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ABSTRACT. In the present paper, we prove the anabelian Grothendieck conjecture for the tame fun-
damental groups of the configuration spaces associated to hyperbolic curves over [the perfections of]
finitely generated fields of positive characteristic. The main theorem of the present paper generalizes
the classical anabelian results for hyperbolic curves in positive characteristic established by A. Tam-
agawa, S. Mochizuki, and J. Stix. The main theorem of the present paper may also be regarded as the
first anabelian Grothendieck conjecture-type result for algebraic varieties in positive characteristic
of higher dimension [i.e., of dimension greater than one]. In the process of the proof of the main
theorem, we prove a certain exactness of homotopy sequences for the tame fundamental groups with
respect to suitable morphisms between normal varieties. Moreover, we also introduce the notion
of a generalized fiber subgroup of the tame fundamental group of the configuration space associ-
ated to a hyperbolic curve in arbitrary characteristic and establish a “group-theoretic algorithm”
that reconstructs, from the tame fundamental group of the configuration space, the generalized fiber
subgroups.
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In the present paper, subsequent to the recent work of the third author, from the viewpoint of
the compatibility/rigidity/synchronization of group-theoretic cyclotomes, we study the anabelian
Grothendieck conjecture for the configuration spaces associated to hyperbolic curves over [the
perfections of] finitely generated fields of positive characteristic.

2020 Mathematics Subject Classification. Primary 14H30, Secondary 14H10.
Key words and phrases. anabelian geometry, anabelian Grothendieck conjecture, hyperbolic curve, configuration
space, compactified configuration space, tame fundamental group, homotopy sequence, generalized fiber subgroup,
cyclotome.

1



Let us first recall famous classical anabelian results for hyperbolic curves in positive character-
istic established by A. Tamagawa, S. Mochizuki, and J. Stix. For each O € {¥, %}, let

° Dl_c be a field,
e Jk a separable closure of "k, and
e Ux+ = (UX,UD) a hyperbolic curve over “k [cf. Definition 2.1].

For each OJ € {,%}, write

° DX&% def (DX X0y %,5D %1 k D%) for the hyperbolic curve over Yk obtained by forming
the base-change of “X ™ to "k,
o Oy oy \UD C VX for the open subscheme of X obtained by forming the complement
of D in X,
e Go, = &ef Gal(Pk/“k) for the absolute Galois group of the field Pk determined by the sepa-
rable closure 7k,
o U1 %! miame(Ux+) for the tame fundamental group of “X* = (MX,D), relative to a
suitable choice of basepoint, and
o UAY n{ame(DXﬁ%) for the tame fundamental group of DX} = ("X xg, "k,"D x g, k),
relative to a suitable choice of basepoint.
Thus, for each [J € {},%}, the natural morphisms DXD% — UX — Spec(Vk) determine an exact
sequence of topological groups

1 HA U1 Go, — 1.

Now let us recall that we say that a hyperbolic curve X * over a field k is isotrivial [cf. Defini-
tion 6.5] if, for an arbitrary separable closure k of k, there exist a hyperbolic curve X, + over the

separable closure kg in k of the minimal subfield of k and an isomorphism X x kS X Xko k

over k. Then the classical anabelian results established by A. Tamagawa, S. Mochizuki, and J. Stix
may be summarized as follows [cf. [26, Theorem 0.5], [15, Theorem 3.2], [24, Theorem 1], [25,
Theorem 5.1.3]]:

Theorem A. The following assertions hold:

(i) Suppose that both "k and *k are finite. Write
Isom("U,*U)
for the set of isomorphisms U = *U of schemes and
OutIsom( I, *IT)

for the set of continuous outer isomorphisms "TI = *I1 of topological groups. Then the
natural map

Isom("U,*U) — Outlsom(TL, *IT)

is bijective.



(i) Suppose that the equality ("k, k) = (*k,*k) holds, that 'k is finitely generated and tran-
scendental over a finite field, and that the hyperbolic curve "X is nonisotrivial. Write

IsomTk,F;kl (fu,tu)

for the set of isomorphisms U = *U in the category Var; . FT_kl defined in the discussion
“Inverting Frobenius” following [25, Lemma 4.1.1],

Isomg, (11, *11)
for the set of continuous isomorphisms "1 = *I1 over G: « = Gy, and
A\Isomg_‘_k (TH, iH)

for the quotient set of Isomg_l_k(fﬂ, *TI) with respect to *A-conjugation. Then the natural
map

IsomTk’F;kl (u,*u) =~ aIsomg, (11, *17)

[cf. also [25, Corollary 4.2.5], the discussion following [25, Lemma 4.1.6]] is bijective.

Next, we introduce the notion of the compactified configuration space associated to a hyper-
bolic curve [cf. Definition 2.6]. Let n, g, r be nonnegative integers such that 2 —2g —r < 0. Write
%g,n—b—r for the moduli stack of (n+ r)-pointed stable curves of genus g over Z [cf. [1, Propo-
sition 5.1], [1, Theorem 5.2], [12, Theorem 2.7]] and Mg nir C %&H, for the open substack
of %&H, that parametrizes (n + r)-pointed stable curves of genus g whose underlying curves
are smooth. Thus, we have a natural action of the symmetric group S,., on n+ r letters on
the algebraic stacks .#, 1, C %&Hr, i.e., that arises from the permutations of n + r marked

points. Write 6,4, C G,4, for the subgroup of &, ¢, of permutations of the last r letters,

Mg niir] def (Mg ntr]Sntrr]) C %g,nJr[r] def []&,Hr /Gniry] for the stack-theoretic quotients of

the algebraic stacks .#g . C M ¢ n+r by the actions of the subgroup &, C 6,4, of &4,

respectively, and 7, 1, def (M g 5) \ Mg [7])rea S %i n+[r] for the reduced closed substack of

%g,n+[r] determined by the complement of .#, ,,, [, in .# ; ,,[,- Then one verifies immediately
from the various definitions involved that if n = 0, then the algebraic stack .#y 111 = Mg 04[]
may be naturally identified with the moduli stack of hyperbolic curves of type (g,r) over Z. Let
S be a scheme, and let X = (X, D) be a hyperbolic curve of type (g,r) over S. Then the n-th
compactified configuration space of X is defined to be the pair

def def — def
X = Xy = Mgt %7 0.0 S Doy = Dentid %7, 4,1, 5)

A g,0+[r] A g,0+[r]
consisting of X,,), Dfn ) defined by the fiber products of the [representable — cf. [12, Corollary 2.6]]
functors %&H[r] — %g,()—l—[r]’ Dy ntir] = %g,o+[r] obtained by forgetting the first » marked points

and the classifying morphism § — .# , o |, of the hyperbolic curve X *, respectively. Observe that
one verifies easily from the various definitions involved that the scheme over §

x def
Ul = X \ Diy
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obtained by forming the complement of D{; ) in X(,,) may be naturally identified with the n-th
configuration space of the curve X \ D C X [cf., e.g., [18, Definition 2.1, (i)]]. Moreover, one also
verifies easily from the various definitions involved that the scheme X,y may be naturally identified

with the underlying scheme of the n-th log configuration space of the curve X \ D C X [cf., e.g., [4,
Definition 1], [18, Definition 2.1, (i)]].
Now recall the notational conventions introduced in the discussion preceding Theorem A. For
each 0 € {,%}, let “n be a positive integer. Moreover, for each (] € {+, %}, write
def def

]
o NIy, = n{ame(DX(En)) for the tame fundamental group of DX(En) = (DX(Dn),D(DXn )),

relative to a suitable choice of basepoint, and

def def
o UAg, = n{ame((DXﬁ%) (Dn)) for the tame fundamental group of (DXS_E)(D},[) = ((DXDg)(Dn),

O
Xog . . . .
“D (D'Sk)’ relative to a suitable choice of basepoint.

Thus, for each OJ € {¥, %}, the natural morphisms (DXD;)(DH) — DX(DH) — Spec(“k) determine an
exact sequence of topological groups

] — DADn — 115

GDk 1

n
Then our main result is as follows [cf. Theorem 6.7, Corollary 6.9]:

Theorem B. The following assertions hold:

(i) Suppose that the following two conditions are satisfied:
(i-1) For each O € {1,%}, the field Pk is the perfection of a field finitely generated over a
finite field.
(i-2) If Tk is infinite, then the hyperbolic curve X is nonisotrivial.
Write

i 3
Isom(U(T}fl) ) U(é))

for the set of isomorphisms U (TT); ) SU (?}(1 ) of schemes and

OutIsom(TH-y-n, iHin)

or the set of continuous outer isomorphisms "TI; — +of topological groups. en
the set t 1 phisms "TI:, = ¥T1;, of topological groups. Th
the natural map

i ¥

Isom(U(f;),U(f;)) —~> Outlsom('II;,, *TI; )

[cf- also Proposition 6.2, (i)] is bijective.
(ii) Suppose that the following three conditions are satisfied:
(ii-1) The equality (Tk, k) = (*k,*k) holds.
(ii-2) The field "k is finitely generated and transcendental over a finite field.
(ii-3) The hyperbolic curve "X is nonisotrivial.
Write
Isom;; ;1 (Ugé),Uéffl))
Tk
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for the set of isomorphisms U (TT); ) SU (2(1 )

sion “Inverting Frobenius” following [25, Lemma 4.1.1],

in the category Var;, -1 defined in the discus-
» Tk

IsomGTk(THTn, I,
for the set of continuous isomorphisms "TI;, = T'Hin over Gy, = Gy, and
A\IsomG+k (THTW iH‘*n)

for the quotient set of IsomGTk(THTn,iﬂin) with respect to iEAin-conjugation. Then the
natural map

+ 3 ~
Isom+k7FT_kl (U(T)}i) , U(ffl)) — A\IsomGTk(’fILm I3, )

cf. also Theorem 3.7, (ii); Proposition 6.2, (i); the discussion following [25, Lemma 4.1.6]]
is bijective.

Theorem B may be regarded as a generalization of Theorem A. Moreover, Theorem B may
also be regarded as the first anabelian Grothendieck conjecture-type result for algebraic varieties
in positive characteristic of higher dimension [i.e., of dimension greater than one|. Here, we should
emphasize that one may verify that a similar assertion to the assertion of Theorems A, B for the
fiber products of finitely many hyperbolic curves over finite fields does not hold in general due
to the existence of “incompatible Frobenius twists of the components of the fiber products under
consideration”. This situation is totally different from the corresponding situation in characteristic
zero. In particular, it appears to the authors that this observation makes Theorem B interesting
and difficult to find. Note that various anabelian Grothendieck conjecture-type results for the
configuration spaces associated to hyperbolic curves over fields of characteristic zero have already
been established [cf., e.g., [6, Theorem B], [6, Theorem 6.3]].

Next, observe that, in light of some results obtained in [28], one may easily derive Theorem B,
(ii), from [the relative anabelian version — cf. Theorem 6.8 — of] Theorem B, (i) [cf. the proof of
Corollary 6.9]. On the other hand, the key ingredients of the proof of Theorem B, (i), consist of
the following results:

(a) Anabelian Grothendieck conjecture-type results for the geometrically “pro-prime-to-p”
fundamental group of hyperbolic curves over [the perfections of] finitely generated fields
of positive characteristic established by A. Tamagawa, M. Saidi, and the third author of
the present paper [cf. [20, Theorem 1], [21, Theorem D], [28, Theorem 2.9]].

(b) Certain exactness of homotopy sequences for the tame fundamental groups with respect
to suitable morphisms between normal varieties [cf. §1, §2].

(c) Group-theoreticity of generalized fiber subgroups of the tame fundamental groups of the
configuration spaces associated to hyperbolic curves [cf. §3, §4].

(d) Group-theoretic synchronization of cyclotomes that arise from the configuration spaces
associated to hyperbolic curves [cf. §5].

Roughly speaking, (b) and (c) enable us to apply various anabelian Grothendieck conjecture-type
results for hyperbolic curves [i.e., (a)] that arise from configuration spaces. Then (d) enables us to

“control the Frobenius twists” of the hyperbolic curves that appear.
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Our main theorem concerning (b) may be summarized as follows [cf. Lemma 1.8, (i); Theo-
rem 1.13; Corollary 1.14]:

Theorem C. Let
® k be a field,
e X" = (X,Dx) and ST = (S,Ds) good pairs over k [cf. Definition 1.1],
e f: X — S amorphism that is good with respect to (Dx,Ds) over k [cf. Definition 1.3], and
e 5 — Ug a geometric point of Ug défS\DS CSs.
Write

o Uy_ for the geometric fiber of Uy défX\DX CXats— Us,

. nlét(UXE) for the maximal pro-prime-to-char(k) quotient of the étale fundamental group
n$(Uyx,) of Uy, relative to a suitable choice of basepoint [cf. conditions (1), (3) of Defi-
nition 1.3],

o Z(n(Uy,)) C nf(Uy,) for the center of ns'(Uy,),

) n{ﬁ(X +) for the tame fundamental group of X = (X, Dx), relative to a suitable choice
of basepoint,

o *™¢(ST) for the tame fundamental group of ST = (S, Ds), relative to a suitable choice
of basepoint,

3 A;?T;S + C TAM(XT) for the kernel of the outer homomorphism ™ (X ™) — m*™me(ST)
induced by f,

. AE?T/eﬁ for the maximal pro-prime-to-char(k) quotient of AE?T;’ﬁ, and

. H;?T;’ﬁ for the quotient of T*™(X™) by Ker(Ag;‘T;:S+ —» A?Tfﬁ)' [Observe that since
A;?T/eer is normal in TP*™ (X ™), and Ker(AE?T/eS L AE?T?S .) is characteristic in AB?T?SJH

one verifies easily that Ker(A}?T?S+ —» Q§T7S+) is normal in T*™(X™T).]

