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SIGN CONVENTION FOR A∞-OPERATIONS IN BOTT-MORSE CASE

KAORU ONO

We give a definition of A∞-operations in Bott-Morse case (see Definition 2). Let Li be a relatively
spin collection of Lagrangian submanifolds, which intersects cleanly in (X,ω). (The argument
presented here is also valid for immersed Lagrangian submanifolds.) Denote by Rα a connected
component of Li and Lj . (We also consider the case that i = j.)

We use the convention on orientation on the fiber product (in the sense of Kuranishi structure)
as in Section 8.2 in [1]. In this note, the dimension of moduli spaces means their virtual dimension.
Let p : M → N be a fiber bundle with oriented relative tangent bundle. Rstrict the fiber bundle
to an open subset, we may assume that N is oriented. Then we give an orientation on M using
the isomorphism TM = p∗TN ⊕ TfiberM , where TfiberM is the relative tangent bundle. Then our
convention of the integration along fibers of p : M → N is∫

N

α ∧ p!β =

∫
M

p∗α ∧ β,

where α ∈ Ω∗(N) and β ∈ Ω∗(M), We have the following properties.

• p!
(
(p∗θ) ∧ β

)
= θ ∧ (p!β), where θ ∈ Ω∗(N) and β ∈ Ω∗(M).

• Let p : M → N and q : N → B be fiber bundles with oriented relative tangent bundles. For
β ∈ Ω∗(M), we have

(q ◦ p)!β = q! ◦ p!(β).
Using them, we find that

(q ◦ p)!(p∗θ ∧ β) = q!(θ ∧ p!β). (1)

We also have

• (base change) Let f : S → N be a smooth map (or a strongly smooth map between spaces with
Kuranishi structure). Denote by p : f∗M → S the pull-back of the fiber bundle p : M → N and

f̃ : f∗M → M the bundle map covering f . Then we have

f∗ ◦ p! = p! ◦ f̃∗.

For the definition of the integration along fibers of weakly submersive strongly smoooth map in the
case of Kuranishi structure is given in Section 9.2 in [2]. We will use the Stokes type formula in
Theorem 9.28 in [2], the composition formula in Theorem 10.21 in [2]. See Chapter 27 in [2] in the
case with coefficients in local systems. In fact, the composition formula is a consequence of these
properties.

Let (Σ, ∂Σ) be a bordered Riemann surface Σ of genus 0 and with connected boundary and z⃗ =
(z0, . . . , zk) boundary marked points respecting the cyclic order on ∂Σ. Let u : (Σ, ∂Σ) → (X,∪Li)

be a smooth map such that u(
⌢

zjzj+1) ⊂ Lij , j mod k + 1, u(zj) ∈ Rαj
, where Rαj

is a connected
component of Lij−1 ∩ Lij . For such u and u′, we introduce the equivalence relation ∼ so that
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2 KAORU ONO

u ∼ u′ when
∫
Σ
ω =

∫
Σ′ ω and (2) the Maslov indices of u and u′ are the same. Denote by B the

equivalence class.
Consider the moduli space

Mk+1(B;Li0 , . . . , Lik ;Rα0
, . . . Rαk

)

of bordered stable maps of genus 0, with connected boundary and (k+1) boundary marked points,
representing the class B.

Set L = (Li0 , . . . , Lik) and R = (Rα0
, . . . Rαk

) and write

Mk+1(B;L;R) = Mk+1(B;Li0 , . . . , Lik ;Rα0 , . . . Rαk
).

Denote by evBj : Mk+1(B;L;R) → Rαj
the evaluation map at zj .

For a pair of Lagrangian submanifolds L,L′ which intersect cleanly, we constructed the O(1)-
local system Θ−

Rα
on Rα in Proposition 8.1.1 in [1]. Here Rα is a connected component of L ∩ L′.

In this note, we simply write it as ΘRα
.

We recall the construction of ΘRα
briefly. We assume that L,L′ are equipped with spin structures.

In the case of a relative spin pair, we take TX ⊕ (W ⊗ C) (on the 3-skeleton of X) instead of TX
and TL ⊕ W , (resp. TL′ ⊕ W ) (on the 2-skeleton of L, (resp. L′) instead of TL, (resp. TL′).
Then the argument goes in the same way. As written in Section 8.8 in [1], we consider the space
PRα

(TL, TL′) of paths of oriented Lagrangian subspaces in TpX, p ∈ Rα, of the form λ(t) ⊕ Rα

such that λ(0) ⊕ Rα = TpL and λ(1) ⊕ Rα = TpL
′. Here λ is regarded as a path of Lagrangian

subspaces in VRα
= (TpL+TpL

′)/(TpL+TpL
′)⊥ω = (TpL+TpL

′)/(TpL∩TpL
′), which is a symplectic

vector space. Pick a compatible complex struture on it and consider the Dolbeault operator ∂λ on
Z− = (D2 ∩ {Re z ≤ 0}) ∪ ([0,∞)× [0, 1]).

