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IN ANABELIAN GEOMETRY: WITH AN APPLICATION TO A
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ABSTRACT. Families preserving automorphisms of profinite groups are auto-
morphisms that preserve each of the conjugacy classes of pro-cyclic subgroups.
This notion appears in the context of verification of the property that every
normal automorphism [i.e., an automorphism that preserves each of the nor-
mal closed subgroups] of a certain profinite group such as a nonabelian free
profinite group or the absolute Galois group of a p-adic local field is an in-
ner automorphism, which was proved by Jarden/Jarden-Ritter. In the present
paper, we revisit the notion of a families preserving automorphism from the
viewpoint of anabelian geometry. We introduce a natural generalized version
of this notion for isomorphisms between general closed subgroups of a profinite
group, which we shall refer to as families preserving isomorphisms in the profi-
nite group. With regard to this generalized version, we prove that a large class
of profinite groups satisfies a property that families preserving isomorphisms
of certain closed subgroups of the profinite groups arise from inner automor-
phisms of them. For instance, the class includes the absolute Galois groups of
Henselian discrete valuation fields of positive residue characteristic or Hilber-
tian fields. Moreover, as an application of this property, together with delicate
considerations on pro-cyclic subgroups of the absolute Galois groups of infi-
nite algebraic extension fields of the field of rational numbers QQ, we obtain a
generalized version of the Neukirch-Uchida theorem for [-quasi-number fields,
where an [-quasi-number field is defined to be an algebraic extension field K
of Q whose Galois closure L over Q satisfies the property that the extension
degree [L : Q] is divisible by a prime number [ only finitely many times. Sur-
prisingly, this result includes the Neukirch-Uchida-type result for the class of
subfields of the maximal pro-prime-to-I extension fields of arbitrary number

fields.
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INTRODUCTION

Throughout the present paper, isomorphisms of topological groups are always
assumed to be continuous. For each profinite group G and each automorphism o
of G, we shall say that

e o is families preserving if the image of any pro-cyclic subgroup I via o is

conjugate to I in G,

e o is normal if o preserves each of the normal closed subgroups of G.
In particular, it is immediate that families preserving automorphisms of profinite
groups are normal. Recall that these notions appear in the context of the Neukirch-
Uchida theorem that bridge the works of Neukirch [cf. [23], [24]] and the work of
Uchida [cf. [39]]. Here, we note that there are contributions of Iwasawa and ITkeda
in this context. For instance, Ikeda also showed that every automorphism of the
absolute Galois group of the field of rational numbers @ is an inner automorphism
at the almost same time [cf. [10]]. After that, apart from the arithmetic setting,
Jarden proved that this property also holds for nonabelian free profinite groups [cf.
[11]]. Later, Jarden’s result was generalized substantially by Jarden-Ritter in the
following way. Let p be a prime number. Then we shall say that a profinite group
G is pseudo-p-free if, for each normal open subgroup N C G, there exists a closed
subgroup M C N that is normal in G such that N/M is abelian, and N/M admits
a G/N-invariant pro-p closed subgroup isomorphic to the group ring Z,[G/N]. For
this technically defined class of profinite groups, they proved that [cf. [12], Theorem
1]:

Theorem 0.1 (Jarden-Ritter). Every normal automorphism of a pseudo-p-free
profinite group is an inner automorphism.

As concrete nontrivial consequences, they proved that [cf. [12], Theorems A, BJ:

Theorem 0.2 (Jarden-Ritter). Every normal automorphism of the absolute Galois
group of a p-adic local field is an inner automorphism.

Theorem 0.3 (Jarden-Ritter). Let G be a profinite group; d, e nonnegative integers
such that e > d + 2; C a full-formation. Suppose that G is a pro-C group presented
by e generators and d word-relations. Then every normal automorphism of G is an
inner automorphism.

Their proof of Theorem 0.1 was divided into two steps: first showing that every
normal automorphism is families preserving, and then showing that every families
preserving automorphism is an inner automorphism. In the present paper, we
focus on a stronger version of the latter property. By applying group-theoretic
techniques in anabelian geometry, we prove that many highly nonabelian profinite
groups satisfy the stronger property. For our purpose, we generalize the notion of
a families preserving automorphism as follows:

For an isomorphism between closed subgroups of a profinite group

G, if the image of any pro-cyclic subgroup I via this isomorphism

is conjugate to I in G, then we shall say that this isomorphism is

families preserving in G [cf. Definition 2.7].
Then, as a preliminary technical result that corresponds to Theorem 0.1 in our
context, we prove the following result, which may be regarded as our first main
result [cf. a special case of Theorem 2.3; Remark 2.7.1, (ii)]:
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Theorem A. Let G be a profinite group; F C G a nonabelian free pro-p normal
closed subgroup; o € Aut(F) an automorphism of F that is families preserving in
G. Then « is induced by an inner automorphism of G.

It is an interesting point of Theorem A that the property that a families pre-
serving automorphism of a nonabelian free pro-p group in a container arises from
an inner automorphism of the container is independent of the choice of a container.
With regard to the proof of Theorem A, it would be important to note that the
discussion is based on group-theoretic techniques in anabelian geometry. On the
other hand, the proof of Theorem 0.1 is based on the discussions in abelianized
setting. At the time of writing of the present paper, the precise relation between
the notion of a pseudo-p-free group that appears in Theorem 0.1 and the property
that F' is a nonabelian free pro-p normal closed subgroup that appears in Theorem
A is not clear to the authors.

Next, in order to discuss applications of [a strengthened version of] Theorem A,
we introduce some notations and definitions. For each field F', write G for the
absolute Galois group of F' with respect to a fixed separable closure of F'. For each
full-formation C and each quotient @ of a profinite group G [in the category of
profinite groups]:

(i) We shall write G¢ for the maximal pro-C quotient of G. If C is the family

of all p-groups, then we shall also write GP def e [cf. Definition 1.3, (i)].

(ii) If there exists a normal open subgroup N C G of G such that the kernel
of the surjection G — @ coincides with the kernel of the natural surjection
N — NC (respectively, N — NP), then we shall say that Q is the almost
pro-C-mazimal quotient (respectively, almost pro-p-maximal quotient) of G
[cf. Definition 1.3, (iii)].

Then, as applications of Theorem A [more precisely, Theorem 2.4, which may be
regarded as a strengthened version of Theorem A under a certain assumption on
G], together with various works on anabelian group-theoretic properties due to
the authors of the present paper; highly nontrivial results in field arithmetic, we
obtain the following concrete results concerning families preserving isomorphisms
[cf. special cases of Theorems 3.6, 3.11]:

Theorem B. Let K be a Hilbertian field or a Henselian discrete valuation field
of residue characteristic p; H,H' C Gg closed subgroups. Suppose that H, H'
admit nontrivial closed subgroups that are normal in Gg. Then every families
preserving isomorphism H = H' in G is induced by an inner automorphism of
Ggk. Moreover, in the case where K is a number field or a Henselian discrete
valuation field of residue characteristic p, for any full-formation C such that Z/pZ
is a C-group, the same property also holds for the almost pro-C-mazximal quotients
Of GK.

Theorem C. Let G be a profinite group; C a nontrivial full-formation. Suppose
that G is isomorphic to one of the following:

(a) an almost pro-C-mazimal quotient of a free profinite group of [possibly in-
finite] rank > 2;

(b) an almost pro-C surface group;

(¢) a pro-p Demuskin group of rank > 3.
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Let H H' C G be closed subgroups. Suppose that H,H' admit nontrivial closed
subgroups that are normal in G. Then every families preserving isomorphism H =
H' in G is induced by an inner automorphism of G.

In fact, in order to apply Theorem A to obtain the above results, we need to
consider certain “almost pro-p quotients” to construct nontrivial free pro-p normal
closed subgroups in them. However, this is by no means trivial in the case of
Theorem B. In the case where K is a Henselian discrete valuation field of residue
characteristic p in Theorem B, one may use the almost pro-p-maximal quotients.
Even in this case, we resort to the first and third authors’ previous work based on
Artin-Schreier theory in characteristic 0 due to MacKenzie-Whaples, together with
the highly nontrivial theory of fields of norms due to Fontaine-Wintenberger [cf.
[42]; [5], Chapter III, §5]. On the other hand, in the case where K is a Hilbertian
field, at the time of writing of the present paper, it is not clear to the authors
that G%, admits a nontrivial free pro-p normal closed subgroup. To deal with this
situation, we introduce the notion of an almost symmetric pro-p-mazimal quotient
related to finite quotients isomorphic to symmetric groups [cf. Definition 3.4]. In
these quotients, in light of highly nontrivial properties of Hilbertian fields, one may
prove the existence of desired nontrivial free pro-p normal closed subgroups. Here,
we note that it may be difficult to obtain results for large classes of closed subgroups
as in Theorems B, C, via the discussions in abelianized settings as in [12]. This
point may be regarded as one of the main differences between [12] and our work.
Note also that the class of profinite groups that appears in Theorem C is smaller
than that of Theorem 0.3. If there exists a way to construct a nontrivial free pro-p
normal closed subgroup in suitable quotients of profinite groups in Theorem 0.3,
then one may cover the larger class of profinite groups in Theorem C. However,
at the time of writing of the present paper, the authors have no clue to obtain
such a generalization. For another note, in the main text, we also discuss families
preserving isomorphisms for group extensions of profinite groups that appear in
Theorems B, C.

In any event, with regard to families preserving isomorphism, one may cover
many profinite groups that appear in anabelian geometry. However, at the time
of writing of the present paper, the authors do not know whether or not every
normal automorphism is an inner automorphism in the situation of Theorem B.
While pursuing the potential generalization of the above results to the situation
of normal automorphisms as in the works of Jarden/Jarden-Ritter is undoubtedly
interesting, it is our observation that the notion of a families preserving automor-
phism/isomorphism is more important than the notion of a normal automorphism
in terms of the point that the former may be regarded as a reminiscence of the no-
tion of a point-theoretic automorphism/isomorphism, which appears frequently in
anabelian geometry. This point will be discussed in the final portion of the present
Introduction.

Next, we discuss an application to a generalized Neukirch-Uchida theorem. For
each pair of fields F, Fs, write

Isom(Fy, Fy)

for the set of isomorphisms Fy; = F; of fields. For each pair of profinite groups G1,
Go, write

Outlsom(Gy, G2)



FAMILIES PRESERVING ISOMORPHISMS IN ANABELIAN GEOMETRY 5

for the set of outer isomorphisms G; = Go of profinite groups. Then the classical
Neukirch-Uchida theorem is as follows [cf. [39], Theorem; [40], Theorem]:

Theorem 0.4 (Neukirch-Uchida). Let K1, Ko be global fields. Then the natural
map

Isom (K3, K1) — Outlsom(Gk,,Gk,)
is bijective. In particular, Ky and Ks are isomorphic if and only if Gk, and Gk,
are isomorphic [as profinite groups].

Note that various generalizations of Theorem 0.4 with respect to replacing the
absolute Galois groups by smaller quotients have been investigated intensively [cf.
e.g., [41], [35], [36], [37], [31], [27], [13]]. On the other hand, the direction of
extending the class of fields has not been sufficiently developed. It appears to the
authors that this direction is also important from the both viewpoints

e exploration of the limit of anabelian phenomena;
e existence of generalized class field theory for certain infinite algebraic ex-
tension fields of global fields [cf. e.g., [14], [30]].

In light of historical developments of class field theory and anabelian geometry,
together with the close relationship between them, it is natural to ask whether or
not there exist anabelian phenomena for fields with sufficiently well-behaved class
field theory. With regard to the positive characteristic situation, global class field
theory for the function fields of curves over quasi-finite fields that are algebraic
over the prime fields was established by Rim-Whaples in [30]. In this case, recently,
the third author proved the corresponding Neukirch-Uchida-type result [cf. [38],
Corollary F, (ii)]. On the other hand, in the case of characteristic 0, after the
works of Herbrand, Krull, and Moriya, from the viewpoint of idele theory, Kawada
established class field theory for a large class of algebraic extension fields of Q, which
is defined by a certain type of finiteness of extension degrees over QQ in the sense of
supernatural numbers [cf. [14]]. In light of this development, in the present paper,
as an application of results concerning families preserving isomorphisms, together
with delicate considerations on pro-cyclic subgroups of the absolute Galois groups
of infinite algebraic extension fields of QQ, we prove a Neukirch-Uchida-type result
for a certain large class of algebraic extension fields of Q. Here, we note that our
work is not the first attempt to prove a Neukirch-Uchida-type result for infinite
extension fields of Q [see the Ozaki’s work [26] — cf. Remark 4.12.1].

Let K be an algebraic extension field of Q. Then, for each prime number [,
we shall say that K is an [-quasi-number field if the Galois closure L of K over
Q satisfies the property that the extension degree [L : Q] [in the sense of super
natural numbers] is divisible by I only finitely many times [cf. Definition 4.1]. Note
that many infinite algebraic extension fields of QQ are [-quasi-number fields for some
prime number [. For instance, any subfield of the maximal pro-prime-to-/ extension
field of a number field is an I-quasi-number field [cf. Proposition 4.2, (i), (iii)]. Then
our main result concerning a generalization of the Neukirch-Uchida theorem is as
follows [cf. Corollary 4.13]:

Theorem D. Let | be a prime number; Ky, Ko l-quasi-number fields. Then the
natural map

Isom (K, K1) — Outlsom(Gk,,Gk,)
is bijective. In particular, K1 and Ko are isomorphic if and only if Gk, and Gk,
are isomorphic [as profinite groups].



