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Abstract

We propose a new voting algorithm based on the pairwise majority-comparison matrix derived
from voters’ preference profiles. We show that this algorithm induces exactly the winner set of the
Schulze rule (Schulze, 1997). Our algorithm successively eliminates weaker candidates in terms
of all-pairs comparisons, thereby reflecting a dual spirit to Condorcet’s original idea of splitting
preference cycles (de Condorcet, 1785). We further show that the direct sum of the survival
sets obtained at each elimination round coincides with the Schwartz set (Schwartz, 1972). These
two equivalence results provide a formal mathematical foundation for the “folklore” relationship
between the Schulze winner set and the Schwartz set, as well as a new Condorcetian interpretation
of the Schulze winner set.

JEL classification: D71.

Keywords: Schulze rule, Schwartz set, Condorcet winner, Network optimization.

1 Introduction

The problem of aggregating individuals’ preferences to determine a socially desirable alternative has
been studied for centuries and constitutes one of the central themes of social choice theory. When there
are only two alternatives, the problem is comparatively simple: the majority rule is widely regarded

as the most natural democratic procedure, and its axiomatic characterization was established by May
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(1952). However, once there are three or more alternatives, pairwise majority preferences may fail to
satisfy transitivity, thereby giving rise to the phenomenon known as the Condorcet cycle.

To address this difficulty, de Condorcet (1785) proposed a remarkable procedure based on pairwise
majority comparisons. He first considered the complete system of pairwise majority propositions and
observed that this system may become “inconsistent” due to cyclic majority relations. Condorcet
then suggested successively eliminating those propositions supported by the weakest pluralities until
a consistent system remains.! This idea naturally leads to the alternative, Condorcet winner, namely
an alternative that defeats every other alternative in pairwise majority comparison. A voting rule that
always selects the Condorcet winner whenever it exists is called a Condorcet-consistent rule.

Among the well-used Condorcet-consistent rules is the Schulze rule, introduced by Schulze (1997).2
The Schulze rule evaluates how strongly an alternative x defeats another alternative y through paths
in the pairwise majority graph. More precisely, for every path from x to y, one considers the weakest
pairwise support of alternative z against another alternative w along that path, and the strength of x
against y is defined as the maximum such value over all paths from x to y. The winner is then deter-
mined according to these strongest-path comparisons. From a graph-theoretic viewpoint, computing
the Schulze winner set is an instance of the all-pairs bottleneck path problem, which can be solved by
classical algorithms such as the Floyd—Warshall algorithm (Floyd, 1962; Warshall, 1962).

We propose a new algorithm inspired by the original spirit of Condorcet’s successive elimination
procedure. Our algorithm also relies on pairwise majority comparisons, but instead of propagating
strongest paths, it successively eliminates weaker pairwise relations between alternatives. Intuitively,
if an alternative x is insufficiently supported against some alternative, then the possibility that x should
ultimately win is discarded. While Condorcet’s original proposal successively eliminated pairwise re-
lations with the smallest plurality margins, our algorithm successively eliminates the weaker pairwise

dominance relations induced by the majority graph. We call this algorithm SuccessiveDicut.

Ide Condorcet (1785) describes this procedure as follows:

One would obtain in this way the system of propositions formed by the plurality among the possible systems.
[...] If the system formed by the propositions which have obtained the plurality is one of the possible
systems, the candidate whom this system places first should be regarded as elected. If, on the contrary,
this system is one of the impossible systems, one must successively reject from this impossible system the
propositions which have the smaller plurality, and accept the resulting system of the remaining propositions.

(de Condorcet, 1785, pp. Ix—Ixi, Ixvii-Ixix)

2The rule has been adopted in practice by several organizations and open-source communities, including the Debian

Project, Software in the Public Interest, and Wikimedia-related elections.



Our main result shows that the survival set produced by SuccessiveDicut coincides exactly with
the Schulze winner set. This equivalence provides a new interpretation of the Schulze rule from
the dual perspective of Condorcet’s original idea of successively eliminating weak majority defeats.
Furthermore, each stage of our elimination procedure induces an equivalence class of alternatives that
reflects the hierarchical structure of the underlying pairwise majority relation. We show that the direct
sum of these equivalence classes in each round coincides with the Schwartz set (Schwartz, 1972). The
relationship between the Schulze rule and the Schwartz set has long been informally discussed in the
literature, and Schulze (2003) explains this connection through the so-called Schwartz set heuristic.
However, to the best of our knowledge, a formal structural characterization has not previously been
established. Therefore, our results provide a mathematical foundation for the well-known folklore
relationship between the Schulze winner set and the Schwartz set.

The rest of this paper is organized as follows. In Section 2, we introduce the basic setup and
review the definition of the Schulze rule. In Section 3, we present our algorithm and establish the
main equivalence results. Section 4 discusses the relationship between our method and the Kemeny—
Young method. Further discussions are provided in Section 5. Omitted proofs are collected in the

appendices.

