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Abstract. Families preserving automorphisms of profinite groups are auto-
morphisms that preserve each of the conjugacy classes of pro-cyclic subgroups.

This notion appears in the context of verification of the property that every

normal automorphism [i.e., an automorphism that preserves each of the nor-
mal closed subgroups] of a certain profinite group such as a nonabelian free
profinite group or the absolute Galois group of a p-adic local field is an in-

ner automorphism, which was proved by Jarden/Jarden-Ritter. In the present
paper, we revisit the notion of a families preserving automorphism from the

viewpoint of anabelian geometry. We introduce a natural generalized version
of this notion for isomorphisms between general closed subgroups of a profinite

group, which we shall refer to as families preserving isomorphisms in the profi-

nite group. With regard to this generalized version, we prove that a large class
of profinite groups satisfies a property that families preserving isomorphisms

of certain closed subgroups of the profinite groups arise from inner automor-

phisms of them. For instance, the class includes the absolute Galois groups of
Henselian discrete valuation fields of positive residue characteristic or Hilber-

tian fields. Moreover, as an application of this property, together with delicate

considerations on pro-cyclic subgroups of the absolute Galois groups of infi-
nite algebraic extension fields of the field of rational numbers Q, we obtain a

generalized version of the Neukirch-Uchida theorem for l-quasi-number fields,
where an l-quasi-number field is defined to be an algebraic extension field K

of Q whose Galois closure L over Q satisfies the property that the extension

degree [L : Q] is divisible by a prime number l only finitely many times. Sur-
prisingly, this result includes the Neukirch-Uchida-type result for the class of

subfields of the maximal pro-prime-to-l extension fields of arbitrary number

fields.
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Introduction

Throughout the present paper, isomorphisms of topological groups are always
assumed to be continuous. For each profinite group G and each automorphism σ
of G, we shall say that

• σ is families preserving if the image of any pro-cyclic subgroup I via σ is
conjugate to I in G;
• σ is normal if σ preserves each of the normal closed subgroups of G.

In particular, it is immediate that families preserving automorphisms of profinite
groups are normal. Recall that these notions appear in the context of the Neukirch-
Uchida theorem that bridge the works of Neukirch [cf. [23], [24]] and the work of
Uchida [cf. [39]]. Here, we note that there are contributions of Iwasawa and Ikeda
in this context. For instance, Ikeda also showed that every automorphism of the
absolute Galois group of the field of rational numbers Q is an inner automorphism
at the almost same time [cf. [10]]. After that, apart from the arithmetic setting,
Jarden proved that this property also holds for nonabelian free profinite groups [cf.
[11]]. Later, Jarden’s result was generalized substantially by Jarden-Ritter in the
following way. Let p be a prime number. Then we shall say that a profinite group
G is pseudo-p-free if, for each normal open subgroup N ⊆ G, there exists a closed
subgroup M ⊆ N that is normal in G such that N/M is abelian, and N/M admits
a G/N -invariant pro-p closed subgroup isomorphic to the group ring Zp[G/N ]. For
this technically defined class of profinite groups, they proved that [cf. [12], Theorem
1]:

Theorem 0.1 (Jarden-Ritter). Every normal automorphism of a pseudo-p-free
profinite group is an inner automorphism.

As concrete nontrivial consequences, they proved that [cf. [12], Theorems A, B]:

Theorem 0.2 (Jarden-Ritter). Every normal automorphism of the absolute Galois
group of a p-adic local field is an inner automorphism.

Theorem 0.3 (Jarden-Ritter). Let G be a profinite group; d, e nonnegative integers
such that e ≥ d+ 2; C a full-formation. Suppose that G is a pro-C group presented
by e generators and d word-relations. Then every normal automorphism of G is an
inner automorphism.

Their proof of Theorem 0.1 was divided into two steps: first showing that every
normal automorphism is families preserving, and then showing that every families
preserving automorphism is an inner automorphism. In the present paper, we
focus on a stronger version of the latter property. By applying group-theoretic
techniques in anabelian geometry, we prove that many highly nonabelian profinite
groups satisfy the stronger property. For our purpose, we generalize the notion of
a families preserving automorphism as follows:

For an isomorphism between closed subgroups of a profinite group
G, if the image of any pro-cyclic subgroup I via this isomorphism
is conjugate to I in G, then we shall say that this isomorphism is
families preserving in G [cf. Definition 2.7].

Then, as a preliminary technical result that corresponds to Theorem 0.1 in our
context, we prove the following result, which may be regarded as our first main
result [cf. a special case of Theorem 2.3; Remark 2.7.1, (ii)]:
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Theorem A. Let G be a profinite group; F ⊆ G a nonabelian free pro-p normal
closed subgroup; α ∈ Aut(F ) an automorphism of F that is families preserving in
G. Then α is induced by an inner automorphism of G.

It is an interesting point of Theorem A that the property that a families pre-
serving automorphism of a nonabelian free pro-p group in a container arises from
an inner automorphism of the container is independent of the choice of a container.
With regard to the proof of Theorem A, it would be important to note that the
discussion is based on group-theoretic techniques in anabelian geometry. On the
other hand, the proof of Theorem 0.1 is based on the discussions in abelianized
setting. At the time of writing of the present paper, the precise relation between
the notion of a pseudo-p-free group that appears in Theorem 0.1 and the property
that F is a nonabelian free pro-p normal closed subgroup that appears in Theorem
A is not clear to the authors.

Next, in order to discuss applications of [a strengthened version of] Theorem A,
we introduce some notations and definitions. For each field F , write GF for the
absolute Galois group of F with respect to a fixed separable closure of F . For each
full-formation C and each quotient Q of a profinite group G [in the category of
profinite groups]:

(i) We shall write GC for the maximal pro-C quotient of G. If C is the family

of all p-groups, then we shall also write Gp def
= GC [cf. Definition 1.3, (i)].

(ii) If there exists a normal open subgroup N ⊆ G of G such that the kernel
of the surjection G ↠ Q coincides with the kernel of the natural surjection
N ↠ NC (respectively, N ↠ Np), then we shall say that Q is the almost
pro-C-maximal quotient (respectively, almost pro-p-maximal quotient) of G
[cf. Definition 1.3, (iii)].

Then, as applications of Theorem A [more precisely, Theorem 2.4, which may be
regarded as a strengthened version of Theorem A under a certain assumption on
G], together with various works on anabelian group-theoretic properties due to
the authors of the present paper; highly nontrivial results in field arithmetic, we
obtain the following concrete results concerning families preserving isomorphisms
[cf. special cases of Theorems 3.6, 3.11]:

Theorem B. Let K be a Hilbertian field or a Henselian discrete valuation field
of residue characteristic p; H,H ′ ⊆ GK closed subgroups. Suppose that H,H ′

admit nontrivial closed subgroups that are normal in GK . Then every families
preserving isomorphism H

∼→ H ′ in GK is induced by an inner automorphism of
GK . Moreover, in the case where K is a number field or a Henselian discrete
valuation field of residue characteristic p, for any full-formation C such that Z/pZ
is a C-group, the same property also holds for the almost pro-C-maximal quotients
of GK .

Theorem C. Let G be a profinite group; C a nontrivial full-formation. Suppose
that G is isomorphic to one of the following:

(a) an almost pro-C-maximal quotient of a free profinite group of [possibly in-
finite] rank ≥ 2;

(b) an almost pro-C surface group;
(c) a pro-p Demuškin group of rank ≥ 3.
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Let H,H ′ ⊆ G be closed subgroups. Suppose that H,H ′ admit nontrivial closed
subgroups that are normal in G. Then every families preserving isomorphism H

∼→
H ′ in G is induced by an inner automorphism of G.

In fact, in order to apply Theorem A to obtain the above results, we need to
consider certain “almost pro-p quotients” to construct nontrivial free pro-p normal
closed subgroups in them. However, this is by no means trivial in the case of
Theorem B. In the case where K is a Henselian discrete valuation field of residue
characteristic p in Theorem B, one may use the almost pro-p-maximal quotients.
Even in this case, we resort to the first and third authors’ previous work based on
Artin-Schreier theory in characteristic 0 due to MacKenzie-Whaples, together with
the highly nontrivial theory of fields of norms due to Fontaine-Wintenberger [cf.
[42]; [5], Chapter III, §5]. On the other hand, in the case where K is a Hilbertian
field, at the time of writing of the present paper, it is not clear to the authors
that Gp

K admits a nontrivial free pro-p normal closed subgroup. To deal with this
situation, we introduce the notion of an almost symmetric pro-p-maximal quotient
related to finite quotients isomorphic to symmetric groups [cf. Definition 3.4]. In
these quotients, in light of highly nontrivial properties of Hilbertian fields, one may
prove the existence of desired nontrivial free pro-p normal closed subgroups. Here,
we note that it may be difficult to obtain results for large classes of closed subgroups
as in Theorems B, C, via the discussions in abelianized settings as in [12]. This
point may be regarded as one of the main differences between [12] and our work.
Note also that the class of profinite groups that appears in Theorem C is smaller
than that of Theorem 0.3. If there exists a way to construct a nontrivial free pro-p
normal closed subgroup in suitable quotients of profinite groups in Theorem 0.3,
then one may cover the larger class of profinite groups in Theorem C. However,
at the time of writing of the present paper, the authors have no clue to obtain
such a generalization. For another note, in the main text, we also discuss families
preserving isomorphisms for group extensions of profinite groups that appear in
Theorems B, C.

In any event, with regard to families preserving isomorphism, one may cover
many profinite groups that appear in anabelian geometry. However, at the time
of writing of the present paper, the authors do not know whether or not every
normal automorphism is an inner automorphism in the situation of Theorem B.
While pursuing the potential generalization of the above results to the situation
of normal automorphisms as in the works of Jarden/Jarden-Ritter is undoubtedly
interesting, it is our observation that the notion of a families preserving automor-
phism/isomorphism is more important than the notion of a normal automorphism
in terms of the point that the former may be regarded as a reminiscence of the no-
tion of a point-theoretic automorphism/isomorphism, which appears frequently in
anabelian geometry. This point will be discussed in the final portion of the present
Introduction.