Then the sequence of topological groups

7' (Ux,) — OE5e —— m™™(ST) — 1

induced by the natural morphisms Uy, — X i> S is exact. Moreover, the image of the kernel of the
first arrow w{'(Ux,) — H;?T75+ by the natural continuous surjective homomorphism n{'(Ux,) —»

7 (Uy,)/Z(78(Uy,)) is contained in the center of the quotient n$'(Uy,)/Z (7 (Ux,)). In particu-

lar, if, moreover, the group n_ft(UXE) is center-free, then the exact sequence of topological groups

] —— ﬂ?t<UX§) . _;?T/es+ . ngame(SJr) |

induced by the natural morphisms Uy, — X i> S is exact.

By applying Theorem C to a projection morphism between configuration spaces [i.e., a mor-
phism discussed in Definition 2.7, (ii), (iii)], one may conclude that a suitable quotient of the tame
fundamental group of the configuration space admits a structure of an extension of the tame fun-
damental group of the configuration space of lower dimension associated to the given hyperbolic
curve by the maximal “pro-prime-to-p” quotient of the étale fundamental group of the geomet-

ric fiber of the projection morphism [cf. Lemma 2.8, (iii)]. Now observe that, strictly speaking,
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in order to obtain the main theorem, we have to apply Theorem C to not only the configuration
spaces but also various connected finite étale coverings of the configuration spaces [cf. the proof
of Lemma 6.3].

Next, observe that, to conclude that such an extension structure of the tame fundamental group
of the configuration space is group-theoretic, i.e., compatible with an arbitrary continuous iso-
morphisms, we have to prove that the subgroups of the tame fundamental groups of configuration
spaces obtained by forming the kernels of the outer continuous homomorphisms induced by the
projection morphisms, which we shall refer to as generalized fiber subgroups [cf. Definition 3.4],
is group-theoretic. Our main theorem concerning (c) may be summarized as follows [cf. Corol-

lary 4.9, (i), (i1)]:

Theorem D. For each O € {},%}, let 9% be a set of prime numbers. Suppose, moreover, that, for
each O € {1,%}, the inequality

1+2-#(72n {char(Fk)}) <#7%

holds. For each O € {t,%}, write DASS for the maximal pro-PX quotient of the tame fundamental
group DADH. Let

a: TAT s A
be a continuous isomorphism. Then the equality 'n = *n holds. Moreover, for an element i of
{0,...,'n= jFn}, the isomorphism o determines a bijective map between the set of generalized

fiber subgroups of TA:? of co-length i [cf. Definition 3.4] and the set of generalized fiber subgroups
ofiAE of co-length i.

Note that a “group-theoretic reconstruction algorithm version” of Theorem D may be found
in Theorem 4.8. Moreover, observe that Theorem D may be regarded as a generalization of [7,
Theorem Al], hence also of [18, Corollary 6.3]. More specifically, [7, Theorem A] is none other
than Theorem D in the case where, for each [J € {¥,%}, the set UY consists either of all prime
numbers or of a single prime number invertible in Yk.

By applying suitable anabelian Grothendieck conjecture-type results for hyperbolic curves [i.e.,
(a)] to suitable generalized fiber subgroups [equipped with suitable outer Galois actions|, one ob-
tains isomorphisms of the hyperbolic curves [i.e., obtained by forming the geometric fiber of the
projection morphism| “up to Frobenius twists”. In particular, to obtain an isomorphism of the
configuration spaces of the desired type, it suffices to “control the Frobenius twists”. This con-
trol/compatibility of Frobenius twists may be interpreted as the phenomenon of group-theoretic
synchronization of cyclotomes associated to the hyperbolic curves that appear, which is consistent
with the viewpoint of [28]. This step is established in detail in §5, which is the content of (d)
[cf. Lemma 5.5, (vi)]. Finally, in §6, by combining the above results, we complete the proof of
Theorem B, (i).
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cerning the notion of a good pair. The first author was supported by JSPS KAKENHI Grant Num-
ber 24K06668. The second author was supported by JSPS KAKENHI Grant Number 22K13892.
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Joint Usage/Research Center located in Kyoto University. This research was also supported by the
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1. HOMOTOPY SEQUENCES FOR GOOD PAIRS

In the present §1, we study the homotopy sequences for the tame fundamental groups of suitable
morphisms between normal varieties [cf. Corollary 1.14 below].

Definition 1.1. Let k£ be a field.

(i) We shall define a normal variety over k to be a scheme that is separated, of finite type,
geometrically connected, and geometrically normal over k.

(ii) We shall define a good pair over k to be a pair consisting of a normal [cf. Remark 1.1.1
below| variety X over k and a reduced closed subscheme D C X of X of pure codimen-
sion one such that the [necessarily fs] log scheme obtained by equipping X with the log
structure determined by D is log smooth over k.

(iii) Let X = (X, D) be a good pair over k. Then we shall write

T (X) = 7 (X, D)

for the tame fundamental group of the good pair (X, D), relative to a suitable choice of
basepoint. Moreover, we shall write

m(X)

for the étale fundamental group of the normal variety X, relative to a suitable choice of
basepoint.

Remark 1.1.1. Let us recall [cf., e.g., [5, Proposition A.3], [5, Proposition A.5]] that the underlying
scheme of an fs log scheme that is log smooth over a field & is log regular and geometrically normal
over the field k.

Lemma 1.2. Let k be a field, (X,D) a good pair over k, and V. — X \ D a connected finite étale

covering tamely ramified along D. Write K for the algebraic closure of k in the function field of V,

Y — X for the normalization of X inV, and E &ef (Y \V)ieqa CY for the reduced closed subscheme

of Y whose underlying closed subset is given by Y \ V. Write X'°¢, Y'°¢ for the [necessarily fs] log
schemes obtained by equipping X, Y with the log structures determined by D, E, respectively. Then
the following assertions hold:

(i) The natural morphism Y'°% — X'°2 is a connected Kummer finite log étale covering.
(ii) The pair (Y,E) is a good pair over K.

Proof. Assertion (i) follows from [5, Proposition B.7] [cf. also [5, Remark B.2]]. Assertion (ii)
follows from assertion (i). [

Definition 1.3. Let & be a field, and let (X,Dx), (S,Ds) be good pairs over k. Then we shall say
that a morphism f: X — S over k is good with respect to (Dx, Dy) if the following five conditions
are satisfied:

(1) The morphism f is proper and geometrically connected.

(2) The inclusion f~'Dg C Dy holds.

(3) The morphism X \ f~'Dg — S\ Ds determined by f [cf. (2)] is smooth.
8



(4) The composite Dy N (X \ f~'Dg) — S\ Dy of the natural closed immersion Dy N (X \
f~'Ds) = X \ f~'Ds with the morphism X \ f~!Dg — S\ Ds determined by f [cf. (2)]
is smooth and of pure relative codimension one.

(5) If one writes X'°2, S1°¢ for the [necessarily fs and log regular] log schemes obtained by
equipping X, S with the log structures determined by Dy, Dy, respectively, then the mor-
phism X'°2 — §1°¢ determined by f [cf. (2)] is log smooth.

Lemma 1.4. Let k be a field, (X,Dx) and (S,Ds) good pairs over k, f: X — S a morphism over
k that is good with respect to (Dx,Ds), and s — S\ Ds a geometric point of S\ Ds. Write X5, Dx.
for the geometric fibers of X, Dx ats — S\ Ds, respectively. Then the pair (X5, Dyx,) is a good pair
overs.

Proof. This assertion follows from conditions (1), (5) of Definition 1.3 [cf. also Remark 1.1.1]. [

Lemma 1.5. Let k be a field, (X,Dx) and (S,Ds) good pairs over k, f: X — S a morphism over
k that is good with respect to (Dx,Ds), and V — X \ Dx a connected finite étale covering tamely

ramified along Dx. Write K for the algebraic closure of k in the function field of V, Y — X for

the normalization of X in V, and Dy &ef (Y \ V)ea C Y for the reduced closed subscheme of Y

whose underlying closed subset is given by Y \ V. Thus, it follows from Lemma 1.2, (ii), that the
pair (Y,Dy) is a good pair over K. Write X'°¢, §1°2, Y'°¢ for the [necessarily fs and log regular]
log schemes obtained by equipping X, S, Y with the log structures determined by Dy, Ds, Dy,
respectively. Then the following assertions hold:

(i) The composite Y'°¢ — X'°8 — §1°¢ s q log smooth morphism whose underlying morphism
of schemes is proper.

(i) Write Y'°8 — T'°2 — §1°¢ for the log Stein factorization [cf. [5, Definition 3]] of the com-
posite Y'°¢ — X108 s §102 [of (i)]. Then the natural morphism T'°¢ — S'°% is a connected
Kummer finite log étale covering.

def def

(iii) Write T for the underlying scheme of T'¢, Ur = T x5 (S\Ds) C T, and Dy = (T \
Ur)red C T for the reduced closed subscheme whose underlying closed subset is given by
T\ Ur. Then the pair (T,Dr) is a good pair over K.

(iv) The scheme T is isomorphic, over S, to the normalization of S in'Y.

(V) The natural morphism'Y — T over K is good with respect to (Dy,Dr) [cf. (iii)].

Proof. Assertion (i) follows from Lemma 1.2, (i), together with conditions (1), (5) of Defini-
tion 1.3. Assertion (ii) is a formal consequence of [5, Theorem 1, (i)]. Assertion (iii) follows
immediately from assertion (ii). Assertion (iv) follows immediately from the definition of the
notion of the log Stein factorization.

Finally, we verify assertion (v). It follows from assertion (i) that the morphism Y — T is proper.
Moreover, it follows from [5, Theorem 1, (ii)] that the morphism ¥ — T is geometrically con-
nected. This completes the proof of the assertion that the morphism Y — T satisfies condition (1)
of Definition 1.3. Next, observe that it is immediate that the morphism Y — T satisfies condition
(2) of Definition 1.3. Next, observe that one verifies immediately, by considering the morphisms
ylog _ 7log _ §log from [11, Proposition 3.12], together with assertions (i), (ii), that the morphism
Y — T satisfies condition (5) of Definition 1.3.

Next, we verify the assertion that the morphism Y — T satisfies condition (4) of Definition 1.3.
First, observe that since the morphism Tlog _ glog g log étale [cf. assertion (ii)], it follows from [11,

Proposition 3.8] that the induced morphism Ur — S\ Dy is étale. Thus, since [we have assumed
9



that] the morphism X — S satisfies condition (4) of Definition 1.3, one verifies immediately from
Abhyankar’s lemma [cf. [30, Exposé XIII, Proposition 5.5]], together with Lemma 1.2, (i), that the
morphism Y — T satisfies condition (4) of Definition 1.3. This completes the proof of the assertion
that the morphism Y — T satisfies condition (4) of Definition 1.3.

Next, we verify the assertion that the morphism Y — T satisfies condition (3) of Definition 1.3.
Let us recall that the morphism Y'°¢ — T1°¢ is log smooth [cf. condition (5) of Definition 1.3].
Thus, since the morphism ¥ — T satisfies condition (4) of Definition 1.3, it follows immediately
from [11, Theorem 3.5] that the morphism Y — T satisfies condition (3) of Definition 1.3. This
completes the proof of the assertion that the morphism Y — T satisfies condition (3) of Defini-
tion 1.3, hence also of assertion (v). L]

In the remainder of the present §1, let

e k be a field,
e X" =(X,Dx)and ST = (S, Ds) good pairs over k, and
e f: X — S amorphism which is good with respect to (Dyx, Ds) over k.

Write
def
e Uy = X\Dx CX and
o Us E's\DsCs.
Definition 1.6.
(i) We shall write
7' (f): @' (Ux) — ' (Us)
for the continuous outer homomorphism induced by the morphism f: X — S [cf. condi-
tion (2) of Definition 1.3],
d f z z 3 z
Ayy jus = Ker(ni'(f): @' (Ux) — 71'(Us)) € ' (Ux)
for the kernel of the outer homomorphism #!(f): 78 (Uy) — 7t(Us),

Auyjug  (=—Auyug)
for the maximal pro-prime-to-char(k) quotient of Ay, Jus» and

def ¢
HUx/US ; nft(UX>/Ker<AUx/Us - éUx/Us)‘
[Observe that since Ay, /iy, is normal in 7 (Uy ), and Ker(Ay, Jus = Ay jug) is character-
istic in Ay, /- one verifies easily that Ker(Ay, jyg — Ay, /ug) is normal in 7 (Ux).] By a
slight abuse of notation, we shall write

' (f): Oy, jyy — ' (Us)

for the continuous outer homomorphism determined by 7t(f) : #$(Uy) — 7t (Us). Thus,
we have an exact sequence of topological groups

)
1 — Ay, jug — Uy, yu — 7' (Us).
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(ii) We shall write
TE(f): A (X) — ()
for the continuous outer homomorphism induced by the morphism f: X — S [cf. condi-
tion (2) of Definition 1.3],
AE?T;:S* dif Ker( tame (f) . n.iame (X+) N n{ame (S+)) g n{ame (X—i-)

for the kernel of the outer homomorphism 7™ ( f): ™ (X 1) — mlame(ST),

tame tame
AgTisr  (=—AxTs+)

for the maximal pro-prime-to-char(k) quotient of AE?T;’S+ , and

IETSs. S e (X T) /Ker(ARTSs, — ARTS).