Related literature

Our paper contributes to the literature on designing Condorcet-consistent voting rules. One influen-
tial interpretation of Condorcet’s proposal is due to Young (1988), who gives a maximum-likelihood
interpretation of Condorcet’s method and connects it to the problem of identifying the ranking most
likely to reflect the voters’ collective judgment. He further shows that this maximum-likelihood ap-
proach coincides with the rule proposed by Kemeny (1959), in which the social ranking is determined
by minimizing the sum of Kendall-tau distances between the social ranking and each individual’s
preference.?

In contrast to Young (1988)’s interpretation, our approach reconstructs Condorcet’s proposal as a
procedure that iteratively eliminates weak majority relations until a stable acyclic structure remains.
Mathematically, whereas the Kemeny—Young rule can be formulated as an instance of the linear or-
dering problem on a weighted graph, our algorithm provides a complementary perspective based on
the all-pairs bottleneck path problem.

This viewpoint is closely related to the notion of the Schwartz set introduced by Schwartz (1972),

3See also Young and Levenglick (1978) for an axiomatic characterization of the Kemeny—Young rule.



which was proposed as a way to rationalize binary relations that may fail to admit a weak order con-
sistent with all pairwise comparisons. Our method differs from the Schwartz-set approach in two
respects: first, it uses the bidirectional pairwise-comparison network rather than only the majority
relation, and second, it successively eliminates weaker pairwise dominance relations. Eventually, the
direct sum of the equivalence classes (survival sets) generated at each stage of the algorithm coincides
with the Schwartz set.

Our equivalence results are also related to the computational literature on graph-theoretic opti-
mization problems. Computing the Schulze winner set is an instance of the all-pairs bottleneck path
problem, a classical graph problem in which one seeks, for every pair of vertices, a path maximizing
the minimum edge capacity along the path. Vassilevska et al. (2009) established a close connec-
tion between this problem and the (max, min) matrix product and obtained the first truly subcubic
algorithm for dense directed graphs. This line of research was further developed by Duan and Pettie
(2009). More recently, Cornect and Martinez-Pedroza (2024) related the bottleneck path problem
on undirected graphs to the computation of Gromov approximating trees for finite metric spaces. As
discussed in Section 5.3, the currently best randomized expected-time algorithm for computing the

Schulze winner set is due to Sornat et al. (2021), which runs in O(m? log4 m) time.

2 The Schulze rule

Let N = {1,2,...,n} be the finite nonempty set of voters, and let X = {x,x2,...,x,} be a finite
nonempty set of alternatives (or candidates). We assume that each voter i € N has a preference
relation, namely a linear order P; on X. That is, xP;y for x, y € X means that voter i prefers x to y.
Let P be the set of all linear orders on X, and let P = [[,cy P be the set of all preference profiles.

For each P; € , we define a ranking function r; : X — {1,2,...,m} such that
rikx)y=m—|{y € X | xP;y}|, Vx € X.

Since there is a one-to-one correspondence between P; € P and r;, hereafter we identify a ranking
function as a preference of a voter. For every distinct pair of alternatives (x,y) € X X X, define the

functiony : X X X — Zsq by

v y) =i e N|ri(x) <ri(y)}.

The function vy is called the pairwise-record function, and the number 7y (x, y) is referred to as the



pairwise record of x versus y, namely the number of voters who prefer x to y. Note that

y(x,y) +y(y,x) =n 2.1)

for any (x,y) € X X X with x # y. An alternative x € X is called the Condorcet winner if for every
y € X \ {x} we have y(x,y) > y(y,x). By definition, the Condorcet winner is unique if it exists.
Let
Ay ={(x,y) e XxX [y(x,y) > 0}

be the set of all ordered pairs whose pairwise record is positive. The pairwise-record function y
induces a weighted directed graph, referred to as the pairwise-record graph, G, = (X, A,), where
X is the set of vertices and A, is the set of arcs.* We say that the weighted graph N' = (G,,y) is a
pairwise comparison network. It is remarkable that the majority graph G,, = (X, B,) is a subgraph of
the corresponding pairwise record graph G, by removing all arcs (x, y) € A, with y(x,y) < y(y,x),
thatis, B, = {(x,y) € XxX | u(x,y) > 0}, where y is the majority margin pu(x,y) = y(x,y)—y(y, x).
We also say that the weighted graph Ny = (G, u) is a majority margin network.