Next, we discuss an application to a generalized Neukirch-Uchida theorem. For
each pair of fields F1, F2, write

Isom(F1, F2)

for the set of isomorphisms F1
∼→ F2 of fields. For each pair of profinite groups G1,

G2, write

OutIsom(G1, G2)
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for the set of outer isomorphisms G1
∼→ G2 of profinite groups. Then the classical

Neukirch-Uchida theorem is as follows [cf. [39], Theorem; [40], Theorem]:

Theorem 0.4 (Neukirch-Uchida). Let K1, K2 be global fields. Then the natural
map

Isom(K2,K1)→ OutIsom(GK1 , GK2)

is bijective. In particular, K1 and K2 are isomorphic if and only if GK1 and GK2

are isomorphic [as profinite groups].

Note that various generalizations of Theorem 0.4 with respect to replacing the
absolute Galois groups by smaller quotients have been investigated intensively [cf.
e.g., [41], [35], [36], [37], [31], [27], [13]]. On the other hand, the direction of
extending the class of fields has not been sufficiently developed. It appears to the
authors that this direction is also important from the both viewpoints

• exploration of the limit of anabelian phenomena;
• existence of generalized class field theory for certain infinite algebraic ex-
tension fields of global fields [cf. e.g., [14], [30]].

In light of historical developments of class field theory and anabelian geometry,
together with the close relationship between them, it is natural to ask whether or
not there exist anabelian phenomena for fields with sufficiently well-behaved class
field theory. With regard to the positive characteristic situation, global class field
theory for the function fields of curves over quasi-finite fields that are algebraic
over the prime fields was established by Rim-Whaples in [30]. In this case, recently,
the third author proved the corresponding Neukirch-Uchida-type result [cf. [38],
Corollary F, (ii)]. On the other hand, in the case of characteristic 0, after the
works of Herbrand, Krull, and Moriya, from the viewpoint of idèle theory, Kawada
established class field theory for a large class of algebraic extension fields of Q, which
is defined by a certain type of finiteness of extension degrees over Q in the sense of
supernatural numbers [cf. [14]]. In light of this development, in the present paper,
as an application of results concerning families preserving isomorphisms, together
with delicate considerations on pro-cyclic subgroups of the absolute Galois groups
of infinite algebraic extension fields of Q, we prove a Neukirch-Uchida-type result
for a certain large class of algebraic extension fields of Q. Here, we note that our
work is not the first attempt to prove a Neukirch-Uchida-type result for infinite
extension fields of Q [see the Ozaki’s work [26] — cf. Remark 4.12.1].

Let K be an algebraic extension field of Q. Then, for each prime number l,
we shall say that K is an l-quasi-number field if the Galois closure L of K over
Q satisfies the property that the extension degree [L : Q] [in the sense of super
natural numbers] is divisible by l only finitely many times [cf. Definition 4.1]. Note
that many infinite algebraic extension fields of Q are l-quasi-number fields for some
prime number l. For instance, any subfield of the maximal pro-prime-to-l extension
field of a number field is an l-quasi-number field [cf. Proposition 4.2, (i), (iii)]. Then
our main result concerning a generalization of the Neukirch-Uchida theorem is as
follows [cf. Corollary 4.13]:

Theorem D. Let l be a prime number; K1,K2 l-quasi-number fields. Then the
natural map

Isom(K2,K1)→ OutIsom(GK1
, GK2

)

is bijective. In particular, K1 and K2 are isomorphic if and only if GK1 and GK2

are isomorphic [as profinite groups].
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As a consequence of Theorem D, together with the well-known computation of
cohomological dimensions, one may also obtain the following result [cf. Corollary
4.14]:

Corollary E. Write Qcyc for the cyclotomic Ẑ-extension of Q; F for the set of
finite extension fields of proper subfields of Qcyc. Let K1,K2 ∈ F . Then the natural
map

Isom(K2,K1)→ OutIsom(GK1 , GK2)

is bijective. In particular, K1 and K2 are isomorphic if and only if GK1
and GK2

are isomorphic [as profinite groups].

It is an important point of Corollary E that the l-dependence assumption on
K1, K2 in Theorem D is eliminated in this special situation. At the time of writing
of the present paper, the authors do not know whether or not the l-dependence
assumption on K1, K2 in Theorem D can be eliminated in general.

Finally, as mentioned briefly above, we explain a conceptual importance of the
notion of a families preserving automorphism/isomorphism. For this, we make an
observation concerning an analogy between our purely group-theoretic context and
the usual situation in anabelian geometry whose ultimate goal is the reconstruction
of geometric structures. Let G be a profinite group; σ an automorphism of G. Then
it appears to the authors that the reconstruction of conjugacy classes of pro-cyclic
subgroups of G [i.e., the verification that σ is families preserving] may be viewed as
the group-theoretic counterpart of the reconstruction of underlying set of points of
the geometric object. The further assertion that σ is ultimately inner should then
correspond to the reconstruction of “rational” functions on the set of those points,
which may be regarded as a group-theoretic version of the principle that “point-
theoretic implies geometric” that appears frequently in anabelian geometry. This
analogy is particularly transparent in the setting of the Neukirch-Uchida theorem
for number fields. In this setting, the first step is to recover the decomposition sub-
groups of finite primes, which are precisely the points of the spectrum of the ring
of integers. On the other hand, we note that almost all decomposition subgroups
are cyclic in finite quotients. Thus, one may observe the close relationship at the
level of points. The subsequent passage from this point-theoretic information to
the conclusion that a given isomorphism τ of the absolute Galois groups of number
fields is induced by a field isomorphism precisely corresponds to the verification
that τ arises from an inner automorphism of GQ. In a more abstract situation, one
may consider, for each open subgroup H ⊆ G, the abstract space formed by the
conjugacy classes of its distinguished pro-cyclic subgroups of H. In particular, one
may observe that if σ is families preserving, then σ induces an automorphism of
the resulting family of spaces equipped with the natural G-action, compatible with
passage between open subgroups and inducing the identity at the bottom level.
In this formulation, the reconstruction of the abstract point spaces corresponds to
the point-theoretic part, whereas the innerness conclusion plays the role of recon-
structing the rational functions on points, and hence the full geometric structure.
The authors hope that this observation prompts further investigations of [highly
nonabelian] profinite groups.

The present paper is organized as follows. In §1, we recall some definitions and
results of the authors’ previous work [16] that are applied in the present paper.
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In §2, we prove Theorem A and its strengthened version. In §3, as applications
of the strengthened version of Theorem A, together with highly nontrivial group-
theoretic/arithmetic results, we prove Theorems B, C. In this section, we also dis-
cuss group extensions of profinite groups that appear in Theorems B, C. In §4, we
prove Theorem D and Corollary E.

Notations and Conventions

Numbers: The notation Z will be used to denote the ring of integers. The

notation Q will be used to denote the field of fractions of Z. The notation Ẑ will
be used to denote the profinite completion of the underlying additive group of Z.
The notation C will be used to denote the field of complex numbers.

If p is a prime number, then the notation Zp will be used to denote the ring of
p-adic integers; the notation Qp will be used to denote the field of fractions of Zp;
the notation Cp will be used to denote the p-adic completion of an algebraic closure
of Qp; the notation Fp will be used to denote the finite field of cardinality p.

We shall refer to a finite extension field of Q as a number field. We shall refer to
a finite extension field of Qp as a p-adic local field.

Fields: Let F be a field; L ⊇ F an algebraic extension of F . Then we shall write
F (respectively, F sep) for the algebraic closure (respectively, separable closure) of

F [determined up to isomorphisms]; GF
def
= Gal(F sep/F ); [L : F ] for the degree of

L over F [here we regard this as a supernatural number].
Let Σ be a set of prime numbers. Then we shall say that an algebraic extension

L/F is pro-prime-to-Σ if [M : F ] is not divided by l for each l ∈ Σ, where M is the
Galois closure of F .

Let p be a prime number; n a positive integer. Then we shall write µn for the

set of n-th roots of unity in Q; µp∞
def
=

⋃
m µpm . We shall fix a primitive n-th root

of unity ζn.
If F is an algebraic extension of Q, then we shall write V(F )non for the set of

nonarchimedean places of F . For v ∈ V(F )non and a subfield K ⊆ F of F , we shall
write DF/K,v for the decomposition subgroup of Gal(F/K) associated to v; Fv for

the completion of F at v; pv for the residue characteristic of Fv. For v ∈ V(Q)non,

we shall write DF,v
def
= DQ/F,v.

Let F1, F2 be fields. Then we shall write Isom(F1, F2) for the set of all isomor-
phisms of fields from F1 to F2.

Groups: Let G be a group; H ⊆ G a subgroup; n a nonnegative integer.
Then we shall write ZG(H) for the centralizer of H in G, i.e., the subgroup {g ∈
G | ghg−1 = h for any h ∈ H}; Z(G)

def
= ZG(G); NG(H) for the normalizer of H in

G, i.e., the subgroup {g ∈ G | gHg−1 = H}; G∧ for the profinite completion of G;
[G : H] for the index of H in G. If G is a profinite group and H ⊆ G is a closed
subgroup of G, then we regard the index [G : H] as a supernatural number. We shall
say that G is center-free if Z(G) = {1}. We shall say that H is n-subnormal in G if
there exist [not necessarily distinct] subgroups H0 = G,H1, . . . , Hn−1,Hn = H of
G such that Hi is normal in Hi−1 for each i ∈ {1, . . . , n}. [If G is topological group
and H is an n-subnormal closed subgroup of G, then we may choose H0,H1, . . . , Hn

to be closed [cf. [16], Remark 1.1.1].] We shall say that H is subnormal in G if G
is m-subnormal for some nonnegative integer m.
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Suppose that G is a profinite group. Then we shall say that G is slim if ZG(U) =
{1} for every open subgroup U of G, or, equivalently, every open subgroup of G
is center-free [cf. [20], Notations and Conventions]. We shall refer to the minimum
cardinality [possibly infinite] of topological generators of G as rank of G. We shall
write Gab for the quotient of G by the closure of the commutator subgroup of G.
If p is a prime number, then we shall write cdG for the cohomological dimension
of G; cdp G for the p-cohomological dimension of G [cf. [25], Definition 3.3.1].