6 ARATA MINAMIDE, KOICHIRO SAWADA, AND SHOTA TSUJIMURA

As a consequence of Theorem D, together with the well-known computation of
cohomological dimensions, one may also obtain the following result [cf. Corollary
4.14]:

Corollary E. Write Q¥° for the cyclotomic Z-extension of Q; F for the set of
finite extension fields of proper subfields of Q<¥¢. Let K1, Ko € F. Then the natural
map

Isom (K3, K1) — Outlsom(Gk,,Gk,)

is bijective. In particular, K; and Ks are isomorphic if and only if Gk, and Gk,
are isomorphic [as profinite groups].

It is an important point of Corollary E that the [-dependence assumption on
K,, K5 in Theorem D is eliminated in this special situation. At the time of writing
of the present paper, the authors do not know whether or not the I-dependence
assumption on K7, K5 in Theorem D can be eliminated in general.

Finally, as mentioned briefly above, we explain a conceptual importance of the
notion of a families preserving automorphism/isomorphism. For this, we make an
observation concerning an analogy between our purely group-theoretic context and
the usual situation in anabelian geometry whose ultimate goal is the reconstruction
of geometric structures. Let G be a profinite group; o an automorphism of G. Then
it appears to the authors that the reconstruction of conjugacy classes of pro-cyclic
subgroups of G [i.e., the verification that o is families preserving] may be viewed as
the group-theoretic counterpart of the reconstruction of underlying set of points of
the geometric object. The further assertion that o is ultimately inner should then
correspond to the reconstruction of “rational” functions on the set of those points,
which may be regarded as a group-theoretic version of the principle that “point-
theoretic implies geometric” that appears frequently in anabelian geometry. This
analogy is particularly transparent in the setting of the Neukirch-Uchida theorem
for number fields. In this setting, the first step is to recover the decomposition sub-
groups of finite primes, which are precisely the points of the spectrum of the ring
of integers. On the other hand, we note that almost all decomposition subgroups
are cyclic in finite quotients. Thus, one may observe the close relationship at the
level of points. The subsequent passage from this point-theoretic information to
the conclusion that a given isomorphism 7 of the absolute Galois groups of number
fields is induced by a field isomorphism precisely corresponds to the verification
that 7 arises from an inner automorphism of Gig. In a more abstract situation, one
may consider, for each open subgroup H C G, the abstract space formed by the
conjugacy classes of its distinguished pro-cyclic subgroups of H. In particular, one
may observe that if o is families preserving, then ¢ induces an automorphism of
the resulting family of spaces equipped with the natural G-action, compatible with
passage between open subgroups and inducing the identity at the bottom level.
In this formulation, the reconstruction of the abstract point spaces corresponds to
the point-theoretic part, whereas the innerness conclusion plays the role of recon-
structing the rational functions on points, and hence the full geometric structure.
The authors hope that this observation prompts further investigations of [highly
nonabelian] profinite groups.

The present paper is organized as follows. In §1, we recall some definitions and
results of the authors’ previous work [16] that are applied in the present paper.
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In §2, we prove Theorem A and its strengthened version. In §3, as applications
of the strengthened version of Theorem A, together with highly nontrivial group-
theoretic/arithmetic results, we prove Theorems B, C. In this section, we also dis-
cuss group extensions of profinite groups that appear in Theorems B, C. In §4, we
prove Theorem D and Corollary E.

NOTATIONS AND CONVENTIONS

Numbers: The notation Z will be used to denote the ring of integers. The
notation Q will be used to denote the field of fractions of Z. The notation 7 will
be used to denote the profinite completion of the underlying additive group of Z.
The notation C will be used to denote the field of complex numbers.

If p is a prime number, then the notation Z, will be used to denote the ring of
p-adic integers; the notation @Q, will be used to denote the field of fractions of Z,;
the notation C, will be used to denote the p-adic completion of an algebraic closure
of Qp; the notation F,, will be used to denote the finite field of cardinality p.

We shall refer to a finite extension field of Q as a number field. We shall refer to
a finite extension field of Q, as a p-adic local field.

Fields: Let F be a field; L O F an algebraic extension of F'. Then we shall write
F (respectively, F°P) for the algebraic closure (respectively, separable closure) of

F' [determined up to isomorphisms]; Gg ef Gal(F*P/F); [L : F] for the degree of
L over F [here we regard this as a supernatural number].

Let 3 be a set of prime numbers. Then we shall say that an algebraic extension
L/F is pro-prime-to-X if [M : F] is not divided by [ for each | € ¥, where M is the
Galois closure of F'.

Let p be a prime number; n a positive integer. Then we shall write p,, for the

def U, ttpm . We shall fix a primitive n-th root

set of n-th roots of unity in Q; fipe
of unity (,.

If F is an algebraic extension of Q, then we shall write V(F)°" for the set of
nonarchimedean places of F'. For v € V(F)"" and a subfield K C F of F, we shall
write Dp/k ., for the decomposition subgroup of Gal(F'/K) associated to v; F), for

the completion of F' at v; p, for the residue characteristic of F,. For 7 € V(Q)"°",

we shall write D% e D@/Fi'

Let Fy, F» be fields. Then we shall write Isom(Fy, Fy) for the set of all isomor-
phisms of fields from F} to F5.

Groups: Let G be a group; H C G a subgroup; n a nonnegative integer.
Then we shall write Zg(H) for the centralizer of H in G, i.e., the subgroup {g €
G|ghg=t = h for any h € H}; Z(G) e Zc(@); Ng(H) for the normalizer of H in
G, i.e., the subgroup {g € G|gHg™! = H}; G" for the profinite completion of G;
[G : H] for the index of H in G. If G is a profinite group and H C G is a closed
subgroup of G, then we regard the index [G : H] as a supernatural number. We shall
say that G is center-free it Z(G) = {1}. We shall say that H is n-subnormal in G if
there exist [not necessarily distinct| subgroups Hy = G, Hy,...,H,_1,H, = H of
G such that H; is normal in H;_; for each i € {1,...,n}. [If G is topological group
and H is an n-subnormal closed subgroup of GG, then we may choose Hy, Hy, ..., H,
to be closed [cf. [16], Remark 1.1.1].] We shall say that H is subnormal in G if G
is m-subnormal for some nonnegative integer m.
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Suppose that G is a profinite group. Then we shall say that G is slim if Zg(U) =
{1} for every open subgroup U of G, or, equivalently, every open subgroup of G
is center-free [cf. [20], Notations and Conventions]. We shall refer to the minimum
cardinality [possibly infinite] of topological generators of G as rank of G. We shall
write G® for the quotient of G by the closure of the commutator subgroup of G.
If p is a prime number, then we shall write cd G for the cohomological dimension
of G; cdy, G for the p-cohomological dimension of G [cf. [25], Definition 3.3.1].

Let G1,G2 be profinite groups. Then we shall write Isom(G1,G2) for the set
of continuous isomorphisms of profinite groups from G; to Ga; Outlsom (G, G2)
for the set of continuous outer isomorphisms of profinite groups from G to G,

i.e., continuous isomorphisms considered up to composition with an inner auto-

morphism arising from an element of Ga; Aut(G1) def Isom(G1, G1); Out(Gy) def

Outlsom (G, Gy).

Let C be a family of finite groups containing the trivial group. Then we shall
refer to C as a full-formation if C is closed under taking quotients, subgroups, and
extensions.

Fundamental groups: Let S be a connected locally Noetherian scheme. Then
we shall write 71 (S) for the étale fundamental group of S, relative to a suitable
choice of basepoint. [Note that, for any field F, w1 (Spec F') =2 Gp.] If X is an alge-
braic variety [i.e., a separated, of finite type, and geometrically connected scheme]
over C, then we shall write 7{°?(X) for the topological fundamental group of the
complex analytic space associated to X, relative to a suitable choice of [C-rational]
basepoint. If K is a complete subfield of C, and X is a smooth variety over K,
then we shall write 7} (X) for the tempered fundamental group of X, relative to
a suitable choice of basepoint [cf. [1]].

1. ANABELIAN GROUP-THEORETIC PROPERTIES

In the present section, we introduce terms and results from the authors’ previous
paper [16] that are also used in the present paper. While [16] sometimes deals with
cases that are not necessarily profinite, here we refer only to profinite cases.

In the present section, let p be a prime number.

Definition 1.1 (cf. [16], Definitions 1.5, 1.8; [16], Proposition 1.7). Let n be a
positive integer; G a profinite group.

(i) Let H C G be a closed subgroup. We shall say that H is normally decom-
posable in G if there exist nontrivial normal closed subgroups Hi, H, C G
of G such that H = Hy x Hs. We shall say that H is normally indecompos-
able in G if H is not normally decomposable in G. We shall say that G is
decomposable (respectively, indecomposable) if G is normally decomposable
(respectively, normally indecomposable) in G.

(ii) We shall say that G is internally indecomposable if every normal closed
subgroup of G is center-free and normally indecomposable in G, or, equiv-
alently, Zg(H) = {1} for every nontrivial normal closed subgroup H C G.
We shall say that G is strongly internally indecomposable if every open
subgroup of G is internally indecomposable.

(iii) We shall say that G is n-sn-internally indecomposable if every (n — 1)-
subnormal closed subgroup of G is internally indecomposable, or, equiv-
alently, Zg(H) = {1} for every nontrivial n-subnormal closed subgroup
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H C G. We shall say that G is strongly n-sn-internally indecomposable if
every open subgroup of G is n-sn-internally indecomposable.

(iv) We shall say that G is sn-internally indecomposable (respectively, strongly
sn-internally indecomposable) if G is m-sn-internally indecomposable (re-
spectively, strongly m-sn-internally indecomposable) for any positive inte-
ger m.

Definition 1.2 (cf. [16], Definition 2.1). Let n be a positive integer; G a profinite
group.
(i) We shall say that G is n-sn-quasielastic (respectively, n-sn-elastic) if every
topologically finitely generated n-subnormal closed subgroup of G (respec-
tively, of an open subgroup of G) is trivial or open in G.

(ii) We shall say that G is sn-quasielastic (respectively, sn-elastic) if G is m-
sn-quasielastic (respectively, m-sn-elastic) for any positive integer m.

(iii) We shall say that G is very n-sn-quasielastic (respectively, very n-sn-elastic;
very sn-quasielastic; very sn-elastic) if G is n-sn-quasielastic (respectively,
n-sn-elastic; sn-quasielastic; sn-elastic), but not topologically finitely gen-
erated.

Definition 1.3 (cf. [6], Definition 17.3.2; [22], Definition 1.1, (iii)). Let C be a
full-formation; G a profinite group; @ a quotient of G [in the category of profinite
groups).

(i) We shall write G¢ for the maximal pro-C quotient of G. If C is the family

of all p-groups, then we shall also write G? &ef ge.

(ii) Let N C G be a normal open subgroup. If the kernel of the surjection G —
Q coincides with the kernel of the natural surjection N — N (respectively,
N — NP), then we shall say that @ is the almost pro-C-mazimal quotient
(respectively, almost pro-p-mazimal quotient) of G associated to N.

(iii) We shall say that @ is an almost pro-C-maximal quotient (respectively,
almost pro-p-mazimal quotient) of G if it is the almost pro-C-maximal quo-
tient (respectively, almost pro-p-maximal quotient) of G associated to N
for some normal open subgroup N C G.

Definition 1.4 (cf. [7], Definition 2.1, (i)). Let S be a scheme; X a scheme over
S. Then we shall say that X is a hyperbolic curve over S if there exist nonnegative
integers g, 7, a scheme XP* over S, and a [possibly empty] closed subscheme D C
X Pt such that the following holds:
©29—2+1r>0;
e X°P' — G issmooth, proper, geometrically connected, of relative dimension
1, and any geometric fiber is [a necessarily smooth proper curve] of genus
g;
e the composite D — X°P' — S is a finite étale morphism of degree 7;
e X is isomorphic to X°P*\ D over S.
We shall refer to (g,r) as the type of X. If S is the spectrum of an algebraically
closed field, then D consists of r points. In this case, we shall refer to each point
of D as a cusp.

Definition 1.5 (cf. [22], Definition 1.2). Let C be a full-formation; IT a profinite
group. Then we shall say that II is a pro-C surface group (respectively, an almost
pro-C surface group) if II is isomorphic to the maximal pro-C quotient (respectively,
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an almost pro-C-maximal quotient) of the étale fundamental group of a hyperbolic
curve over an algebraically closed field of characteristic 0. If C is the family of all
p-groups, then we shall also refer to a pro-C surface group as a pro-p surface group.

Proposition 1.6 (cf. [16], Lemma 1.15). Let n be a positive integer; G an n-sn-
internally indecomposable profinite group; S C G a nontrivial n-subnormal closed
subgroup; H C G a closed subgroup containing S; o : H — G a continuous ho-
momorphism. Suppose that for any h € S, it holds that a(h) = h. Then for any
g € H, it holds that a(g) = g.

Proposition 1.7 (cf. [16], Proposition 1.11). Let n be a positive integer; G a
profinite group; {Hx}rea a set of n-subnormal closed subgroups of G. Then the
following hold:
(1) Nyea Hx is n-subnormal in G.
(ii) Suppose that G is n-sn-internally indecomposable, that A is finite, and that
for each A € A, Hy is nontrivial. Then ﬂ)\GA H), is nontrivial.

Proposition 1.8 (cf. [16], Proposition 1.14; [16], Lemma 2.4). Let n be a positive
integer; G a profinite group; {G;}icr a directed subset of the set of normal closed
subgroups of G [where j > i < G; C G;] such that the natural homomorphism
G — @iel G/G; is an isomorphism. If for each i € I, G/G; is n-sn-internally
indecomposable (respectively, strongly n-sn-internally indecomposable; very n-sn-
quasielastic; very n-sn-elastic), then so is G.