We set µ(Rα;λ) = Index ∂λ. The parity of µ(Rα;λ) is independent of the choice of λ above,
since λ⊕ TpRα is a path of oriented subspaces with fixed end points, TpL, TpL

′, p ∈ Rα which are
oriented. Denote by µ(Rα) = µ(Rα;λ) mod 2. Then we have

dim Mk+1(B;L,R) ≡ dim Rα0
+ µ(Rα0

)−
k∑

i=1

µ(Rαi
) + k − 2 mod 2.

We have the determinant line bundle of {Index ∂λ}λ∈PRα (TL,TL′). Pick a hermitian metric on
X. Denote by PSO(λ ⊕ TpRα) is the associated oriented orthogonal frame bundle of λ ⊕ TpRα.
Note that PSO(λ ⊕ TpRα)|t=0 and PSO(λ ⊕ TpRα)|t=1 are canonically identified with PSO(L)|p
and PSO(L

′)|p, respectively. We glue the principal spin bundle PSpin(λ ⊕ TpRα) at t = 0, 1 with
PSpin(L)|p and PSpin(L

′)|p. There are two isomorphic classes of resulting spin structure on the
bundle TL ∪ (λ ⊕ TpRα) ∪ TL′ on L ∪ [0, 1] ∪ L′, where p ∈ L and p ∈ L′ are identified with
0, 1 ∈ [0, 1], respectively. This gives an O(1)-local system Ospin on PRα

(TL, TL′). Proposition

8.1.1 in [1] states that the tensor product det ∂λ ⊗OSpin descends to an O(1)-local system ΘRα on
Rα.

Then the relative spin structure for {Li}, namely relative spin structures for each Li with a
common oriented vector bundle W → X [3], determines an isomorphism ΦB below.

(i) Case that k = 0. (L is an immersed Lagrangian submanifold with clean self intersection or
Rα0

= L)

ΦB : evB∗
0 ΘRα0

→ evB∗
0 ORα0

⊗OM1(B;L)

(ii) Case that k = 1.

ΦB : evB∗
0 ΘRα0

→ evB∗
0 ORα0

⊗OM2(B;L;R) ⊗ evB∗
1 ΘRα1

.
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(iii) Case that k ≥ 2.

ΦB : evB∗
0 ΘRα0

→ evB∗
0 ORα0

⊗OMk+1(B;L;R) ⊗ forget∗OMk+1
⊗ evB∗

1 ΘRα1
⊗ · · · ⊗ evB∗

k ΘRαk
.

HereMk+1 is the moduli space of bordered Riemann surfaces of genus 0, connected boundary and
(k+1) marked points on the boundary and forget : Mk+1(B;L;R) → Mk+1 sends [(Σ, ∂Σ, z⃗), u] to
[(Σ, ∂Σ, z⃗)]. Here ORα0

, OMk+1(B;L;R) and OMk+1
are orientation bundles of Rα0 , Mk+1(B;L;R)

and Mk+1, respectively. We consider ev∗0ORα0
⊗OMk+1(B;L;R) the orientation bundle of the relative

tangent bundle of ev0 : Mk+1(B;L;R) → Rα0
. In the notation in [1], we write

Mk+1(B;L;R) = Rα0
× ◦Mk+1(B;L;R)

and

Mk+1(B;L;R) = Mk+1(B;L;R)◦ ×Mk+1.

These descriptions are considered as the splitting of tangent spaces. Using these notations, we have

ev∗0ORα0
⊗OMk+1(B;L;R) = O ◦Mk+1(B;L;R).

OMk+1(B;L;R) ⊗ forget∗OMk+1
= OMk+1(B;L;R)◦ .

We give an orientation of Mk+1 = (∂D2)k+1/Aut(D2, ∂D2) as the orientation of the quotient
space following the convention (8.2.1.2) in [1]. Then the orientation bundle of Mk+1(B;L;R)
is canonically isomorphic to the one of Mk+1(B;L;R)◦. Hence, for u = [u : (Σ, ∂Σ, z⃗) →
(X,∪L∈LL,∪Rα∈RRα)], the relative spin structure of L, local sections σαi

of O(1)-local systems
Θαi

around u(zi), i = 0, 1, . . . , k, determines a local orientation of the relative tangent bundle of
evB0 : Mk+1(B;L;R) → Rα, at u, i.e., the kernel of TuMk+1(B;L;R) → Tu(z0)Rα0

, which is
denoted by o(σα0

;σα1
, . . . , σαk

).