Let G1, G2 be profinite groups. Then we shall write Isom(G1, G2) for the set
of continuous isomorphisms of profinite groups from G1 to G2; OutIsom(G1, G2)
for the set of continuous outer isomorphisms of profinite groups from G1 to G2,
i.e., continuous isomorphisms considered up to composition with an inner auto-

morphism arising from an element of G2; Aut(G1)
def
= Isom(G1, G1); Out(G1)

def
=

OutIsom(G1, G1).
Let C be a family of finite groups containing the trivial group. Then we shall

refer to C as a full-formation if C is closed under taking quotients, subgroups, and
extensions.

Fundamental groups: Let S be a connected locally Noetherian scheme. Then
we shall write π1(S) for the étale fundamental group of S, relative to a suitable
choice of basepoint. [Note that, for any field F , π1(SpecF ) ∼= GF .] If X is an alge-
braic variety [i.e., a separated, of finite type, and geometrically connected scheme]

over C, then we shall write πtop
1 (X) for the topological fundamental group of the

complex analytic space associated to X, relative to a suitable choice of [C-rational]
basepoint. If K is a complete subfield of Cp and X is a smooth variety over K,

then we shall write πtemp
1 (X) for the tempered fundamental group of X, relative to

a suitable choice of basepoint [cf. [1]].

1. Anabelian group-theoretic properties

In the present section, we introduce terms and results from the authors’ previous
paper [16] that are also used in the present paper. While [16] sometimes deals with
cases that are not necessarily profinite, here we refer only to profinite cases.

In the present section, let p be a prime number.

Definition 1.1 (cf. [16], Definitions 1.5, 1.8; [16], Proposition 1.7). Let n be a
positive integer; G a profinite group.

(i) Let H ⊆ G be a closed subgroup. We shall say that H is normally decom-
posable in G if there exist nontrivial normal closed subgroups H1,H2 ⊆ G
of G such that H = H1×H2. We shall say that H is normally indecompos-
able in G if H is not normally decomposable in G. We shall say that G is
decomposable (respectively, indecomposable) if G is normally decomposable
(respectively, normally indecomposable) in G.

(ii) We shall say that G is internally indecomposable if every normal closed
subgroup of G is center-free and normally indecomposable in G, or, equiv-
alently, ZG(H) = {1} for every nontrivial normal closed subgroup H ⊆ G.
We shall say that G is strongly internally indecomposable if every open
subgroup of G is internally indecomposable.

(iii) We shall say that G is n-sn-internally indecomposable if every (n − 1)-
subnormal closed subgroup of G is internally indecomposable, or, equiv-
alently, ZG(H) = {1} for every nontrivial n-subnormal closed subgroup
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H ⊆ G. We shall say that G is strongly n-sn-internally indecomposable if
every open subgroup of G is n-sn-internally indecomposable.

(iv) We shall say that G is sn-internally indecomposable (respectively, strongly
sn-internally indecomposable) if G is m-sn-internally indecomposable (re-
spectively, strongly m-sn-internally indecomposable) for any positive inte-
ger m.

Definition 1.2 (cf. [16], Definition 2.1). Let n be a positive integer; G a profinite
group.

(i) We shall say that G is n-sn-quasielastic (respectively, n-sn-elastic) if every
topologically finitely generated n-subnormal closed subgroup of G (respec-
tively, of an open subgroup of G) is trivial or open in G.

(ii) We shall say that G is sn-quasielastic (respectively, sn-elastic) if G is m-
sn-quasielastic (respectively, m-sn-elastic) for any positive integer m.

(iii) We shall say that G is very n-sn-quasielastic (respectively, very n-sn-elastic;
very sn-quasielastic; very sn-elastic) if G is n-sn-quasielastic (respectively,
n-sn-elastic; sn-quasielastic; sn-elastic), but not topologically finitely gen-
erated.

Definition 1.3 (cf. [6], Definition 17.3.2; [22], Definition 1.1, (iii)). Let C be a
full-formation; G a profinite group; Q a quotient of G [in the category of profinite
groups].

(i) We shall write GC for the maximal pro-C quotient of G. If C is the family

of all p-groups, then we shall also write Gp def
= GC .

(ii) Let N ⊆ G be a normal open subgroup. If the kernel of the surjection G ↠
Q coincides with the kernel of the natural surjection N ↠ NC (respectively,
N ↠ Np), then we shall say that Q is the almost pro-C-maximal quotient
(respectively, almost pro-p-maximal quotient) of G associated to N .

(iii) We shall say that Q is an almost pro-C-maximal quotient (respectively,
almost pro-p-maximal quotient) of G if it is the almost pro-C-maximal quo-
tient (respectively, almost pro-p-maximal quotient) of G associated to N
for some normal open subgroup N ⊆ G.

Definition 1.4 (cf. [7], Definition 2.1, (i)). Let S be a scheme; X a scheme over
S. Then we shall say that X is a hyperbolic curve over S if there exist nonnegative
integers g, r, a scheme Xcpt over S, and a [possibly empty] closed subscheme D ⊆
Xcpt such that the following holds:

• 2g − 2 + r > 0;
• Xcpt → S is smooth, proper, geometrically connected, of relative dimension
1, and any geometric fiber is [a necessarily smooth proper curve] of genus
g;
• the composite D ↪→ Xcpt → S is a finite étale morphism of degree r;
• X is isomorphic to Xcpt \D over S.

We shall refer to (g, r) as the type of X. If S is the spectrum of an algebraically
closed field, then D consists of r points. In this case, we shall refer to each point
of D as a cusp.

Definition 1.5 (cf. [22], Definition 1.2). Let C be a full-formation; Π a profinite
group. Then we shall say that Π is a pro-C surface group (respectively, an almost
pro-C surface group) if Π is isomorphic to the maximal pro-C quotient (respectively,
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an almost pro-C-maximal quotient) of the étale fundamental group of a hyperbolic
curve over an algebraically closed field of characteristic 0. If C is the family of all
p-groups, then we shall also refer to a pro-C surface group as a pro-p surface group.

Proposition 1.6 (cf. [16], Lemma 1.15). Let n be a positive integer; G an n-sn-
internally indecomposable profinite group; S ⊆ G a nontrivial n-subnormal closed
subgroup; H ⊆ G a closed subgroup containing S; α : H → G a continuous ho-
momorphism. Suppose that for any h ∈ S, it holds that α(h) = h. Then for any
g ∈ H, it holds that α(g) = g.

Proposition 1.7 (cf. [16], Proposition 1.11). Let n be a positive integer; G a
profinite group; {Hλ}λ∈Λ a set of n-subnormal closed subgroups of G. Then the
following hold:

(i)
⋂

λ∈Λ Hλ is n-subnormal in G.
(ii) Suppose that G is n-sn-internally indecomposable, that Λ is finite, and that

for each λ ∈ Λ, Hλ is nontrivial. Then
⋂

λ∈Λ Hλ is nontrivial.

Proposition 1.8 (cf. [16], Proposition 1.14; [16], Lemma 2.4). Let n be a positive
integer; G a profinite group; {Gi}i∈I a directed subset of the set of normal closed
subgroups of G [where j ≥ i ⇔ Gj ⊆ Gi] such that the natural homomorphism
G → lim←−i∈I

G/Gi is an isomorphism. If for each i ∈ I, G/Gi is n-sn-internally

indecomposable (respectively, strongly n-sn-internally indecomposable; very n-sn-
quasielastic; very n-sn-elastic), then so is G.

Proposition 1.9 (cf. [16], Proposition 1.12; [16], Lemma 2.3). Let n be a positive
integer; G a profinite group; H ⊆ G an open subgroup. Then the following hold:

(i) Suppose that any open subgroup of G has no nontrivial finite normal sub-
group [e.g. the case where G is slim [cf. [17], Lemma 1.3]]. Then if H is
strongly n-sn-internally indecomposable, then so is G.

(ii) Suppose that G has no nontrivial finite n-subnormal subgroup. Then if H
is n-sn-quasielastic (respectively, very n-sn-quasielastic), then so is G.

Proposition 1.10 (cf. [16], Corollary 3.4). Every free pro-p group [of arbitrary
rank] is sn-elastic.

Proposition 1.11 (cf. [16], Proposition 3.6, (ii)). Let G be an infinite pro-p
Demuškin group of rank ≥ 2. Then every nontrivial closed subgroup of infinite
index of G is a free pro-p group.

Proposition 1.12 (cf. [16], Lemma 3.9). Let K be a Hilbertian field [cf. [6], §12.1];
H ⊆ GK a nontrivial subnormal closed subgroup; U ⊆ H a proper open subgroup
of H. Then the separable extension of K associated to U ⊆ GK is Hilbertian.

Theorem 1.13 (cf. [16], Theorems A, B). Let C be a full-formation such that
Z/pZ is a C-group; G a profinite group. Suppose that G is isomorphic to one of the
following:

• an almost pro-C-maximal quotient of a free profinite group of [possibly in-
finite] rank ≥ 2;
• an almost pro-C surface group;
• a pro-p Demuškin group [cf. [25], Definition 3.9.9] of rank ≥ 3;
• an almost pro-C-maximal quotient of GK , where K is a Henselian discrete
valuation field [cf. [6], §11.5] of residue characteristic p or a Hilbertian field.

Then G is strongly sn-internally indecomposable and sn-elastic.
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2. Certain isomorphisms between closed subgroups of profinite
groups

In the present section, in certain situations, we show that a certain isomorphism
between closed subgroups of profinite groups is induced by an inner automorphism.
Especially, families preserving isomorphisms [cf. Definition 2.7] play a crucial role
[cf. Corollary 2.8].

In the present section, let p be a prime number.