[Observe that since AE?T/CS+ is normal in 7™ (X "), and Ker(AS?T/eS+ A;?T75+> is charac-
teristic in AE?T/eﬁ, one verifies easily that Ker(Agg‘f{‘/eS+ AZT ) fs+) is normal in ;"™ (X ™) ]

By a slight abuse of notation, we shall write
A (F): TS —— me(57)

for the continuous outer homomorphism determined by 7™ (f): ™ (X 1) — wPme(ST).
Thus, we have an exact sequence of topological groups

ﬂtame f
1 AT — I ().

In the remainder of the present §1, let s — Us be a geometric point of Us. Write

e X5, Dx_, Uy, for the geometric fibers of X, Dy, Uy at s — US, respectively, and
o 78! (Uy,) for the maximal pro-prime-to-char(k) quotient of 7{'(Uyx.) [cf. conditions (1), (3)
of Definition 1.3].

Lemma 1.7. The n{*™¢ (X )-conjugacy class of continuous homomorphisms
tame ( X+) A;?T7s+
[cf. Lemma 1.4] induced by the natural morphism X5 — X is surjective.

Proof. This assertion follows from [5, Theorem 2] and [5, Proposition B.7] [cf. conditions (1), (5)
of Definition 1.3]. O

Lemma 1.8. Consider the commutative diagram of topological groups

m(f)
7' (Ux,) — Oy, yg —— 71" (Us) —— 1

| |

Ux) — I e 7S (57) — 1

11



— where the left-hand horizontal arrows are the continuous outer homomorphisms induced by
the natural morphism Uy, — Uy, and the vertical arrows are the natural continuous surjective
homomorphisms. Then the following assertions hold:

(i) The two horizontal sequences of the diagram under consideration are exact.
(ii) The kernel of the left-hand upper horizontal arrow n_ft(UXE) — Iy, jug of the diagram
under consideration is contained in the center of ﬂft(Uxf).
Proof. The exactness of the upper horizontal sequence of the diagram under consideration follows
from [2, Proposition 1.3] [cf. conditions (1), (3), (4) of Definition 1.3]. The exactness of the
lower horizontal sequence of the diagram under consideration follows from [5, Theorem 2] and

[5, Proposition B.7] [cf. conditions (1), (5) of Definition 1.3]. Assertion (ii) follows from [2,
Proposition 1.4] [cf. conditions (1), (3), (4) of Definition 1.3]. O

Definition 1.9. Observe that it follows from Lemma 1.8, (i), that we have an exact sequence of
topological groups

1 — Ayy us — Uy, jug ) 5t (Us) — 1.
We shall write
Ps: ﬂlét(US) — Out(éUx/US)
for the continuous outer action determined by this exact sequence of topological groups.

Lemma 1.10. The following assertions hold:

(i) The image of a wild inertia subgroup of n'(Us) associated to an irreducible component

of the closed subscheme Dy by the continuous outer action ps: 7'(Us) — Out(Ay, JUg) 1S
trivial.
(ii) The continuous outer action ps: ' (Us) — Out(Ay, /) factors through the natural con-

tinuous surjective homomorphism m'(Us) —» miame(S+).
Proof. Assertion (i) follows immediately from [29, Chapter I, Proposition 3.2] [cf. conditions (1),
(5) of Definition 1.3]. Assertion (ii) is a formal consequence of assertion (i). [
Definition 1.11. We shall write

Etalme : n.%ame (S+) - Out(éUx/Us)

for the continuous outer action determined by the continuous outer action ps: 7{'(Us) — Out(Ay, Us)
[cf. Lemma 1.10, (ii)] and

def
E(Uyx,) = Aut(Ayy /ug) X out( ) e (s

Auy 1ug

for the fiber product of the natural surjective homomorphism Aut(Ay, /i) — Out(Ay, /) and the

outer action p{*™®: *™¢(S) — Out(Ay, /). Thus, the natural exact sequence of groups

éUx/US - Aut(éUx/Us) - Out<éUx/Us) —1

— where the first arrow is a continuous action by conjugation — determines an exact sequence of
groups
L — Auy s/ Z(Auy jug) —= E(Ux,) —= m™™(ST) — 1.
12



Lemma 1.12. The following assertions hold:
(i) The continuous action Iy, ;e — Aut(Ay, jys) by conjugation [cf. the displayed exact se-
quence of Definition 1.9] and the natural continuous surjective homomorphisms I, JUs ™
' (Us) — m™(S) determine a commutative diagram of groups

m$(f)
Ayy U Oy, jys —— i (Us) —= 1

| N

1 HéUx/Us/Z(éUx/Ug) HE<UX ) - ntame(S+) —1

— where the upper horizontal sequence is the displayed exact sequence of Definition 1.9,
the lower horizontal sequence is the exact sequence of the final display of Definition 1.11,
and the left-hand and right-hand vertical arrows are the natural continuous surjective
homomorphisms [which thus implies that the middle vertical arrow is surjective).

(ii) The middle vertical arrow Hy, y, — E(Ux;) of the diagram of (i) factors through the
natural continuous surjective homomorphism Iy, yc — HE?T/ESJr.

Proof. Assertion (i) follows immediately from the various definitions involved. Next, we verify
assertion (ii). Let us first observe that it is immediate that, to verify assertion (ii), it suffices
to verify that the image of every wild inertia subgroup of nft(Ux) associated to an irreducible
component of the closed subscheme Dy by the composite 7{'(Ux ) — I, Jus = E(Ux;) is trivial.
Let P C #{'(Ux) be a wild inertia subgroup of 7{'(Uy) associated to an irreducible component
of the closed subscheme Dy. Then it follows immediately from the various definitions involved
that the image of P C 7'(Uy) in w™¢(ST) is trivial. In particular, it follows from assertion (i)
that the image of P C mf'(Ux) by the composite 7{'(Ux) — Iy, jy — E(Uy;) is contained in
the closed subgroup Ay, /y/Z(Auy jug) € E(Ux;) of E(UX;): Thus, since éUx/Us/Z(é,UX/Us) is
pro-prime-to-char(k), one concludes that the image of P C nj'(Ux) by the composite 7' (Uyx ) —
0y, JUs E(Uy,) is trivial, as desired. This completes the proof of assertion (ii), hence also of
Lemma 1.12. 0

Theorem 1.13. The image of the kernel of the left-hand lower horizontal arrow th’t(UX ) — HE?T/eS+

of the diagram of the statement of Lemma 1.8 by the natural continuous surjective homomorphism
my' (Ux;) = mf (Uxg )/Z(nft(Ux )) is contained in the center of the quotient i (Ux; )/Z(nf’t(UX ))-

Proof. Let us first observe that it follows immediately from the various definitions involved that the
left-hand lower horizontal arrow 7t (U x,) — H;?Tfﬁ of the diagram of the statement of Lemma 1.8
factors as the composite
7' (Ux,) — Ayy jug — ™.

Next, let us recall from Lemma 1.8, (i1), that the kernel of the first arrow 71: (Ux ) = Auy v 18

contained in the center of 7r (UX ). Moreover, let us recall from Lemma 1.12, (1), (ii), that the
kernel of the second arrow éUx Jus —* H?Tfﬁ is contained in the center of Ay, /yy;. Thus, the
desired assertion follows formally. This completes the proof of Theorem 1.13. U

13



Corollary 1.14. Suppose that the group ﬂft(UXE) is center-free. Then the natural morphism X5 — X

and the morphism f: X — S determine an exact sequence of topological groups

. n.tame f
e (Uy) — I ()

—1.

Put another way, the natural morphism Xy — X determines a H;?Ln;’ﬁ -conjugacy class of continu-

ous isomorphisms

”_ft(UXx) — —E?T?ﬁ'
Proof. This assertion is a formal consequence of Theorem 1.13. U

2. COMPACTIFIED CONFIGURATION SPACES OF HYPERBOLIC CURVES

In the present §2, we introduce the notion of the compactified configuration space of a hyper-
bolic curve [cf. Definition 2.6 below|. Moreover, we study the homotopy sequences for the tame
fundamental groups of connected tamely ramified finite coverings of compactified configuration
spaces [cf. Lemma 2.8, (iii), below].

In the present §2, let g, r be nonnegative integers such that 2 —2g —r < 0.

Definition 2.1. Let S be a scheme. Then we shall define a hyperbolic curve of type (g,r) over S to
be a pair (X, D) consisting of a scheme X over S and a closed subscheme D C X of X such that

e the scheme X is proper, geometrically connected, smooth, and of relative dimension one
over S,

e every geometric fiber of X over S is [a necessarily smooth and proper curve| of genus g,
and, moreover,

e the composite D — X — S is étale and of degree r.

We shall define a hyperbolic curve over S is defined to be a hyperbolic curve of type (g’,7’) some
nonnegative integers g’, ' such that 2 —2g" — ' < 0.

Definition 2.2.
(i) We shall write
S,
for the symmetric group on r letters.
(ii) We shall write
My,

for the moduli stack of r-pointed stable curves of genus g over Z |cf. [1, Proposition 5.1],
[1, Theorem 5.2], [12, Theorem 2.7]] and

%g7r g %g’r

for the open substack of %&r that parametrizes r-pointed stable curves of genus g whose
underlying curves are smooth.

Definition 2.3. Let n be a nonnegative integer.
14



(i) We shall write
6n-i—r,r - 6n—l—r

for the subgroup of &,4, [necessarily isomorphic to &,| of permutations of the last r
letters.

(ii) Observe that one verifies easily that we have an action of the group &, on the algebraic
stacks My nir C M g ntr that arises from the permutations of n + r marked points. We
shall write

def def
///g,n—i—[r} = [, [ gn+r/6n+rr] C '///g n+ir] = [///g n+r/6n+rr]

for the stack-theoretic quotients of the algebraic stacks .#, 1, C %g,nJrr by the actions
of the subgroup G,,4,., C &, of G,,4,, respectively, and

def
(A

7

gn+[r] — g,n+r] \ g,n+r] )red - j/g n+|r]

for the reduced closed substack of %&HM determined by the complement of .#, ,,|,] in

A g
(iii) We shall write

def

def def
My = Moo C M o) = Mgoi17 2 Do = Dot

g
(iv) Let I be a subset of {1,...,n}. Then we shall write
P M gty — Mgt

for the functor obtained by forgetting the marked points labeled by the elements of /.

Remark 2.3.1. One verifies immediately from the various definitions involved that the algebraic
stack //lgm may be naturally identified with the moduli stack of hyperbolic curves of type (g,r)
over Z.

Definition 2.4. Let S be a scheme, and let X = (X, D) be a hyperbolic curve of type (g,r) over
S. Then we shall say that X is split if the finite étale covering D — X — S of § is trivial, or,
alternatively, the classifying morphism § — .Z,, ,; of the hyperbolic curve X T [cf. Remark 2.3.1]
factors through the natural finite étale covering .4, , — My ;-

Lemma 2.5. The following assertions hold:

(i) Let n be a nonnegative integer. Then the diagram of stacks

_ Pr'{/{wn} —
g.n+r %g,r
e M g 1
p {1,....n}

— where the vertical arrows are the natural finite étale Galois coverings — is (1-)cartesian.
15



(ii) Write ro for 3 (respectively, 1; 0) if g = 0 (respectively, = 1; > 2). [Thus, one verifies easily
that ro < r.] Let 6 be an element of &,, and let I C {1,...,r} be a subset of cardinality
r —ro. Then the diagram of stacks

%g7r %87"
M

8570

— where the upper horizontal arrow is the action of 6 — is (1-)commutative.

Proof. Assertion (i) is immediate. Next, we verify assertion (ii). If g ¢ {0,1}, then this assertion
is immediate. If g = 0, then this assertion follows immediately from the well-known fact that the
natural morphism %g,ro — Spec(Z) is an isomorphism. Suppose that g = 1. Let M be a scheme,
M — %g,ro an étale surjective morphism [cf. [12, Theorem 2.7]], and 7 — M a geometric generic
point of M. Then one verifies immediately from [12, Theorem 2.7], together with the various
definitions involved, that, to verify assertion (ii) in the case where g = 1, it suffices to verify that
the diagram of stacks

M g5

— where the arrows 1 — %g,r are the natural morphisms, and the right-hand upper horizontal
arrow is the action of 6 — is (1-)commutative. On the other hand, this assertion is well-known [cf.,
e.g., [19, §4, Corollary 1]]. This completes the proof of assertion (ii), hence also of Lemma2.5. [

Definition 2.6. Let n be a nonnegative integer, S a scheme, and X = (X, D) a hyperbolic curve of
type (g,r) over S. Then we shall write

def —
Xy = A gl ¥z, S

for the scheme over S obtained by forming the fiber product of the [representable — cf. [12, Corol-
lary 2.6]] functor pr‘{/f/m ny M g i) = M ] of the

¢, and the classifying morphism § — .# |,
hyperbolic curve X [cf. Remark 2.3.1],

X
Uy S Xnps Dl S X
fo_r the open, c_losed subschemes of X(,,y determined by the open, closed substacks #, .., (1, Dy n+[r] C
M ¢ pir) OF M g 411, TESPECtively, and

X+

def
(n) — (X(n)aDi())

16



for the pair consisting of X, and Di(n - We shall refer to U, (’fl )y

[cf. Remark 2.6.1, (i), below], n-th compactified configuration space of X, respectively.

X(n) as the n-th configuration space

Remark 2.6.1. In the situation of Definition 2.6:

(i) One verifies easily from the various definitions involved that the scheme U(’; ) may be
naturally identified with the n-th configuration space of the curve X \ D C X [cf., e.g., [18,
Definition 2.1, (i)]].