Proposition 1.9 (cf. [16], Proposition 1.12; [16], Lemma 2.3). Let n be a positive
integer; G a profinite group; H C G an open subgroup. Then the following hold:
(i) Suppose that any open subgroup of G has no nontrivial finite normal sub-
group [e.g. the case where G is slim [cf. [17], Lemma 1.8]]. Then if H is
strongly n-sn-internally indecomposable, then so is G.
(ii) Suppose that G has no nontrivial finite n-subnormal subgroup. Then if H
is n-sn-quasielastic (respectively, very n-sn-quasielastic), then so is G.

Proposition 1.10 (cf. [16], Corollary 3.4). Every free pro-p group [of arbitrary
rank] is sn-elastic.

Proposition 1.11 (cf. [16], Proposition 3.6, (ii)). Let G be an infinite pro-p
Demuskin group of rank > 2. Then every nontrivial closed subgroup of infinite
index of G is a free pro-p group.

Proposition 1.12 (cf. [16], Lemma 3.9). Let K be a Hilbertian field [cf. [6], §12.1];

H C Gk a nontrivial subnormal closed subgroup; U C H a proper open subgroup
of H. Then the separable extension of K associated to U C G is Hilbertian.

Theorem 1.13 (cf. [16], Theorems A, B). Let C be a full-formation such that
Z/pZ is a C-group; G a profinite group. Suppose that G is isomorphic to one of the
following:
e an almost pro-C-mazimal quotient of a free profinite group of [possibly in-
finite] rank > 2;
e an almost pro-C surface group;
e a pro-p Demuskin group [cf. [25], Definition 3.9.9] of rank > 3;
e an almost pro-C-mazimal quotient of G, where K is a Henselian discrete
valuation field [cf. [6], §11.5] of residue characteristic p or a Hilbertian field.

Then G is strongly sn-internally indecomposable and sn-elastic.
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2. CERTAIN ISOMORPHISMS BETWEEN CLOSED SUBGROUPS OF PROFINITE
GROUPS

In the present section, in certain situations, we show that a certain isomorphism
between closed subgroups of profinite groups is induced by an inner automorphism.
Especially, families preserving isomorphisms [cf. Definition 2.7] play a crucial role
[cf. Corollary 2.8].

In the present section, let p be a prime number.

Lemma 2.1. Let F' be a free pro-p group. Then the following hold:
(i) Let N C F be a normal open subgroup; x € F\ker(F — Fab/pFab). Write

k for the minimum nonnegative integer such that " e N;a def 22", Then
there exist a p-power m and F-conjugates a1 = a,...,a,n, € N of a such
that, if we write e; for the image of a; in N, then

o ci,...,em €N are linearly independent over Lp;

e the image of any F-conjugate of a in N* coincides with some e;.

(ii) Letx € F\ker(F — Fab/pFaP). Write I C F for the [pro-cyclic] subgroup
of F topologically generated by x. Let y € F be an element; {Nx}xen a set
of normal open subgroups of F' such that (., Nx = {1}. Suppose that for
any X\ € A, it holds that Tm(I N Ny — NiP/pNeP) = Im(yly~' N Ny —
NP /pNEP). Then it holds that I = yIy~*.

(iii) Let I C F be as in (ii). Then it holds that Np(I) = 1.

Proof. Since any free pro-p group is a direct limit of free pro-p groups of finite rank,
we may assume that F' is of finite rank, which we denote by r. The case where
r < 1 is clear. Thus, we may further assume that r > 2. Let us fix a hyperbolic
curve X of type (0,7 +1) over C and an isomorphism F = 71 (X)? such that x € F
maps to a topological generator of a cuspidal inertia subgroup of the pro-p surface
group 71 (X)? [i.e., a closed subgroup corresponding to a cusp of X]. Then N in
assertion (i) (respectively, for each A € A, N, in assertion (ii)) corresponds to a
covering Y of X (respectively, Yy). Then, by writing a; = a, ..., a,, for the [finite]
orbit of a under the conjugation action of F, assertions (i), (ii) are well-known as
properties of cuspidal inertia subgroups of pro-p surface groups. Assertion (iii) is
also well-known [cf. [19], Proposition 1.2, (ii)], or alternatively, since Np(I) C F
is a free pro-p group with pro-cyclic normal closed subgroup I C Ng(I), it follows
from Proposition 1.10 that Np(I) is pro-cyclic, hence Np(I) = I by our choice of
I. This completes the proof of Lemma 2.1. O

Lemma 2.2. Let F be a free pro-p group; x,y € F\ker(F — F2?/pF*): {Ny}ea
a set of normal open subgroups of F' such that (\yoy Nx = {1}. Write I, I, for the
pro-cyclic subgroups topologically generated by x,y, respectively. Suppose that for
each A € A, the respective images of I, N Ny and I, N Ny via the natural surjection
Ny — NP /pNeP coincide. Then it holds that I, = I,,.

Proof. For each A € A, since yI,y ' N Ny = y(I, " Ny)y~* and y(I, N Ny)y~! =
I, N Ny, it follows from our assumption that the respective images of y~ I,y N N
and I, N N via the natural surjection Ny — N f\‘b /DN fb coincide. Thus, it follows
from Lemma 2.1, (ii), that yI,y~! = I,. Then it holds that y € Ng(I,) = I, [cf.
Lemma 2.1, (iii)], which implies that I, C I,. Similarly, it holds that I, C I,,. This
completes the proof of Lemma 2.2. [
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Theorem 2.3. Let G be a profinite group; F C G a normal closed subgroup of G;
a € Aut(F) a continuous automorphism. Suppose that
e F is a free pro-p group of [possibly infinite] rank > 2;
e a(N) =N for every closed subgroup N C F of F that is normal in G;
e for every open subgroup N C F that is normal in G, if I is a pro-cyclic
subgroup of N such that I Z ker(N — N2P/pN?aP) then there exists g € G
such that a(I) = glg™—!

Then « is induced by an inner automorphism of G.

Proof. Let us fix an element € F \ ker(F — F#P/p[Fab). Write I C F for the
[pro-cyclic] subgroup topologically generated by x. For each g € G and each open
subgroup N C F of F that is normal in G, we shall write ag € Aut(F) for the
automorphism of F' determined by a,(h) = g~ 'a(h)g; a2’y for the automorphism
of N2 determined by ag; My € N ab for the subgroup of N2b generated by the
image of all F-conjugates of I N N. First, we claim the following:

Claim 2.3.A: Let Ny C F be an open subgroup of F' that is normal

in G. Then there exist g € G and b € Z; such that for any

a € My,, it holds that O‘ZFNO (a) = ba.

Indeed, we shall write k£ for the unique nonnegative integer such that I N Ny is
topologically generated by 2P, Then it follows from Lemma 2.1, (i), that there
exist F-conjugates x; = xpk,xg, ey Ty Of 2?" such that, if we write e; for the
image of z; in NZP, then {ey,..., e} is a linearly independent generator of My,
over Z,, and, moreover, it holds that the image of any F-conjugate of 2?" in Ngb
isin {e1,...,em} € My,. Write I; C Ny for the [pro-cyclic] subgroup topologically
generated by x;.

Now for each open subgroup N C Ny of Ny that is normal in G, we shall write
kn for the unique nonnegative integer such that I NN is topologically generated by
2P* . Then I, N N is topologically generated by szN?k. For each i € {1,...,m},

kn—k
we shall write e; y € NP for the image of 2¥ " in N#b. Moreover, we shall write

m
o e Zpiflei,N € N*;
i=1
N = {(bg) €Z x Glay(2n) = ban} CZZ x G.

Then it follows from our assumption that By is a nonempty [closed] subset of
Zy x G. Moreover, if N " € N C Ny are open subgroups of Ny that is normal
in G, then, since the image of zx+ via the natural homomorphism N'2P — N&P ig
pFN =k z it holds that By € By. Thus, since Zy x G is compact, it holds that
Ny By # 0.

Now let (b,g) € (| Bn. Note that the image of zy via the natural surjection
NP — N3P /pNab coincides with the image of 2P*Y via the natural surjection
N — NP /pNab_ Thus, it follows from Lemma 2.2 that ay(I;) = I;. In particular,

there exists ¢ € Z)S such that ay(e;) = ce1, and, moreover, for each i € {1,...,m},
there exists j; € {1,...,m} such that oy n,(e;) = cej,. Then it holds that
m m

i— 1 —1
g bp i =bzn, =« qNo (zng) g cp’ €5

i=1
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which implies that b = ¢ and j; = 4. Since My, is generated by e1,..., ey, we
conclude that a;'fNo(a) = ba for any a € My,. This completes the proof of Claim
2.3.A.

Now for each open subgroup N C F of F' that is normal in GG, we shall write

cy {(b,9) € Z; x G|a;"°N(a) =ba foralla € My} CZ) x G.

Then it follows from Claim 2.3.A that Cy is a nonempty [closed] subset of Z)* x G.
Moreover, if N’ C N C F are open subgroups of F that are normal in G, then it
holds that Cy» C Cy. Indeed, let (b,g) € Cns. For any a € My, there exists r €
Z,\ {0} such that ra is in the image of My C N’ via the natural homomorphism
N2> — N#P_ Then, since it holds that 2" (ra) = bra, it follows from the torsion-
freeness of Z,-module N*" that agf’N(a) = ba, i.e., (b,g) € Cn.

Since Z,° x G is compact, it holds that () Cx # 0. Let (b,g) € () Cn. Write
A for the set of F-conjugates of I. Then it follows from Lemma 2.1, (ii), that
agy(J) = J for any J € A.

Now for any h € F and .J € A, since h~'Jh € A, it holds that

O‘g(h)h_lJ(ag(h)h_l)_l = O‘g(h)ag(h_ljh)ag(h)_l =ay(J) =J

Thus, it holds that ag(h)h™ € ;ea Nr(J) = NjeaJ = {1} [cf. Lemma 2.1,
(iii)], which implies that ay = idp. This completes the proof of Theorem 2.3. O

Theorem 2.4. Let n be a positive integer, G an n-sn-internally indecomposable
profinite group; H, H', F, F C G closed subgroups of G such that F C HNH' N ﬁ;
a:H S H' a continuous isomorphism. Suppose that
o Fis (n—1)-subnormal in G;
e I is a nontrivial free pro-p normal subgroup of f‘;
e a(N) =N for every closed subgroup N C F of F' that is normal in ﬁ;
e for every open subgroup N C F that is normal in ﬁ, if I is a pro-cyclic
subgroup of N such that I € ker(N — N2P/pN2P), then there exists g € F
such that o(I) = glg~!.

Then « is induced by an inner automorphism of F.

Proof. If there exists g € F such that g ta(h)g = h for any h € F, then it
follows from Proposition 1.6 that g~'a(h)g = h for any h € H. Thus, by replacing
(n,G,H,H' &) by (1,ﬁ,F,F,C¥|F : 5 F), we may assume that n = 1, G = ﬁ,
H = H' = F. Since G is internally indecomposable, the [nontrivial] free pro-p
normal closed subgroup F' is center-free, hence of rank > 2. Thus, Theorem 2.4
follows from Theorem 2.3. ([l

Remark 2.4.1.

(i) If G = F (hence G itself is a free pro-p group of rank > 2), then the two
theorems above say that any normal automorphism a of G satisfying the
third assumption of Theorem 2.3 is an inner automorphism. On the other
hand, by a similar argument to the argument of [9], Lemma 1.6, we can
show that any normal automorphism « of G satisfies the third assumption
of Theorem 2.3. This gives an alternative proof of [12], Corollary C in the
case where “C” in [12], Corollary C is the class of all p-groups.
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Notice that the proof in [12] is based on representation theoretic consid-
erations, while the proof of Theorem 2.3 is based on anabelian geometric
considerations.

(ii) Theorem 2.4 is a result that provides evidence for the importance of con-
sidering [sn-]internal indecomposability.
(iii) Tt is natural to pose the following question:
Question: Can the third assumption of Theorem 2.3 be
dropped?
However, at the time of writing of the present paper, the authors do not
know whether this question is affirmative or not.

Lemma 2.5. Let G be a profinite group; H, H' C G closed subgroups; o : H — H'
a continuous homomorphism; {G;}icr a directed subset of the set of normal closed
subgroups of G [where j > i < G; C G;] such that the natural homomorphism
G — Hm, G/G; is an isomorphism. For each i € I, write ¢; : G — G/G; for
the natural surjection. Suppose that o(H N G;) C G; for each i € I, and write
a; 2 ¢;(H) = ¢i(H') for the homomorphism induced by «. Then the following
conditions are equivalent:

(1) « is induced by an inner automorphism of G.

(2) For anyi € I, o is induced by an inner automorphism of G/G;.
Proof. The implication (1) = (2) is immediate. We verify the implication (2) =
(1). Suppose that condition (2) is satisfied. For each ¢ € I, we shall write

Di = {g € Glai(h) = 6:(9)hoi(g) ™" for all h € 6,(H)} € G.
Then D; is a nonempty [closed] subset of G. Moreover, if 7 > 4, then it holds that
Dj C D;. Thus, since G is compact, it holds that (., D; # 0.
Let g € (;c; Di- Then for any h € H and i € I, it holds that ¢;(c(h)) =

ai(di(h)) = ¢i(9)di(h)¢i(9)~" = ¢i(ghg™"), which implies that a(h)"'ghg~" €
(Nic; Gi = {1}. This completes the proof of Lemma 2.5. O

Theorem 2.6. Let G,H,H' o, {G;}icr, di,; be as in Lemma 2.5; n a positive
integer. Suppose that o is an isomorphism. Moreover, for each i € I, suppose that
e a(HNG;)=H NG, [hence a; is an isomorphism/;
e G/G; is n-sn-internally indecomposable;
e ¢;(H)N ¢;(H'") contains a nontrivial free pro-p; n-subnormal subgroup F;
of G/G; for some prime number p;;
e «;(S) =S for every closed subgroup S C F; of F; that is n-subnormal in
G/G,,
e for every open subgroup U C F; that is n-subnormal in G/Gy, if I is a pro-
cyclic subgroup of U such that I € ker(U —» U?P /pU?P), then there erists
g € G/G; such that o, (I) = glg~!.
Then « is induced by an inner automorphism of G.