Lemma 2.1. Let F be a free pro-p group. Then the following hold:

(i) Let N ⊆ F be a normal open subgroup; x ∈ F \ker(F ↠ F ab/pF ab). Write

k for the minimum nonnegative integer such that xpk ∈ N ; a
def
= xpk

. Then
there exist a p-power m and F -conjugates a1 = a, . . . , am ∈ N of a such
that, if we write ei for the image of ai in Nab, then
• e1, . . . , em ∈ Nab are linearly independent over Zp;
• the image of any F -conjugate of a in Nab coincides with some ei.

(ii) Let x ∈ F \ ker(F ↠ F ab/pF ab). Write I ⊆ F for the [pro-cyclic] subgroup
of F topologically generated by x. Let y ∈ F be an element; {Nλ}λ∈Λ a set
of normal open subgroups of F such that

⋂
λ∈Λ Nλ = {1}. Suppose that for

any λ ∈ Λ, it holds that Im(I ∩ Nλ → Nab
λ /pNab

λ ) = Im(yIy−1 ∩ Nλ →
Nab

λ /pNab
λ ). Then it holds that I = yIy−1.

(iii) Let I ⊆ F be as in (ii). Then it holds that NF (I) = I.

Proof. Since any free pro-p group is a direct limit of free pro-p groups of finite rank,
we may assume that F is of finite rank, which we denote by r. The case where
r ≤ 1 is clear. Thus, we may further assume that r ≥ 2. Let us fix a hyperbolic
curve X of type (0, r+1) over C and an isomorphism F

∼→ π1(X)p such that x ∈ F
maps to a topological generator of a cuspidal inertia subgroup of the pro-p surface
group π1(X)p [i.e., a closed subgroup corresponding to a cusp of X]. Then N in
assertion (i) (respectively, for each λ ∈ Λ, Nλ in assertion (ii)) corresponds to a
covering Y of X (respectively, Yλ). Then, by writing a1 = a, . . . , am for the [finite]
orbit of a under the conjugation action of F , assertions (i), (ii) are well-known as
properties of cuspidal inertia subgroups of pro-p surface groups. Assertion (iii) is
also well-known [cf. [19], Proposition 1.2, (ii)], or alternatively, since NF (I) ⊆ F
is a free pro-p group with pro-cyclic normal closed subgroup I ⊆ NF (I), it follows
from Proposition 1.10 that NF (I) is pro-cyclic, hence NF (I) = I by our choice of
I. This completes the proof of Lemma 2.1. □

Lemma 2.2. Let F be a free pro-p group; x, y ∈ F \ker(F ↠ F ab/pF ab); {Nλ}λ∈Λ

a set of normal open subgroups of F such that
⋂

λ∈Λ Nλ = {1}. Write Ix, Iy for the
pro-cyclic subgroups topologically generated by x, y, respectively. Suppose that for
each λ ∈ Λ, the respective images of Ix ∩Nλ and Iy ∩Nλ via the natural surjection
Nλ ↠ Nab

λ /pNab
λ coincide. Then it holds that Ix = Iy.

Proof. For each λ ∈ Λ, since yIxy
−1 ∩ Nλ = y(Ix ∩ Nλ)y

−1 and y(Iy ∩ Nλ)y
−1 =

Iy ∩Nλ, it follows from our assumption that the respective images of y−1Ixy ∩Nλ

and Ix ∩Nλ via the natural surjection Nλ ↠ Nab
λ /pNab

λ coincide. Thus, it follows
from Lemma 2.1, (ii), that yIxy

−1 = Ix. Then it holds that y ∈ NF (Ix) = Ix [cf.
Lemma 2.1, (iii)], which implies that Iy ⊆ Ix. Similarly, it holds that Ix ⊆ Iy. This
completes the proof of Lemma 2.2. □
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Theorem 2.3. Let G be a profinite group; F ⊆ G a normal closed subgroup of G;
α ∈ Aut(F ) a continuous automorphism. Suppose that

• F is a free pro-p group of [possibly infinite] rank ≥ 2;
• α(N) = N for every closed subgroup N ⊆ F of F that is normal in G;
• for every open subgroup N ⊆ F that is normal in G, if I is a pro-cyclic
subgroup of N such that I ̸⊆ ker(N ↠ Nab/pNab), then there exists g ∈ G
such that α(I) = gIg−1.

Then α is induced by an inner automorphism of G.

Proof. Let us fix an element x ∈ F \ ker(F ↠ F ab/pF ab). Write I ⊆ F for the
[pro-cyclic] subgroup topologically generated by x. For each g ∈ G and each open
subgroup N ⊆ F of F that is normal in G, we shall write αg ∈ Aut(F ) for the
automorphism of F determined by αg(h) = g−1α(h)g; αab

g,N for the automorphism

of Nab determined by αg; MN ⊆ Nab for the subgroup of Nab generated by the
image of all F -conjugates of I ∩N . First, we claim the following:

Claim 2.3.A: Let N0 ⊆ F be an open subgroup of F that is normal
in G. Then there exist g ∈ G and b ∈ Z×

p such that for any

a ∈MN0 , it holds that α
ab
g,N0

(a) = ba.

Indeed, we shall write k for the unique nonnegative integer such that I ∩N0 is

topologically generated by xpk

. Then it follows from Lemma 2.1, (i), that there

exist F -conjugates x1 = xpk

, x2, . . . , xm of xpk

such that, if we write ei for the
image of xi in Nab

0 , then {e1, . . . , em} is a linearly independent generator of MN0

over Zp, and, moreover, it holds that the image of any F -conjugate of xpk

in Nab
0

is in {e1, . . . , em} ⊆MN0
. Write Ii ⊆ N0 for the [pro-cyclic] subgroup topologically

generated by xi.
Now for each open subgroup N ⊆ N0 of N0 that is normal in G, we shall write

kN for the unique nonnegative integer such that I ∩N is topologically generated by

xpkN . Then Ii ∩N is topologically generated by xpkN−k

i . For each i ∈ {1, . . . ,m},
we shall write ei,N ∈ Nab for the image of xpkN−k

i in Nab. Moreover, we shall write

zN
def
=

m∑
i=1

pi−1ei,N ∈ Nab;

BN
def
= {(b, g) ∈ Z×

p ×G |αab
g,N (zN ) = bzN} ⊆ Z×

p ×G.

Then it follows from our assumption that BN is a nonempty [closed] subset of
Z×
p × G. Moreover, if N ′ ⊆ N ⊆ N0 are open subgroups of N0 that is normal

in G, then, since the image of zN ′ via the natural homomorphism N ′ab → Nab is
pkN′−kN zN , it holds that BN ′ ⊆ BN . Thus, since Z×

p ×G is compact, it holds that⋂
N BN ̸= ∅.
Now let (b, g) ∈

⋂
N BN . Note that the image of zN via the natural surjection

Nab ↠ Nab/pNab coincides with the image of xpkN via the natural surjection
N ↠ Nab/pNab. Thus, it follows from Lemma 2.2 that αg(I1) = I1. In particular,
there exists c ∈ Z×

p such that αg(e1) = ce1, and, moreover, for each i ∈ {1, . . . ,m},
there exists ji ∈ {1, . . . ,m} such that αg,N0(ei) = ceji . Then it holds that

m∑
i=1

bpi−1ei = bzN0
= αab

g,N0
(zN0

) =

m∑
i=1

cpi−1eji ,
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which implies that b = c and ji = i. Since MN0
is generated by e1, . . . , em, we

conclude that αab
g,N0

(a) = ba for any a ∈ MN0 . This completes the proof of Claim
2.3.A.

Now for each open subgroup N ⊆ F of F that is normal in G, we shall write

CN
def
= {(b, g) ∈ Z×

p ×G |αab
g,N (a) = ba for all a ∈MN} ⊆ Z×

p ×G.

Then it follows from Claim 2.3.A that CN is a nonempty [closed] subset of Z×
p ×G.

Moreover, if N ′ ⊆ N ⊆ F are open subgroups of F that are normal in G, then it
holds that CN ′ ⊆ CN . Indeed, let (b, g) ∈ CN ′ . For any a ∈ MN , there exists r ∈
Zp \{0} such that ra is in the image of MN ′ ⊆ N ′ab via the natural homomorphism
N ′ab → Nab. Then, since it holds that αab

g,N (ra) = bra, it follows from the torsion-

freeness of Zp-module Nab that αab
g,N (a) = ba, i.e., (b, g) ∈ CN .

Since Z×
p ×G is compact, it holds that

⋂
N CN ̸= ∅. Let (b, g) ∈

⋂
N CN . Write

A for the set of F -conjugates of I. Then it follows from Lemma 2.1, (ii), that
αg(J) = J for any J ∈ A.

Now for any h ∈ F and J ∈ A, since h−1Jh ∈ A, it holds that

αg(h)h
−1J(αg(h)h

−1)−1 = αg(h)αg(h
−1Jh)αg(h)

−1 = αg(J) = J.

Thus, it holds that αg(h)h
−1 ∈

⋂
J∈A NF (J) =

⋂
J∈A J = {1} [cf. Lemma 2.1,

(iii)], which implies that αg = idF . This completes the proof of Theorem 2.3. □

Theorem 2.4. Let n be a positive integer, G an n-sn-internally indecomposable

profinite group; H,H ′, F, F̃ ⊆ G closed subgroups of G such that F ⊆ H ∩H ′ ∩ F̃ ;
α : H

∼→ H ′ a continuous isomorphism. Suppose that

• F̃ is (n− 1)-subnormal in G;

• F is a nontrivial free pro-p normal subgroup of F̃ ;

• α(N) = N for every closed subgroup N ⊆ F of F that is normal in F̃ ;

• for every open subgroup N ⊆ F that is normal in F̃ , if I is a pro-cyclic

subgroup of N such that I ̸⊆ ker(N ↠ Nab/pNab), then there exists g ∈ F̃
such that α(I) = gIg−1.

Then α is induced by an inner automorphism of F̃ .