Remark 1. When k = 0 and Rα0
= L, the orientation on M1(B;L) is given in Section 8.4.1 in [1]

When k = 1, the orientation bundle of M2(B;L;R) is given in Proposition 8.8.6 in [1]. Note that
Θ+

Rα
⊗ORα

⊗Θ−
Rα

is canonically trivialized. We write ΘRα
= Θ−

Rα
in this note.

Hence Theorem 27.1 in [2] gives

(evB0 )! ◦ (evB∗
1 × · · · × evB∗

k ) : Ω∗(Rα1
; ΘRα1

)⊗ · · · ⊗ Ω∗(Rαk
; ΘRαk

) → Ω∗(Rα0
; ΘRα0

).

Namely, for ξi = ζi ⊗ σαi
∈ Ω∗(Rαi

; Θαi
), i = 1, . . . , k, we define

(evB0 )! ◦ (evB∗
1 × · · · × evB∗

k )(ζ1 ⊗ σα1 , . . . , ζk ⊗ σαk
)

=
(
evB0 ; o(σα0

;σα1
, . . . , σαk

)
)
!
(evB∗

1 ζ1 ∧ · · · ∧ evB∗
k ζk)⊗ σσα0

. (2)

Here
(
evB0 ; o(σα0 ;σα1 , . . . , σαk

)
)
!
is the integration along fibers with respect to the relative ori-

entation o(σα0
;σα1

, . . . , σαk
) of Mk+1(B;L;R) → Rα0

. Note that the right hand side of (2) does
not depends on σα0

, since σα0
appears twice in the right hand side of (2), and gives a differential

form on Rα0
with coefficients in Θα0

. For general ξi ∈ Ω∗(Rαi
; Θαi

), we use partitions of unity on
Rαi and extend the definition of mk multi-linearly.

For ξ ∈ Ω∗(Rα; Θα), we define the shifted degree

|ξ|′ = deg ξ + µ(Rα)− 1.
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Definition 2. We set m0,0 = 0, m(1,0)ξ = dξ on
⊕

Ω∗(Rα; ΘRα), i.e., the de Rham differential on
differential forms with coefficients in the local system ΘRα

. For (k,B) ̸= (1, 0),

mk,B(ξ1, . . . , ξk) = (−1)ϵ(ξ1,...,ξk)(evB0 )! ◦ (evB∗
1 × · · · × evB∗

k )(ξ1 ⊗ . . . ,⊗ξk),

where ξi ∈ Ω∗(Rαi
; Θαi

) and

ϵ(ξ1, . . . , ξk) =

{
k∑

i=1

(
i+

i−1∑
p=1

µ
(
Rαp

))
(deg ξi − 1)

}
+ 1.

In the rest of this note, we show the filtered A∞-relations. Denote by m̂k,B the extension of mk,B

as a coderivation with respect to the shifted degree | • |′. We compute mk′,B′ ◦ m̂k′′,B′′ . Clearly,,
m1,0 ◦ m1,0 = 0. We consider the case that (k′, B′) = (1, 0) or (k′′, B′′) = (1, 0). Namely, for
(k,B) ̸= (1, 0), we have

m1,0 ◦mk,B(ξ1, . . . , ξk) = (−1)ϵ(ξ1,...,ξk)d(evB0 )!(ev
B∗
1 ξ1 ∧ · · · ∧ evB∗

k ξk) (3)

mk,B ◦ m̂1,0(ξ1, . . . , ξk) =

k∑
j=1

(−1)
∑j−1

p=1 |ξp|′mk,B(ξ1, . . . , dξj , . . . , ξk)

=

k∑
j=1

(−1)
∑j−1

p=1 |ξp|′+ϵ(ξ1,...,dξj ,...,ξk)(evB0 )!(ev
B∗
1 ξ1 ∧ · · · ∧ evB∗

j dξj ∧ · · · ∧ evB∗
k ξk)

= (−1)ϵ(ξ1,...,ξk)+1(evB0 )!d(ev
B∗
1 ξ1 ∧ · · · ∧ evB∗

k ξk) (4)

Here we note that

j−1∑
p=1

|ξp|′ + ϵ(ξ1, . . . , dξj , . . . , ξk) =

j−1∑
p=1

deg ξp +

j−1∑
p=1

(
µ(Rαp

)− 1
)
+ ϵ(ξ1, . . . , ξk) +

(
j +

j−1∑
p=1

µ(Rαp
)
)

≡
j−1∑
p=1

deg ξp + ϵ(ξ1, . . . , ξk) + 1 mod 2.