(ii) One also verifies easily from the various definitions involved that the scheme X(,,) may be

naturally identified with the underlying scheme of the n-th log configuration space of the
curve X \ D C X [cf., e.g., [4, Definition 1], [18, Definition 2.1, (i)]].

Definition 2.7. Let n be a nonnegative integer, S a scheme, and X = (X, D) a hyperbolic curve of
type (g,r) over S.
(i) We shall write
Ex+
for 3 (respectively, 1; 0) if the equality (g,r) = (0,3) holds, and X is split (respectively,
if the equality (g,r) = (1, 1) holds; if either (g,r) ¢ {(0,3),(1,1)}, or X is not split).
(ii) Let I be a subset of {1,...,n}. Then we shall write

Pr7: Xy — X(n—s1)

for the morphism over k determined by the functor pr‘// : %gﬁﬂr] — %gﬂ_#,ﬂ,].

(iii) Let I be asubsetof {1,...,n+&x+ } of cardinality < nsuchthat/ Z {1,...,n} [which thus
implies that r = €+, and that the hyperbolic curve X is split]. Fix a lifting S — ., £yt
of the classifying morphism § — ///&[8)( .1 of the hyperbolic curve X *. Observe that it
follows from Lemma 2.5, (i), that this lifting naturally determines an isomorphism over S

%g7n+gx+ X%g,SXJr S - X(n) :

Then we shall write
pry: Xiny — X(n—#)

for the morphism over k determined by [cf. Lemma 2.5, (ii)] the functor pr*// : %&ng L

f//g,nJreXJr —#l-

(iv) Suppose that r # €x+. Then it is immediate that the action of &,,;, on %&Hr determines
an action of &, on X(,,). We shall refer to an automorphism of X, that arises from this
action as a modular symmetry automorphism of X,).

(v) Suppose that r = €x+ [which thus implies that the hyperbolic curve X is split]. Fix a
lifting S — A, ¢, of the classifying morphism S — //Z&[SX .] of the hyperbolic curve

X*. Observe that it follows from Lemma 2.5, (i), that this lifting naturally determines an
isomorphism over §

Mgnves X Fpe S Xiw)-

Then it follows from Lemma 2.5, (ii), that the action of 6n+sX L on %g,,ﬁgx . determines
an action of Sy, . on X(,,. We shall refer to an automorphism of X(,,) that arises from
this action as a modular symmetry automorphism of X,).
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Lemma 2.8. Let n be a nonnegative integer, k a field, X* = (X, D) a hyperbolic curve of type (g,r)
over k, i an element of {1,... ,.n+é&y+ + 1}, and Z,,11 — U()th) a connected finite étale covering

tamely ramified along Di(n L) Let us fix a lifting Spec(k) — Mg, of the classifying morphism
Spec(k) — Mgy of the hyperbolic curve X T whenever the hyperbolic curve X is split. Write
K for the algebraic closure of k in the function field of Z,+\ and Zpi1 — X1 1) (respectively,
Z, — X(n)) for the normalization of X(,11) (respectively, X)) in Z,+1, i.e., relative to the given
covering Zn+1 — U( ) (respectively, to the composite of the given covering Z, 1 — U()fl +1) with

the morphism pr (i) UX ( —U ()fl )). Write, moreover, E,, E, 1 for the reduced closed subschemes

n+1)
of Zy, Z,1 whose underlying closed subsets are given by the inverse images of D%; y D%; 41
respectively, and Z, OlifZ \ E,.. Then the following assertions hold:

(i) Each of the pairs Z, oot (Zn,En). Z1 &ef (Zpi1,En+1) is a good pair over K.
(i) The morphism Z, | — Z, induced by the morphism Priy: X1y = X is good with
respect to (En1,Ey) [cf. (1)].
(iii) Let 7 — Z, be a geometric point of Z,. Write (Z,+1)z for the geometric fiber atz — Zp of
the morphism Z,, .1 — Z, induced by the morphism Priy: : X(ng1) = X(n) and ﬂl '(Zu+1)z)

for the maximal pro-prime-to-char(k) quotient of 17" ((Z,41)z) [cf- (ii); conditions (1), (3)
of Definition 1.3]. Then the natural morphisms (Zn+1) — Zni1 — Z,, determine an exact
sequence of topological groups

L 2 (Zrs1)s) —= T, —— () —— 1

[cf. (1); (ii); Definition 1.1, (iii); Definition 1.6, (ii)].

Proof. First, we verify assertion (i). Observe that it follows from Lemma 1.2, (ii), and Lemma 1.5,
(iii), together with Lemma 1.5, (iv), that, to verify assertion (i), it suffices to verify that the pair
X(:) = (X(n),% )) is a good pair over k. On the other hand, this assertion follows immediately

from [12, Theorem 2.7]. This completes the proof of assertion (1).
Next, we verify assertion (ii). Observe that it follows from Lemma 1.5, (v), together with
Lemma 1.5, (iv), that, to verify assertion (i1), it suffices to verify that the morphism pr; : X4 1) —

X(n) 18 good with respect to (DXn 1) DX ) Next, observe that it follows from the various def-
initions involved that the morphlsm pr{ 1 X(np1) = X(n) satisfies conditions (1), (2), (3), (4) of
Definition 1.3. Moreover, it follows immediately from [12, Theorem 2.7], together with [11, The-
orem 3.5], that the morphism pry;y: X, 1) = X, satisfies condition (5) of Definition 1.3. This
completes the proof of assertion (ii).

Finally, we verify assertion (iii). Observe that it follows from Corollary 1.14, together with
assertion (ii), that, to verify assertion (iii), it suffices to verify that the group 7z:ét((Z,,,Jr 1)z) is center-
free. On the other hand, since [one verifies easily that] the geometric fiber (Zn+1) is a hyperbolic
curve over Z, this assertion is well-known [cf., e.g., [26, Corollary 1.4, (i), (ii)], [26, Proposition
1.11]]. This completes the proof of assertion (iii), hence also of Lemma 2.8. U

3. GENERALITIES ON GENERALIZED FIBER SUBGROUPS

In the present §3, we introduce and discuss generalized fiber subgroups of the tame fundamental

groups of the compactified configuration spaces of hyperbolic curves [cf. Definition 3.4 below].
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In particular, we verify some group-theoretic properties of generalized fiber subgroups [cf. Theo-
rem 3.7 below].

Definition 3.1. Let G be a profinite group, and let X be a set of prime numbers.

(i) We shall write
GZ
for the maximal pro-X quotient of G.

(ii) Let N C G be a normal open subgroup of G. Then we shall define the almost pro-X-
maximal quotient of G associated to N [cf. [18, Definition 1.1, (iii)]] to be the quotient
G/Ker(N — N¥) of G by the kernel of the natural continuous surjective homomorphism
N — NZE. [Observe that since N is normal in G, and Ker(N — NE) is characteristic in
N, one verifies easily that Ker(N —» N*) is normal in G.] We shall define an almost pro-

Y-maximal quotient of G [cf. [18, Definition 1.1, (iii)]] to be the almost pro-X-maximal
quotient of G associated to some normal open subgroup of G.

Definition 3.2. Let G be a profinite group.

(i) We shall say that G is slim [cf. [18, §0]] if the centralizer in G of every open subgroup of
G is trivial.

(ii) We shall say that a subgroup H C G of G is subnormal [cf. [13, Definition 1.1]] if there
exist a positive integer m and a sequence H = H,, C ... C H, C H; = G of subgroups of
G such that H; is normal in H;_; foreachi € {2,...,m}.

(iii) We shall say that G is sn-internally indecomposable [cf. [13, Definition 1.8, (iii)]] if the
centralizer in G of every nontrivial subnormal subgroup of G is trivial.

(iv) We shall say that G is strongly sn-internally indecomposable [cf. [13, Definition 1.8, (iii)]]
if every open subgroup of G is sn-internally indecomposable.

(v) We shall say that G is sn-quasi-elastic (respectively, quasi-elastic) [cf. [13, Definition
2.1, (i), (ii)]] if every nontrivial topologically finitely generated subnormal (respectively,
normal) closed subgroup of G is open.

(vi) We shall say that G is sn-elastic [cf. [13, Definition 2.1, (ii)]] if every open subgroup of G
is sn-quasi-elastic.

Lemma 3.3. Let k be a separably closed field, and let ¥ be a nonempty set of prime numbers
invertible in k. Then every almost pro-X-maximal quotient of the étale fundamental group of a
hyperbolic curve over k is topologically finitely generated, strongly sn-internally indecomposable,
and sn-elastic.

Proof. Let G be a topological group isomorphic to the étale fundamental group of a hyperbolic
curve over k, and let N C G be a normal open subgroup of G. Write Q for the almost pro-X-
maximal quotient of G associated to N. Then it follows from [26, Proposition 1.1, (1), (i1)] that N*,
hence also Q, is topologically finitely generated. Moreover, it is well-known [cf., e.g., [10, Lemma
2.14, (1)]] that the continuous outer action of G/N on NZ is faithful. In particular, since NZ is slim
[cf., e.g., [26, Corollary 1.4, (i), (ii)], [26, Proposition 1.11]], it follows from the various definitions
involved that Q is slim. Thus, it follows from [13, Proposition 1.12] (respectively, [13, Lemma 2.3])
that, to verify that Q is strongly sn-internally indecomposable (respectively, sn-elastic), it suffices
to verify that N* is strongly sn-internally indecomposable (respectively, sn-elastic). On the other

hand, this assertion follows from [13, Theorem 3.13]. This completes the proof of Lemma 3.3. [
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In the remainder of the present §3, let

e 1 be a positive integer,

e g, r nonnegative integers such that 2 —2g —r <0,
e k a separably closed field,

e X' ahyperbolic curve of type (g, r) over k,

e ¥ a set of prime numbers, and

e [ a prime number contained in ¥ invertible in k.

In particular, the hyperbolic curve X T is split. Let us fix a lifting Spec(k) — .#; , of the classifying
morphism Spec(k) — .#, |, of the hyperbolic curve X * [cf. Remark 2.3.1]. Foreachi € {0,...,n},
we shall write

I < e (X )*
[cf. Definition 1.1, (iii); Definition 2.6; Lemma 2.8, (i)].

Definition 3.4. Let I be a subset of {1,...,n+ &x+} of cardinality < n, and let i be an element of
{0,...,n}. Then we shall write

K< F(I,) CTI,

for the kernel of the continuous outer [necessarily surjective — cf. Lemma 2.8, (iii)] homomor-
phism IT,, — IT,—4 induced by the morphism pr;: X,y — X(,,_gy [cf. Definition 2.7, (ii), (iii)] and
refer to F; C I, as the generalized fiber subgroup of 11, associated to I. We shall define a gener-
alized fiber subgroup of I1, to be the generalized fiber subgroup of I, associated to some subset
of {1,...,n+ &x+} of cardinality < n. We shall say that a generalized fiber subgroup of I, is of
co-length i if the subgroup is the generalized fiber subgroup of II, associated to some subset of
{1,...,n+ &x+} of cardinality n — i. We shall write

GFS;(I1,)
for the set of generalized fiber subgroups of I1, of co-length i.

Lemma 3.5. Let I be a subset of {1,...,n+ &x+} of cardinality < n. Write Fy(I) C H}r&l} for the

image in H,{ll} of the generalized fiber subgroup Fy C I1,, of I1,, associated to 1. Then the following
assertions hold:

(i) The subgroup F(1) C H,gl} is the generalized fiber subgroup of H,gl} [i.e., the “T1,” in the
case where we take the “X” to be {l}] associated to I.

(ii) The continuous surjective homomorphism F,{l} — Fy(1) induced by the natural continuous
surjective homomorphism Fy — Fy(1) is an isomorphism.

Proof. Assertion (i) follows from the well-known fact that the operation of taking the maximal
pro-/ quotient is right exact. Next, we verify assertion (ii) by induction on #/. If #I = 0, then the
assertion (i1) is immediate. Suppose that #/ > 0, and that the induction hypothesis is in force. Let
i be an element of /. Then one verifies immediately from assertion (i), together with the induction
hypothesis, that, to verify assertion (ii), we may assume without loss of generality, by replacing
F; CTII, by FI/F,\{Z} C H,,/FI\{i} = I1,_#7+1, that #/ = 1. On the other hand, assertion (ii) in the
case where #I = 1 follows immediately from Lemma 2.8, (iii), and [18, Proposition 2.2, (i)]. This

completes the proof of assertion (ii), hence also of Lemma 3.5. U
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Remark 3.5.1. In the situation of Lemma 3.5, suppose that / = 0. Then one verifies immediately
from Lemma 3.5, (1), (i1), together with [18, Proposition 2.2, ()], that the maximal pro-/ quotient

FI{I} may be naturally identified with the “IL,” for a suitable hyperbolic curve over a separably
closed field for which the “(n,g,r,X)” is given by (#I,g,r+n—#I,{l}).

Lemma 3.6. Suppose that ¥ is the set of all prime numbers. Let F C 11, be a generalized fiber
subgroup of I1,, of co-length n— 1, ¥/ a set of prime numbers invertible in k, and N C I1,, a nor-
mal open subgroup of I1,,. Then the almost pro-X'-maximal quotient of F associated to NN F is
isomorphic to an almost pro-Y'-maximal quotient of the étale fundamental group of a hyperbolic
curve over k.

Proof. This assertion is a formal consequence of Lemma 2.8, (iii). 0

Theorem 3.7. Suppose that ¥ is the set of all prime numbers. Let F C I1,, be a generalized fiber
subgroup of I1,,. Then the following assertions hold:

(i) If F is of co-length n— 1, then the profinite group F is strongly sn-internally indecompos-
able and sn-elastic.
(ii) The profinite group F is topologically finitely generated and slim.