Proof. If there exists g ∈ F̃ such that g−1α(h)g = h for any h ∈ F , then it
follows from Proposition 1.6 that g−1α(h)g = h for any h ∈ H. Thus, by replacing

(n,G,H,H ′, α) by (1, F̃ , F, F, α|F : F
∼→ F ), we may assume that n = 1, G = F̃ ,

H = H ′ = F . Since G is internally indecomposable, the [nontrivial] free pro-p
normal closed subgroup F is center-free, hence of rank ≥ 2. Thus, Theorem 2.4
follows from Theorem 2.3. □

Remark 2.4.1.

(i) If G = F (hence G itself is a free pro-p group of rank ≥ 2), then the two
theorems above say that any normal automorphism α of G satisfying the
third assumption of Theorem 2.3 is an inner automorphism. On the other
hand, by a similar argument to the argument of [9], Lemma 1.6, we can
show that any normal automorphism α of G satisfies the third assumption
of Theorem 2.3. This gives an alternative proof of [12], Corollary C in the
case where “C” in [12], Corollary C is the class of all p-groups.
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Notice that the proof in [12] is based on representation theoretic consid-
erations, while the proof of Theorem 2.3 is based on anabelian geometric
considerations.

(ii) Theorem 2.4 is a result that provides evidence for the importance of con-
sidering [sn-]internal indecomposability.

(iii) It is natural to pose the following question:
Question: Can the third assumption of Theorem 2.3 be
dropped?

However, at the time of writing of the present paper, the authors do not
know whether this question is affirmative or not.

Lemma 2.5. Let G be a profinite group; H,H ′ ⊆ G closed subgroups; α : H → H ′

a continuous homomorphism; {Gi}i∈I a directed subset of the set of normal closed
subgroups of G [where j ≥ i ⇔ Gj ⊆ Gi] such that the natural homomorphism
G → lim←−i∈I

G/Gi is an isomorphism. For each i ∈ I, write φi : G ↠ G/Gi for

the natural surjection. Suppose that α(H ∩ Gi) ⊆ Gi for each i ∈ I, and write
αi : φi(H) → φi(H

′) for the homomorphism induced by α. Then the following
conditions are equivalent:

(1) α is induced by an inner automorphism of G.
(2) For any i ∈ I, αi is induced by an inner automorphism of G/Gi.

Proof. The implication (1) ⇒ (2) is immediate. We verify the implication (2) ⇒
(1). Suppose that condition (2) is satisfied. For each i ∈ I, we shall write

Di
def
= {g ∈ G |αi(h) = φi(g)hφi(g)

−1 for all h ∈ φi(H)} ⊆ G.

Then Di is a nonempty [closed] subset of G. Moreover, if j ≥ i, then it holds that
Dj ⊆ Di. Thus, since G is compact, it holds that

⋂
i∈I Di ̸= ∅.

Let g ∈
⋂

i∈I Di. Then for any h ∈ H and i ∈ I, it holds that φi(α(h)) =

αi(φi(h)) = φi(g)φi(h)φi(g)
−1 = φi(ghg

−1), which implies that α(h)−1ghg−1 ∈⋂
i∈I Gi = {1}. This completes the proof of Lemma 2.5. □

Theorem 2.6. Let G,H,H ′, α, {Gi}i∈I , φi, αi be as in Lemma 2.5; n a positive
integer. Suppose that α is an isomorphism. Moreover, for each i ∈ I, suppose that

• α(H ∩Gi) = H ′ ∩Gi [hence αi is an isomorphism];
• G/Gi is n-sn-internally indecomposable;
• φi(H) ∩ φi(H

′) contains a nontrivial free pro-pi n-subnormal subgroup Fi

of G/Gi for some prime number pi;
• αi(S) = S for every closed subgroup S ⊆ Fi of Fi that is n-subnormal in
G/Gi;
• for every open subgroup U ⊆ Fi that is n-subnormal in G/Gi, if I is a pro-
cyclic subgroup of U such that I ̸⊆ ker(U ↠ Uab/pUab), then there exists
g ∈ G/Gi such that αi(I) = gIg−1.

Then α is induced by an inner automorphism of G.

Proof. This follows from Theorem 2.4; Lemma 2.5. □
Definition 2.7. Let n be a positive integer; G a profinite group; H,H ′ ⊆ G closed
subgroups; α : H

∼→ H ′ a continuous isomorphism.

(i) We shall say that α is n-subnormal [in G] if for every closed subgroup
S ⊆ H ∩ H ′ that is n-subnormal in G, it holds that α(S) = S. We shall
say that α is normal [in G] if α is 1-subnormal [in G].
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(ii) (cf. [12], Introduction) We shall say that α is families preserving [in G] if
for every pro-cyclic subgroup I ⊆ H, there exists g ∈ G such that α(I) =
gIg−1.

Remark 2.7.1.

(i) If H and H ′ are open in G, then α is n-subnormal in G if and only if
α(S) = S for every open subgroup S ⊆ H ∩H ′ that is n-subnormal in G.

(ii) Every families preserving isomorphism in G is normal in G.
(iii) Suppose that α is a families preserving (respectively, an n-subnormal) iso-

morphism in G. Then so is α−1. Moreover, for any normal closed subgroup
N ⊆ G (respectively, normal closed subgroup N ⊆ G contained in H ∩H ′),

the isomorphism H/(H ∩ N)
∼→ H ′/(H ′ ∩ N) determined by α [cf. (ii)] is

families preserving (respectively, n-subnormal) in G/N .

Corollary 2.8. Let n be a positive integer; G a profinite group; H,H ′ ⊆ G closed
subgroups; α : H

∼→ H ′ a continuous isomorphism; {Gi}i∈I a directed subset of the
set of closed subgroups of H∩H ′ that is normal in G [where j ≥ i⇔ Gj ⊆ Gi] such
that the natural homomorphism G→ lim←−i∈I

G/Gi is an isomorphism. Suppose that

for each i ∈ I,

• α is families preserving and n-subnormal in G.
• G/Gi is n-sn-internally indecomposable;
• (H∩H ′)/Gi has a nontrivial free pro-pi closed subgroup that is n-subnormal
in G/Gi for some prime number pi;

Then α is induced by an inner automorphism of G.

Proof. This follows from Theorem 2.6; Remark 2.7.1, (iii). □

3. Families preserving isomorphisms for groups in anabelian geometry

When applying Theorem 2.6 or Corollary 2.8, for a given profinite group, it
is important to consider its quotients that are [sn-]internally indecomposable and
have free pro-p [sub]normal closed subgroups. In the present section, we discuss this
problem for various groups appearing in anabelian geometry, and show that in many
cases every families preserving isomorphism is induced by an inner automorphism.

In the present section, let p be a prime number.
First, we deal with the absolute Galois groups and their quotients of various

fields. We also provide an application to a family of fields that a weak version
of Neukirch-Uchida type result [i.e., the isomorphism class of the absolute Galois
group determines the field] were obtained for [cf. Remark 3.10.1].

Lemma 3.1. Let G be a profinite group; H ⊆ G a closed (respectively, a normal
closed) subgroup; N ⊆ H a normal open subgroup of H. Then there exist an open
(respectively, a normal open) subgroup U ⊆ G of G containing H and a normal

open subgroup V ⊆ U of U such that N = H ∩ V and that H/N
∼→ U/V .

Proof. It follows from [6], Lemma 1.2.5, (b), that there exists an open subgroup
W ⊆ G of G such that N = H ∩W . Write V =

⋂
h∈H hWh−1. Since the number

of G-conjugates of W , hence also the number of H-conjugates of W , is finite, V
is open in G. Moreover, for h ∈ H, since N = hNh−1 ⊆ hWh−1, it holds that
N ⊆ V . In particular, it holds that N = H ∩ V .
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Now it follows from our choice of V that H ⊆ NG(V ). Thus, we obtain a natural
injective homomorphism H/N ↪→ NG(V )/V . Moreover, if H is normal in G, then,
since H is normal in NG(V ), the image of the natural injective homomorphism
H/N ↪→ NG(V )/V is normal in NG(V )/V . Thus, if we write U ⊆ NG(V ) for
the inverse image of Im(H/N ↪→ NG(V )/V ) via the natural surjection NG(V ) ↠
NG(V )/V , then the pair (U, V ) satisfies the desired conditions. □

Proposition 3.2. Let K be a number field; N ⊆ GK a normal closed subgroup

of GK such that [GK : N ] is not divided by p∞. Write Q
def
= GK/ ker(N ↠ Np).

Then the following holds:

(i) Q is strongly sn-internally indecomposable, very sn-elastic, and Q has a
nontrivial free pro-p normal closed subgroup. In particular, any almost
pro-p-maximal quotient of GK has a nontrivial free pro-p normal closed
subgroup.

(ii) Let H,H ′ ⊆ Q be closed subgroups. Suppose that H,H ′ have nontrivial
closed subgroups that are normal in G. Then every families preserving
isomorphism H

∼→ H ′ in G is induced by an inner automorphism of G.

Proof. First, we verify assertion (i). It follows from Lemma 3.1 that ker(N ↠
Np) =

⋂
U ker(U ↠ Up), where U runs over all normal open subgroups of GK

containing N . Thus, since Up, hence also GK/ ker(U ↠ Up), is not topologically
finitely generated, it follows from Proposition 1.8; Theorem 1.13, that Q is strongly
sn-internally indecomposable and very sn-elastic. Thus, it suffices to show that Q
has a nontrivial free pro-p normal closed subgroup.

Let U ⊆ Q be a normal open subgroup of Q. If U has a nontrivial free pro-p
normal closed subgroup F ⊆ U , then it follows from Proposition 1.7; Theorem
1.13, that

⋂
g∈Q gFg−1 ⊆ Q is a nontrivial [free pro-p] normal closed subgroup of

Q. Thus, by replacing K by the finite [Galois] extension of K corresponding to a
suitable normal open subgroup of Q, to verify Proposition 3.2, we may assume that
K is totally imaginary if p = 2.