For any (x,y) € X x X, define the strength of x against y by

y maXgel(x,y) min(w,z)en ')/(Wa Z) if H(x, y) # 0,
7 (ny) =

0 otherwise,
where I1(x, y) denotes the set of all directed paths from x to y, and (x, y) € 7 means that the arc (x, y)
lies on the path 7.> Moreover, Tg (x,y) is defined analogously. The Schulze winner set (Schulze,
)7
1997), denoted by F5¢"/z¢ (N}, is the set of all candidates x that is not beaten by any other y € X \ {x}

with respect to 7/ :
Y
FSchulze (N = {x €X| Tg (x,y) = Té (y,x),Vy e X'\ {x}}
b4 Y

Mathematically, the problem to find the Schulze winner set corresponds to the widest path, or all-
pairs bottleneck path problem in graph theory and we can apply a version of Floyd—Warshall Algorithm
(Floyd, 1962; Warshall, 1962) to solve the problem. While it is not self-evident that the Schulze winner
set is non-empty, the well-definedness of the Schulze rule is proven in previous literature (Schulze,
2003, 2011, 2025). Hereafter, the non-emptyness of the Schulze winner set is taken as given. As it
is straightforwardly verified, Schulze (1997) shows that the Schulze winner set always includes the

Condorcet winner, if it exists.

4See the Appendix for graph-theoretic preliminaries.
5mis a path from x to y if there exists z1, ... z; € X suchthatzy =x,z; = yand 7w = {(zx, 2x+1) €Ay | k=1,.. ., -1}
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Although we have defined the Schulze winner set in terms of the pairwise-comparison network,
another way to define the Schulze winner set is to define over the majority margin network N, as
follows:

FSchulze(NM) — {x €eX| Tgy(x’y) > Tg'u(y,x),‘v’y € X\ {x}}

Interestingly, the two Schulze winner sets can be proven to be equivalent.

Proposition 1. For any pairwise comparison network N' = (G,,y) and the corresponding majority

margin network Ny = (G, u), we have

FSchulze (N) — FSchulze (NM)

3 A new algorithm: SuccessiveDicut

We introduce a new algorithm, SuccessiveDicut, and show that this algorithm eventually induces the
Schulze winner set. Let N' = (G,,y) be an input for the algorithm. The procedure, which is formal-
ized by Procedure SuccessiveDicut(/N), is as follows. We compute the minimum y* > 0 in Step 2a
and remove the arcs that attain the minimum. Then we extract the poset structure within the current
graph H = (U, B), pick up maximal strongly connected components, discard the other part of the
current graph H, and update the current H = (U, B). © We repeat this process until we get B = (). Let
F3P (N) be the output of the algorithm.

Procedure SuccessiveDicut(/N)

Input: The pairwise comparison network N' = (G, y).

Output: The winner set F5P (N) of N.

Step 1: Let H = (U, B) be the maximal strongly connected component of G, = (V, A);
Step 2: While B # 0, do the following:
Step 2a: Compute y* = min{y(a) | a € B};
B*—{a€B|y(a) =y}
Delete arcs in B* from H = (U, B);
Update B and denote the obtained graph by H = (U, B) again;

6See Appendix A for the definition of maximal strongly connected component.



Step 2b: Find all maximal strongly connected components of H;
Put the components as H; = (U;, B;) (i € I);
Let H = (U, B) be the direct sum of H; = (U;, B;) (i € I);”
Step 3: Return FSP(N) = U;

Note that the finally obtained graph H consists of isolated vertices, which form the winner set

FSP(N). The following example illustrates how the algorithm works.

Example 1. Consider an example from Doring et al. (2025). The margin graph is not strongly con-
nected. We consider n = 50 with which we defined y from the majority margin u by y(u,v) =
(u(u,v) + n)/2. Performing Procedure SuccessiveDicut, we obtain (1) in Figure 1 when y* =
24. The later behavior of Procedure SuccessiveDicut is shown in Figure 1, where it proceeds with
(2)—=(3)—(4)—(5)—(6). The broken lines appearing in (2) and (6) represent directed cuts (dicuts).

The winner set F5? in this example is {h}, which corresponds to the Schulze winner.

Figure 1: An example from Doring et al. (2025).

"Here, U = U;jc;U; and B = U;¢B;.



Recall that every margin graph G, = (X, B,) is a subgraph of a corresponding pairwise-record
graph G, = (X, A,). If the margin graph G, is strongly connected, then during the execution of our
Procedure SuccessiveDicut, G, appears when value y* becomes large enough but not larger than n/2.
Indeed, for any (x,y) € By, we have u(x,y) = y(x,y) —y(y,x) > 0and y(x,y) > n/2 > y(y,x).
Hence when value y* becomes large enough but not larger than n/2, all the arcs in B, remains in
the current graph obtained at an execution of Step 2b and the current graph is strongly connected.
Moreover, since u(x,y) = y(x,y) —y(y,x) > 0and y(x,y) +vy(y,x) = nby (2.1), we have u(x,y) =
2y(x,y) — n. Hence the ordinal relations for 4 and y are the same for the current arc set B,,.