Proof. First, we verify assertion (i). It follows from Lemma 3.3 and Lemma 3.6, together with [13,
Proposition 1.14], that F is strongly sn-internally indecomposable. Next, observe that it follows
immediately from a similar argument to the argument applied in the proof of [13, Lemma 2.8] that,
to verify the sn-elasticity of F, it suffices to verify that, for each positive integer m, there exists a
positive integer d,, such that every open subgroup U C F of F of index > d,, satisfies the following
two conditions:

(1) There exists a set S of normal open subgroups of U such that (\ycsN = {1}, and, more-
over, for each N € §, the almost pro-/-maximal quotient of U associated to N is sn-quasi-
elastic.

(2) There is no open subgroup of U n topologically generated by m elements.

To this end, let us first observe that it follows immediately from Lemma 3.3 and Lemma 3.6 that
every open subgroup of F satisfies condition (1). Moreover, it follows immediately from [26,
Corollary 1.2], together with Hurwitz’s formula, that, for each positive integer m, there exists a
positive integer d,, such that every open subgroup of F' of index > d,, satisfies condition (2). This
completes the proof of the sn-elasticity of F', hence also of assertion (i).

Next, we verify assertion (ii). Let us first observe that one verifies easily that an extension of a
profinite group that is topologically finitely generated (respectively, slim) by a profinite group that
is topologically finitely generated (respectively, slim) is topologically finitely generated (respec-
tively, slim). Moreover, one also verifies easily that, foreachJ C 1 C {1,...,n+ &x+ } of cardinality
< n such that #I = #J + 1, the quotient F;/F; C I1,/F; = I1,,_4; is a generalized fiber subgroup
of Il,_y; of co-length n —#J — 1. Thus, to verify assertion (ii), we may assume without loss of
generality that F' is of co-length n — 1. Then it follows from Lemma 1.7 and Lemma 2.8, (ii),
together with [26, Proposition 1.1, (i), (i1)], that F' is topologically finitely generated. Moreover, it
follows from assertion (i) that F is strongly sn-internally indecomposable, hence also slim. This

completes the proof of assertion (ii), hence also of Theorem 3.7. U
21



4. RECONSTRUCTION OF GENERALIZED FIBER SUBGROUPS

In the present §4, we establish a “group-theoretic reconstruction algorithm” of generalized fiber
subgroups [and their invariants| [cf. Theorem 4.8 below and Corollary 4.9 below].
In the present §4, let

e 1 be a positive integer,

e g, r nonnegative integers such that 2 —2g —r < 0,
e k a separably closed field,

e X' ahyperbolic curve of type (g, r) over k,

e ¥ a set of prime numbers, and

e [ a prime number contained in ¥ invertible in k.

In particular, the hyperbolic curve X * is split. Let us fix a lifting Spec(k) — .#; , of the classifying
morphism Spec(k) — .#, | of the hyperbolic curve X [cf. Remark 2.3.1]. Foreachi € {0, ...,n},
we shall write

g
[cf. Definition 1.1, (iii); Definition 2.6; Lemma 2.8, (i); Definition 3.1, (i)].

Lemma 4.1. Let G, H be profinite groups, ¢ : G — H a continuous homomorphism, and p a prime
number. Suppose that the following four conditions are satisfied:

(1) The image of ¢ is normal in H.

(2) The image of the composite of ¢ with the natural continuous surjective homomorphism
H — H} is not open in Hir},

(3) Every almost pro-p-maximal quotient of G is topologically finitely generated.

(4) There exists a set S of normal open subgroups of H such that (\ycsN = {1}, and, more-
over, for each N € S, the almost pro-p-maximal quotient of H associated to N is quasi-
elastic.

Then the image of the homomorphism ¢ is trivial.

Proof. Let N be an element of S. Write M oo ¢~ '(N) C G and Qg (respectively, Qp) for the
almost pro-p-maximal quotient of G (respectively, H) associated to M (respectively, N). Then it is
immediate that the composite of ¢ with the natural continuous surjective homomorphism H — Qp
factors through the natural continuous surjective homomorphism G — Qg. Write ¢g: Qg — On
for the resulting continuous homomorphism. Then it follows from conditions (1), (3) that the
image of @¢ is a topologically finitely generated normal closed subgroup of Qy. In particular, it
follows from condition (4) that the image of ¢@¢ is either trivial or open in Qy. Thus, it follows
from condition (2) that the image of ¢ is trivial, which implies that the image of ¢ is contained in
N. In particular, the image of ¢ is contained in (\ycgN = {1} [cf. condition (4)], as desired. This
completes the proof of Lemma 4.1. U

Lemma 4.2. Let I, J be subsets of {1,...,n+ &x+} of cardinality < n. Suppose that J C I, and that
#I =#J+ 1. Let G C Fy be a normal closed subgroup of Fy [cf. Definition 3.4]. Suppose, moreover,
that the following two conditions are satisfied:

(1) Every almost pro-l-maximal quotient of G is topologically finitely generated.
(2) Write Fy(1) C Fi(1) C H}{,l} for the respective images of Fy C F; C 11, in H}{,l}. Then the

image of G C Fyin Fy(1)/Fy(l) is not open in Fy(1)/Fy(1).
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Then the inclusion G C Fy holds.

Proof. Observe that it follows from condition (1) that the profinite group G satisfies condition (3)

of Lemma 4.1 [in the case where we take the “p” of Lemma 4.1 to be []. Write H oy oA /Fy. Then
since H is naturally isomorphic to the kernel of the natural continuous surjective homomorphism
I1,/F; — 11,/ Fp, it follows from Lemma 3.3 and Lemma 3.6 that the profinite group H satisfies
condition (4) of Lemma 4.1 [in the case where we take the “p” of Lemma 4.1 to be []. Moreover,
since [it is immediate that| the natural continuous surjective homomorphism F; — Fy(1)/Fy(1) fac-
tors through the natural continuous surjective homomorphism F; — H {1}, it follows from condition
(2) that the image of G in H {1} is not open. Thus, since [it is immediate that| the image of G in H is
normal, one concludes from Lemma 4.1 [in the case where we take the “p” of Lemma 4.1 to be [
that the image of G C Fj in H is trivial, which thus implies that G C Fj, as desired. This completes

the proof of Lemma 4.2. U

Definition 4.3. Let II be a profinite group, p a prime number, and S a set of normal closed sub-
groups of I17}. Then we shall write

Lgap (H7 S )
for the set of normal closed subgroups G C II of IT that satisfy the following two conditions:

(1) Every almost pro-p-maximal quotient of G is topologically finitely generated.
(2) There exists an element N € S such that the image of G in i /N is not open in i} /N.

Moreover, we shall write
F p(IL,S)
for the set of maximal elements [with respect to inclusion| of .%,(I1, ).

Lemma 4.4. Let I be a subset of {1,...,n+ €x+ } of cardinality < n. Then the following assertions
hold:

(i) Suppose that #1 < n. Let I' be a subset of {1,...,n+ €x+} of cardinality < n. Then the
inclusion I' C I holds if and only if the inclusion Fy C Fy holds.

(ii) Let G be an element of %;(F;,GFS (Fl{l})) [cf. Definition 3.4; Remark 3.5.1]. Then there
exists a generalized fiber subgroup F' of T1,, of co-length n — #I + 1 contained in F; such
that G C F'.

(iii) Every generalized fiber subgroup of 11, of co-length n — #I 4+ 1 contained in Fy is an

element of .7;(F;,GFS; (Fl{l})).

Proof. First, we verify assertion (i). Necessity is immediate. Next, we verify sufficiency. Assume
that the inclusion Fyr C F; holds, but that the inclusion I’ C I does not hold. Observe that it follows
from Lemma 3.5, (i), (ii), that, to obtain a contradiction, we may assume without loss of generality,
by replacing X by {/}, that ¥ = {/}. Next, observe that it is immediate that, to obtain a contra-
diction, we may assume without loss of generality, by replacing I’ by a suitable subset of I’, that
I’ is of cardinality one, which thus [cf. our assumption that #/ < n| implies that the union /U1’ is
of cardinality < n. Thus, to obtain a contradiction, we may assume without loss of generality, by
applying a suitable modular symmetry automorphism of X, that the union / U’ is contained in
{1,...,n}. In particular, it follows immediately from [18, Proposition 2.2, (i)] [cf. also the above

assumption that £ = {/}] that the composite Fyr < Fy y — Fyy/Fy is surjective. Thus, since [we
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have assumed that| the inclusion Fr C Fj holds, one concludes the equality Fj; = Fj, in contra-
diction to the nontriviality of the quotient Fy_; /Fy, which may be derived from [26, Corollary 1.4,
(i), (ii)] and [18, Proposition 2.2, (i)] [cf. also the above assumption that I’ Z I]. This completes
the proof of assertion (i).

Assertion (ii) is a formal consequence of Lemma 4.2 [cf. also Lemma 3.5, (i), (ii)|]. Next, we
verify assertion (iii). First, observe that it follows from assertion (i) that, to verify assertion (iii),
it suffices to verify that, for a subset J C [ such that #/ = #J + 1, the subgroup Fj is an element of

Z1(Fr,GFS (F,{l})). To this end, observe that it follows from Theorem 3.7, (ii), that Fj satisfies
condition (1) of Definition 4.3. Next, it is immediate that the image of F; C Fj in Fl{l} /F J{l} [cf.
Lemma 3.5, (i), (ii)] is trivial, which thus implies [cf. [26, Proposition 1.1, (i), (ii)], [18, Propo-
sition 2.2, (i)]] that Fy satisfies condition (2) of Definition 4.3. Thus, the subgroup Fj is an ele-

ment of .%;(Fy,GFS; (FI{Z})), as desired. This completes the proof of assertion (iii), hence also of
Lemma 4.4. U

Lemma 4.5. Let i be an element of {0,...,n— 1}, and let F be a generalized fiber subgroup of T1,
of co-length i. Then the set of generalized fiber subgroups of 11, of co-length i+ 1 contained in F
coincides with the set 7 (F,GES{(F11)). In particular, the equalities

GFSy(I1,) = {I1,,}, GFS.i(IL)= |J Z(F.GES (F)))
FeGFS;(I1,,)
hold.
Proof. This assertion follows immediately from Lemma 4.4, (1), (i1), (ii1). ]

Lemma 4.6. Let p be a prime number. Consider the following four conditions:
(1) The inclusion p € £\ (XN {char(k)}) holds.

(2) The group H;{lp Vis nontrivial.
(3) The inclusion p € ¥ holds.
(4) The topological group T, is not a pro-prime-to-p group.

Then the implications

(1) (2) (3) (4)

hold.

Proof. Let us first observe that the implications (2) = (3) < (4) are immediate. Next, observe
that, to verify the implications (1) = (2) and (3) = (4), we may assume without loss of generality,
by replacing I1,, by I1, that n = 1. On the other hand, the implications (1) = (2) in the case where
n = 1 follows from [26, Corollary 1.2]. Moreover, the implications (3) = (4) in the case where
n = 1 follows immediately from [26, Corollary 1.2] and [26, Lemma 1.9]. This completes the
proof of Lemma 4.6. U

Definition 4.7. Let i be a nonnegative integer, and let G be a profinite group.
(i) We shall define the set of closed subgroups of G

{*}-GFS:(G)

as follows:
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e If G is not a pro-p configuration space group for every prime number p [cf. [18,

Definition 2.3, (i)]], then {*}-GFS; (G) % 0.

e If G is a pro-p configuration space group for some prime number p, then {*}-GFS;(G)
is defined to be the set of closed subgroups of G obtained by applying the construc-
tion discussed in [7, Theorem 2.5, (ii), (iii), (iv)] [cf. also [23, Theorem 5.18]], i.e.,
to be the set of “generalized fiber subgroups of G of co-length one”.
(ii) Let p be a prime number. Then we shall define the set of closed subgroups of G

@l(va)

as follows:
o If G{7} is trivial, then GES;(G, p

)
e If G1} is nontrivial, then GFSy(G,p
o If GIP}is nontrivial, then

o.
) £ {G}.

GFS;1(G,p) Y |J 7, (F {+}-GFS,(FI")).
Fe@i(va)

(iii) We shall say that a prime number p is GFS-trivial with respect to G if G} is trivial, or,
alternatively, the equality GFS ;(G, p) = 0 holds for every nonnegative integer ;.

(iv) We shall say that a prime number p is GFS-special with respect to G if the following
condition is satisfied: Let g1, g» be prime numbers such that g; # p, g» # p, and, more-
over, neither g1 nor ¢ is GFS-trivial with respect to G. Then the equality GFS ;(G,q1) =
GFS (G, ¢>) holds for each nonnegative integer ;.

(v) We shall say that a prime number p is strictly GES-special with respect to G if p is GFS-
special with respect to G, and, moreover, there are at least two distinct prime numbers ¢,
q> such that g; # p, g2 # p, and, moreover, neither ¢ nor g, is GFS-trivial with respect
to G.