Write L for the cyclotomic Zp-extension of K; M for the [Galois] extension of
K obtained by compositing L and the [Galois] extension of K corresponding to N .
Then it follows from [25], Corollary 8.1.18, that cdp GM ≤ 1. Thus, it follows from
[34], Chapter II, §2, Proposition 2, that cdp G

p
M ≤ 1. On the other hand, since

[GK : N ] is not divided by p∞, it is clear that GM has a normal open subgroup of
index a power of p, which implies that cdp G

p
M ≥ 1. Thus, we conclude that Gp

M

is a nontrivial free pro-p group. Now since [N : GM ] is not divided by all prime
numbers except p, the image of GM via N ↠ Np, hence also via GK ↠ Q, is
identified with Gp

M . Thus, Q has a nontrivial free pro-p normal closed subgroup.
This completes the proof of assertion (i).

Next, we verify assertion (ii). It follows from assertion (i), together with Propo-
sition 1.7, that there exists a nontrivial free pro-p normal closed subgroup F ⊆ Q of
Q contained in H ∩H ′. Thus, it follows from Theorem 2.4; Remark 2.7.1, (ii), that

every families preserving isomorphism H
∼→ H ′ in Q is induced by an inner auto-

morphism of Q. This completes the proof of assertion (ii), hence also of Proposition
3.2. □
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Proposition 3.3. Let K be a Henselian discrete valuation field of residue charac-
teristic p; N ⊆ GK a normal open subgroup of GK . Then the almost pro-p-maximal
quotient of GK associated to N has a nontrivial free pro-p normal closed subgroup.

Proof. If K is of characteristic p, then Np is a free pro-p group of infinite rank.
Thus, we may assume that K is of characteristic 0. Write Q for the almost pro-p-
maximal quotient of GK associated to N . If Np has a nontrivial free pro-p normal
closed subgroup F , then, since Np is a normal open subgroup of Q, it follows from
Proposition 1.7; Theorem 1.13, that

⋂
g∈Q gFg−1 is a nontrivial free pro-p normal

closed subgroup of Q. Thus, by replacing K by the finite Galois extension of K
corresponding to N , it suffices to show that Gp

K has a nontrivial free pro-p normal
closed subgroup.

Now there exists a finite [Galois] subextension L of the cyclotomic Zp-extension
of K such that the absolute ramification index of L is ≥ p+1. If Gp

L has a nontrivial
free pro-p normal closed subgroup F , then it follows from Proposition 1.7; Theorem
1.13, that

⋂
g∈Gp

K
gFg−1 is a nontrivial free pro-p normal closed subgroup of Gp

K .

Thus, by replacing K by L, we may assume that the absolute ramification index of
K is ≥ p+ 1.

Now we claim the following:

Claim 3.3.A: There exists a weakly unramified pro-p extension L
of K such that the residue field of L is perfect, and that Gp

L has a
nontrivial closed subgroup that is normal in Gp

K .

Indeed, let us fix a nontrivial element g ∈ Gp
K . Write k for the residue field of

K. Let {ti ∈ k | i ∈ I} be a p-basis of k. We may assume that I is nonempty. For
each (i, j) ∈ I ×Z≥0, write ki,j for the field extension of k generated by pj-th roots
of ti over k [hence ki,0 = k].

Let i ∈ I. We prove that there exists a sequence of finite weakly unramified
p-extensions Ki,0 ⊆ Ki,1 ⊆ Ki,2 ⊆ · · · of K satisfying the following for each j ≥ 0:

• the residue field of Ki,j is ki,j ;
• g ∈

⋂
σ∈Gp

K
σGp

Ki,j
σ−1.

Write Ki,0
def
= K. For each j ≥ 1, suppose that we have already obtained Ki,j−1

satisfying the desired conditions. Let {σ1, . . . , σm} be a left transversal of Gp
Ki,j−1

in Gp
K . Write F ⊆ Gp

K for the closed subgroup of Gp
K topologically generated by

σ−1
1 gσ1, . . . , σ

−1
m gσm. Then, since we assume that g ∈

⋂
σ∈Gp

K
σGp

Ki,j−1
σ−1, it holds

that F ⊆ Gp
Ki,j−1

. Thus, in light of our assumption on the absolute ramification

index ofK, by applying [18], Lemma 2.4, where we take “K” to beKi,j−1, we obtain
a weakly unramified Galois extension Ki,j ofKi,j−1 of degree p such that the residue
field of Ki,j is ki,j , and that F ⊆ Gp

Ki,j
. Then it holds that g ∈

⋂
σ∈Gp

K
σGp

Ki,j
σ−1.

Therefore, we obtain a desired sequence of extensions of K by induction on j.

Now write L
def
=

⋃
i,j Ki,j . Then L is a weakly unramified pro-p extension of K

such that the residue field of L is perfect. Moreover, the closed subgroup⋂
σ∈Gp

K

σGp
Lσ

−1 =
⋂

σ∈Gp
K

⋂
i,j

σGp
Ki,j

σ−1

of Gp
L contains g, hence nontrivial. This completes the proof of Claim 3.3.A.

Now let us write K ′ for the cyclotomic Zp-extension of K. Since the ramification
index of K ′L/L is infinite, the inertia subgroup I ⊆ Gal(K ′L/L) ∼= Zp is infinite,
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hence open in Gal(K ′L/L). Thus, if we write M for the finite Galois extension of L
corresponding to I ⊆ Gal(K ′L/L), then K ′L/M is a totally ramified Zp-extension.
Thus, it follows from the theory of fields of norms [cf. [5], Chapter III, §5, Exercises,
1; [5], Chapter III, (5.5), Theorem; [5], Chapter III, (5.7), Theorem] that GK′L is
isomorphic to GkM ((t)), where kM is the residue field of M . Thus, Gp

K′L is a free
pro-p group. Since Gp

K′ is a normal closed subgroup of Gp
K and Gp

L has a nontrivial
closed subgroup that is normal in Gp

K , it follows from Proposition 1.7; Theorem
1.13, that Gp

K′L = Gp
K′ ∩Gp

L has a nontrivial normal closed subgroup of Gp
K . This

completes the proof of Proposition 3.3. □

Definition 3.4. Let G be a profinite group; Q a quotient of G [in the category of
profinite groups]; l a prime number.

(i) Write Gsym for the intersection of all normal open subgroups U ⊆ G such
that G/U is isomorphic to a symmetric group.

(ii) Let U,N ⊆ G normal open subgroups of G such that N is contained in
U . If the kernel of the surjection G ↠ Q coincides with the kernel of the
natural surjection N ∩Usym ↠ (N ∩Usym)

l, then we shall say that Q is an
almost symmetric pro-l-maximal quotient of G associated to (U,N).

(iii) We shall say that Q is an almost symmetric pro-l-maximal quotient of G if
it is the almost symmetric pro-l-maximal quotient of G associated to (U,N)
for some U,N ⊆ G as in (ii).

Remark 3.4.1. It is clear that Gsym is characteristic in G. In particular, for U,N ⊆
G as in Definition 3.4, (ii), the closed subgroup Usym, hence also N∩Usym, is normal
in G. Moreover, the kernel of the natural surjection N ∩ Usym ↠ (N ∩ Usym)

l is
normal in G, since it is characteristic in N ∩ Usym.

Proposition 3.5. Let K be a Hilbertian field; Q an almost symmetric pro-p-
maximal quotient of GK . Then Q is strongly sn-internally indecomposable, very
sn-elastic, and Q has a nontrivial free pro-p normal closed subgroup.

Proof. Every open subgroup W ⊆ Q of Q is isomorphic to the inverse limit of some
family of almost pro-p-maximal quotients of the inverse image of W in GK . Thus,
it follows from Proposition 1.8; Theorem 1.13; [6], Corollaries 12.2.3, 16.3.6, that
Q is strongly sn-internally indecomposable and very sn-elastic. Moreover, there
exist open subgroups N,U ⊆ GK of GK such that N ⊆ U and that Q contains a
normal closed subgroup isomorphic to (N ∩ Usym)

p. Thus, it suffices to show that
(N ∩ Usym)

p is a nontrivial free pro-p group, i.e., cdp(N ∩ Usym)
p = 1.

It follows from [6], Corollary 12.2.3; [6], Theorem 18.10.4, that the Galois exten-
sion of K associated to Usym is a Hilbertian pseudo algebraically closed field. In
particular, it follows from [6], Corollary 11.6.8, that cdp(N ∩Usym) ≤ cdp Usym ≤ 1.
Thus, it follows from [34], Chapter II, §2, Proposition 2, that cdp(N ∩ Usym)

p ≤ 1.
On the other hand, since the Galois extension of K associated to N∩Usym is Hilber-
tian [cf. [6], Corollary 12.2.3], N ∩ Usym has a normal open subgroup of index p,
which implies that cdp(N ∩ Usym)

p ≥ 1. This completes the proof of Proposition
3.5. □

Remark 3.5.1. At the time of writing of the present paper, the authors do not
know whether any almost pro-p-maximal quotient of GK has a nontrivial free pro-p
normal closed subgroup or not, where K is a Hilbertian field.
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Theorem 3.6. Let G be a profinite group; C a full-formation such that Z/pZ is a
C-group. Suppose that G is isomorphic to one of the following:

(a) an almost pro-C-maximal quotient of GK , or an almost symmetric pro-p-
maximal quotient of GK , where K is a number field or a Henselian discrete
valuation field of residue characteristic p;

(b) GK or an almost symmetric pro-p-maximal quotient of GK , where K is a
Hilbertian field.

Then the following hold:

(i) G is strongly sn-internally indecomposable.
(ii) Let H,H ′ ⊆ G be closed subgroups. Suppose that H,H ′ have nontrivial

closed subgroups that are normal in G. Then every families preserving
isomorphism H

∼→ H ′ in G is induced by an inner automorphism of G.

Proof. In the case of (a) (respectively, (b)), for a normal open subgroup N ⊆ GK of
GK , we shall write QN for the almost pro-p-maximal quotient (respectively, almost
symmetric pro-p-maximal quotient) of GK associated to N (respectively, associated
to (GK , N)).