In order to compute mk′,B′ ◦ m̂k′′,B′′ , we discuss the relation between the orientation bun-
dle of Mk′+1(B

′;L′;R′)evB′
j

×evB′′
0

Mk′′+1(B
′′;L′′;R′′) and the orientation bundle of the bound-

ary of ∂Mk+1(B;L;R). The codimension 1 boundary of the moduli space Mk+1(B;L;R) is
the union of the fiber products of Mk′+1(B

′;L′;R′) and Mk′′+1(B
′′;L′′;R′′) with respect to

evB
′

j : Mk′+1(B
′;L′;R′) → Rα and evB

′′

0 : Mk′′+1(B
′′;L′′;R′′) → Rα, where

L′ = (Li0 , . . . , Lij−1
, Lij+k′′−1

, . . . Lik),L′′ = (Lij−1
, . . . , Lij+k′′−1

)

R′ = (Rα0
, . . . , Rαj−1

, Rα, Rαj+k′′ , . . . , Rαk
),R′′ = (Rα, Rαj

, . . . Rαi
j+k′′−1

)

over j = 1, . . . , k, k′, k′′ such that k′ + k′′ = k + 1, Rα a connected component of Lij−1
∩ Lj+k′′−1,

all possible decomposition of B into B′ and B′′.



SIGN CONVENTION FOR A∞-OPERATIONS IN BOTT-MORSE CASE 5

Denote by Sw the exchange of ΘRα1
⊗· · ·⊗ΘRαj−1

and ORα ⊗OMk′′+1(B
′′;L′′;R′′)◦ with the sign

(−1)δ1 , where

δ1 = (

j−1∑
p=1

µ(Rαp
))(dim Mk′′+1(B

′′;L′′;R′′)− dim Rα − dim Mk′′+1)

≡
(j−1∑
p=1

µ(Rαp
)
)(
µ(Rα)−

j+k′′−1∑
p=j

µ(Rαp
)
)
mod 2.

Comparing ΦB and Sw ◦ (id⊗ · · · ⊗ id⊗ ΦB′′ ⊗ id⊗ · · · ⊗ id) ◦ ΦB′
, we find that

OMk+1(B;L;R)◦ → OMk+1(B′;L′;R′)◦ ⊗ORα
⊗OMk′′+1(B

′′;L′′;R′′)◦

is (−1)δ1 -orientation preserving1. Here Mk+1(B
′;L′;R′)◦ is the moduli space of bordered stable

maps with a fixed domain bordered Riemann surface with fixed boundary marked points. The
O(1)-local system OMk+1(B′;L′;R′)◦⊗ORα

⊗OMk′′+1(B
′′;L′′;R′′)◦ is the orientation bundle of the fiber

product Mk′+1(B
′;L′;R′)◦

evB′
j

×evB′′
0

Mk′′+1(B
′′;L′′;R′′)◦, which is the moduli space of bordered

stable maps with a fixed boundary nodal Riemann surface wth fixed boundary marked points.
Now we compare ∂Mk+1(B;L;R) = ∂

(
Mk+1(B;L;R)◦×Mk+1

)
andMk′+1(B

′;L′;R′)evB′
j
×evB′′

0

Mk′′+1(B
′′;L′′;R′′) =

(
Mk′+1(B

′;L′;R′)◦ ×Mk′+1

)
evB′

j

×evB′′
0

(
Mk′′+1(B

′′;L′′;R′′)◦ ×Mk′′+1

)
.

We note that OMk+1(B;L;R) = Rout ⊗ O∂Mk+1(B;L;R). Here Rout is the normal bundle of the
boundary oriented by the outer normal vector.

We pick local flat sections σα0
, . . . , σαk

, σα of O(1)-local systems ΘRα0
, . . . ,ΘRαk

,ΘRα
and a

local orientation oRα0
of Rα0

around u(z0). Then we can equip Mk+1(B;L;R), Mk′+1(B
′;L′;R′)

and the relative tangent bundle of evB
′′

0 : Mk′′+1(B
′′;L′′;R′′) → Rα with local orientations induced

by them. Then a local orientation of Mk+1(B;L;R) = Rα0
×◦ Mk+1(B;L;R) is given by oRα0

×
o(σα0 ;σα1 , . . . , σαk

). As the fiber product of spaces with Kuranishi structures equipped with local
orieentations,

Mk′+1(B
′;L′;R′)evB′

j
×evB′′

0
Mk′′+1(B

′′;L′′;R′′) = Mk′+1(B
′;L′;R′)× ◦Mk′′+1(B

′′;L′′;R′′)

is locally oriented by

oRα0
× o(σRα0

;σRα1
, . . . , σRαj−1

, σRα , σRα
j+k′′

, . . . , σRαk
)× o(σRα ;σRαj

, . . . , σRα
j+k′′−1

).