Proof. This follows from Theorem 2.4; Lemma 2.5. (]

Definition 2.7. Let n be a positive integer; G a profinite group; H, H' C G closed
subgroups; a : H = H’ a continuous isomorphism.
(i) We shall say that « is n-subnormal [in G] if for every closed subgroup
S C H N H' that is n-subnormal in G, it holds that «(S) = S. We shall
say that a is normal [in G] if o is 1-subnormal [in GJ.
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(ii) (cf. [12], Introduction) We shall say that « is families preserving [in G| if
for every pro-cyclic subgroup I C H, there exists g € G such that «(I) =

glg™'.
Remark 2.7.1.

(i) If H and H' are open in G, then « is n-subnormal in G if and only if

a(S) = S for every open subgroup S C H N H' that is n-subnormal in G.

(ii) Every families preserving isomorphism in G is normal in G.

(iii) Suppose that « is a families preserving (respectively, an n-subnormal) iso-
morphism in G. Then so is «~!. Moreover, for any normal closed subgroup
N C G (respectively, normal closed subgroup N C G contained in HNH'),
the isomorphism H/(H N N) = H'/(H' N N) determined by « [cf. (ii)] is
families preserving (respectively, n-subnormal) in G/N.

Corollary 2.8. Let n be a positive integer; G a profinite group; H, H' C G closed
subgroups; o : H = H' a continuous isomorphism; {G;}icr a directed subset of the
set of closed subgroups of HNH' that is normal in G [where j > i < G C G;] such
that the natural homomorphism G — I'&Hiel G/G; is an isomorphism. Suppose that
for eachie I,

o « is families preserving and n-subnormal in G.

e G/G; is n-sn-internally indecomposable;

e (HNH')/G; has a nontrivial free pro-p; closed subgroup that is n-subnormal
in G/G; for some prime number p;;

Then « is induced by an inner automorphism of G.

Proof. This follows from Theorem 2.6; Remark 2.7.1, (iii). O

3. FAMILIES PRESERVING ISOMORPHISMS FOR GROUPS IN ANABELIAN GEOMETRY

When applying Theorem 2.6 or Corollary 2.8, for a given profinite group, it
is important to consider its quotients that are [sn-]internally indecomposable and
have free pro-p [sub]normal closed subgroups. In the present section, we discuss this
problem for various groups appearing in anabelian geometry, and show that in many
cases every families preserving isomorphism is induced by an inner automorphism.

In the present section, let p be a prime number.

First, we deal with the absolute Galois groups and their quotients of various
fields. We also provide an application to a family of fields that a weak version
of Neukirch-Uchida type result [i.e., the isomorphism class of the absolute Galois
group determines the field] were obtained for [cf. Remark 3.10.1].

Lemma 3.1. Let G be a profinite group; H C G a closed (respectively, a normal
closed) subgroup; N C H a normal open subgroup of H. Then there exist an open
(respectively, a normal open) subgroup U C G of G containing H and a normal
open subgroup V.C U of U such that N = HNV and that H/N = U/V.

Proof. Tt follows from [6], Lemma 1.2.5, (b), that there exists an open subgroup
W C G of G such that N = HNW. Write V = (,cy AWh™!. Since the number
of G-conjugates of W, hence also the number of H-conjugates of W, is finite, V'
is open in G. Moreover, for h € H, since N = hNh~' C hWh™!, it holds that
N C V. In particular, it holds that N = HNV.
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Now it follows from our choice of V that H C Ng (V). Thus, we obtain a natural
injective homomorphism H/N < Ng(V)/V. Moreover, if H is normal in G, then,
since H is normal in Ng(V), the image of the natural injective homomorphism
H/N — Ng(V)/V is normal in Ng(V)/V. Thus, if we write U C Ng(V) for
the inverse image of Im(H/N < Ng(V)/V) via the natural surjection Ng(V) —
Ng(V)/V, then the pair (U, V) satisfies the desired conditions. O

Proposition 3.2. Let K be a number field; N C Gg a normal closed subgroup
of Gk such that [Gg : NJ is not divided by p™. Write Q e G /ker(N — NP).
Then the following holds:

(i) Q is strongly sn-internally indecomposable, very sn-elastic, and @ has a
nontrivial free pro-p normal closed subgroup. In particular, any almost
pro-p-mazximal quotient of Gx has a nontrivial free pro-p normal closed
subgroup.

(ii) Let H,H' C Q be closed subgroups. Suppose that H, H' have nontrivial
closed subgroups that are mormal in G. Then every families preserving
isomorphism H = H' in G is induced by an inner automorphism of G.

Proof. First, we verify assertion (i). It follows from Lemma 3.1 that ker(N —
NP) = (N, ker(U — UP), where U runs over all normal open subgroups of Gk
containing N. Thus, since UP, hence also Gk /ker(U — UP), is not topologically
finitely generated, it follows from Proposition 1.8; Theorem 1.13, that @ is strongly
sn-internally indecomposable and very sn-elastic. Thus, it suffices to show that Q
has a nontrivial free pro-p normal closed subgroup.

Let U C @ be a normal open subgroup of . If U has a nontrivial free pro-p
normal closed subgroup F' C U, then it follows from Proposition 1.7; Theorem
1.13, that N seq 9t g~ C @Q is a nontrivial [free pro-p] normal closed subgroup of
Q. Thus, by replacing K by the finite [Galois] extension of K corresponding to a
suitable normal open subgroup of @, to verify Proposition 3.2, we may assume that
K is totally imaginary if p = 2.

Write L for the cyclotomic Zy-extension of K; M for the [Galois] extension of
K obtained by compositing L and the [Galois] extension of K corresponding to N.
Then it follows from [25], Corollary 8.1.18, that cd, Gar < 1. Thus, it follows from
[34], Chapter II, §2, Proposition 2, that cd, GY, < 1. On the other hand, since
[Gk : N is not divided by p®, it is clear that Gp; has a normal open subgroup of
index a power of p, which implies that c¢d, G%, > 1. Thus, we conclude that G%,
is a nontrivial free pro-p group. Now since [N : G| is not divided by all prime
numbers except p, the image of Gj; via N — NP, hence also via Gx — @Q, is
identified with G%,. Thus, @ has a nontrivial free pro-p normal closed subgroup.
This completes the proof of assertion (i).

Next, we verify assertion (ii). It follows from assertion (i), together with Propo-
sition 1.7, that there exists a nontrivial free pro-p normal closed subgroup F' C @ of
Q contained in H N H'. Thus, it follows from Theorem 2.4; Remark 2.7.1, (ii), that
every families preserving isomorphism H = H’ in @ is induced by an inner auto-
morphism of Q). This completes the proof of assertion (ii), hence also of Proposition
3.2. O
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Proposition 3.3. Let K be a Henselian discrete valuation field of residue charac-
teristic p; N C Gi a normal open subgroup of Gi. Then the almost pro-p-maximal
quotient of Gx associated to N has a nontrivial free pro-p normal closed subgroup.

Proof. If K is of characteristic p, then NP is a free pro-p group of infinite rank.
Thus, we may assume that K is of characteristic 0. Write @ for the almost pro-p-
maximal quotient of Gk associated to N. If NP has a nontrivial free pro-p normal
closed subgroup F', then, since N? is a normal open subgroup of @Q), it follows from
Proposition 1.7; Theorem 1.13, that ﬂgEQ gFg~! is a nontrivial free pro-p normal
closed subgroup of ). Thus, by replacing K by the finite Galois extension of K
corresponding to N, it suffices to show that G%- has a nontrivial free pro-p normal
closed subgroup.

Now there exists a finite [Galois] subextension L of the cyclotomic Z,-extension
of K such that the absolute ramification index of L is > p+1. If G’i has a nontrivial
free pro-p normal closed subgroup F', then it follows from Proposition 1.7; Theorem
1.13, that N gean. gFg~! is a nontrivial free pro-p normal closed subgroup of G%..
Thus, by replacing K by L, we may assume that the absolute ramification index of
Kis>p+1.

Now we claim the following:

Claim 3.3.A: There exists a weakly unramified pro-p extension L
of K such that the residue field of L is perfect, and that G has a
nontrivial closed subgroup that is normal in G%.

Indeed, let us fix a nontrivial element g € G%.. Write k for the residue field of
K. Let {t; € k|i € I} be a p-basis of k. We may assume that I is nonempty. For
each (4,7) € I x Z>q, write k; ; for the field extension of k generated by p?-th roots
of t; over k [hence k; o = k.

Let i € I. We prove that there exists a sequence of finite weakly unramified
p-extensions K; o C K; 1 C K; 2 C -+ of K satisfying the following for each j > 0:

o the residue field of K; ; is k; ;;
* 9€Npear, oG, o .

Write K; o 4f K. For each j > 1, suppose that we have already obtained K ;_;
satisfying the desired conditions. Let {o1,...,0.,} be a left transversal of G%, -
in G%,. Write F C G%. for the closed 5ubgroup of G%. topologically generated by
Ul_lgal, eovy 0. go . Then, since we assume that g € ﬂgeG% oGh Ko o1, it holds
that F' C Gp e Thus, in light of our assumption on the absolute ramification
index of K, by applymg (18], Lemma 2.4, where we take “K” to be K; ;_1, we obtain
a weakly unramified Galois extension K; ; of K; ;_1 of degree p such that the residue
field of K j is k; j, and that F' C G . Then it holds that g € (,cqr oG, o .
Therefore, we obtain a desired sequence of extensions of K by induction on j.

Now write I & Ul g K; ;. Then L is a weakly unramified pro-p extension of K
such that the residue field of L is perfect. Moreover, the closed subgroup

| | JGZL)U_l = | |O’G1;(_ o !
1,7
ceGh, ceGh i,]

of G contains g, hence nontrivial. This completes the proof of Claim 3.3.A.
Now let us write K’ for the cyclotomic Z,-extension of K. Since the ramification
index of K'L/L is infinite, the inertia subgroup I C Gal(K'L/L) = Z, is infinite,
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hence open in Gal(K'L/L). Thus, if we write M for the finite Galois extension of L
corresponding to I C Gal(K’'L/L), then K'L/M is a totally ramified Z,-extension.
Thus, it follows from the theory of fields of norms [cf. [5], Chapter 11, §5, Exercises,
1; [5], Chapter 111, (5.5), Theorem; [5], Chapter III, (5.7), Theorem] that Gk, is
isomorphic to Gy, ((+)), where kps is the residue field of M. Thus, G, is a free
pro-p group. Since G%, is a normal closed subgroup of G%- and G¥ has a nontrivial
closed subgroup that is normal in G%, it follows from Proposition 1.7; Theorem
1.13, that G%.,; = G%, NG has a nontrivial normal closed subgroup of G%.. This
completes the proof of Proposition 3.3. ([l

Definition 3.4. Let G be a profinite group; @ a quotient of G [in the category of
profinite groups|; [ a prime number.

(i) Write Gsym for the intersection of all normal open subgroups U C G such
that G/U is isomorphic to a symmetric group.

(ii) Let U, N C G normal open subgroups of G such that N is contained in
U. If the kernel of the surjection G — @ coincides with the kernel of the
natural surjection N N Ugym — (N N Usym)l, then we shall say that @ is an
almost symmetric pro-l-mazimal quotient of G associated to (U, N).

(iii) We shall say that @ is an almost symmetric pro-l-mazimal quotient of G if
it is the almost symmetric pro-l-maximal quotient of G associated to (U, N)
for some U, N C G as in (ii).

Remark 3.4.1. 1t is clear that Gy, is characteristic in G. In particular, for U, N C
G as in Definition 3.4, (ii), the closed subgroup Ugym, hence also N NUgyy, is normal
in G. Moreover, the kernel of the natural surjection N N Ugyry, — (NN Usym)l is
normal in G, since it is characteristic in N N Ugym.

Proposition 3.5. Let K be a Hilbertian field; @ an almost symmetric pro-p-
mazimal quotient of Gx. Then Q 1is strongly sn-internally indecomposable, very
sn-elastic, and Q) has a nontrivial free pro-p normal closed subgroup.

Proof. Every open subgroup W C @ of @ is isomorphic to the inverse limit of some
family of almost pro-p-maximal quotients of the inverse image of W in G k. Thus,
it follows from Proposition 1.8; Theorem 1.13; [6], Corollaries 12.2.3, 16.3.6, that
@ is strongly sn-internally indecomposable and very sn-elastic. Moreover, there
exist open subgroups N,U C Gk of Gk such that N C U and that @ contains a
normal closed subgroup isomorphic to (N N Ugym)P. Thus, it suffices to show that
(N N Usym)? is a nontrivial free pro-p group, i.e., cdp(N N Usym)? = 1.

It follows from [6], Corollary 12.2.3; [6], Theorem 18.10.4, that the Galois exten-
sion of K associated to Usyrm is a Hilbertian pseudo algebraically closed field. In
particular, it follows from [6], Corollary 11.6.8, that cd,(N NUsym) < cdp Usym < 1.
Thus, it follows from [34], Chapter II, §2, Proposition 2, that c¢d,(N N Usym)? < 1.
On the other hand, since the Galois extension of K associated to N NUsyn, is Hilber-
tian [cf. [6], Corollary 12.2.3], N N Ugym has a normal open subgroup of index p,
which implies that cd,(N N Usym)? > 1. This completes the proof of Proposition
3.5. O

Remark 3.5.1. At the time of writing of the present paper, the authors do not
know whether any almost pro-p-maximal quotient of Gk has a nontrivial free pro-p
normal closed subgroup or not, where K is a Hilbertian field.
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Theorem 3.6. Let G be a profinite group; C a full-formation such that Z/pZ is a
C-group. Suppose that G is isomorphic to one of the following:

(a) an almost pro-C-mazimal quotient of G, or an almost symmetric pro-p-
mazximal quotient of G, where K is a number field or a Henselian discrete
valuation field of residue characteristic p;

(b) Gk or an almost symmetric pro-p-mazimal quotient of G, where K is a

Hilbertian field.
Then the following hold:

(i) G is strongly sn-internally indecomposable.