First, we verify assertion (i). There exists a normal open subgroup N0 ⊆ GK

of GK such that the natural surjection GK ↠ QN0
factors through GK ↠ G.

Write A for the set of normal open subgroups of GK contained in N0. Then, since
G ∼= lim←−N∈A

QN , it follows from Propositions 1.8, 3.5; Theorem 1.13, that G is

strongly sn-internally indecomposable. This completes the proof of assertion (i).
Finally, we verify assertion (ii). Let us fix nontrivial normal closed subgroups

N1, N
′
1 of G contained in H,H ′, respectively. Then it follows from assertion (i);

Proposition 1.7, (ii), that N1 ∩ N ′
1 is nontrivial. Write B for the subset of A

consisting of N ∈ A such that N1 ∩N ′
1 ̸⊆ N . Then it holds that G ∼= lim←−N∈B

QN .

Moreover, for N ∈ B, it follows from Propositions 3.2, 3.3, 3.5, that QN has a
nontrivial free pro-p normal closed subgroup FN . Now it follows from assertion (i);
Proposition 1.7, together with the definition of B, that the intersection of FN and
the image of N1 ∩ N ′

1 in QN is a nontrivial free pro-p normal closed subgroup of
QN . Thus, it follows from assertion (i); Theorem 2.6; Remark 2.7.1, (iii), that every

families preserving isomorphism H
∼→ H ′ in G is induced by an inner automorphism

of G. This completes the proof of assertion (ii), hence also of Theorem 3.6. □

Remark 3.6.1.

(i) If H is an open subgroup of an infinite profinite group G, then, since⋂
g∈G gHg−1 is a normal open subgroup of G, H have a nontrivial closed

subgroup that is normal in G.
(ii) Let us consider the case where the supposition of the existence of nontrivial

normal closed subgroups in assertion (ii) is replaced by the existence of n-
subnormal closed subgroups. If we further suppose that, for each N ∈ B,
the isomorphism between the images of H and H ′ in QN determined by
α is n-subnormal in QN [where QN is the same as in the proof above,
and B is determined similarly for a fixed nontrivial n-subnormal closed
subgroups], then the same proof works. In the case where G itself contains
a nontrivial free pro-p normal closed subgroup, it is sufficient to suppose
only α is n-subnormal in G.
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Theorem 3.7. Let C a nontrivial full-formation; K a Hilbertian field; S ⊆ GK

a nontrivial subnormal closed subgroup of GK ; U,N ⊊ S proper normal open sub-
groups of S such that N is contained in U . Write Q for the almost symmetric
pro-p-maximal quotient of S associated to (U,N). Then the following hold:

(i) Let T be a profinite group that is isomorphic to an almost pro-C-maximal
quotient of S or an almost symmetric pro-p-maximal quotient of S. If T
is nontrivial, then T is strongly sn-internally indecomposable and very sn-
elastic.

(ii) Q has a nontrivial free pro-p normal closed subgroup.
(iii) Let us denote G by S or Q. Let H,H ′ ⊆ G be closed subgroups. Suppose

that H,H ′ have nontrivial closed subgroups that are normal in G. Then
every families preserving isomorphism H

∼→ H ′ in G is induced by an
inner automorphism of G.

Proof. First, we verify assertion (i). Let V ⊊ T be a proper open subgroup of T .
Then it follows from Proposition 1.12 that the separable extension of K associated
to [the inverse image of] V [in S ⊆ GK ] is Hilbertian, which implies that V is
strongly sn-internally indecomposable and very sn-elastic [cf. Theorem 1.13]. In
particular, every subnormal closed subgroup of V is slim. In light of [17], Lemma
1.3, every proper open subgroup of T , hence also T , does not have nontrivial finite
subnormal subgroup. Thus, assertion (i) follows from Proposition 1.9.

Assertion (ii) follows from an argument similar to the argument in the proof
of Proposition 3.5, together with assertion (i); Proposition 1.12. Moreover, since
S ∼= lim←−M

QM , where M runs over all normal open subgroups of S contained in

U , and QM is the almost symmetric pro-p-maximal quotient of S associated to
(U,M), assertion (iii) follows from an argument similar to the argument in the
proof of Theorem 3.6, (ii), together with assertions (i), (ii). This completes the
proof of Theorem 3.7. □

Definition 3.8. Let G be a profinite group; H,H ′ ⊆ G closed subgroups; α : H
∼→

H ′ a continuous isomorphism. Then we shall say that α is open-wise inner [in G] if
for every open subgroup U ⊆ H of H, there exists g ∈ G such that α(U) = gUg−1.

Remark 3.8.1. If α is an open-wise inner automorphism in G, then so is α−1.

Proposition 3.9. Let G be a profinite group; H,H ′ ⊆ G closed subgroups; α :
H

∼→ H ′ a continuous isomorphism; {Gi}i∈I a directed subset of the set of closed
subgroups of H ∩ H ′ that is normal in G [where j ≥ i ⇔ Gj ⊆ Gi] such that the
natural homomorphism G → lim←−i∈I

G/Gi is an isomorphism. Then the following

conditions are equivalent:

(1) α is open-wise inner in G.
(2) For each i ∈ I, it holds that α(Gi) = Gi, and, moreover, the isomorphism

H/Gi
∼→ H ′/Gi determined by α is open-wise inner in G/Gi.

(3) For every closed subgroup A ⊆ H, there exists g ∈ G such that α(A) =
gAg−1.

In particular, an open-wise inner isomorphism in G is families preserving in G.

Proof. The implication (3)⇒ (2) is clear. First, we verify the implication (2) ⇒ (1).
Suppose that condition (2) is satisfied. Let U ⊆ H be an open subgroup of H. For
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each i ∈ I, we shall write

Ei
def
= {g ∈ G |α(U) ⊆ gUg−1Gi} ⊆ G.

Then, since the image of U via the natural surjection G ↠ G/Gi is an open
subgroup of H/Gi, Ei is a nonempty [closed] subset of G. Moreover, if j ≥ i,
then it is clear that Ej ⊆ Ei. Thus, since G is compact, it holds that

⋂
i∈I Ei ̸= ∅.

Let g ∈
⋂

i∈I Ei. Then it holds that α(U) ⊆
⋂

i∈I gUg−1Gi = gUg−1. Similarly,

there exists h ∈ G such that α−1(α(U)) ⊆ hα(U)h−1 [cf. Remark 3.8.1], which
implies that h−1Uh ⊆ α(U) ⊆ gUg−1. On the other hand, by considering all finite
quotients of G, h−1Uh ⊆ gUg−1 implies that h−1Uh = gUg−1, i.e., α(U) = gUg−1.
This completes the proof of the implication (2)⇒ (1).

Finally, we verify the implication (1) ⇒ (3). Suppose that α is open-wise inner
in G. Let A ⊆ H be a closed subgroup. For each open subgroup U ⊆ H of H
containing A, we shall write

FU
def
= {g ∈ G |α(A) ⊆ gUg−1} ⊆ G.

Then, since α is open-wise inner, FU is a nonempty [closed] subset of G. Moreover,
if U ′ ⊆ U , then, it is clear that FU ′ ⊆ FU . Thus, since G is compact, it holds that⋂

U FU ̸= ∅.
Let g ∈

⋂
U FU . Then it holds that α(A) ⊆

⋂
U gUg−1 = g (

⋂
U U) g−1 = gAg−1.

In light of Remark 3.8.1, it follows from an argument similar to the argument in the
proof of implication (2) ⇒ (1), we conclude that α(A) = gAg−1. This completes
the proof of the implication (1)⇒ (3), hence also of Proposition 3.9. □

Proposition 3.10. Let K be a field; Q a quotient of GK [in the category of profinite
groups]; H,H ′ ⊆ Q closed subgroups of Q. Suppose that for any open subgroups
U, V of H,H ′, respectively, if U is isomorphic to V , then the field corresponding to
[the inverse image of] U [in GK via the quotient GK ↠ Q] is isomorphic to that
of V . Then every isomorphism from H to H ′ is open-wise inner in Q.

Proof. Let U ⊆ H be an open subgroup of H; α : H
∼→ H ′ an isomorphism. Then,

since U is isomorphic to α(U), the field corresponding to U is isomorphic to that
of α(U), which implies that these two fields are conjugate to each other. This
completes the proof of Proposition 3.10. □

Remark 3.10.1. Theorem 3.6; Propositions 3.9, 3.10 yield the equivalence of [39],
Theorem and [39], Corollary 2 [see also [10], Main theorem].

As such, if we obtain a weak version of Neukirch-Uchida type result for a certain
quotient of the absolute Galois groups for a class of fields, in many cases we can
show the innerness of isomorphisms between open subgroups.

Next, we consider groups such as free pro-C groups and surface groups, as well
as profinite groups obtained by successive extensions of them. As applications, we
obtain results on the fundamental groups of hyperbolic curves over number fields or
p-adic local fields [cf. Theorem 3.16], and on the fundamental group of hyperbolic
polycurves [cf. Definition 3.17] over algebraically closed fields of characteristic 0 [cf.
Theorem 3.18].

Theorem 3.11. Let G be a profinite group; C a full-formation such that Z/pZ is
a C-group. Suppose that G is isomorphic to one of the following:
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(a) an almost pro-C-maximal quotient of a free profinite group of [possibly in-
finite] rank ≥ 2, or an almost symmetric pro-p-maximal quotient of a free
profinite group of rank ≥ 2;

(b) an almost pro-C surface group, or an almost symmetric pro-p-maximal quo-
tient of a profinite surface group;

(c) a pro-p Demuškin group of rank ≥ 3.

Then the following hold:

(i) For each open subgroup U ⊆ G of G, the closure of the commutator subgroup
of Up is a free pro-p group of infinite rank.

(ii) G is strongly sn-internally indecomposable.
(iii) Let H,H ′ ⊆ G be closed subgroups. Suppose that H,H ′ have nontrivial

closed subgroups that are normal in G. Then every families preserving
isomorphism H

∼→ H ′ in G is induced by an inner automorphism of G.