Note that the operations performed by Procedure SuccessiveDicut depend only on the ordinal
relation by y. So, when the margin graph G, = (X, B,,) is strongly connected, applying our Procedure
SuccessiveDicut to the network Ny = (G, ) results in the same winner set as that obtained by
Procedure SuccessiveDicut to the original N' = (G,,y). This observation is summarized in the

following proposition, parallel to Proposition 1.

Proposition 2. For any pairwise comparison network N' = (G,,y) and the corresponding majority

margin network Ny = (G, ), we have

F3P(N) = FSP(Nyy).

3.1 Equivalence of the Schulze rule

We are ready to state our main equivalence result.

Theorem 1. For any pairwise comparison network N' = (G, y),
FSD (N) — FSchulze (N) )
We first show the following lemma for the proof of Theorem 1.

Lemma 1. Let H; = (Uj, B;) be a maximal strongly connected component of the current graph
H = (U, B) obtained by an execution of Step 1 or Step 2b. Also let H, = (U;, B;) be any strongly
connected component of the current graph H = (U, B) that is smaller than H; = (U, B;) in the poset
structure within the current graph H = (U, B). Then, every alternative y € U, is defeated by any
alternative x € U; in the sense of the Schulze rule according to N,,;. Hence, the set U, of weaker
candidates can be discarded, i.e., F5¢ h”lze(NM) is included in the union of the vertex sets of maximal

strongly connected components.



Proof. First, suppose that the initial graph G, is not strongly connected. There uniquely exists a
maximal strongly connected component Hy = (U, B1) due to the definition of G,,. Let H, = (U», B)
be any other strongly connected component of G,. Then for any x € Uy and any y € U, there exists
a path from x to y but not from y to x. This means that y is defeated by x in the sense of the Schulze
rule. It follows that the set U, of weaker candidates can be discarded in Step 1.

Next, consider an execution of Step 2b. We prove the present lemma in the following three cases.

Let y* be the one computed at an execution of Step 2.

Case 1: y* < n/2. In the present case, there uniquely exists a maximal strongly connected component

H, = (Uy, B)) of the current graph H = (U, B), since H is connected by of the definition of pairwise
comparison graph. Let H, = (U, B>) be any other strongly connected component of H = (U, B). For
any x € U] and any y € U, there exists a path 7 from x to y such that the minimum value of y(u, v)
over the arcs (u, v) in 7t is greater than or equal to y*, but there does not exist such a path from y to x.
This means that y is defeated by x in the sense of the Schulze rule. It follows that the set U, of weaker

candidates can be discarded.

Case 2: y* = n/2 (only if n is even). Denote by H* = (U*, B*) the graph H = (U, B) immediately

before updating H at Step 2a and let H be the one updated at Step 2a. Then the difference between H*
and H, is that for every arc (u,v) € B* satisfying y(u,v) = n/2 both (u, v) and (v, u) disappear in H
and other arcs remain in H. Hence we can treat each connected component of updated H separately

and the proof in Case 1 can be adapted to the present case.

Case 3: y* > n/2. In this case, since the current y* satisfies y* > n/2, we have u(x,y) = 2y(x,y)—n

for all arcs (x,y) € Bin H = (U, B). Moreover, the collection of maximal strongly connected
components H; = (U;, B;) (i € I) of H obtained at Step 2b is the same as that obtained for G, with
all the arcs (x, y) satisfying y(x, y) < y* deleted and with the updated vertex set U. Hence, similarly

as in Case 1 and Case 2, we can prove the lemma in the present case.

Combining the three cases, we complete the proof. O

Proof. (Proof of Theorem 1) By the execution of Step 1, the obtained U includes all the Schulze
winners due to Lemma 1. During the execution of the while loop of Step 2, we repeatedly remove
weaker candidates and keep the current vertex set U that includes all the Schulze winners. Here U
is the union of the maximal strongly connected components of a current H, where H is possibly
decomposed into at least two connected components. The while loop of Step 2 is repeated at most m

times and the finally obtained graph H = (U, B) consists of isolated vertices.
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For the finally obtained U, consider any distinct x,y € U. If arc (x,y) disappears because
Téy (x,y) = n/2, it means TZH (x,y) = 0. Otherwise, if arc (x, y) disappears when y(x,y) = v* > n/2,
since both x and y belong to the final U, there exist a vertex set W such that A*(W) # 0 # A~(W),
(x,y) € A*(W)U A~(W), and y(w,z) = y* (V(w,z) € A*(W) U A=(W)). This means that
Téy(x, y) = Tg;y(y,x) = v* ie., Tg” (x,y) = Tgu (y,x). Therefore, for every distinct x,y € U,
x never defeats y, so that the final U satisfies U = F5¢"/z¢(N,). By Proposition 1, we obtain

FSP(N) = U = FS¢hulze (Ny) = FSehulze (N) which completes the proof. O

3.2 Equivalence of the Schwartz set

For a graph G = (V, A), the well-known set-valued outcome called Schwartz set for G is formally
defined as
Schw(G) = {x eV|VyeV:xeR(y) = yce R(x)},

where R(x) denotes the set of vertices that can be reached by paths from x in G. It follows from this

definition that

(Schw) the Schwartz set Schw(G) is exactly the union of the vertex sets of all maximal strongly con-

nected components of G.