(vi) We shall define the set of closed subgroups of G

GFS;(G)

as follows:

e If G is a pro-p configuration space group for some prime number p, then GFS;(G) is
defined to be the set of closed subgroups of G obtained by applying the construction
discussed in [7, Theorem 2.5, (v)], 1.e., to be the set of “generalized fiber subgroups
of G of co-length 7”.

e If G is not a pro-p configuration space group for every prime number p, and there is

no prime number strictly GES-special with respect to G, then GFS;(G) ')

e If there exists a prime number p strictly GFS-special with respect to G [which thus
implies that G is not a pro-p’ configuration space group for every prime number

p'], then GFS;(G) def GFSi(G,q), where ¢ is a prime number such that g # p, and,

moreover, ¢ is not GES-trivial with respect to G. [One verifies immediately from the

various definitions involved that this “GFS;(G)” does not depend on the choices of
€99 G99 ]

such prime numbers “p”, “q”.
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Theorem 4.8. Let i be an element of {0, ...,n}. Suppose that the inequality
142-#(XN{char(k)}) <#%

holds. Then the equality
GFSi(Hn) - @t(nrJ
holds.

Proof. This assertion is a formal consequence of Lemma 4.5 and the implications (1) = (2) = (3)
of Lemma 4.6. 0

Corollary 4.9. For each O € {,%}, let

“n be a positive integer,

D¢, By nonnegative integers such that 2 —25g —5r < 0,
Uk a separably closed field,

SX T+ a hyperbolic curve of type (Fg,“r) over Bk, and
UY a set of prime numbers.

Suppose that, for each O € {t,%}, the inequality

1+2-#(P=n{char(Fk)}) <#-x

holds. Let

. £~ )
o mwiame(fx (tn)) miame (tx (in))

be a continuous isomorphism. Then the following assertions hold:
(i) The equalities
fy — iz’ fh=*%
hold.

(i) Let i be an element of {0,...,"n =*n} [cf. (i)]. Then the isomorphism o determines a
bijective map

GFS; (niame(TXarn) )TZ) —~. GFS; (niame@X&rﬂ) )*Z) ‘

(iii) If, moreover, the inequality "n = *n > 2 [cf. (i)] holds, then the equalities

hold.
(iv) If. moreover, the inclusion {char("k),char(*k)} C 'E =*X [cf. (i)] holds, then the equality
char("k) = char(*k)

holds.
(v) If. moreover, the set 'S = *¥ [cf. (i)] is the set of all prime numbers, and char('k) =
char(*k) # 0 [cf. (iv)], then the equalities

hold.
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Proof. The first equality of assertion (i) follows from the equivalence of (3) < (4) of Lemma 4.6.
Next, we verify the second equality of assertion (i) and assertion (ii1). Let us first observe that
since [we have assumed that] the inequality 1+ 2 -#(“X N {char(“k)}) < #~Z holds for each [ €
{+,%}, it follows from the first equality of assertion (i) that ("X \ (T N {char("k)})) N (*Z\ (*ZN
{char(*k)})) is nonempty. Let [ be an element of this intersection. Then it is immediate that,
to verify the second equality of assertion (i) and assertion (iii), we may assume without loss of
generality, by replacing "X = * [cf. the first equality of assertion (i)] by the subset {1}, that T¥ =
Y= {l}. Then the second equality of assertion (i) and assertion (iii) follow from [7, Theorem 2.5,
(i), (vi)] [cf. also [22, Theorem 2.15]]. This completes the proof of assertions (i), (iii). Assertion
(i1) is a formal consequence of Theorem 4.8.

Finally, we verify assertions (iv), (v). Let us first observe that it follows from assertion (ii) that,
to verify assertions (iv), (v), we may assume without loss of generality, by replacing "n = *n [cf.
assertion (i)] by 1, that Tn = *n = 1. Then since [we have assumed that] the inequality 1+2-#(“£N
{char(Yk)}) < #7X holds for each (I € {f,%}, assertion (iv) follows from [26, Corollary 1.2].
Moreover, assertion (v) follows from [27, Theorem 4.1]. This completes the proof of assertions
(iv), (v), hence also of Corollary 4.9. 0

Corollary 4.10. Suppose that we are in the situation of Corollary 4.9. Suppose, moreover, that the
following four conditions are satisfied:

(1) The equality Tg = 0 holds.

(2) Both "k and ¥k are algebraic over the minimal subfields, respectively.

(3) The inequality char(k) > 0 holds.

(4) The set 'Y is the set of all prime numbers.
Then there exists a commutative diagram of schemes

~

X ix
Uiy — Vi)

»

X (my = K

— where the horizontal arrows are isomorphisms of schemes, and the vertical arrows are the
natural open immersions.

Proof. This assertion follows immediately from Corollary 4.9, (i), (i1), (iv), and [27], Corollary
5.9. O

5. CYCLOTOMES THAT ARISE FROM CONFIGURATION SPACES OF HYPERBOLIC CURVES

In the present §5, we discuss cyclotomes that arise from the tame fundamental groups of con-
figuration spaces of hyperbolic curves [cf. Definition 5.4, (iv), below]. In particular, we establish a
certain synchronization phenomenon concerning such cyclotomes [cf. Lemma 5.5, (vi), below].

Definition 5.1. We shall define a finitely generated field to be a field that is finitely generated over
the minimal subfield of the field.

Proposition 5.2. Let k be a field, k a separable closure of k, X+ = (X,D) a good pair over k, and

I1 an intermediate profinite quotient of the profinite quotient "™ (X ") — Gal(k/k) [cf. Defini-

tion 1.1, (iii)] of w*™e(X ™). Write A C I1 for the [necessarily closed) subgroup of T1 obtained by
27



forming the kernel of the resulting continuous surjective homomorphism I — Gal(k/k). Suppose
that k is either a finitely generated field or the perfection of a finitely generated field, and that X is
proper over k. Then the following assertions hold:

(i) Suppose that k is infinite. Then the topological group Gal(k/k) is quasi-elastic but not

topologically finitely generated.

(ii) The topological group A is topologically finitely generated.

(iii) The field k is finite if and only if the topological group I is topologically finitely generated.

(iv) Suppose that k is finite. Then the subgroup A C I1 coincides with the kernel of the natural
continuous surjective homomorphism from I1 to the maximal abelian torsion-free profinite
quotient of T1.

(v) Suppose that k is infinite. Then the subgroup A C II coincides with the unique maximal
normal closed subgroup of 11 that is topologically finitely generated.

Proof. First, we verify assertion (i). Let us first recall that it is well-known that the absolute Galois
group of a field is isomorphic to the absolute Galois group of the perfection of the field. Thus,
assertion (i) follows from [3, Theorem 13.4.2], [3, Lemma 16.11.5], and [3, Proposition 16.11.6].
This completes the proof of assertion (i). Assertion (ii) follows from [17, Proposition 2.2].

Next, we verify assertion (iii). Observe that one verifies easily that it follows from assertion
(i1) that, to verify assertion (iii), we may assume without loss of generality, by replacing IT by
Gal(k/k), that IT = Gal(k/k). If k is finite, then it is well-known that IT is procyclic, hence also
topologically finitely generated. If k is infinite, then it follows from assertion (i) that IT is not
topologically finitely generated. This completes the proof of assertion (ii1). Assertion (iv) follows
from [17, Theorem 2.6, (1)]. Assertion (v) follows immediately from assertions (i), (i1). This
completes the proof of Proposition 5.2. U

In the remainder of the present §5, for each [ € {+,%}, let

Y be a positive integer,

He, Uy nonnegative integers such that 2 —25g —Hr < 0,

Dl_c a field,

Uk a separable closure of Uk, and

Hx+ = (PX,PD) a hyperbolic curve of type (Fg,"r) over “k.
For each (0 € {t,+} and each i € {0,...,5n}, write

e "p for the characteristic of the field "k,

. DXS; ' Ox xq . Pk,BD %o k Sk) for the hyperbolic curve over "k obtained by forming
the base-change of “X ™ to Uk,

e Go, &ef Gal(Pk/“k) for the absolute Galois group of the field Pk determined by the sepa-
rable closure Yk,

o U & n{ame(DXa) [cf. Definition 2.6; Lemma 2.8, (i)], and

o O; € miame (OX1 ) ) [cf. Definition 2.6; Lemma 2.8, ().

Thus, for each (J € {+,1} and each i € {0,...,5n}, the natural morphisms (DXDE)(,-) — DX(,-) —
Spec(“k) [cf. Definition 2.6] determine an exact sequence of topological groups

1 gy iyt Go, 1.
28




Foreach (] € {1,%}, let us fix a lifting Spec(“k) — .41 o0, of the classifying morphism Spec(“k) —
M 2,07 of the hyperbolic curve X [cf. Remark 2.3.1] whenever the hyperbolic curve DX+ is
split.

Definition 5.3. Let (] be an element of {+,$}. Then, for each positive integer j, we shall write
wi(Fk) € P
for the subgroup of j-th roots of unity in “k. Moreover, we shall write

A(R) = tim p;(TR)

— where i ranges over the positive integers — for the cyclotome associated to Uk.

Remark 5.3.1. Let [J be an element of {f,%}. Then recall that it is well-known that the module
A(Pk) has a natural structure of profinite module; moreover, the resulting profinite module is
isomorphic to the pro-prime-to--p completion of the additive module Z.

Definition 5.4. Let [ be an element of {1,%},7a subsetof {1,...,5n+eay. } [cf. Definition 2.7,
(i)] of cardinality > en x+ + 1, and i an element of /.

(i) We shall write

def

O O O
Fier = Fii_ Pnven 0\ A i Puven, pu(TA0,)

O O
D”+€DX+}\I( ADn) = A#[_EDXJ,-

cf. Definition 3.4] and

HF e
for the maximal pro-prime-to-"'p quotient of 9 F;c;. Observe that one verifies easily from
the various definitions involved that this subgroup UFe C DA#I_SDX , of DA#I_SDX L isa
generalized fiber subgroup of DA#IstX . of co-length #I — egy, — 1.

(ii) Recall that one verifies immediately from Lemma 1.7 and Lemma 2.8, (ii), that the sub-
group DFig - DA#I_EDX N of DA#I_SDX ., may be naturally regarded as a quotient of the
tame fundamental group of the good pair obtained by considering the geometric fiber
[cf. Lemma 1.4] of the unique morphism DX(#I_€DX+) — DX(#1—8DX+—1) that fits into the

commutative diagram

O
T X(Dn) pI‘
P {]A’“"DI’[-"_EI:‘X% “\’Dnismxﬁ» NI\
O O
X(#1—eny ) X1—eny . —1)-

We shall define a cuspidal inertia subgroup of DF,E[ (respectively, of Up icr) to be a
[necessarily closed] subgroup of OFer (respectively, of DF ;) obtained by forming the

image of a cuspidal inertia subgroup [i.e., an inertia subgroup associated to a cusp] of the
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tame fundamental group of the good pair obtained by considering the geometric fiber of
the above morphism DX(#I_SDX+) — DX(#I_SDX+_1).

(iii) For each positive integer j prime to = p, we shall write
HCZ(DEiela Z/.]Z)

for the “second cohomology group with compact supports” of “Fc; [cf. [8, Definition
3.1, (ii), (iv)]], i.e., the module defined as follows:
e We shall define a cuspidally trivialized central extension of “Fic; by 7 /JZ to be a
central extension

| —>2/j7 —=E —="Fic; — 1

of UFc; by 7/ j7 equipped with a collection {sc: C — E xn F,, Ctc — where C
ranges over the cuspidal inertia subgroups of DF;c; — of splittings of the extension
obtained by restricting the above extension E to C C UF ;< such that, for each cuspi-
dal inertia subgroup C of “F;c; and each y € PF;¢;, the splitting for the conjugate of
C by 7 is given by the conjugate of the splitting for C by |a lifting in E of] 7.

e Let (E,{sc}c), (E',{s;-}c) be cuspidally trivialized central extensions of “F;c; by
Z/jZ. Then we shall say that (E,{sc}c) is equivalent to (E',{s;}c) if there exists
a continuous isomorphism of E with E’ over F;c; that restricts to the identity au-
tomorphism of Z/jZ and, moreover, is compatible [in the evident sense| with the
collections {sc}c, {s}c of splittings.

e The set H>(“F;c;,7./jZ) is defined to be the set of the equivalence classes of cuspi-
dally trivialized central extensions of 9F;c; by Z/ jZ.

e Let (E,{sc}c), (E',{si-}c) be cuspidally trivialized central extensions of ZF;c; by
Z/ jZ. Then it is immediate that the fiber product E x g Fi E ' has a natural structure
of a central extension of “F;c; by Z/jZ x 7./ jZ.. Thus, by pushing out this central
extension by the addition Z/jZ x 7./ jZ. — 7./ jZ. of the module Z/ jZ, we obtain
a central extension E” of DE ic1 by 7,/ jZ.. Moreover, one verifies immediately that
the collections {sc}c, {s¢}c of splittings naturally determine a collection {s.}¢ of
splittings of the extension obtained by restricting the above extension E” to the vari-
ous cuspidal inertia subgroups of “F;c;, which gives rise to a structure of cuspidally
trivialized central extension of “F;c; by Z /JjZ. Now one also verifies immediately
that the equivalence class [E”, {s{.}c] of (E”,{s{.}c) depends only on the respective
equivalence classes [E,{sc}c|, [E',{s¢}c] of (E,{sc}c), (E',{s¢}c). Finally, one
also verifies immediately that if one writes

[E, {scye] + [E' {sehe] & [E" {st} ],

then this “+ determines a module structure on the set H>(PF;c;, 7/ j7).
(iv) We shall write

def .. . .
A(PFier) = limHom (HZ (“Fie1, 2/ jZ), 2/ jZ)
J

30



— where j ranges over the positive integers prime to = p — for the cyclotome associated
to U F i [cf. [8, Definition 3.8, (i)]].
Remark 5.4.1. Suppose that we are in the situation of Definition 5.4.