(ii) Let H,H' C G be closed subgroups. Suppose that H, H' have nontrivial
closed subgroups that are mormal in G. Then every families preserving
isomorphism H = H' in G is induced by an inner automorphism of G.

Proof. In the case of (a) (respectively, (b)), for a normal open subgroup N C Gk of
G i, we shall write @ for the almost pro-p-maximal quotient (respectively, almost
symmetric pro-p-maximal quotient) of G associated to N (respectively, associated
to (Gk,N)).

First, we verify assertion (i). There exists a normal open subgroup Ny C Gk
of Gx such that the natural surjection Gx — Qn, factors through Gx — G.
Write A for the set of normal open subgroups of Gk contained in Ny. Then, since
G = @NEA Qn, it follows from Propositions 1.8, 3.5; Theorem 1.13, that G is
strongly sn-internally indecomposable. This completes the proof of assertion (i).

Finally, we verify assertion (ii). Let us fix nontrivial normal closed subgroups
N1, Ni of G contained in H, H', respectively. Then it follows from assertion (i);
Proposition 1.7, (ii), that Ny N Nj is nontrivial. Write B for the subset of A
consisting of N € A such that Ny N N{ € N. Then it holds that G & @NEB QnN-
Moreover, for N € B, it follows from Propositions 3.2, 3.3, 3.5, that Qn has a
nontrivial free pro-p normal closed subgroup Fy. Now it follows from assertion (i);
Proposition 1.7, together with the definition of B, that the intersection of F and
the image of Ny N Ny in @y is a nontrivial free pro-p normal closed subgroup of
Q. Thus, it follows from assertion (i); Theorem 2.6; Remark 2.7.1, (iii), that every
families preserving isomorphism H = H’ in G is induced by an inner automorphism
of G. This completes the proof of assertion (ii), hence also of Theorem 3.6. ([

Remark 3.6.1.

(i) If H is an open subgroup of an infinite profinite group G, then, since
N 9eG gHg™ ! is a normal open subgroup of G, H have a nontrivial closed
subgroup that is normal in G.

(ii) Let us consider the case where the supposition of the existence of nontrivial
normal closed subgroups in assertion (ii) is replaced by the existence of n-
subnormal closed subgroups. If we further suppose that, for each N € B,
the isomorphism between the images of H and H' in Qn determined by
a is n-subnormal in Qu [where Qu is the same as in the proof above,
and B is determined similarly for a fixed nontrivial n-subnormal closed
subgroups], then the same proof works. In the case where G itself contains
a nontrivial free pro-p normal closed subgroup, it is sufficient to suppose
only « is n-subnormal in G.
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Theorem 3.7. Let C a nontrivial full-formation; K a Hilbertian field; S C G
a nontrivial subnormal closed subgroup of Gx; U, N C S proper normal open sub-
groups of S such that N is contained in U. Write Q for the almost symmetric
pro-p-mazimal quotient of S associated to (U, N). Then the following hold:

(i) Let T be a profinite group that is isomorphic to an almost pro-C-mazximal
quotient of S or an almost symmetric pro-p-mazximal quotient of S. If T
18 nontrivial, then T is strongly sn-internally indecomposable and very sn-
elastic.

(ii) @ has a nontrivial free pro-p normal closed subgroup.

(i) Let us denote G by S or Q. Let H H' C G be closed subgroups. Suppose
that H, H' have nontrivial closed subgroups that are normal in G. Then
every families preserving isomorphism H = H' in G is induced by an
inner automorphism of G.

Proof. First, we verify assertion (i). Let V C T be a proper open subgroup of T
Then it follows from Proposition 1.12 that the separable extension of K associated
to [the inverse image of] V [in S C G| is Hilbertian, which implies that V is
strongly sn-internally indecomposable and very sn-elastic [cf. Theorem 1.13]. In
particular, every subnormal closed subgroup of V' is slim. In light of [17], Lemma
1.3, every proper open subgroup of T', hence also T', does not have nontrivial finite
subnormal subgroup. Thus, assertion (i) follows from Proposition 1.9.

Assertion (ii) follows from an argument similar to the argument in the proof
of Proposition 3.5, together with assertion (i); Proposition 1.12. Moreover, since
S = @1 " @y, where M runs over all normal open subgroups of S contained in
U, and Q) is the almost symmetric pro-p-maximal quotient of S associated to
(U, M), assertion (iii) follows from an argument similar to the argument in the
proof of Theorem 3.6, (ii), together with assertions (i), (ii). This completes the
proof of Theorem 3.7. ([l

Definition 3.8. Let G be a profinite group; H, H' C G closed subgroups; o : H =
H' a continuous isomorphism. Then we shall say that « is open-wise inner [in G| if
for every open subgroup U C H of H, there exists g € G such that a(U) = gUg~!.

Remark 3.8.1. If o is an open-wise inner automorphism in G, then so is o~ !.
Proposition 3.9. Let G be a profinite group; H,H' C G closed subgroups; « :
H = H' a continuous isomorphism; {G;}ier a directed subset of the set of closed
subgroups of H N H' that is normal in G [where j > i < G; C G;] such that the
natural homomorphism G — @iel G/G; is an isomorphism. Then the following
conditions are equivalent:
(1) « is open-wise inner in G.
(2) For each i € I, it holds that o(G;) = G;, and, moreover, the isomorphism
H/G; = H'/G; determined by « is open-wise inner in G/G;.
(3) For every closed subgroup A C H, there exists g € G such that a(A) =
gAg1.

In particular, an open-wise inner isomorphism in G is families preserving in G.

Proof. The implication (3) = (2) is clear. First, we verify the implication (2) = (1).
Suppose that condition (2) is satisfied. Let U C H be an open subgroup of H. For
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each i € I, we shall write

o {g€G|a(U)CgUg™'G;} CG.

Then, since the image of U via the natural surjection G — G/G; is an open
subgroup of H/G;, E; is a nonempty [closed] subset of G. Moreover, if j > 4,
then it is clear that E; C E;. Thus, since G is compact, it holds that (), E; # 0.

Let g € (;c; Es. Then it holds that «(U) C (,c; gUg ' Gs = gUg™'. Similarly,
there exists h € G such that a1 (a(U)) C ha(U)h™! [cf. Remark 3.8.1], which
implies that h=1Uh C a(U) C gUg~!. On the other hand, by considering all finite
quotients of G, h=*Uh C gUg ™! implies that h='Uh = gUg™ !, ie., a(U) = gUg™ .
This completes the proof of the implication (2) = (1).

Finally, we verify the implication (1) = (3). Suppose that « is open-wise inner
in G. Let A C H be a closed subgroup. For each open subgroup U C H of H
containing A, we shall write

Fy € {g € Gla(4) CgUg'} C G,
Then, since « is open-wise inner, Fy; is a nonempty [closed] subset of G. Moreover,
if U’ C U, then, it is clear that Fy» C Fy. Thus, since G is compact, it holds that
ﬂU Fy # 0.

Let g € (N Fu. Then it holds that a(A) C N,y gUg™ ™t = g(Ny U) g~ ' = gAg~*.
In light of Remark 3.8.1, it follows from an argument similar to the argument in the
proof of implication (2) = (1), we conclude that a(A) = gAg~!. This completes
the proof of the implication (1) = (3), hence also of Proposition 3.9. O

Proposition 3.10. Let K be a field; Q a quotient of G [in the category of profinite
groups]; H,H' C Q closed subgroups of Q). Suppose that for any open subgroups
U,V of H, H', respectively, if U is isomorphic to V, then the field corresponding to
[the inverse image of] U [in Gk wvia the quotient Gx — Q] is isomorphic to that
of V.. Then every isomorphism from H to H' is open-wise inner in Q.

Proof. Let U C H be an open subgroup of H; o : H = H’ an isomorphism. Then,
since U is isomorphic to a(U), the field corresponding to U is isomorphic to that
of a(U), which implies that these two fields are conjugate to each other. This
completes the proof of Proposition 3.10. O

Remark 3.10.1. Theorem 3.6; Propositions 3.9, 3.10 yield the equivalence of [39],
Theorem and [39], Corollary 2 [see also [10], Main theorem)].

As such, if we obtain a weak version of Neukirch-Uchida type result for a certain
quotient of the absolute Galois groups for a class of fields, in many cases we can
show the innerness of isomorphisms between open subgroups.

Next, we consider groups such as free pro-C groups and surface groups, as well
as profinite groups obtained by successive extensions of them. As applications, we
obtain results on the fundamental groups of hyperbolic curves over number fields or
p-adic local fields [cf. Theorem 3.16], and on the fundamental group of hyperbolic
polycurves [cf. Definition 3.17] over algebraically closed fields of characteristic 0 [cf.
Theorem 3.18].

Theorem 3.11. Let G be a profinite group; C a full-formation such that Z/pZ is
a C-group. Suppose that G is isomorphic to one of the following:
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(a) an almost pro-C-maximal quotient of a free profinite group of [possibly in-
finite] rank > 2, or an almost symmetric pro-p-maximal quotient of a free
profinite group of rank > 2;

(b) an almost pro-C surface group, or an almost symmetric pro-p-mazimal quo-
tient of a profinite surface group;

(¢) a pro-p Demuskin group of rank > 3.

Then the following hold:

(i) For each open subgroup U C G of G, the closure of the commutator subgroup
of UP is a free pro-p group of infinite rank.
(ii) G is strongly sn-internally indecomposable.
(iii) Let H,H" C G be closed subgroups. Suppose that H,H' have nontrivial
closed subgroups that are normal in G. Then every families preserving
isomorphism H = H' in G is induced by an inner automorphism of G.

Proof. Assertion (i) follows from Theorem 1.13; Proposition 1.11; [29], Corollary
7.7.5; the discussion preceding [25], Theorem 3.9.11 [observe that every pro-p surface
group is a free pro-p group of rank > 2 or a pro-p Demuskin group of rank > 4].
Assertion (ii) follows from Theorem 1.13, Proposition 1.8. Assertion (iii) follows
from an argument similar to the argument in the proof of Theorem 3.6, (ii), together
with assertions (i), (ii). O

Lemma 3.12. Let 1 - N — G — Q — 1 be an exact sequence of profinite groups
such that N is center-free; a € Aut(G) a continuous automorphism. We regard
N as a closed subgroup of G via the inclusion N — G. Write p for the outer

representation Q — Out(N) associated to the above exact sequence. Suppose that

« preserves the subgroup N C G, and that the restriction ay def aly € Aut(N) is

induced by an inner automorphism of G. Write ag € Aut(Q) for the automorphism
of @ induced by a. Suppose further that one of the following holds:

e p 1s injective;

e ag is an inner automorphism of @ and Im p is center-free.

Then « is an inner automorphism of G.

Proof. Write ¢ for the [surjective] homomorphism G — @ in the exact sequence.
By replacing « by the composite of o with a suitable inner automorphism of G, we
may assume that ay is the identity automorphism of N. Then it is clear that aq
fits into the commutative diagram

Q . Q
X /
p(Q).
In particular, if p is injective, then g is the identity automorphism of @. In this
case, for g € G and h € N, since ghg~—! € N, it holds that ghg~! = a(ghg™?) =
a(g)ha(g)~!, which implies that g~ ta(g) € Zg(N). On the other hand, since
d(a(g)) = ag(p(g)) = ¢(g), it holds that g~ a(g) € ker ¢ = N. Thus, we conclude

that g~ 'a(g) € Z(N) = {1}, i.e., a is the identity automorphism. This completes
the proof of Lemma 3.12 in the case where p is injective.
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In the remainder of the proof of Lemma 3.12, we assume that ag is an inner
automorphism of @) and Im p is center-free. Let us fix ¢ € G such that ag is the
inner automorphism determined by ¢(c). Then, for any g € @, since ag(g) =
#(c)gp(c)~L, it follows from the above diagram that p(g) = p(¢(c)ge(c)™1). Thus,
it holds that p(¢(c)) € Z(p(Q)) = {1}, i.e., ¢(c) € ker p. This implies that ¢N N
Za(N) #0.

Let us fix d € ¢eN N Zg(N) and write € Aut(G) for the automorphism of G
determined by B(g) = d~'a(g)d. Then the automorphisms of N and @ determined
by  are the identity automorphisms. Thus, by an argument similar to the above
argument, we conclude that § is the identity automorphism of G. This completes
the proof of Lemma 3.12. O

Theorem 3.13. Let 1 - N — G — @Q — 1 be an exact sequence of profinite
groups; a € Aut(QG) a continuous automorphism; {G;}icr a directed subset of the
set of normal closed subgroups of G [where j > i < G; C G;] such that the natural
homomorphism G — l'mi IG/GZ- is an isomorphism. We regard N as a closed
subgroup of G wvia the inclusion N — G. Write p for the outer representation
Q — Out(N) associated to the above exact sequence. Suppose that for each i € I,

e « preserves the subgroup N C G, and that the restriction of o to N 1is
families preserving in G;

e N/(NNG;) is internally indecomposable;

e N/(NNG;) contains a nontrivial free pro-p; normal closed subgroup F; of
G/G; for some prime number p;.

Write ag € Aut(Q) for the automorphism of Q induced by . Suppose further that
one of the following holds:

e p is injective;

e «ag is an inner automorphism of Q and Imp is center-free.

Then « is an inner automorphism of G.