For, if x is a vertex of a maximal strongly connected component, then there holds: Vy € V : x €
R(y) = y € R(x). On the other hand, if x is a vertex of a strongly connected component that is not
maximal, then there exists a vertex y in some maximal strongly connected component such that we
have x € R(y) butnot y € R(x). (See Appendix A for the definition of maximal strongly connected
component.)

In our algorithm, we execute Step 2 until the set B becomes empty. Let k be the total number
of executed while loops. Then, let H,Ef) = (U,gf), Bff)) and Hl(f) = (U (f), Bg)), respectively, be the
current graphs H = (U, B) obtained at the end of the £th execution of Step 2a and Step 2b. We also
define U 1(70) to be the set U obtained by Step 1. By the above discussion applying to N' = (G, y) and
Theorem 1, we obtain the following characterization of the Schulze winner set in terms of successive

formations of the Schwartz set.
Corollary 1. For any pairwise comparison network N' = (G, v), the following three statements hold.

@) U = Schw(G,).

10



(ii) In each ¢th execution of the while loop of Step 2, we have Schw(Hc(f)) = Uy) for ¢ =
1,2,--- k.

(iii) The sequence {U l(f) }’{fzo i1s monotonically non-increasing with respect to set inclusion, and

k cnutze
U}()):FShlz (N).

Proof. By Step 1 of our algorithm, we can obtain a linearly ordered set of strongly connected com-
ponents H; (i € I) of G, (see Proposition A.1). Hence, (i) holds. Moreover, (Schw) and Theorem 1

directly imply (ii) and (iii). O

We now see that Schulze rule is an iterative procedure successively forming the Schwartz set. The
notion of Schwartz set is an interpretation by Schwartz (1972) of the maximazation-based rationaliza-
tion, widely used in economics, to environments with cyclical preferences. Although this alternative
interpretation of Schulze rule seems to have been already acknowledged by Schulze (2003), the proof

is not given. We have thus established this fact here.

4 Successive elimination, Kemeny-Young, and Condorcet

As already mentioned, computing the Schulze winner set can be formulated as an instance of the all-
pairs bottleneck path problem. In contrast, our procedure SuccessiveDicut admits an interpretation
as a successive cycle-elimination method on the pairwise majority graph. This perspective is closely
related to the Kemeny—Young method, which resolves cyclic majority relations by constructing a glob-
ally consistent linear ordering.

To clarify this relationship, consider a directed cycle C in the pairwise-comparison network N =
(G,,7v). Removing one arc from the cycle breaks the contradiction and leaves a directed path. The
quality of such a deletion can be evaluated using the notion of support introduced by Young (1995).
Given a cycle C in G, and an arc (£, y) € C, deleting (X, ) produces a directed path C (%, $) from $

to X. The support of this path is defined by

(CEIM= D vy -yEH) +n, (4.1)
(x,y)eC(£.9)
which can be rewritten as
T(CEI = D). y(xy) -2y +n. 4.2)
(x,y)eC

11



Suppose that
(x*,y") € arg min_y(x,y),
(x.y)eC

that is, (x*, y*) is the weakest arc in the cycle C. Equation (4.2) implies that removing (x*, y*) max-
imizes the support of the remaining path. Thus, SuccessiveDicut may be interpreted as iteratively
resolving cyclic contradictions by preserving the strongest remaining support structure. In this sense,
the procedure provides a complementary perspective to the all-pairs bottleneck path approach under-
lying the Schulze rule.

This graph-theoretic interpretation also suggests a different reading of Condorcet’s original pro-
posal from that of Young (1988). Given Condorcet’s overarching epistemic aim of maximizing the
probability of truth-conformity, Young gives a maximum-likelihood interpretation of Condorcet’s
method and connects it to the problem of recovering the most plausible complete ranking. By contrast,
our interpretation focuses on Condorcet’s discussion of resolving inconsistencies among majority-
supported propositions. If the aim is to choose the best set of alternatives, excluding all global in-
consistencies may be an unnecessarily strong requirement. Therefore, Condorcet distinguishes the
consistency required for determining a complete social ranking from the weaker consistency suffi-
cient for selecting a single winner.® From this perspective, the objective of the aggregation procedure
is not necessarily to construct a complete linear order, but rather to retain an acyclic subsystem of
majority-supported propositions sufficient to identify a maximal alternative.