(i) Recall that one verifies immediately from Lemma 2.8, (iii), that the group “F;c; may be

naturally identified with the maximal pro-prime-to-"p quotient of the étale fundamen-
. . Oy Oy

tal group of the geometric fiber of the morphism U(#I_ eny ) — U(#I_ eny s 1) [cf. Def-
inition 2.6] determined by the morphism DX(#I,SDﬁ) — DX(#I*EDW* 1) that appears in
Definition 5.4, (ii). In particular, it is well-known [cf., e.g., the discussion preceding [26,
Corollary 1.4]] that if C is a cuspidal inertia subgroup of UFier (respectively, of DFicp),
then there exists a natural identification isomorphism

C —> A("k).
(ii) It follows immediately from [8, Corollary 3.9, (ii), (iii)] that there exists a natural identi-
fication isomorphism
A(PFier) —= A(k).
Lemma 5.5. Let
o: ', —> 11,
be a continuous isomorphism. Suppose that the following two conditions are satisfied:

(1) The isomorphism o restricts to an isomorphism TATn 5 iAin.
(2) There exists a prime number | such that | # Tp, and, moreover, the image of the l-adic
cyclotomic character Gy, — Z,* of Gy, is open.

Then the following assertions hold:
(i) The equalities 'n = *n, Tp = *p hold.
(ii) Let i be an element of {0,...,'n =*n} [cf. (i)]. Then the isomorphism o determines a
bijective map

GFS;(TA:,) —> GFS;(*As,,)

[cf- Definition 3.4].
iii) Let 'I be a subset o 1,..., Tn+ E v+ | of cardinality > &+ + 1, and let i be an element
X.- X.-
Tk Tk

of TI. Then there exist a subset *I of {1,... i+ 8¢th} of cardinality > €:y+ + 1 and an
% %

element *i of *I such that the isomorphism o restricts to continuous isomorphisms

| i ~ NG
F{1,...,Tn+sTX%}\(T1\{n})( Aiy) *>F{l,...,in+8¢X%}\(iI\{$i})( Asy),

, T ~ f
F{l,...,vn+su‘+ nir('Ar,) F{l,...,¢n+g¢)&+ nir(FAs,).
i ix
In particular, the isomorphism o determines a continuous isomorphism

L) AN
Frjeip — "Frexy-
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(iv)

(v)

In the situation of (iii), let TC C TETie*I be a cuspidal inertia subgroup of TE”EU. Then
the image cc iEiieiI ofTC C TET,'GTI by the isomorphism TEHGT, 5 iEiieil induced by
the isomorphism T F,ci; = *Fy;cep of (iii) [of. (1)) is a cuspidal inertia subgroup of *F ;1.
In the situation of (iv), the diagram of modules

'€= A(K) <= A("Fricty)

zi |

FC—= ACK) =— A(Fiieny)

— where the left-hand horizontal arrows are the isomorphisms discussed in Remark 5.4.1,

(i), the right-hand horizontal arrows are the isomorphisms discussed in Remark 5.4.1,

(ii), and the vertical arrows are the isomorphisms induced by the isomorphism o [cf. (i),

(iii), (iv)] — commutes.

In the situation of (iii), let 'I' be a subset of {1,...,"'n+ ETX_‘t} of cardinality > Erx: +
k k

1, and let Ti' be an element of TI'. Thus, it follows from (iii) that there exist a subset
' oof {1,..., % n+ &x+} of cardinality > Eix; + 1 and an element *i' of *I' such that
Tk k

the isomorphism o determines a continuous isomorphism "Fiy_tp = ¥Feycep. Then the
diagram of modules

A(TFiier)) === A(TK) <=— A(Frjcip)

zl lz
A(FFiiee)) —= ACk) <— A(Fiyerp)
— where the horizontal arrows are the isomorphisms discussed in Remark 5.4.1, (ii), and

the vertical arrows are the isomorphisms induced by the isomorphism o [cf. (1), (iii), (iv)]
— commutes.

Proof. Assertions (i), (ii) follow formally from Corollary 4.9, (i), (ii), (iv) [cf. also condition (1)].
Assertion (iii) follows formally from assertion (ii). Assertion (iv) follows formally from assertion
(i) and [14, Corollary 2.7, (i)] [cf. also condition (2)]. Assertion (v) follows formally from [8,
Corollary 3.9, (v)].

Finally, we verify assertion (vi). Let us first observe that one verifies easily that, to verify asser-

tion (vi), we may assume without loss of generality, by replacing “k by a suitable finite extension
field of Uk in Uk, that the hyperbolic curve Ox+ is split for each [J € {{,%}. Moreover, observe
that it follows from assertion (ii) [cf. also [8, Corollary 3.9, (ii)]] that, to verify assertion (vi), we
may assume without loss of generality, by replacing "Il by the quotient “Ilg, /Fin,(FAg,) =
DHmin{Dn.,#{Di,Di’}} — where B/ is a suitable subset of {1,...,"n+ &0y }\ {7i,7i'} of cardinality
max{0,“n —#{"i,5i'}} — for each O € {¥, %}, that the inequalities

n<#{fiiY (<2),  m<#{NN} (<2)
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hold. Next, observe that if Tn = 1, then assertion (vi) is immediate. Thus, to verify assertion (vi),
we may assume without loss of generality that the equalities

Tn=#{"TY = tn=#{% '} =2

[cf. assertion (i)], hence also the equalities { i, 7i'} = {¥i,#i'} = {1,2}, hold.

Next, let us observe that it follows immediately from the well-known structure of the maximal
pro-prime-to-p quotient of the étale fundamental group of an algebraic curve over a separably
closed field of characteristic p, together with the various definitions involved, that, for a given
cuspidal inertia subgroup of W F 0,c0;» the following two conditions are equivalent:

e The given cuspidal inertia subgroup of “F ;c0; arises from the diagonal divisor of X xo K

Ox (2 U(DD{i) ) [cf. Remark 2.6.1, (i)].

e The given cuspidal inertia subgroup of “F 0,c0; may be obtained by forming the image in
OFn ic0; of a closed subgroup of DADn that is a cuspidal inertia subgroup of B Fp ic0y and
is also a cuspidal inertia subgroup of & Fry vy

Thus, it follows immediately from assertion (v) that, to verify assertion (vi), it suffices to verify
that, in the situation of assertion (iii), if one takes the “'C” to be a cuspidal inertia subgroup

that arises from the diagonal divisor of D¢ Xk D¢ (oU ?}i )), then the “*C” is a cuspidal inertia

(
subgroup that arises from the diagonal divisor of ¥X x:, *X (D U;fi )). On the other hand, this

assertion follows immediately — in light of the well-known structure of the maximal pro-prime-
to-p quotient of the étale fundamental group of an algebraic curve over a separably closed field of
characteristic p, together with the various definitions involved — from the above equivalence and
assertion (ii). This completes the proof of assertion (vi), hence also of Lemma 5.5. ]

Definition 5.6. In the situation of Lemma 5.5, suppose that the equality ('k, k) = (*k,*k) holds.
Then we shall say that the isomorphism « is cyclotomically trivial if, in the situation of Lemma 5.5,
(iii), the composite

A(TE) ~— A(TE""ie"LI) — A(iEiiEiI) — A(i%) = A(TE)

— where the first and third arrows are the isomorphisms discussed in Remark 5.4.1, (ii), and
the second arrow is the isomorphism induced by the isomorphism of Lemma 5.5, (iii) [cf. also
Lemma 5.5, (i), (iv)] — is the identity automorphism of A(k). Observe that it follows from
Lemma 5.5, (vi), that this composite does not depend on the choice of “(TI IRya ii)”.

Remark 5.6.1. Let o: TH-;-n = imn be a continuous isomorphism. Suppose that the field Tk
(respectively, k) is either a finitely generated field or the perfection of a finitely generated field.
Then let us first observe that it follows from Proposition 5.2, (iii), (iv), (v), that the isomorphism
o satisfies condition (1) that appears in the statement of Lemma 5.5. Moreover, observe that
one verifies easily that the isomorphism o satisfies condition (2) that appears in the statement of

Lemma 5.5.
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6. THE ANABELIAN GROTHENDIECK CONJECTURE FOR CONFIGURATION SPACES OF
HYPERBOLIC CURVES

In the present §6, by applying the results obtained in the previous sections, together with some
recent developments in the study of the anabelian geometry of hyperbolic curves over fields of pos-
itive characteristic in [28], we prove the absolute version of the anabelian Grothendieck conjecture
for the tame fundamental groups of the configuration spaces of hyperbolic curves over [the per-
fections of] finitely generated fields of positive characteristic [cf. Theorem 6.7 below|. This result
may be regarded as a higher dimensional generalization of [26, Theorem 0.5], [15, Theorem 3.2],
and [28, Theorem B]. Finally, we also discuss the relative versions of the anabelian Grothendieck
conjecture for the tame fundamental groups of the configuration spaces of hyperbolic curves over
[the perfections of] finitely generated fields of positive characteristic [cf. Theorem 6.8 below and
Corollary 6.9 below|, which generalize [24, Theorem 1], [25, Theorem 5.1.3], [28, Theorem A],
and [28, Theorem 2.9].

In the present §6, for each OJ € {t,%}, let
U be a positive integer,

Hg, Ur nonnegative integers such that 2 —29g —59r < 0,

Up a prime number,

Uk a field of characteristic ™ D,

Yk a separable closure of "k, and

Hx+ = (UX,PD) a hyperbolic curve of type (Fg,"r) over “k.
For each (0 € {f,%+} and each i € {0,...,5n}, write

. DXD; = (UX o, Pk,PD x g, Pk) for the hyperbolic curve over “k obtained by forming
the base-change of “X ™ to Uk,

e Go, & Gal(Pk/“k) for the absolute Galois group of the field Pk determined by the sepa-

rable closure "k,
o U & 7me(FX 1) [cf. Definition 1.1, (iii); Definition 2.6; Lemma 2.8, (i)}, and
o A Y e ((UX7) ) [cf. Definition 2.6; Lemma 2.8, (i)].
Thus, for each (J € {+,%} and each i € {0,...,"n}, the natural morphisms (DXDE)@ — DX(i) —
Spec(“k) [cf. Definition 2.6] determine an exact sequence of topological groups

1 gy 51, Goy, 1.

Foreach (0 € {f,%}, let us fix a lifting Spec(“k) — .0 o0, of the classifying morphism Spec(“k) —
A5, 0, of the hyperbolic curve SX+ [cf. Remark 2.3.1] whenever the hyperbolic curve "X is
split.

Definition 6.1. Let S|, S, be schemes. Then we shall write
Isom(Sy,S>)

for the set of isomorphisms S 5 S, of schemes and

Aut(S)) &f Isom(Sy,S;)

for the group of automorphisms of the scheme S;.
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Proposition 6.2. For each O € {1}, write Aut” (U X)) C Aut(U X ) [cf. Definition 2.6] for

the subgroup of the [automorphisms of U (DD);

DX(Dn).
(i)
(ii)

(iif)

(Hn) (Hn)

induced by the] modular symmetry automorphisms of

)

Then the following assertions hold:

Every isomorphism U (?fl ) SU (?51 ) extends to a unique isomorphism "X (in) 53 (tn)-

Every isomorphism U(HT); ) SUu (?51 ) lies on a unique isomorphism *k = k. In the remainder

of the statement of the present Proposition 6.2, fix an isomorphism ¥k = Yk over this
isomorphism ¥k = k.

Suppose that the equality 'n = *n holds, and that, for each O € {t,%}, the hyperbolic
curve BX* is split. Recall from Remark 2.6.1, (1), that, for each O € {¥,%}, the scheme

U (DD)Z ) may be naturally identified with the n-th configuration space of U (Dli(’ which thus
fx ~

implies that every isomorphism U { fg SU (i fg naturally determines an isomorphism U (Fn) —

U(:i); . In particular, we have a natural [necessarily injective] map Isom(U(ng,U(ifﬁ ) —

Isom(U(fz),U(?;)), by means of which we shall regard Isom(U(ng,U(?%) as a subset of

X tx .
Isom(U(Tn) U ):

i i T k4
Tsom(Ui), Ur)) € Tsom(Uiry, Uiy

Let f: U (?fl ) SU (?51 ) be an isomorphism. Then there exists an element oy of Aut” (U, (?fl))

such that, for every subset I of {1,..., n+ e} N{1,... . ¥n 4 €+ } [cf Definition 2.7,
()] of cardinality < 'n = *n, the continuous outer isomorphism " A, = *As,, induced by

the isomorphism U (Tffl ) Xtk kS U (i)fl ) Xk tk determined by the composite f o o [cf. (ii)]

maps F;(TAs,) [cf. Definition 3.4] bijectively onto Fi(*As,). Moreover, in this situation,

ix
U(in

the composite f ooy € Isom(U,

(fn)’ )) is contained in the subset Isom(U(Tl’g, U(iljg)

Proof. Assertions (1), (i1) follow immediately from a similar argument to the argument applied in
the proof of [9, Lemma 2.7, (1)]. Assertion (iii) follows immediately from a similar argument to
the argument applied in the proof of [9, Lemma 2.7, (i), (ii), (iii)], where we replace “[MzTa],
Corollary 6.3” in the proof of [9, Lemma 2.7, (i), (ii), (ii1)] by Corollary 4.9, (ii), of the present
paper [cf. also Lemma 4.4, (i), of the present paper|. This completes the proof of Proposition 6.2.

O

Lemma 6.3. Let o be a continuous automorphism of THTW and let F C THTn be a generalized fiber
subgroup of *ATn of co-length "n — 1. Suppose that the following three conditions are satisfied:

(1)
(2)

(3)

The inequality 'n > 2 holds.