We fix z0 = +1, zj = −1 and consider the spaces of J-holomorphic maps M̃k+1(B;L,R),

M̃k′+1(B
′;L′,R′), M̃k′′+1(B

′′;L,′′ R′′) such that

Mk+1(B;L;R) = M̃k′+1(B
′;L′,R′)/RB ,

Mk′+1(B
′;L′;R′) = M̃k′+1(B

′;L′;R′)/RB′ ,

and

Mk′′+1(B
′′;L′′;R′′) = M̃k′′+1(B

′′;L,′′ R′′)/RB′′ .

We may also write

M̃k+1(B;L;R) = Mk+1(B;L,R)× RB , etc.,

as oriented spaces.

1(−1)-orientation preserving means orientation reversing.
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The case that z0 = +1, z1 = −1 is discussed in page 699 of [1]. The case that z0 = +1, zj = −1
differs from the case that z0 = +1, z1 = −1 by an additional factor (−1)j−1 as below.

Note that

M̃k+1(B;L;R) = (−1)j−1Mk+1(B;L;R)◦ ×
j−1∏
i=1

(∂D)zi ×
j+k′′−1∏
i=j+1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi ,

where z0 = +1, zj = −1,

M̃k′+1(B
′;L′;R′) = (−1)j−1Mk′+1(B

′;L′;R′)◦ ×
j−1∏
i=1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi ,

where z′0 = +1, z′j = −1, and

M̃k′′+1(B
′′;L′′;R′′) = Mk′′+1(B

′′;L;′′ R′′)◦ ×
j+k′′−1∏
i=j+1

(∂D)zi ,

where z′′0 = +1, z′′1 = −1.

Remark 3. We have

(−1)j−1

j−1∏
i=1

(∂D)zi ×
j+k′′−1∏
i=j+1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi = Mk+1 × RB

(−1)j−1

j−1∏
i=1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi = Mk′+1 × RB′

and

j+k′′−1∏
i=j+1

(∂D)zi . = Mk′′+1 × RB′′ .

Marked points of Mk′+1(B
′;L′;R′) and Mk′′+1(B

′′;L;′′ R′′) are related to marked points of
Mk+1(B;L;R) in the following way.

(z′0, . . . , z
′
k′) = (z0, . . . , zj−1, z

′
j , zj+k′′ , . . . , zk),

(z′′0 , z
′′
1 , , . . . , z

′′
k′′) = (z′′0 , zj , . . . , zj+k′′−1).

Here z′j and z′′0 are identified, i.e., the boundary node of the domain curve of an element in
Mk+1(B;L;R).
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Then we find that

M̃k+1(B;L;R) = (−1)δ1
(
Mk′+1(B

′;L′;R′)◦ ×Rα
×Mk′′+1(B

′′;L;′′ R′′)◦
)
×

(−1)j−1

j−1∏
i=1

(∂D)zi ×
j+k′′−1∏
i=j+1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi

= (−1)δ1+δ2
(
Mk′+1(B

′;L′;R′)◦ × (−1)j−1

j−1∏
i=1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi
)

×Rα

(
Mk′′+1(B

′′;L′′;R′′)◦ ×
j+k′′−1∏
i=j+1

(∂D)zi
)

= (−1)δ1+δ2
(
Mk′+1(B

′;L′;R′)× RB′
)
×Rα

×
(
Mk′′+1(B

′′;L′′;R′′)× RB′′
)

= (−1)δ1+δ2+δ3RB′−B′′ ×
(
Mk′+1(B

′;L′;R′)×Rα
×Mk′′+1(B

′′;L;′′ R′′)
)

×RB′+B′′

= (−1)δ1+δ2+δ3Rout ×
(
Mk′+1(B

′;L′;R′)×Rα
×Mk′′+1(B

′′;L;′′ R′′)
)

×RB , (5)

where

δ2 = (k′′ − 1)(k′ − j) + (k′ − 1)
(
dim Mk′′+1(B

′′;L;′′ R′′)◦ − dim Rα

)
,

δ3 = dim Mk′+1(B
′;L′;R′).

RB′−B′′ and RB′+B′′ are the oriented lines spanned by (1,−1), (1, 1) ∈ RB′ ⊕ RB′′ , respectively.
Note that the ordered bases (1, 0), (0, 1) and (1,−1), (1, 1) give the same orientation of RB′ ⊕RB′′ ,
RB′−B′′ and RB′+B′′ are identified with Rout and RB , respectively.