Our Procedure SuccessiveDicut formalizes this interpretation by successively eliminating weak
majority relations until a stable acyclic structure remains. The equivalence with the Schulze winner
set therefore provides a new Condorcetian interpretation of the Schulze rule. In this sense, the Schulze
rule may be viewed as a modern formalization of Condorcet’s idea of resolving cyclic majority con-
tradictions through successive elimination of weak propositions.

The distinction between our method and the Kemeny—Young rule reflects the difference between
two distinct classes of graph-theoretic optimization problems: bottleneck path problems and linear
ordering problems. Whereas SuccessiveDicut operates through iterative elimination of weak pairwise

relations, the Kemeny—Young method solves a global ranking optimization problem.

8Condorcet writes:

There are two questions to be distinguished here. One may ask whether there is any contradiction in the
whole system of propositions; but one may also ask whether there is any contradiction only in that part of
the system which is sufficient to decide the superiority of one candidate over all the others. (de Condorcet,

1785, pp. clxx—clxxi)

12



Finding a social ordering according to the Kemeny—Young method is known to be equivalent to
minimizing the Kendall tau distance. For any two linear orders P, P’ € P, the Kendall-tau distance is
defined by

K(P,P')=|{(x,y) € Xx X | xPyand yP'x}|.

The Kemeny—Young method determines the social preference relation by minimizing the total Kendall-

tau distance to the voters’ preferences in the following sense.
P* € argmin Z K(P, P;).
PeP <
ieN
The following proposition shows that this problem can be formulated as the linear ordering problem
on the pairwise-comparison network.

Proposition 3. Given a profile (Py, ..., P,) € P" and its pairwise-comparison network N = (G, y),

arg 1;16171)127((}), P)) = argllgleag Z v(x,y).
ieN (x,y)eP

Proof. By definition,

D KP.P)= > HieN|yPux}|

ieN (x,y)eP
= > v
(x.y)eP
= > (n=y(xy),
(x,y)eP

where the last equality follows from (2.1). Therefore, minimizing ) ;. K(P, P;) is equivalent to
maximizing the last term, that is,
arg 216171)12 K(P, P;) = arg rlgleag Z v(x,y).
ieN (x,y)eP

O

In this sense, the Kemeny—Young rule and the Schulze rule represent two contrasting approaches
to resolving cyclic majority relations: the former seeks a globally optimal linearization of pairwise
comparisons, whereas the latter preserves pairwise dominance information through strongest-path
propagation and successive elimination of weak contradictions.

This distinction also appears in the structure of the resulting social ranking. The Kemeny—Young
method always produces a complete linear order, whereas Procedure SuccessiveDicut naturally in-

duces a hierarchical decomposition of alternatives through recursive elimination of cyclic majority

13



relations. More precisely, each stage of the procedure produces a linearly ordered family of strongly
connected components, and recursively applying the procedure to each component yields a rooted tree
structure of aggregated rankings. The ranking-theoretic implications of this recursive decomposition
are discussed further in Subsection 5.1.

In generic situations where all pairwise supports are distinct, this hierarchical structure degenerates
into a path and therefore determines a complete linear ordering. Such situations are likely to arise when
the number of voters is sufficiently larger than the number of alternatives, since ties among pairwise

supports then become increasingly unlikely.

5 Discussion

5.1 The aggregated ranking

Recall that, to induce the maximal strongly connected components, we can obtain a linearly ordered
family of strongly connected components Hy > H, > --- > Hy of the pairwise-comparison graph G,,
by Step 1 of Procedure SuccessiveDicut . If some component H; contains more than one alternative,
we may recursively apply SuccessiveDicut to the subgraph induced by H;. In this way, the procedure
generates a hierarchical decomposition of the candidate set, which naturally induces a rooted tree
structure. See Figure 2.

This recursive decomposition may be interpreted as an aggregated ranking structure. Even when
the majority relation fails to determine a complete linear order globally, the procedure still identifies
successive layers of dominance among alternatives. Thus, the output should be understood not merely
as a winner set, but as a hierarchical ranking obtained through iterative resolution of cyclic majority
relations. In particular, if all values of vy are distinct, then every elimination step uniquely determines
the next decomposition. Consequently, the induced tree structure degenerates into a path, and the
procedure yields a complete linear ordering of alternatives. Such a situation is likely to occur when
the number of voters is sufficiently larger than the number of alternatives, for example when m < n,

since ties among pairwise supports then become increasingly unlikely.

5.2 A new axiom

Schulze (2003,2011, 2025) extensively investigate the axiomatic properties of the Schulze rule. Thanks

to the equivalence between our new algorithm and the Schulze winner set, we can show that the
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Figure 2: An example from Doring et al. (2025) (continued). The remaining steps of algorithm
proceedes with (7) — (8) — (9) — (10) — (11). Then, the final social ordering P corresponds to
bPaPcPePd.