The automorphism o of TH-;-n preserves F C TH-;-n and induces the identity automorphism
of the quotient 'T;, /F = Tl .

The field Tk is either a finitely generated field or the perfection of a finitely generated field.

Then the following assertions hold:
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(i) Let N C THT,, be a normal open subgroup ofTHTn. Write Z,_| — U;X N (respectively,

Zs, — U('X) Z' — U ) for the finite étale Galois covering that corresponds to the

normal open subgmup N/(NﬂF) C ':, /F = TT:,_, (respectively, N C 'Tl;,; a(N) C
'TL+,). LetZ — Z:, | be a geometric point of Z:, ;. Write (Z:,)= (21 )z for the respec-
tive geometric fibers at 7 — Z:,_ of the natural morphisms Z:, — Z: ZT’n —Zi,
[cf (2)] and 7((Z:,)z), tht((Zin)g) for the respective maximal pro-prime-to-'p quo-
tients of T((Z:,)z), ﬁft((Zin)g) [cf. conditions (1), (3) of Definition 1.3; Lemma 2.8,
(ii)]. Thus, it follows from Lemma 2.8, (iii), that the maximal pro-prime-to-'p quo-
tients of NOF, a(N) N F may be naturally identified with my'((Z:,,)z), nft((Z’ )z), re-
spectively. In particular, the automorphism o determines a continuous isomorphism

~ ~

nlet((ZTn) ) — nft((ZTn) ) [¢f: (2)]. Then this isomorphism 71'1 Y(Zi))z) — nlet((Z’ )z)
arises from a unique isomorphism (Z:,)z — (Z;, )z overZ.

(ii) In the situation of (i), suppose that the equality N = TH+n holds [which thus implies that
(Z+,)z = (Z)z]. Then the unique isomorphism (Z,)z — (Z: )z of (i) is the identity auto-
morphism of (Z+,)z = (Zi )z

(iii) The automorphism a is F-inner.

n—1

Proof. First, we verify assertion (i). Let us first observe that it follows from Remark 5.6.1, to-
gether with condition (3), that the automorphism o of THTn satisfies conditions (1), (2) that appear
in the statement of Lemma 5.5. Next, observe that it follows from Lemma 5.5, (vi), together with
conditions (1), (2), that if one writes F for the maximal pro—prime—toj p quotient of F, then the au-
tomorphism of A(F) [cf. Definition 5.4, (iv)] induced by « [cf. Lemma 5.5, (iv)] is the identity auto-
morphism. Thus, one verifies immediately — by considering a suitable quotient [i.e., as discussed
in Lemma 2.8, (iii)] of the inverse image of the decomposition subgroup of N/(N N F) associated
to a closed point of Z:, ; by the natural continuous surjective homomorphism N — N/(NNF)
(respectively, a(N) — a(N)/(o(N)NF)=N/(NNF)) — from [28, Theorem 2.9], together with

conditions (2), (3), that the continuous isomorphism 7$((Z:,,)z) = nft((Z§n) ) that appears in the

statement of assertion (i) arises from a unique isomorphism (Z:, )z — (Z; )z overZ, as desired. This
completes the proof of assertion (i).

Next, we verify assertion (ii). Let us observe that it follows from [10, Lemma 2.14, (i)] that,
to verify assertion (ii), it suffices to verify that the automorphism 7((Z:,):){!} & n'lét((Zén)z){’}
induced by the isomorphism 7$'((Z;,,)z) = 7 (Zi)z) that appears in the statement of assertion
(i) is inner. On the other hand, this assertion follows from [16, Proposition 1.2, (ii1)], together with
conditions (1), (2). This completes the proof of assertion (i1). Finally, we verify assertion (iii).
Observe that it follows formally from assertions (i), (ii) that the restriction of & to F is inner. Thus,
assertion (iii) follows from Theorem 3.7, (ii), and Lemma 6.4 below, together with condition (2).
This completes the proof of assertion (iii), hence also of Lemma 6.3. U

Lemma 6.4. Let
1—G — G, — Gz — 1
be an exact sequence of groups, and let ¢ be an automorphism of G,. Suppose that G is center-

free, and that ¢ induces the respective identity automorphisms of G, G3. Then o© is the identity

automorphism of G».
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Proof. Let ¥ be an element of G,. Then since o induces the identity automorphism of Gy, the
equalities y 1 -8-y=o0(y '-8-7) =c(y)"'-8-0(y) for each § € Gy, hence also the inclusion
o(y)y ! € Zs,(G)), hold. On the other hand, since o induces the identity automorphism of G3, the
inclusion 6(y)y~! € G holds. In particular, one concludes that 6(y)y~! € Zg,(G1) NG = Z(Gy),
which thus [cf. our assumption that G is center-free] implies that ¢ is the identity automorphism
of Gy, as desired. This completes the proof of Lemma 6.4. U

Definition 6.5. We shall say that a hyperbolic curve X * over a field k is isotrivial if, for an arbitrary
separable closure k of k, there exist a hyperbolic curve X(;r over the separable closure kg in k of the

minimal subfield of k and an isomorphism X T x k> X(;F X ko k over k.
Definition 6.6. Let G, G, be profinite groups. Then we shall write
Outlsom(G1,G3)

for the set of continuous outer isomorphisms G; — G, and

Out(Gy) & Outlsom(Gy, G1)
for the group of continuous outer automorphisms of Gj.

Theorem 6.7. Suppose that the following two conditions are satisfied:

(1) For each O € {*,%}, the field Pk is the perfection of a finitely generated field.
(2) If 'k is infinite, then the hyperbolic curve "X is nonisotrivial.

Then the natural map

Isom(U('T)fl) : U(?fl)) —~> Outlsom('II;, , *IT;, )

[cf. Proposition 6.2, ()] is bijective.

Proof. First, we verify the injectivity of the map under consideration. Let f be an automorphism of
the scheme U T)fl ) that induces the trivial continuous outer automorphism of the topological group

(

'{'Hm. Then it follows immediately from Proposition 6.2, (ii1), that the automorphism f of U, (?fl )

. . . i . . .
arises from a unique automorphism fj of U (1)§ . Now observe that since the automorphism f induces

the trivial continuous outer automorphism of the topological group THTn, the automorphism f
induces the trivial continuous outer automorphism of the topological group "II;. Thus, it follows
from [26, Theorem 0.5], [15, Theorem 3.2], and [28, Theorem B] [cf. also conditions (1), (2)] that
the automorphism fi, hence also the automorphism f, is trivial, as desired. This completes the
proof of the injectivity of the map under consideration.

Next, we verify the surjectivity of the map under consideration. Let o: TI’IM - il'lin be a
continuous isomorphism. Let us first observe that it follows from Remark 5.6.1, together with
condition (1), that the isomorphism ¢ satisfies conditions (1), (2) that appear in the statement of
Lemma 5.5. Next, observe that it follows from Lemma 5.5, (i), that the equality Tn = *n holds.

. def . . .
Write n = Tn = *n. In the remainder of the present proof, we prove the existence of an isomor-

phism U Zfi ) SU (?; ) whose image by the map under consideration is given by the continuous outer
automorphism determined by « by induction on n. If n = 1, then the desired existence follows
from [26, Theorem 0.5], [15, Theorem 3.2], and [28, Theorem B] [cf. also conditions (1), (2)].
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Suppose that n > 2, and that the induction hypothesis is in force. Also, observe that one verifies
immediately from the injectivity of the map under consideration [i.e., already verified in the first
paragraph of the present proof] that, to verify the desired existence, we may assume without loss
of generality, by replacing "'k by a suitable finite extension field of 'k in "k, that the hyperbolic
curve PX T is split for each O € {¥,%}.

Next, observe that it follows immediately from Lemma 5.5, (ii), that the set OutIsom ("I}, *IT;),

hence [cf. the induction hypothesis] also the set Isom(U(?g,U(?g ), is nonempty. Thus, it is imme-

diate that, to verify the desired existence, we may assume without loss of generality, by replacing
#XT by X [cf. also Proposition 6.2, (i), (iii)], that the equality ¥ = % holds, which thus implies
that « is a continuous automorphism of the topological group THTn. Next, observe that it follows
immediately from Lemma 5.5, (ii), that, to verify the desired existence, we may assume without
loss of generality, by replacing & by the composite of ¢ with a continuous automorphism of TI; "
that arises from a suitable modular symmetry automorphism of "X (tn)» that

(a) the automorphism « preserves every generalized fiber subgroup of TATn.

Let F C TH-;-n be a generalized fiber subgroup of TA-;-n of co-length 1. Thus, it follows imme-
diately from the induction hypothesis [cf. also (a)] that, to verify the desired existence, we may

assume without loss of generality, by replacing & by the composite of o with a continuous auto-
X

morphism of TH% that arises from the automorphism of U ()

determined by a suitable automor-
phism of U(Tfﬁ cf. Proposition 6.2, (i), (iii)], that

(b) the automorphism ¢ induces the identity automorphism of the quotient THTn JF ="T1;.
Next, observe that it is immediate that, to verify the desired existence, it suffices to verify that
ais TA»;-n-inner. In the remainder of the present proof, we prove that « is TA+n—inner by induction
on n. If n =2, then it follows from Lemma 6.3, (iii), together with conditions (1), (2) [cf. also
(b)], that o is TAfn-inner. Suppose that n > 3, and that the induction hypothesis is in force. Let
F' C 'TI, be a generalized fiber subgroup of TAs, of co-length 'n — 1 that is contained in F. Thus,
it follows immediately from the induction hypothesis [cf. also (a)] that

(c) the automorphism of the quotient 'TI+,/F’ = "TI;, , induced by « is "A+, ,-inner.
In particular, it follows from Lemma 6.3, (iii), together with conditions (1), (2) [cf. also (c)],

that o is TATn-inner, as desired. This completes the proof of the surjectivity of the map under
consideration, hence also of Theorem 6.7. OJ

Remark 6.7.1. Observe that if, in the situation of Theorem 6.7, one drops the nonisotriviality
assumption [i.e., condition (2)], then the conclusion no longer holds in general. A counter-example
is discussed in [28, Remark 4.10.1].

Remark 6.7.2. Let us point out that, as far as the authors know, Theorem 6.7 is the first result
concerning the absolute version of the anabelian Grothendieck conjecture for varieties in positive
characteristic of higher dimension [i.e., of dimension greater than one].

Theorem 6.8. Suppose that the following two conditions are satisfied:

(1) The equality ("k, k) = (*k,¥k) holds.

(2) The field 'k is either a finitely generated field or the perfection of a finitely generated field.
Write

i E 1 i
soms (Ui, Uiy) € Isom(Upsy, Upiy)
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for the subset of isomorphisms U (TT)Z ) = (2(1 ) over Tk =k,
Isomg, ("I, *II,)

for the set of continuous isomorphisms TH+n 5 iﬂin over G+ = Gy that are cyclotomically trivial
[cf. (1), Remark 5.6.1], and

A\Isomé+k (THTn ) inin)

for the quotient set of Isomg_l_ (TH%, J:I_Lpn) with respect to fFAin-conjugation. Then the natural map
k

in)) — A\Isomé\;-rk (THTI’Z’ inﬂtn)

Isom-;—k(U(?;) , U(X

[cf. Proposition 6.2, (1)] is bijective.
Proof. This assertion follows immediately from the argument obtained by replacing “[26, Theorem
0.5], [15, Theorem 3.2], and [28, Theorem B]” in the proof of Theorem 6.7 by [28, Theorem
2.9]. O
Corollary 6.9. Suppose that the following three conditions are satisfied:

(1) The equality ("k, k) = (*k,*k) holds.

(2) The field “k is an infinite finitely generated field.

(3) The hyperbolic curve "X+ is nonisotrivial.

Write
i ¥
Tk

. . tx ~ y7ix . . . . «
for the set of isomorphisms U(*n) — U(in) in the category Var+k7 FT;I defined in the discussion “In-

verting Frobenius” following [25, Lemma 4.1.1],

Isomg, ("I, *Tl;,)
for the set of continuous isomorphisms TH-;-n 5 iﬂin over G = Gy, and
aIsomg,, (', * 11,
for the quotient set of IsomGTk (THm, iI'Llcn) with respect to iAin-conjugation. Then the natural map

fx Uix

ISOl’n+k7FT;1 (U(Tl’l) s (in)) % A\IsomGTk (-‘-H-rn, in_}.n)

[cf. Theorem 3.7, (ii); Proposition 6.2, (i), the discussion following [25, Lemma 4.1.6]| is bijective.

Proof. Letus first observe that one verifies immediately from Theorem 6.8 [cf. also [28, Lemma 4.2]]
that, to verify Corollary 6.9, it suffices to verify that, for each continuous isomorphism o : I, " 5
iﬂin over Gy, = Gy, the composite
A(TE) ~— A(TEWG"LI) — A(iEiiEil) — A(i%) = A(TE)
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discussed in Definition 5.6 that arises from « [cf. conditions (1), (2); Remark 5.6.1] is given by
multiplication by "p" = ¥p" for some integer N [cf. also Remark 5.3.1]. On the other hand, this
follows immediately from [28, Proposition 4.4], together with Lemma 5.5, (ii) [cf. conditions (1),
(2), (3)]. This completes the proof of Corollary 6.9. O

Remark 6.9.1. The “general formal content” of the two remarks following Theorem 6.7 applies
to the respective situations discussed in Theorem 6.8, Corollary 6.9, as well. We leave the routine
details of translating these remarks into the language of the respective situations of Theorem 6.8,
Corollary 6.9 to the interested reader.
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