Here is an explanation of the second equality, i.e., the appearance of (−1)δ2 . By the convention
in Section 8.2 in [1], we have

Mk′+1(B
′;L′;R′)◦ ×Rα ×Mk′′+1(B

′′;L;′′ R′′)◦

= Mk′+1(B
′;L′;R′)◦◦ ×Rα × ◦Mk′′+1(B

′′;L;′′ R′′)◦,

= Mk′+1(B
′;L′;R′)◦ × ◦Mk′′+1(B

′′;L;′′ R′′)◦

where

Mk′+1(B
′;L′;R′)◦ = Mk′+1(B

′;L′;R′)◦◦ ×Rα,

and

Mk′′+1(B
′′;L;′′ R′′)◦ = Rα × ◦Mk′′+1(B

′′;L;′′ R′′)◦.
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Using these notations, we have

(
Mk′+1(B

′;L′;R′)◦ ×Rα
×Mk′′+1(B

′′;L;′′ R′′)◦
)
×

j−1∏
i=1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi ×
j+k′′−1∏
i=j+1

(∂D)zi

= (−1)γ1
(
Mk′+1(B

′;L′;R′)◦ ×Rα
×Mk′′+1(B

′′;L;′′ R′′)◦
)
×

j−1∏
i=1

(∂D)zi ×
j+k′′−1∏
i=j+1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi

= (−1)γ1
(
Mk′+1(B

′;L′;R′)◦ × ◦Mk′′+1(B
′′;L;′′ R′′)◦

)
×

j−1∏
i=1

(∂D)zi ×
j+k′′−1∏
i=j+1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi

= (−1)γ1+γ2Mk′+1(B
′;L′;R′)◦ ×

j−1∏
i=1

(∂D)zi ×
j+k′′−1∏
i=j+1

(∂D)zi × ◦Mk′′+1(B
′′;L;′′ R′′)◦ ×

k∏
i=j+k′′

(∂D)zi

= (−1)γ1+γ2
(
Mk′+1(B

′;L′;R′)◦ ×
j−1∏
i=1

(∂D)zi ×
k∏

i=j+k′′

(∂D)zi
)
×Rα

(
Mk′′+1(B

′′;L′′;R′′)◦ ×
j+k′′−1∏
i=j+1

(∂D)zi
)
,

where γ1 = (k′′−1)(k′−j), i.e., (−1)γ1 is the sign of exchange of (zj+k′′ , . . . , zk) and (zj+1, . . . , zj+k′′−1),
and γ2 = dim

( ◦Mk′′+1(B
′′;L;′′ R′′)◦

)(
dim Mk′+1 + 1

)
. Then δ2 = γ1 + γ2.

Now we return to the discussion on local orientations of the orientation bundle of
Mk′+1(B

′;L′;R′)evB′
j

×evB′′
0

Mk′′+1(B
′′;L′′;R′′) and ∂Mk+1(B;L;R). Recall that

M̃k+1(B;L;R) = Mk′+1(B
′;L′,R′)× RB . (6)

Set κ = δ1 + δ2 + δ3. Comparing (5) and (6), we have

(−1)κMk′+1(B
′;L′;R′)evB′

j
×evB′′

0
Mk′′+1(B

′′;L′′;R′′) ⊂ ∂Mk+1(B;L;R). (7)

We have

κ ≡ (k′′ − 1)(k′ − j) + (k′ − 1)
(
µ(Rα)−

j+k′′−1∑
p=j

µ(Rαp
)
)
+
(j−1∑
p=1

µ(Rαp
)
)(
µ(Rα)−

j+k′′−1∑
p=j

µ(Rαp
)
)

+dim Rα0 + µ(Rα0)−
(j−1∑
p=1

µ(Rαp) + µ(Rα) +

k∑
p=j+k′′

µ(Rαp)
)
+ k′.

From (1) in the setting of Kuranishi structures, (7), (1) and the base change formula for inte-
gration along fibers, we find that

(
evB0 |∂Mk+1(B;L;R); ∂o(σα0

;σα1
, . . . , σαk

)
)
!
(

j−1∏
i=1

evB∗
i ×

k∏
i=j+k′′

evB∗
i ×

j+k′′−1∏
i=j

evB∗
i )

= (−1)κ
(
evB

′

0 ; o(σα0
;σα1

, . . . , σαj−1
, σα, σαj+k′′−1

, . . . , σαk
)
)
!

◦

(
j−1∏
i=1

evB
′∗

i ×
k′∏

i=j+1

evB
′∗

i ×
(
evB

′∗
j ◦

(
evB

′′

0 ; o(σα;σαj , . . . , σαj+k′′−1
)
)
!
◦

k′′∏
i=1

evB
′′∗

i

))
(8)
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as operations applied to (⊗j−1
i=1 ζi) ⊗ (⊗k

i=j+k′′ζi) ⊗ (⊗j+k′′−1
i=j ζi), where ξi = ζi ⊗ σαi

, i = 1, . . . k.