Schulze rule also satisfies the following axiom, called Independence of Pareto-dominated Alterna-
tives. To the best of our knowledge, it has not previously been formally shown that the Schulze rule
satisfies this condition.

Consider an alternative x that is Pareto-dominated by every other alternative. That is,
Vye A\ {x}, y>;x forallie N.

Such an alternative x is strategically easy to introduce into a given election, and a desirable property
of a voting rule is that its outcome be independent of the existence of such an alternative, which is

formally defined as follows.

Independence of Pareto-dominated Alternative: If y >; x forall y € A\{x} andi € N, then
F(N) = F(N|x\{x}), where N|x\(oy = (X\{x}, Ay lx\ (o> ¥ Ix\a)-

It is comparable to Independence of Never-Approved Alternatives studied in Brandl and Peters

(2022) and Independence of Unanimous Losers studied in Kondratev et al. (2023).
Proposition 4. Schulze rule satisfies Independence of Pareto-dominated alternative.

Proof. Any pareto-dominated alternative would not be part of the maximal strongly connected com-
ponent of the corresponding digraph. Hence, it is eliminated in Step 1 of the procedure, and is never

chosen. O
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5.3 Computational issues

Research on algorithms for finding the Schulze winner set has been intensively made until recently
(see Schulze 2025). The Floyd-Warshall algorithm for all-pairs bottleneck problem has been improved
and now runs in O(m?%) time to find the Schulze winner set. Currently the best, but randomized,
expected O(m? log* m) time algorithm is also given in Sornat et al. (2021).

Our SuccessiveDicut method described in Section 3 is a prototype.® We can implement the Suc-
cessiveDicut method in O(m>logm) time in a primitive way as follows. First, we sort the values of

v(u,v) ((u,v) € A) and let the distinct values of y(u, v) ((u,v) € A) be given by
Yy < y@ <ol <50 (5.1
We try to find an integer ¢ with 1 < £ < k such that

« removing all arcs (u, v) satisfying y(u, v) < y'© from the graph G, the graph remains strongly
connected, while removing all arcs (u, v) satisfying y(u, v) < y'© from the graph G, the graph

becomes not strongly connected.

We can find such an integer ¢, if any exists, by a binary search in list (5.1) in O(m? log m) time, where
O(m?) is for the strong connectivity checking and O(logm) is for the binary search. Repeating this
procedure for updated graph H, we can perform the SuccessiveDicut method in O(m>logm) time,
since the number of such integers s is less than m because of repeated deletion of weaker candidates
in Step 2b.

Moreover, we can start our prototype procedure SuccessiveDicut by adding preprocessing Step 0
and modifying Step 1 as follows. (Here we assume that there exists a € A with y(a) < n/2, excluding

the special case when y(a) =n/2 foralla € A.)

Step 0: Compute y* = max{y(a) | a € A, y(a) < n/2};
B*—{a€cA|y(a) <y}
LetG* = (V,A\ BY);
Step 1: Let H = (U, B) be the maximal strongly connected component of G*;
The present modification is valid, since every dicut of a current H computed by an execution of Step 2a

of the prototype procedure SuccessiveDicut while y* computed at Step 2a satisfies y* < n/2, is also

a dicut of G* obtained by Step 0 given above.

9Using the sophisticated technique given in Bernstein et al. (2021) for updating decremental strongly-connected com-

2
ponents, we can perform Procedure SuccessiveDicut in O(m2+3 +°(1)) time.
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Appendix

A Toolkit from graph theory

A directed graph is a pair G = (V, A), where V is the finite set of vertices and A C V X V is the set of
arcs. We denote (u,v) € A to mean that the arc («, v) connects u# and v in direction from u to v. For
each vertex v € V let R(v) be the set of vertices that can be reached by directed paths starting from
v. By definition, we have v € R(v) C V for any v € V. The sets (R(v)),ey induce an equivalence
relation =~ on V in such a way that, for each u,v € V, u ~ v if and only if u € R(v) and v € R(u). Let
(Uj);er be the equivalence classes induced by =~. Since any u,v € U; for each i € I is connected and
any u € U;,v € U; with i # j is not connected, H; = (U;, Aly,) is a strongly connected component of
G. If |I| = 1, we say that G is strongly connected.

We can define a partial order < on the set H(G) = {H; | i € I} such that H; < H; if and only if
u € R(v) forevery u € U; and v € U;. Let (H(G), <) be the induced partially ordered set (poset).
A strongly connected component H; is called a maximal strongly connected component of G if there
exists no strongly connected component H; # H; such that H; < H;. Let H*(G) = {H; € H(G) |
H; is maximal} be the set of all maximal strongly connected components. It is well-known that the
decomposition of a graph G = (V, A) into a collection of strongly connected components and that of

maximal strongly connected components in linear time, i.e., O(|V| + |A|) time.