Proof. Write a; € Aut(N/N NG;) for the automorphism of N/N NG, induced by «
[cf. Remark 2.7.1, (ii)]. Since the natural homomorphism N — lim, N/(NNG;)
is an isomorphism, it follows from Proposition 1.8 that N is internally indecompos-
able, hence center-free. Thus, in light of Lemmas 2.5, 3.12, it suffices to show that
«; is induced by an inner automorphism of G/G; for each i € I.

Since N/(N N @G;) is internally indecomposable, the [nontrivial] free pro-p; nor-
mal closed subgroup F; is center-free, hence of rank > 2. Thus, it follows from
Theorem 2.3; Remma 2.7.1, (iii), that the restriction of «; to F; is induced by
an inner automorphism of G/G;. By Proposition 1.6, «; is induced by an inner
automorphism of G/G;. This completes the proof of Theorem 3.13. O

Corollary 3.14. Let 1 - N — G — @Q — 1 be an exact sequence of profinite
groups; o € Aut(G) a continuous automorphism; C a full-formation such that Z/pZ
is a C-group. We regard N as a closed subgroup of G via the inclusion N — G.
Write p for the outer representation Q — Out(N) associated to the above exact
sequence. Suppose that « preserves the subgroup N C G, and that the restriction
of a to N is families preserving in G. Write ag € Aut(Q) for the automorphism
of Q induced by . Suppose further that one of the following holds:

e p is injective;

e ag is an inner automorphism of Q and Im p is center-free.
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Furthermore, suppose that N is isomorphic to one of the following:

(a) an almost pro-C-mazimal quotient of a free profinite group of [possibly in-
finite] rank > 2, or an almost symmetric pro-p-mazimal quotient of a free
profinite group of rank > 2;

(b) an almost pro-C surface group, or an almost symmetric pro-p-mazximal quo-
tient of a profinite surface group;

(¢) a pro-p Demuskin group of rank > 3;

(d) an almost pro-C-maximal quotient of Gk, or an almost symmetric pro-p-
mazximal quotient of G, where K is a Henselian discrete valuation field of
characteristic p.

Then « is an inner automorphism of G.

Proof. For an open subgroup U C N of N that is normal in G, it follows from
Theorem 3.11, (i); the proof of Proposition 3.3, that U? has a characteristic closed
subgroup Fy that is free pro-p of rank > 2. Since U? is the image of U C G
via the natural surjection G — G/ker(U — UP), it holds that UP, hence also
Fy, is normal in G/ker(U — UP). Moreover, it follows from Theorem 3.6, (i);
Theorem 3.11, (ii), that the almost pro-p-maximal quotient of N associated to U is
internally indecomposable. Thus, it follows from Theorem 3.13 that « is an inner
automorphism of G. This completes the proof of Corollary 3.14. ([

Theorem 3.15. Letn be a positive integer; G1, ..., Gni1 profinite groups. Suppose
that

o for each i € {1,...,n}, there exists a surjective homomorphism ¢; : G; —
Giy1 such that ker ¢; is isomorphic to one of (a)-(d) in Corollary 3.14,
and, moreover, the outer representation G;+1 — Out(ker ¢;) is injective or
has a center-free image;

e if the outer representation Gp1 — Out(ker ¢,,) is not injective, then every
families preserving automorphism [in Gp41] of Gpi1 is an inner automor-
phism.

Then every families preserving automorphism [in G1] of Gy is an inner automor-
phism.

Proof. Let a € Aut(G1) be a families preserving automorphism. Then it follows
from Remark 2.7.1, (iii), that, for each i € {1,...,n 4+ 1}, a determines a families
preserving automorphism «; € Aut(G;). In particular, if the outer representa-
tion G141 — Out(ker ¢,,) is not injective, then ;41 is an inner automorphism.
Moreover, for each i € {1,...,n}, the automorphism of ker ¢; determined by «; is
families preserving in G;. Thus, by applying Corollary 3.14 inductively, we conclude
that o is an inner automorphism of G; for each i € {1,...,n}. This completes the
proof of Theorem 3.15. O

Theorem 3.16. Let K be an algebraic extension of a number field or its completion
with respect to a nontrivial valuation; X a hyperbolic curve over K. Then every
families preserving automorphism of w1(X) is an inner automorphism.

Proof. It follows from [9], Theorem C, that the outer representation Gxg — Out(m1 (X X
K)) is injective. Since 71 (X x i K) is a surface group, Theorem 3.16 follows from
Theorem 3.15. g
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Definition 3.17 (cf. [7], Definition 2.1, (ii)). Let n be a positive integer; S a
scheme; X a scheme over S. Then we shall say that X is a hyperbolic polycurve [of
relative dimension n] over S if there exists a [not necessarily unique] sequence of
schemes

X=X,—- X, 1—-> - —=2Xs=>X1>Xy=5
such that X; — X;_; is a hyperbolic curve for each i € {1,...,n}. We shall refer
to the above sequence as a sequence of parametrizing morphisms.

Theorem 3.18. Let n be a positive integer; K an algebraically closed field of
characteristic 0; X a hyperbolic polycurve of relative dimension n over K;

X=X,—-X,1— = Xo—=>X; > Xg=SpecK

a sequence of parametrizing morphisms (respectively, a sequence of parametrizing
morphisms satisfying condition (x), defined in [32], Definition 3.10). Suppose
that, for each i € {1,...,n}, the image of the outer representation m (X;—1) —
Out(ker(mi(X;) — m(Xi—1))) (respectively, m(X;—1)? — Out(ker(m (X;)? —
m1(Xi—1)P))) is center-free [e.g. the case where the outer representation is injective].
Then every families preserving automorphism of w1 (X) is an inner automorphism.

Proof. Since ker(m (X;) — m(X;—1)) (respectively, ker(m (X;)? — 71(X;-1)P)) is
a surface group (respectively, pro-p surface group) [cf. [7], Proposition 2.4, (i); [32],
Definition 3.10], Theorem 3.18 follows from Theorem 3.15. O

Remark 3.18.1. If X is the n-th configuration space associated to a hyperbolic curve
over K [cf. [22], Definition 2.1}, then, with respect to the sequence determined by
projection morphisms, X satisfies condition (x), defined in [32], Definition 3.10 [cf.
[22], Proposition 2.2, (iii)], and, moreover, the outer representations appearing in
Theorem 3.18 is injective [cf. [2], Theorem 1; [2], Remark following the proof of
Theorem 1].

At the end of the present section, we show that similar results to the case of
profinite groups hold for cases such as topological fundamental groups.

Lemma 3.19. Let n be a positive integer; G a group; H,H' C G subgroups;
a : H = H' an isomorphism; {G;}ic; a directed subset of the set of normal
subgroups of G of finite index [where j > i < G; C G;]. Suppose that for each
i € I, it holds that «(H N G;) = H' N G;, and, moreover, the isomorphism o :
H/(HNG;) = H'/(H'NG;) of finite groups determined by « is families preserving
(respectively, n-subnormal) in G/G;. Then the isomorphism lim, H/(HNG;) >
Jm, H'/(H'NG;) between [closed] subgroups of [the profinite group] hm, G/G;
is families preserving (respectively, n-subnormal) in @iel G/G;.

Proof. Write G def @iel G/G;, and, moreover, for each i € I, write p; : G — G/G;
for the natural surjective homomorphism [cf. [29], Proposition 1.1.10].

First, we verify the families preserving case. Let J C G be a pro-cyclic subgroup
of G, and for each i € I, write

E; (g € Glai(ps()) = pilg)pi(I)pi(9) ™'} < G

Then, since «; is families preserving in G/G;, F; is a nonempty [closed] subset of
G. Moreover, if j > 4, then it holds that E; C E;. Thus, since G is compact, it
holds that (., E; # 0.
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Let g € (;c; Bi- Then, for each i € I, it holds that p;(a(J)) = ai(pi(J)) =
pi(gJg~1). Thus, it follows from [29], Proposition 2.1.4, (a), that a(J) = gJg~* .
This completes the proof of the families preserving case of Lemma 3.19.

Finally, we verify the n-subnormal case. Let S C G be an n-subnormal closed
subgroup of G contained in both Jm, H/(HNG;) and Hm, H'/(H'NG;). Then,
for each i € I, since p;(.S) is an n-subnormal [closed] subgroup of G/G; contained
in both H/(HNG;) and H'/(H' N G;), it holds that p;(a(S)) = a;(p;(S)) = pi(S).
Thus, it follows from [29], Proposition 2.1.4, (a), that «(S) = S. This completes
the proof of Lemma 3.19. (]

Lemma 3.20. Let G be a group (respectively, topological group) isomorphic to a
free group of infinite rank or the topological fundamental group of a hyperbolic curve
over C (respectively, isomorphic to the tempered fundamental group of a hyperbolic
curve over C,). Then G is commensurably terminal in G*, i.e., for g € G", if
9Gg~ ' NG has finite index in both G and gGg~*, then it holds that g € G.

Proof. Since the moduli stack of stable curves of given type is proper [cf. [3], Defini-
tion 4.11; [3], Theorem 5.2; [15], Theorem 2.7], the valuative criterion implies that a
hyperbolic curve over C, always has stable reduction. Thus, the resp’d case follows
from the proof of [21], Proposition 2.4, (iii). We verify the non-resp’d case. Let
g € G be an element such that gGg~! NG has finite index in both G and gGg~'.
Write H 4 9Gg~' N G. Then, since H C gGg~!, it holds that g~'Hg C G. In
particular, if G is isomorphic to the topological fundamental group of a hyperbolic
curve over C, then it follows from [21], Theorem 2.6, that g=! € G, hence g € G.
Now suppose that G is a free group on an infinite set X. Let us fix distinct
elements hy,hs € X. Write n def [G : H]. Then, since g~thg,g 'hig € g 1Hg C
G, it follows from [28], Theorem 3.2, that for ¢ = 1,2, there exists k; € G such that
g 'hlg = k; 'h?k;, which implies that gk; ' € Zgn(h?). On the other hand, G is
a free profinite group on a set containing X [cf. [29], Exercise 3.3.3; [29], Exercise
3.5.14, (d)]. Thus, it holds that Zga(hl") C G" is the pro-cyclic subgroup of G*
generated by h;. This implies that there exists a; € Z such that gk; ' = h%. Now we
conclude from hy “*h§> = k1g~'-gky ' = kiky ' € G'that ay,as € Z, g = h{'k; € G.
This completes the proof of Lemma 3.20. O

Theorem 3.21. Let G be a group (respectively, topological group) isomorphic to the
topological fundamental group of a hyperbolic curve over C (respectively, isomorphic
to the tempered fundamental group of a hyperbolic curve over C,); H,H' C G sub-
groups (respectively, open subgroups) of finite index; o : H = H' an isomorphism
(respectively, a continuous isomorphism,).

Suppse that for every cyclic subgroup I C H, there exists g € G such that
a(l) = glg=t. Then « is induced by an inner automorphism of G.

Proof. Let us observe that, for any normal subgroup N C G of G of finite index, the
isomorphism H/(HNN) = H'/(H' N N) determined by « is families preserving in
G/N. Since G is residually finite [cf. [22], Proposition 7.1, (ii); [1], §4.5], it follows
from Theorem 3.11; Lemma 3.19; [1], Proposition 4.4.1, that there exists g € G"
such that for any h € H, it holds that a(h) = ghg™!. In particular, it holds that
H' = gHg™'. Since H' = gHg '(C gGg~!' N G) has finite index in both G and
gGg~!, we conclude from Lemma 3.20 that ¢ € G. This completes the proof of
Theorem 3.21. (]
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Although it is not the main subject of this paper to study normal automorphisms,
if G is free, then, by using a result in [11], we obtain a result stronger than Theorem
3.21:

Theorem 3.22. Let G be a group (respectively, topological group) isomorphic to a
free group of [possibly infinite] rank > 2 (respectively, isomorphic to the tempered
fundamental group of an affine hyperbolic curve over C,); H,H' C G subgroups
(respectively, open subgroups) of finite index; o : H = H' an isomorphism (respec-
tively, a continuous isomorphism,).

Suppose that a(N) = N for any normal subgroup (respectively, normal closed
subgroup) N C G of G contained in H N H'. Then « is induced by an inner
automorphism of G.

Proof. For any normal subgroup N C G of G of finite index, if N is contained in
H N H', then the isomorphism H/N = H'/N determined by « is normal in G/N.
Since G is residually finite [cf. [29], Proposition 3.3.15; [1], §4.5], Theorem 3.22
follows from an argument similar to the argument in the proof of Theorem 3.21,
together with [11], Main Theorem. O

4. A GENERALIZATION OF THE NEUKIRCH-UCHIDA THEOREM TO
[-QUASI-NUMBER FIELDS

In the present section, in a certain case where a weak version of Neukirch-Uchida
type result is not known [and hence Proposition 3.10 cannot be applied], from
an anabelian geometric point of view, we directly prove families preservingness of
isomorphisms between [certain closed subgroups of quotients of] absolute Galois
groups. This approach yields a generalization of the Neukirch-Uchida type result
to a wider class of fields [cf. Theorem 4.12].

Definition 4.1. Let [ be a prime number; ¥ a set of prime numbers; K an algebraic
extension of Q. Then we shall say that K is an [-quasi-number field if we write
L D K for the Galois closure of K over Q, then [L : Q] is not divided by {*°. We
shall say that K is a X-quasi-number field if K is a p-quasi-number field for every
pEX.

Proposition 4.2. Let ¥ be a set of prime numbers; K, L algebraic extensions of
Q such that L O K. Then the following hold:

(i) If L is a ¥-quasi-number field, then so is K.
(ii) Let F be a number field contained in K. Write M 2O K for the Galois
closure of K over F. Then K is a X-quasi-number field if and only if
[M : F] is not divided by I°° for everyl € X.
(iii) If L/K is a finite extension or a pro-prime-to-Y extension, then K is a
Y-quasi-number field if and only if so is L.
(iv) If K is a S-quasi-number field, then (G% )2 is infinite for every | € 3.