Here ∂o(σα0
;σα1

, . . . , σαk
)2 is the orientation of the relative tangent bundle ∂Mk+1(B;L;R) → Rα0

induced from o(σα0
;σα1

, . . . , σαk
).

Namely, for u ∈ ∂Mk+1(B;L;R), o(σα0
;σα1

, . . . , σαk
) of ◦Mk+1(B;L;R) and ∂o(σα0

;σα1
, . . . , σαk

)
of the relative tangent bundle of ∂Mk+1(B;L;R) → Rα0

are related as follows: we write

TuMk+1(B;L;R) = Rout × Tu∂Mk+1(B;L;R)

TuMk+1(B;L;R) = Tu(z0)Rα0
× Tu

◦Mk+1(B;L;R)

Then, under the following identification

Rout × Tu∂Mk+1(B;L;R) = Rout × Tu(z0)Rα0
× Tu

◦∂Mk+1(B;L;R),

we define ∂Mk+1(B;L;R) → Rα0
by

oRα0
× o(σα0

;σα1
, . . . , σαk

) = Rout × oRα0
× ∂o(σα0

;σα1
, . . . , σαk

).

Note that

evBi |∂Mk+1(B;L;R) =


evB

′

i ◦ πB
B′ , i = 1, . . . , j − 1,

evB
′′

i−j+1 ◦ πB
B′′ , i = j, . . . , j + k′′ − 1,

evB
′

i−k′′+1 ◦ πB
B′ , i = j + k′′, . . . , k,

where πB
B′ and πB

B′′ are projections from the fiber productMk′+1(B
′;L′;R′)evB′

j
×evB′′

0
Mk′′+1(B

′′;L′′;R′′)

to Mk′+1(B
′;L′;R′) and Mk′′+1(B

′′;L′′;R′′), respectively. Note that σα appears twice and the
right hand side of (8) does not depends on the choice of local section σα of the O(1)-local system
Θα.

Next, we compute mk′,B′ ◦ m̂k′′,B′′ with (k′, B′) ̸= (1, 0), (k′′, B′′) ̸= (1, 0). Armed with (8), we
regard ξi, i = 1, . . . , k as differential forms on Rαi

in the computation below.

mk′,B′ ◦ m̂k′′,B′′(ξ1, . . . , ξk) =

k∑
j=1

(−1)
∑j−1

i=1 |ξi|′mk′,B′(ξ1, . . . ,mk′′,B′′(ξj , . . . , ξj+k′′−1), . . . , ξk)

=

k∑
j=1

(−1)δ4(evB
′

0 )!

(
evB

′∗
1 ξ1 ∧ · · · ∧ evB

′∗
j−1ξj−1

∧evB
′∗

j

(
(evB

′′

0 )!(ev
B′′∗
1 ξj ∧ · · · ∧ evB

′′∗
k′′ ξj+k′′−1

)
∧ · · · ∧ evB

′∗
k′ ξk

)
= (−1)δ4+δ5(ev

(B′,B′′)
0 )!(ev

(B′,B′′)∗
1 ξ1 ∧ · · · ∧ ev

(B′,B′′)∗
k ξk)

= (−1)δ4+δ5+κ(evB0 |∂Mk+1(B;L;R))!(ev
B∗
1 ξ1 ∧ . . . evB∗

k ξk) (9)

where

δ4 =

j−1∑
i=1

|ξi|′ + ϵ(ξ1, . . . ,mk′′,B′′(ξj , . . . , ξj+k′′−1), . . . , ξk) + ϵ(ξj , . . . , ξj+k′′−1).

δ5 =
(
µ(Rα)−

j+k′′−1∑
i=j

µ(Rαi
) + k′′ − 2

)
(

k∑
i=j+k′′

deg ξi),

2∂o(σα0 ;σα1 , . . . , σαk ) is not the boundary orientation of ∂ ◦Mk+1(B;L;R) induced from the orientation

o(σα0 ;σα1 , . . . , σαk ) of ◦Mk+1(B;L;R). They differ by (−1)dim Rα0 .
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and ev
(B′,B′′)
j : Mk′+1(B

′;L′;R′)evB′
j

×evB′′
0

Mk′′+1(B
′′;L′′;R′′) → Rαj

is the evaluation map at

the j-th marked point on the fiber product Mk′+1(B
′;L′;R′)evB′

j
×evB′′

0
Mk′′+1(B

′′;L′′;R′′). Here

the numbering of the marked points is the same as that on Mk+1(B;L;R). The appearance of
(−1)δ5 above is due to (1) and the composition formula (Theorem 10.21 in [2]). Namely, we have

(evB
′

0 )!