Proposition A.1. Suppose G = (V, A) is a graph such that for every pair of distinct u,v € V there
exists at least one of arcs (u,v) and (v,u) in A. Let H; = (U;, B;)(i € I) be the strongly connected

components of G and (H(G), <) be the induced poset. Then, the partial order < is a linear order.

Proof. Suppose to the contrary that there exists a non-comparable pair of distinct H; = (U;, B;) and
H = (U], B)) in H(G) with respect to <. Then, for any u € U; and v € U], there exists neither

(u,v) € Anor (v,u) € A, a contradiction. O
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For any nonempty U c V, let A*(U) be the set of all arcs (u#,v) € A such that u € U and
v € V\ U. Also define A~ (U) to be the set of all arcs (#,v) € Asuchthatu € V\ U andv € U.
A graph G = (V, A) is called connected if for every nonempty proper subset U C V, at least one of
A*(U) and A~ (U) is nonempty. If A*(U) # 0 and A~ (U) = 0, we call A*(U) a directed cut (or simply
dicut) from U to V \ U. Note that a connected graph is strongly connected if and only if there exists

no dicut. We can characterize maximal strongly connected components by the notion of dicut.
Lemma A.1. A strongly connected component H; = (U;, B;) is maximal if and only if A™(U;) = 0.

Lemma A.2. Let H;, H; € H*(G) be distinct maximal strongly connected components. Then there

exists no arc between U; and U;:

AN ((UiXUj)U(UjXU,')) =0.

B Omitted proofs

Proof of Proposition 1. Notice that F5¢"z¢(N') depends only on the relative size of Téy (x,y) and
Téy (y,x), and FS¢hz¢(N) only on the relative size of Tgﬂ (x,y) and Tgﬂ (v,x) for all alternative
pair {x, y}.

We first show Téy(x,y) > Téy(y,x) = Tg# (x,y) > Tg# (v,x) for all distinct x,y € X. We

prove by the following two cases:

Case 1-1: max{7}, (x,y),7} (y,x)} > n/2. Without loss of generality, suppose 7;_(x,y) = 7/, (y,x).
Y Y Y Y

Then, Téy (x,y) > n/2 implies 27'2;7 (x,y)—n= Tg# (x,y) > 0. Since Téy (y,x) is either less or equal
than /2 which results in TI(y,x) = 0 in Njy, or n/2 < 7). (y,x) < 7. (x,y), in both cases we have
Y Y

76, (6.3) 2 75 (3, ).

Case 1-2: maX{Téy (x,y), Téy (y,x)} < n/2. Since for any alternative pair {x, y} we must have either

y(x,y) = n/2ory(y,x) > n/2, this implies 7, (x,y) =7 (y,x) =n/2. Then, II(x,y) = II(y,x) =
Y Y

0 in Ny, and we have 7, (x,y) =75 (y,x) =0.
u u

Next, we show Tgﬂ (x,y) > Tg.ﬂ (v,x) = T(y;y(x, y) > Tcy;y(y,x) for all distinct x,y € X. We

prove by the following two cases:
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Case 2-1: max{‘rg (x, y),rg (y,x)} > 0. Without loss of generality, suppose Tg (x,y) > Tg (y,x).
Jr u n u

This directly implies 7. (x,y) > 77, (y,x).
Y Y

Case 2-2: maX{Tg (x, y),Tg (y,x)} < 0. Since we either have y(x,y) > n/2 or y(y,x) > n/2, we
1% u

must have y(x, y) = y(y,x) = 0 which implies Tz; (x,y) = Té (y,x) = n/2. Thus, Té (x,y) > Tg;
Y Y Y Y

holds.

By the above-mentioned cases, we have shown
Tzl; (x,y) = Té (v,x) & Tg (x,y) = Tg (v, x) for all distinct x, y € X,
Y Y H u

which implies that N and N, preserve the relative size relation of the bottle-neck path weight. Hence,

we obtain FSchulze(N) — FSchulze(NM)' O

Proof of Proposition 2. Denote by U* the direct sum of the maximal strongly connected components

of Nys. Then, Lemma A.1 implies A~ (U*) = 0. Hence, for any x € U* and y € V\U*we have

Tg” (x,y) > Tg” (v,x) =0.

Thus, the Schulze winner set F5¢/“/2¢(Ny,) is a subset of U*. Moreover, since the schulze winner
remains a schulze winner in an induced subgraph containing itself, applying the same logic in the
proof of Theorem 1, we obtain

FSD (NM) — FSchulze (NM) (Bl)
Combining to (B.1) the results from Proposition 1 and Theorem 1 yields
FSD (N) — FSChulZ,e (N) — FSchulZ,e (NM) — FSD (NM)

which completes the proof. O
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