Proof. Assertion (i) is immediate. Assertion (iv) immediately follows by considering
the cyclotomic Z;-extension. First, we verify assertion (ii). Since M is contained
in the Galois closure of K over Q, necessity is immediate. We verify sufficiency.
Suppose that [M : F|] is not divided by [*° for every [ € ¥.. Then, since G s is normal
in Gr and G is open in Gg, the number of Gg-conjugates of G, is finite. Thus,
if we write M’ for the extension of Gy corresponding to ﬂgeGQ 9Grg~t C G,



28 ARATA MINAMIDE, KOICHIRO SAWADA, AND SHOTA TSUJIMURA

then M’ is Galois over Q, and [M': Q] = [M’: F]-[F : Q)] is not divided by [*° for
every | € . Since K is contained in M’, we conclude that K is a Y-quasi-number
field. This completes the proof of assertion (ii).

Finally, we verify assertion (iii). In light of assertion (i), it suffices to show that
if K is a Y-quasi-number field, then so is L. Suppose that K is a Y-quasi-number
field. Write M D K for the Galois closure of K over Q.

If L/K is finite, then it follows from [6], Lemma 1.2.5, (b), that there exists
a finite extension F' O Q of Q such that G, = Gx N Gr = Ggpr. Then, since
MF D KF = L is Galois over F, it follows from assertion (ii) that L is a ¥-quasi-
number field.

If L/K is a pro-prime-to-X extension, then write M’ O M for the maximal pro-
prime-to-¥ extension of M. Then, since Gy is characteristic in Gy, M’ is Galois
over Q. Moreover, since M is a Y-quasi-number field, M’ is also a X-quasi-number
field. On the other hand, since LM is a pro-prime-to-3 extension of M, it holds
that L C LM C M’. Thus, assertion (i) implies that L is a X-quasi-number field.
This completes the proof of assertion (iii), hence also of Proposition 4.2. ([l

Corollary 4.3. Let ¥ be a set of prime numbers; K1, Ko Y-quasi-number fields;
v : Gk, = Gk, a continuous isomorphism. Write L1 O K; for the Galois closure
of K over Q; Lo D Ky for the algebraic extension of K corresponding to o(Gr,) C
Gk,. Then Ls is a X-quasi-number field.

Proof. Let us fix a prime number [ € . It suffices to show that L, is an l-quasi-
number field. Since K is an l-quasi-number field, [L; : Q], hence also [L; : K], is
not divided by {*°. Moreover, since L is Galois over K1, G, = ¢(Gr,) C Gk, is
normal in Gg,. Thus, Lo is Galois over K», and, moreover, Gk, : Gr,| = [Gk, :
Gr,] = [L1 : K] is not divided by [*°.

Now it follows from [29], Proposition 2.3.2, (b), that there exists an open sub-
group U C Gk, of Gk, containing Gp, such that [U : Gr,] is not divided by
. Write My for the subextension of Lo/Ks corresponding to U, then Lo/Ms is a
prime-to-! [Galois] extension and M/ K> is a finite extension. Thus, it follows from
Proposition 4.2, (iii), that Lo is an l-quasi-number field. This completes the proof
of Corollary 4.3. O

Proposition 4.4. Let [ be a prime number; K an algebraic extension of Q; H C
Gx a closed subgroup of Gg. Consider the condition

There exists an open subgroup V- C H of H such that,

for any open subgroup U C V of V, it holds that

dimg, H*(U,F;) = 1, where F; is a U-module equipped

with trivial action.

Then the following hold:

(1) If (T)ix.m is satisfied, then H is a closed subgroup of Dy for some U €

V(Q)HOH'

(ii) Let v € V(Q)"°®. Suppose that [Dos : Dr 3] is not divided by I°°, and that
H is an open subgroup of Di 5. Then (),.kx,m is satisfied.

(iii) If K is an l-quasi-number field, then the set of decomposition subgroups of
Gk associated to an element of V(Q)"°" coincides with the set of maximal
elements [with respect to inclusion] of the set of closed subgroups H C Gk

satisfying (1)p,x,m for some prime number p.

(Dix.m :
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Proof. First, we verify assertion (i). Suppose that condition (1); x m is satisfied,
and let V' be as in condition (f); x . Write L for the separable extension of K
corresponding to V. We may assume that L is totally imaginary and contains p;.
Let U C V be an open subgroup of V. Then it follows from condition (f); kg that
dimy, H2(U, j1;) = dimg, H*>(U,F;) = 1 [cf. our assumption that p; C L]. Then it
follows from an argument similar to the argument in the proof of [25], Theorem
12.1.9, that V = Dy, for some v € V(Q)"". Then it follows from [25], Lemma
12.1.10, that H C Dk 5. This completes the proof of assertion (i).

Next, we verify assertion (ii). Write p = py and identify Doz with Gg,. Then
there exists an open subgroup V of H such that the algebraic extension of Q,
corresponding to V' contains p;. Now let U C V be an open subgroup. Then
the action of U on gy is trivial, i.e., H?(U,F;) = H?(U, ;). On the other hand,
since [G, : Dk, hence also [Gg, : U], is not divided by I, it follows from
[29], Proposition 2.3.2, (b), that there exists an open subgroup Uy C Gg, of Gg,
containing U such that [Up : U] is not divided by I. Then it follows from [25],
Proposition 1.5.1, that H?(U, ;) = liglw H?(W, u;), where W runs over all open
subgroups of Uy containing U. Moreover, if Wi, W5 are open subgroups of U
containing U such that W; D Wy, then it follows from [25], Corollary 7.1.4; [25],
Theorem 7.1.8, (ii), that, H2(W1, u;) = H?(Wy, ;) = F;, and the transition map
H?(W1y, ) — H?(Wa, 1) is obtained by multiplication by [W; : Wa]. Thus, since
[W1 : W3] is not divided by I, the transition map is isomorphic, which implies
that H?(U, ;) = H?(Ug, ) = F;. This completes the proof of assertion (ii).
Finally, assertion (iii) immediately follows from assertions (i), (ii), together with
[25], Corollary 12.1.3. This completes the proof of Proposition 4.4. O

Remark 4.4.1. Proposition 4.4 is based on [33], Lemma 3.4, which treats positive
characteristic global fields. Note that, as mentioned in [33], Remark 5, it is essen-
tially given by J. Neukirch [cf. [23], Theorem 1]. Assertion (iii) also follows from
[4], Theorem 5.4.3.

Proposition 4.5. Let p be a prime number; H C Gq, a closed subgroup of G, .
Suppose that H contains a nontrivial normal closed subgroup of Gq,. Then p is the
unique prime number | such that H has a nontrivial pro-l normal closed subgroup.

Proof. Let N C H be a nontrivial closed subgroup of H that is normal in Gg,.
Write P for the wild inertia subgroup of Gg,, which is a nontrivial pro-p normal
closed subgroup of Gg,. Then it follows from Theorem 1.13; Proposition 1.7, (ii),
that N NP # {1}.

Now let I # p be a prime number; N’ C H a pro-l normal closed subgroup of
H. Then, since N N P is pro-p, it holds that N’ N (N N P) = {1}. Thus, since N’
and N N P are normal closed subgroup of H, it holds that N’ C Zg(NNP) C
ZGq, (N N P). Now it follows from Theorem 1.13 that Zg, (N N P) = {1}, which
implies that N/ = {1}. This completes the proof of Proposition 4.5. O

Corollary 4.6. Letl be a prime number; K an l-quasi-number field; v € V(Q)"°".
Then py is the unigque prime number p such that Dk 5 has a nontrivial pro-p normal
closed subgroup.

Proof. Since K is an [-quasi-number field, there exists a closed subgroup N C Dk 3
of Dk 5 such that N is normal in Dg 3 and that [Dg 5 : N]| is not divided by {*°. In
particular, N is nontrivial. Thus, Corollary 4.6 follows from Proposition 4.5. (]
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Proposition 4.7. Let | be a prime number; K an l-quasi-number field; L 2O K
a finite Galois l-extension. Then for any cyclic subgroup I C Gal(L/K), there
ezxist a number field Ky contained in K; a finite Galois extension Ly 2O Ky of
Ky contained in L; elements v € V(K)™", w € V(L)™", vy € V(Kp)"", and
wo € V(Lo)™™ satisfying the following conditions:

e L = KLy, and, moreover, the natural homomorphism Gal(L/K) — Gal(Lo/Ky)
s an isomorphism;
[K : Ko] is not divided by [;
w s lying over both v and wy;
L/K is unramified over v;
wo 18 unramified over Qy, ;
Dp/gw=1;
v is lying over vy, and the order of the inertia subgroup of v over vy is not
divided byl [as a supernatural number].

Proof. Since [K : Q] is not divided by {*°, there exists a number field F' contained in
K such that [K : F] is not divided by I. Then it follows from Lemma 3.1 that there
exists an open subgroup U C G of G containing G i and a normal open subgroup
V C U of U such that G, = GgNV and that (Gal(L/K) ®)Gk /G = U/V. Write
K for the finite separable extension of F' corresponding to U C Gg; Ly for the
finite Galois extension of K corresponding to V' C U = G, ; f for the isomorphism
Gal(L/K) = Gal(Lo/Kop).

Here, it follows from Tchebotarev’s density theorem [cf. [25], (9.1.3)] that there
exist elements vy € V(K()™™ and wg € V(L) such that
wy is lying over wv;
Lo/ Ky is unramified over vp;
wp is unramified over Qy,;
DL()/KQ,U)O = f(I)
Let v € V(K)"™ be an element lying over vg. It suffices to show that there exists
w € V(L)"" such that it is lying over both v and wy, and that Dy ., = I.

Now we claim the following:

Claim 4.7.A: For every finite subextension field M of K /Ky, there
exists vy € V(M)"°" lying over vg such that the ramification index
of vps over vg is not divided by [, and that there is a unique element
of V(M Lg)™™ lying over both vy and wy.

Indeed, suppose that there is no such an element vy, € V(M)™™. For each
v’ € V(M)™™ lying over vy, if the ramification index of v’ over vy is not divided
by I, then there are at least two elements of V(M Ly)™°" lying over both v’ and wy.
Then the residue class degree of v’ over v is divided by I. Thus, it follows from the
assumption of the nonexistence of vy, for each v/ € V(M)"°" lying over vg, at least
one of the ramification index and the residue class degree of v’ over vy is divided
by {. Thus, the fundamental equation implies that [M : K] is divided by [, which
contradicts our choice of K. This completes the proof of Claim 4.7.A.

It follows from Claim 4.7.A that there exists an element (var)ar € [[,, V(M)"",
where M runs over all finite subextensions of K/Kj, such that vy, satisfies the
condition of Claim 4.7.A, and that if M; C My, then vy, is lying over vy, . Thus,
by taking a limit, we obtain an element v € V(K)"" such that the order of the
inertia subgroup of v over vy is not divided by [, and that there exists a unique
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nonarchimedean place w of L = KL lying over both v and wy. In particular, it
holds that Dy k. = [~ (DL, ke,we) = S (f(I)) = I. This completes the proof
of Proposition 4.7. (]

Lemma 4.8. Let p,l be distinct prime numbers; F' an algebraic extension of Q,
such that [F : Qp) is not divided by I1°°. Then the cardinality of the torsion subgroup
of (G4)*" coincides with the cardinality of the set of all l-power Toots of unity of
F.

Proof. Write k for the residue field of F'; P for the wild inertia subgroup of Gp.
Then it follows from Hensel’s lemma that the cardinality of the set of all I-power
roots of unity of F' coincides that of k. On the other hand, the [-adic cyclotomic
character G, — Z;(1) determines an isomorphism (Gp/P)! = Z;(1) x G!, (respec-
tively, (Gr/P)! = GL) if ¢; € F (respectively, ¢; ¢ F).

Since P is pro-p group, it holds that G% = (Gr/P)'. Thus, if §; ¢ F, it holds
that (G%)*? = (G)*P = Z,;. In particular, both the torsion subgroup of (G%)*P
and the set of all [-power roots of unity of F' are of cardinality 1. On the other
hand, if {; € F, then it holds that

(G)™ = (Za(1) % GL)™ = (Za(1)) g1, x G, = (Za(1)) gt % Za.

Since the coinvariant (Z;(1))g: is naturally isomorphic to the group of all I-power
roots of unity of k, we conclude that the cardinality of the torsion subgroup of
(G%.)#P coincides with the cardinality of the set of all I-power roots of unity of k.
This completes the proof of Lemma 4.8. O

Proposition 4.9. Let q,l be [not necessarily distinct] prime numbers; K1 a q-
quasi-number field; Ko an l-quasi-number field; ¢ : G, — Gk, a continuous
isomorphism; I C Gg, a pro-l pro-cyclic closed subgroup. Then the following hold:

(i) Let L1 2 K be a finite Galois extension of Ki. Write Ly O Ko for
the [finite Galois] extension of Ko corresponding to ¢(Gr,) C Gk,; p1 :
Gk, - Gal(L1/K1),p2 : Gk, — Gal(La/K3) for the narutal surjections.
Then there exist a pro-cyclic closed subgroup J C Gk, and an element
o € Gg satisfying the following conditions:

o p1(I) =p1(J);
e ool C Gr,;
e pa(aJo™t) C pa(e(J)).
(ii) There exists o0 € Gg such that oclo~! C (I).

