(36p%) — 4‘“ .0)

1
= (4a2a'2 + 6k2a2 + 2kas + 10k%a, + 6k2a§) P

4 The degree 2 part of the formula of Garoufalidis and Kricker

In this section, we learn more about the degree 2 part of the formula of Garoulafidis
and Kricker.
Let K be a knot in S3. In [4], for the 3-loop polynomial Ag (¢, s, t3,t4), the value
AK(th t27 t37 t4)
A (tity DAk (taty AR (st ) A (taty D Ak (tsty ) Ag (Bt 1)

I{&BStl’tQ’t3’t4
p

is defined by
AK(t17t27t37t4)
Ar(tity AR (bt AR (tat ) A g (taty DA g (st D A (Bt 1)
_ Z A (wy, wa, ws, (Wiwaws) ™)
A g (Wiwows ) A g (w1wiws) A g (wi1waw?) A g (wows M) Ak (wswi A g (wiwy )

Restl t2,13,t4
D

— P P
=wy=wz=1

1 Ak (w1, wa, w3, (Wiwows) ™

)
p? A g (WPwows ) A g (w1wiws) A g (wiwaw3) A g (wows 1)AK(W3W1_1>AK(W1W2_1)7

(5)
where Y is the Euler characteristic of the 3-loop graph, and its value equals to —2. Further,
we define lf by

z;f@ — Lift, <exp<—%trolog(EL(teh)EL(t)_1)>,—% > . (6)



where EL(t) is a equivariant linking matrix of a surgery link in S*\K, and tr is the
wheel-valued trace, see for example [7]. The bracket ( , ) is defined by

(Ch, C) = sum of all ways gluing the h-marked legs of C}
L2277\ to the h-marked legs of C, '

It can be shown that lf does not change by Kirby moves in S*\ K, hence it is an invariant
K. For details, see [4].
Then, we prove Proposition 2.1.

Proof of Proposition 2.1. By [4], Tg;t o Z'(K) is presented by

mito 27 (K) = {exp (- %t log(EL(te") EL(1) ™)) U (27 (K) o) g R) ), (7)

where EL(t) is a equivariant linking matrix, and

h
-1
ap(h) = Q(h)P=D/P = 4 pélTp ﬁ) + (linear sum of higher terms).
h

However, the terms in (7) which contribute to the 3-loop part are

<® LK @>’ and <exp ( - %tro log(EL(teh)EL(t)—1)> Lo, _% ﬁ; >

h

where yﬁi’) = Z is the 3-loop part of Z**(K). Thus, by (1) and

(6), we get

(52 @ —Litt, [ (0U42.0) + (exp - %tro log(BL(te" EL(t) ™)) U, —p—4gp1 )

= Lift, (1\?) + 1 @ : (8)

Note that e?x®®/16 does not contribute to the 3-loop part. However, by Theorem 7 in

h



[4] and the argument in Section 4 in [11], we can get

Lift, ()
— Restl,tz,tg,h; ( 1 AK (th t27 t37 t4) > @
P G4 A (trty ) Ax (taty Ak (st ") Ag (tats Ak (tat7 ) Ag (T3 ")

_ L pegiitaitats A (ti,ta,t3,ts) @
48P Ag(tity ) Ag (taty Ak (taty A g (tats D A g (tst; D AR (tits )

_ 1 Z AK (wla W, Ws, (wl(*}?w?))i ) @
48p? | L= - A g (Wiwows) A g (w1wiws) A g (wiwaw?) A g (Wows M) A g (wswy D A g (wiwy ) ’
W] =Wws =wg=
(9)
where we obtain the last equality by (5). By (8), (9), we obtain the required formula. [

Lastly, we calculate [ for D(K, K').

Proposition 4.1. We get

PO _

Proof. By handle slide, we can show that

—

(surgery along the link drawn by thin lines),




so we get the following surgery presentation,

ol

O 7]

@g »

where K is depicted by a thick line, and L is depicted by thin lines. Thus, a equivariant
linking matrix FL(t) of L C S*\Kj is given by

00 1 0
0k 0 1
ELO=11 0 o t-1]
01 t1—1 0
and we get
kt+t1—2) —t+1 1 k(t—1)
_ —t 141 0 0 1
1 _
EL(®t)" = | 0 0 0
k(t™t —1) 1 0 -k
Hence,
log(EL(te")EL(t)™")
1 0 0 0
| 0 1 0 0
08 —kz(t—l)(e —1) teh—1) 1 kt(—e"+1)
t~ e h —1) 0 0 1
0 0 0 0
0 00 0 0 0 0 0
0 0 0 1 1 1
= log <I4+ Kt—1)h th 0 —kth | T | —5k—1)n% §th2 0 —§kth2
—1

+ (linear sum of matrices with (degree of h) > 2))

10



0 0 0 0 -
8 8 g 8 0 0 0 1 o 0
1 1 1
k(- Dh th 0 —kth | T [ —gRE=DR SthT 0 —ckth® [ Le
1 1 2
t™h 0 0 0 Zpip2 0 0 0 0 0
2

+ (linear sum of matrices with (degree of h) > 2).

Thus, the coefficients of h and h? of trlog(EL(te")EL(t)™!) are equal to 0, and this
h
1
implies that the coefficient of C? in exp ( — 51:1“0 log(EL(teh)EL(t)_1)> is also equal to

0. Therefore, by (6), we get that lf(K’K,) = 0. O

References

[1] D. Bar-Natan, R. Lawrence, A rational surgery formula for the LMO invariant, Israel
J. Math. 140 (2004) 29-60.

[2] C.Sato, Casson-Walker invariant of Seifert fibered rational homology spheres as quan-
tum SO(3)-invariant, J. Knot Theory Ramifications 6 (1997), no. 1, 79-93.

[3] S. Garoufalidis, A. Kricker, A rational noncommutative invariant of boundary links,
Algebr. Geom. Topol. 8 (2004) 115-204.

[4] S. Garoufalidis, A. Kricker, Finite type invariants of cyclic branched covers, Topology
43 (2004) 1247-1283.

[5] L. Kauffman, On knots, Ann. of Math. Stud. 115 (1987).

[6] A. Kricker, The lines of the Kontsevich integral and Rozansky’s rationality conjecture,
arXiv:math. GT/0005284.

[7] A. Kricker, A surgery formula for the 2-loop piece of the LMO invariant of a pair,
Invariants of knots and 3-manifolds (Kyoto 2001), 161-181, Geom. Topol. Monogr. 4
Geom. Topol. Publ., Coventry, 2002

[8] T.T.Q. Le, J. Murakami, T. Ohtsuki, A universal quantum invariant of 3-manifolds,
Topology 37 (1998) 539-574.

[9] T. Ohtsuki, Quantum invariants, Series on Knots and Everything 29, World Scientific
Publishing Co., River Edge, NJ (2002).

[10] T. Ohtsuki, D. Moskovich, Vanishing of 3-loop Jacobi diagrams of odd degree, J.
Combin. Theory Ser. A 114 (2007) 919-930.

[11] K. Yamaguchi, The 3-loop polynomial of knots obtained by plumbing the doubles of
two knots, preprint, 2022, https://www.kurims.kyoto-u.ac.jp/preprint/file/RIMS
1963.pdf.

11

o o O o

o o O o



Research Institute for Mathematical Science, Kyoto University, Sakyo-ku, Kyoto, 606-
8502, Japan
E-mail address: yamakou@kurims.kyoto-u.ac.jp

12



	web-title
	paper-yamakou-2