(
evB

′∗
1 ξ1 ∧ · · · ∧ evB

′∗
j−1ξj−1 ∧ evB

′∗
j

(
(evB

′′

0 )!(ev
B′′∗
1 ξj ∧ · · · ∧ evB

′′∗
k′′ ξj+k′′−1

)
∧evB

′∗
j+1ξj+k′′ ∧ · · · ∧ evB

′∗
k′ ξk

)
= (−1)η1(evB

′

0 )!

((
evB

′∗
1 ξ1 ∧ · · · ∧ evB

′∗
j−1ξj−1 ∧ evB

′∗
j+1ξj+k′′ · · · ∧ evB

′∗
k′ ξk

)
∧evB

′∗
j ◦ (evB

′′

0 )!(ev
B′′∗
1 ξj ∧ · · · ∧ evB

′′∗
k′′ ξj+k′′−1)

= (−1)η1(evB
′

0 )!

((
evB

′∗
1 ξ1 ∧ · · · ∧ evB

′∗
j−1ξj−1 ∧ evB

′∗
j+1ξj+k′′ · · · ∧ evB

′∗
k′ ξk

)
∧(πB′)! ◦ π∗

B′′(evB
′′∗

1 ξj ∧ · · · ∧ evB
′′∗

k′′ ξj+k′′−1)

= (−1)η1(evB
′

0 )! ◦ (πB′)!
(
π∗
B′(evB

′∗
1 ξ1 ∧ · · · ∧ evB

′∗
j−1ξj−1 ∧ evB

′∗
j+1ξj+k′′ · · · ∧ evB

′∗
k′ ξk)

∧π∗
B′′(evB

′′∗
1 ξj ∧ · · · ∧ evB

′′∗
k′′ ξj+k′′−1)

)
= (−1)η1+η2(evB

′

0 ◦ πB′)!(π
∗
B′(evB

′∗
1 ξ1 ∧ · · · ∧ evB

′∗
j−1ξj−1) ∧ π∗

B′′(evB
′′∗

1 ξj ∧ · · · ∧ evB
′′∗

k′′ ξj+k′′−1)

π∗
B′(evB

′∗
j+1ξj+k′′ · · · ∧ evB

′∗
k′ ξk)

= (−1)η1+η2(ev
(B′,B′′)
0 )!(ev

(B′,B′′)∗
1 ξ1 ∧ · · · ∧ ev

((B′,B′′)∗
k ξk),

where η1 =
(
((
∑j+k′′−1

i=j deg ξi) + (µRα −
∑j+k′′−1

i=j µ(Rαi) + k′′ − 2)
)
(
∑k

i=j+k′′ deg ξi) and η2 =

(
∑j+k′′−1

i=j deg ξi)(
∑k

i=j+k′′ deg ξi). Then δ5 = η1 + η2 =
(
µ(Rα) −

∑j+k′′−1
i=j µ(Rαi) + k′′ −

2
)
(
∑k

i=j+k′′ deg ξi). The second equality is a consequence of the base change formula for inte-

gration along fibers, i.e., evB
′∗

j ◦ (evB′′

0 )! = (πB′)! ◦ π∗
B′′ . The third equality follows from (1). Note

that

ev
(B′,B′′)
i =


evB

′

i ◦ πB
B′ i = 0, 1, . . . , j − 1,

evB
′′

i−j+1 ◦ πB
B′′ , i = j, . . . , j + k′′ − 1,

evi−k′′+1B
′ ◦ πB

B′ , i = j + k′′, . . . , k.

We find that

δ4 + δ5 + κ ≡ ϵ(ξ1, . . . , ξk) + 1 + k +

k∑
i=1

deg ξi + dim Rα0 + µ(Rα0)−
k∑

p=1

µ(Rαp)

≡ ϵ(ξ1, . . . , ξk) + 1 + dim Mk+1(B;L;R) +

k∑
i=1

deg ξi mod 2

Using Theorem 27.2 in [2], we have
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d(evB0 )!(ev
B∗
1 ξ1 ∧ · · · ∧ evB∗

k ξk)

= (evB0 )!d(ev
B∗
1 ξ1 ∧ · · · ∧ evB∗

k ξk)

+(−1)dim Mk+1(B;L;R)+
∑k

i=1 deg ξi(evB0 |∂Mk+1(B;L;R))!(ev
B∗
1 ξ1 ∧ · · · ∧ evB∗

k ξk). (10)

Combining (3), (4), (9), (10), we have

m1,0 ◦mk,B(ξ1, . . . , ξk) +mk,B ◦ m̂1,0(ξ1, . . . , ξk)

+
∑

(k′,B′),(k′′,B′′ )̸=(1,0) mk′,B′ ◦ m̂k′′,B′′(ξ1, . . . , ξk) = 0.
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