Proof. First, we verify assertion (i). In light of Proposition 4.2, (iii), by replacing
K1, K5 by their maximal pro-prime-to-l extensions, we may assume that Kp, Ko
do not have nontrivial prime-to-I Galois extension. Write M; for the [finite] subex-
tension of Ly/Ks corresponding to pa(¢(I)), and let (Ko, Lo, v, w, vy, wp) be as in
Proposition 4.7, where we take “(K, L, I)” to be (Ma, Lo, p2(p(1))).

Let w € V(Q)"™" be a place lying over w. Then, since Diyistew = P2(Daty w),
there exists a pro-cyclic closed subgroup Jo C Dy, 5 such that pa(J2) = pa(e(I))(=
Dr, Mz w)- Now it follows from Proposition 4.4, (iii), that there exists u € V(Q)™"
such that (D, w) = Dua,,w, where My is the [finite] subextension of L;/K;
corresponding to ¢~ (Gy,).

Write v € V(M;)"" for the place lying under @; p = pz(= pg) [cf. Corollary
4.6]. Let 0 € Gg be an element such that o(w) = u. Write DY (respectively,
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DY) for the subgroup of Dz (respectively, Do) such that, by identifying Doz
(respectively, Do) with Gg,, DY (respectively, D9) corresponds to the maximal
unramified extension of Q, in (M), NQ, (respectively, (M2),NQ,). Now we claim
the following:

Claim 4.9.A: Tt holds that o Do ~! = DJ.

Indeed, since any unramified extension of Q, is generated by [possibly infinitely
many| elements of the form (,n_1, it suffices to show that, for each positive integer
n, (pn—1 is contained in (M), NQ, if and only if it is contained in (M2),NQ,. Now,
since (D, w) = Das, w, it follows from Lemma 4.8 that, for each I-power roots of
unity, it is contained in (M), NQ, if and only if it is contained in (M), NQ,. On
the other hand, since K7 does not have nontrivial prime-to-l Galois extension, by
considering the residue class degree, we observe that (,»_; is contained in (Mj), N
Q, if and only if there exists an l-power root of unity ¢ contained in (M), N Q,
such that v;(n) < v ([Qp(¢) : Qp]), where v; is a fixed l-adic valuation. Since the
same holds for (M), N Q,, we conclude that the desired equivalence holds. This
completes the proof of Claim 4.9.A.

Now we write J; < o=1(,)(C o~ (D, w) = Danya); J = Ji 0o~ Dy, wo.
Since wy is unramified over @, and the order of the inertia subgroup of v over vg
is not divided by [, [DS : Dy, ] is not divided by I. On the other hand, it follows
from Claim 4.9.A that o J;0~1 C Dg. Thus,

[J1:J]=[oJio " s0Jio™! N D, ),

is not divided by I, which implies that [J1 : J] and [Lg : Ma] = # Gal(Ly/M,) are
coprime. In particular, it holds that pa(¢(J)) = pa(e(J1)) = p2(J2) = p2(e(1))
Dr,/a,,w- This implies that pi(f) = pi(J). Moreover, it holds that oJo™1
Dy, w € Gu, C Gg,. Furthermore, we obtain that pe(cJo™') C pa(Das, w)
Dy, /0,0 = P2((J)). This completes the proof of assertion (i).

Next, we verify assertion (ii). For each normal open subgroup U of Gy, if we
write p1 : Gg, - Gk, /(Gk, NU); p2 : Gk, - Gk, /(¢(Gg, NU)) for natural
surjections, then it follows from assertion (i) that there exists a pro-cyclic subgroup
J € Gk, and an element o € Gg such that

e pi(1) =pi(J);

e 0Jo~ ! C Gkg,;

o p2(0Jo™t) C pa(p(J)(= p2(p(1))).
Then it holds that

olo ™! CoJ(Gg, NU)o~t CoJo U C o(I)(p(Gx, NU))U.

N

Let us write
Cu € {oeGylolo™ C o(I)(p(Gg, NU))U}.

Then Cy is a nonempty [closed] subset of Gg. Moreover, for normal open subgroups
U C U C Gg of Gy, it is clear that Cyr C Cy. Thus, since Gg is compact,
Ny Cu #0. Let 0 € (; Cu. Then it follows from [29], Proposition 2.1.4, (i), that

olo™ C (o) (p(Gr, NUNU = o(I).
U

This completes the proof of assertion (ii), hence also of Proposition 4.9. (]
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Lemma 4.10. Let | be a prime number; K1, Ko l-quasi-number fields; o : G, —
Gk, a continuous isomorphism; I C Gk, a pro-l pro-cyclic closed subgroup. Then
there exists o € Gg such that p(I) = oclo™1.

Proof. Tt follows from Proposition 4.9, (i), that there exists ¢ € Gg such that
olo=1 C ¢(I). Moreover, by applying Proposition 4.9, (ii), for ¢!, there exists
7 € Gg such that To(I)7~! C ¢! (p(I)) = I. Thus, it holds that oo~ C (1) C
771I7. On the other hand, by considering all finite quotients of Gg, oclo~! C
77117 implies that olo~! = 77 1I7. Thus, we conclude that ¢(I) = olo~!. This
completes the proof of Lemma 4.10. (]

Lemma 4.11. Let | be a prime number; K1, Ko l-quasi-number fields; o : G, —
Gk, a continuous isomorphism. Suppose that K1 is Galois over Q. Then there
exists a closed subgroup N C Gk, N Gk, satisfying the following conditions:

e N is normal in Gg;
o the [Galois] extension of Q corresponding to N is an l-quasi-number field;
e o(N)=N.

Proof. Write G; C Gk, for the closed subgroup generated by all Sylow [-subgroups
of Gk, [note that G; is the kernel of the maximal pro-prime-to-I quotient of G,

hence characteristic in G, ]; G Lof ©(G1); G for the maximal normal closed
subgroup of Gg contained in Ga; G3 C GY for the closed subgroup generated
def

by all Sylow [-subgroups of G%; G4 = ¢ *(G3). We verify that G3 satisfies the
conditions for “N” in the statement of Lemma 4.11. Since G5 is normal in Gg
and Gg is characteristic in G4, G5 is normal in Gg. Moreover, let us observe that
the separable extensions of K; (respectively, K5) corresponding to G1,G4 C Gk,
(respectively, Go,Gs C Gk, ) are l-quasi-number fields [cf. Proposition 4.2, (iii)].
Thus, it suffices to show that G3 = G4.

Now we claim the following:

Claim 4.11.A: It holds that G3 C G1.

Indeed, let S C G2 be a Sylow I-subgroup of G3; g € S an element of S. Then it
follows from Lemma 4.10 that there exists o € Gg such that ogo™! € p=1(Gy) =
G, which implies that ¢ € 07'G10 = G;. Since Gy = ¢(G1) is generated by all
Sylow [l-subgroups of G, it holds that G2 C (G;. This completes the proof of Claim
4.11.A.

By applying Claim 4.11.A to ¢~ !|q,, it holds that G4 C G3. Since G3 is gener-
ated by all Sylow [-subgroups of G, to verify G3 = Gy, it suffices to show that, for
any Sylow [-subgroup S3 C G35 of (i3, it holds that S3 C G4.

Since S3 C G35 C Gy C @Gy, it follows from [29], Corollary 2.3.6, (b), that
there exists a Sylow [-subgroup S C G4 of G5 containing S3, and there exists a
Sylow [l-subgroup S; C G of G containing Ss. Then, for ¢ = 2,3, it holds that
S; € S1NG; C Gy, which implies that S; = S1 N G; since S; is a Sylow [-subgroup
of G’z

On the other hand, ¢(S1) C G5 is a Sylow Il-subgroup of G5. Thus, it follows
from [29], Corollary 2.3.6, (c), that there exists 7 € Ga such that ¢(S1) = 75,771,
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which implies that

[Sl : Sl N G4] = [(,0(51) : (,O(Sl N G4)]
= [1Sor i 7Sor N G
= [Sg : 52 n G3]
= [Sl ﬂGQ : Sl ﬂGg].

Since G4 corresponds to an l-quasi-number field, the index [S; : S1 N G4] between
pro-l groups is finite. Thus, G4 C G3 C G2 C G implies that S1 NGy = S1NG3 =
S3, which implies that S3 C G4. This completes the proof of Lemma 4.11. [l

Theorem 4.12. Let | be a prime number; K1, Ko I-quasi-number fields; ¢ : G, —

Gk, a continuous isomorphism. Then ¢ is induced by an inner automorphism of
Go.

Proof. Since Gg is internally indecomposable [cf. Theorem 1.13], in light of Propo-
sition 1.6 and Corollary 4.3, we may assume that K is Galois over Q. For a normal
open subgroup V' C Gg of Gg, since Gk, NV is normal in Gg, if we write Ky for
the separable extension of K; corresponding to Gx, NV C Gk, , then Ky is Galois
over Q. Write Ny C p(Gg, NV) for “N” in Lemma 4.11, where we take “K;” to
be Ky . Then it holds that Ny C Gk, and ¢(Ny) = Ny.

Let S C Ny be a Sylow [-subgroup of Ny . Then it follows from Lemma 4.10
that for any [pro-I] pro-cyclic closed subgroup I C S(C Gk, ), there exists 0 € Gg
such that o(I) = cIo~!. On the other hand, the image of S C Ny via the natural
surjective homomorphism Ny — N‘l, is a Sylow [-subgroup of N‘l/, that is, the
image coincides N‘l/. Thus, the automorphism of N\l/ determined by ¢ is families
preserving in Gg/ ker(Ny — NL).

Now it follows from Proposition 4.2, (iv), that the normal closed subgroup
N! C Gg/ker(Ny — N) is nontrivial. Thus, it follows from Proposition 1.6;
Proposition 3.2, (ii), that the automorphism N‘l, = N‘l,, hence also the isomor-
phism G, /ker(Ny — N{,) = G,/ ker(Ny — N{,), is induced by an inner auto-
morphism of Gg/ ker(Ny — N{,). Finally, since (), ker(Ny — N!) C N, Ny C
Ny (Gkx, NV) = {1}, it follows from Lemma 2.5 that ¢ is induced by an inner
automorphism of Gg. This completes the proof of Theorem 4.12. O

Remark 4.12.1. [26] states that the following holds.

Write F; for the set of algebraic extensions of Q such that K € F;
if and only if K is a finite extension of a [not necessarily finite]
Galois extension of Q that satisfies the following: for every positive
integer N, there exists a prime number [ such that N divides [ —1
and [ does not divide [K : Q].

Let K1,Ks € Fi; ¢ : Gk, — Gk, a continuous isomorphism.
Then ¢ is induced by an inner automorphism of Gg.

If K € Fi, then there exists an arbitrarily large prime number that does not
divide [K : Q], thus K is a Y g-quasi-number field for an infinite set of prime
numbers Y. However, for K7, Ko € F7, it is not always possible to take a common
prime number from X g, and X g,. Thus, Theorem 4.12 is a partial generalization
of the above result in [26]. It is natural to pose the following question:
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Question: If we replace the assumption that K is an [-quasi-
number field with the assumption that K, is a p-quasi-number
field for some prime number p, is Theorem 4.12 still valid?

However, at the time of writing of the present paper, the authors do not know
whether this question is affirmative or not.

Corollary 4.13. Letl be a prime number; K1, Ko l-quasi-number fields. Then the
natural map
Isom (K, K1) — Outlsom(Gk,,Gk,)

is bijective. In particular, Ky and Ks are isomorphic if and only if Gk, and Gk,
are isomorphic [as profinite groups].

Proof. The surjectivity immediately follows from Theorem 4.12. We verify the
injectivity. Write L for the Galois closure of K5 over Q. Since K is an [-quasi-
number field, Gz, is a nontrivial closed subgroup of Gk, that is normal in Gg. In
particular, it follows from Theorem 1.13 that Zg,(Gk,) € Za,(GL) = {1}.

Now let f,g € Isom(Ks, K1) be elements that map to the same element un-
der the natural map under consideration. Let us fix an element o € Gg such
that o|g, = g~' o f. Then, by our choice of f,g, the conjugation by o deter-
mines an automorphism of Gg,, and, moreover, this automorphism is an inner
automorphism of Gg,. In particular, there exists an element 7 € G, such that
7 Yo € Zg,(Gk,) = {1}, which implies that ¢g~* o f = 0|k, = 7|k, = idg,. This
completes the proof of injectivity, hence also of Corollary 4.13. ]

Remark 4.13.1. In [8], an explicit functorial “group-theoretic algorithm” for recon-
structing a number field from its absolute Galois group is given. It is natural to
pose the following question:

Question: Is there a “group-theoretic algorithm” for reconstructing
an [-quasi-number field from its absolute Galois group?

However, at the time of writing of the present paper, the authors do not know
whether this question is affirmative or not.

Corollary 4.14. Write Q¥° for the cyclotomic Z-extension of Q; F for the set of
finite extension fields of proper subfields of Q. Let K1,Ky € F; ¢ : G, = Gk,
a continuous isomorphism. Then ¢ is induced by an inner automorphism of Gg.
In particular, for K1, Ko € F, the natural map

Isom (K, K1) — Outlsom(Gk,,Gk,)
is bijective.
Proof. If K € F, then there exists a proper subfield L of Q%¢ such that K is
a finite extension field of L. Since Gal(L/Q) is a quotient of Gal(Q%°/Q) = Z
by a nontrivial [normal] closed subgroup, there exists a prime number [ such that
[L : Q], hence also [K : Q], is not divided by [*°, i.e., K is an [-quasi-number field.
Moreover, it follows from [25], Theorem 7.1.8, (i); [25], Corollary 8.1.18, that, for

each prime number p, K is a p-quasi-number field if and only if cd, Gx = 1. Thus,
Corollary 4.14 follows from Theorem 4.12; Corollary 4.13. O

Remark 4.14.1. Since cd Ggeve = 1, it cannot be expected that any finite extension
field of Q9 will satisfy anabelian properties like as Corollary 4.14.
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