Proof. Assertion (i) follows from Theorem 1.13; Proposition 1.11; [29], Corollary
7.7.5; the discussion preceding [25], Theorem 3.9.11 [observe that every pro-p surface
group is a free pro-p group of rank ≥ 2 or a pro-p Demuškin group of rank ≥ 4].
Assertion (ii) follows from Theorem 1.13, Proposition 1.8. Assertion (iii) follows
from an argument similar to the argument in the proof of Theorem 3.6, (ii), together
with assertions (i), (ii). □

Lemma 3.12. Let 1→ N → G→ Q→ 1 be an exact sequence of profinite groups
such that N is center-free; α ∈ Aut(G) a continuous automorphism. We regard
N as a closed subgroup of G via the inclusion N ↪→ G. Write ρ for the outer
representation Q → Out(N) associated to the above exact sequence. Suppose that

α preserves the subgroup N ⊆ G, and that the restriction αN
def
= α|N ∈ Aut(N) is

induced by an inner automorphism of G. Write αQ ∈ Aut(Q) for the automorphism
of Q induced by α. Suppose further that one of the following holds:

• ρ is injective;
• αQ is an inner automorphism of Q and Im ρ is center-free.

Then α is an inner automorphism of G.

Proof. Write φ for the [surjective] homomorphism G → Q in the exact sequence.
By replacing α by the composite of α with a suitable inner automorphism of G, we
may assume that αN is the identity automorphism of N . Then it is clear that αQ

fits into the commutative diagram

Q

ρ
!!C

CC
CC

CC
C

αQ // Q

ρ
}}{{
{{
{{
{{

ρ(Q).

In particular, if ρ is injective, then αQ is the identity automorphism of Q. In this
case, for g ∈ G and h ∈ N , since ghg−1 ∈ N , it holds that ghg−1 = α(ghg−1) =
α(g)hα(g)−1, which implies that g−1α(g) ∈ ZG(N). On the other hand, since
φ(α(g)) = αQ(φ(g)) = φ(g), it holds that g−1α(g) ∈ kerφ = N . Thus, we conclude
that g−1α(g) ∈ Z(N) = {1}, i.e., α is the identity automorphism. This completes
the proof of Lemma 3.12 in the case where ρ is injective.
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In the remainder of the proof of Lemma 3.12, we assume that αQ is an inner
automorphism of Q and Im ρ is center-free. Let us fix c ∈ G such that αQ is the
inner automorphism determined by φ(c). Then, for any g ∈ Q, since αQ(g) =
φ(c)gφ(c)−1, it follows from the above diagram that ρ(g) = ρ(φ(c)gφ(c)−1). Thus,
it holds that ρ(φ(c)) ∈ Z(ρ(Q)) = {1}, i.e., φ(c) ∈ ker ρ. This implies that cN ∩
ZG(N) ̸= ∅.

Let us fix d ∈ cN ∩ ZG(N) and write β ∈ Aut(G) for the automorphism of G
determined by β(g) = d−1α(g)d. Then the automorphisms of N and Q determined
by β are the identity automorphisms. Thus, by an argument similar to the above
argument, we conclude that β is the identity automorphism of G. This completes
the proof of Lemma 3.12. □

Theorem 3.13. Let 1 → N → G → Q → 1 be an exact sequence of profinite
groups; α ∈ Aut(G) a continuous automorphism; {Gi}i∈I a directed subset of the
set of normal closed subgroups of G [where j ≥ i⇔ Gj ⊆ Gi] such that the natural
homomorphism G → lim←−i∈I

G/Gi is an isomorphism. We regard N as a closed

subgroup of G via the inclusion N ↪→ G. Write ρ for the outer representation
Q→ Out(N) associated to the above exact sequence. Suppose that for each i ∈ I,

• α preserves the subgroup N ⊆ G, and that the restriction of α to N is
families preserving in G;
• N/(N ∩Gi) is internally indecomposable;
• N/(N ∩Gi) contains a nontrivial free pro-pi normal closed subgroup Fi of
G/Gi for some prime number pi.

Write αQ ∈ Aut(Q) for the automorphism of Q induced by α. Suppose further that
one of the following holds:

• ρ is injective;
• αQ is an inner automorphism of Q and Im ρ is center-free.

Then α is an inner automorphism of G.

Proof. Write αi ∈ Aut(N/N ∩Gi) for the automorphism of N/N ∩Gi induced by α
[cf. Remark 2.7.1, (ii)]. Since the natural homomorphism N → lim←−i∈I

N/(N ∩Gi)

is an isomorphism, it follows from Proposition 1.8 that N is internally indecompos-
able, hence center-free. Thus, in light of Lemmas 2.5, 3.12, it suffices to show that
αi is induced by an inner automorphism of G/Gi for each i ∈ I.

Since N/(N ∩Gi) is internally indecomposable, the [nontrivial] free pro-pi nor-
mal closed subgroup Fi is center-free, hence of rank ≥ 2. Thus, it follows from
Theorem 2.3; Remma 2.7.1, (iii), that the restriction of αi to Fi is induced by
an inner automorphism of G/Gi. By Proposition 1.6, αi is induced by an inner
automorphism of G/Gi. This completes the proof of Theorem 3.13. □

Corollary 3.14. Let 1 → N → G → Q → 1 be an exact sequence of profinite
groups; α ∈ Aut(G) a continuous automorphism; C a full-formation such that Z/pZ
is a C-group. We regard N as a closed subgroup of G via the inclusion N ↪→ G.
Write ρ for the outer representation Q → Out(N) associated to the above exact
sequence. Suppose that α preserves the subgroup N ⊆ G, and that the restriction
of α to N is families preserving in G. Write αQ ∈ Aut(Q) for the automorphism
of Q induced by α. Suppose further that one of the following holds:

• ρ is injective;
• αQ is an inner automorphism of Q and Im ρ is center-free.
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Furthermore, suppose that N is isomorphic to one of the following:

(a) an almost pro-C-maximal quotient of a free profinite group of [possibly in-
finite] rank ≥ 2, or an almost symmetric pro-p-maximal quotient of a free
profinite group of rank ≥ 2;

(b) an almost pro-C surface group, or an almost symmetric pro-p-maximal quo-
tient of a profinite surface group;

(c) a pro-p Demuškin group of rank ≥ 3;
(d) an almost pro-C-maximal quotient of GK , or an almost symmetric pro-p-

maximal quotient of GK , where K is a Henselian discrete valuation field of
characteristic p.

Then α is an inner automorphism of G.

Proof. For an open subgroup U ⊆ N of N that is normal in G, it follows from
Theorem 3.11, (i); the proof of Proposition 3.3, that Up has a characteristic closed
subgroup FU that is free pro-p of rank ≥ 2. Since Up is the image of U ⊆ G
via the natural surjection G ↠ G/ ker(U ↠ Up), it holds that Up, hence also
FU , is normal in G/ ker(U ↠ Up). Moreover, it follows from Theorem 3.6, (i);
Theorem 3.11, (ii), that the almost pro-p-maximal quotient of N associated to U is
internally indecomposable. Thus, it follows from Theorem 3.13 that α is an inner
automorphism of G. This completes the proof of Corollary 3.14. □

Theorem 3.15. Let n be a positive integer; G1, . . . , Gn+1 profinite groups. Suppose
that

• for each i ∈ {1, . . . , n}, there exists a surjective homomorphism φi : Gi ↠
Gi+1 such that kerφi is isomorphic to one of (a)-(d) in Corollary 3.14,
and, moreover, the outer representation Gi+1 → Out(kerφi) is injective or
has a center-free image;
• if the outer representation Gn+1 → Out(kerφn) is not injective, then every
families preserving automorphism [in Gn+1] of Gn+1 is an inner automor-
phism.

Then every families preserving automorphism [in G1] of G1 is an inner automor-
phism.

Proof. Let α ∈ Aut(G1) be a families preserving automorphism. Then it follows
from Remark 2.7.1, (iii), that, for each i ∈ {1, . . . , n + 1}, α determines a families
preserving automorphism αi ∈ Aut(Gi). In particular, if the outer representa-
tion Gn+1 → Out(kerφn) is not injective, then αn+1 is an inner automorphism.
Moreover, for each i ∈ {1, . . . , n}, the automorphism of kerφi determined by αi is
families preserving in Gi. Thus, by applying Corollary 3.14 inductively, we conclude
that αi is an inner automorphism of Gi for each i ∈ {1, . . . , n}. This completes the
proof of Theorem 3.15. □

Theorem 3.16. Let K be an algebraic extension of a number field or its completion
with respect to a nontrivial valuation; X a hyperbolic curve over K. Then every
families preserving automorphism of π1(X) is an inner automorphism.

Proof. It follows from [9], Theorem C, that the outer representation GK → Out(π1(X×K

K)) is injective. Since π1(X ×K K) is a surface group, Theorem 3.16 follows from
Theorem 3.15. □
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Definition 3.17 (cf. [7], Definition 2.1, (ii)). Let n be a positive integer; S a
scheme; X a scheme over S. Then we shall say that X is a hyperbolic polycurve [of
relative dimension n] over S if there exists a [not necessarily unique] sequence of
schemes

X = Xn → Xn−1 → · · · → X2 → X1 → X0 = S

such that Xi → Xi−1 is a hyperbolic curve for each i ∈ {1, . . . , n}. We shall refer
to the above sequence as a sequence of parametrizing morphisms.

Theorem 3.18. Let n be a positive integer; K an algebraically closed field of
characteristic 0; X a hyperbolic polycurve of relative dimension n over K;

X = Xn → Xn−1 → · · · → X2 → X1 → X0 = SpecK

a sequence of parametrizing morphisms (respectively, a sequence of parametrizing
morphisms satisfying condition (∗)p defined in [32], Definition 3.10). Suppose
that, for each i ∈ {1, . . . , n}, the image of the outer representation π1(Xi−1) →
Out(ker(π1(Xi) → π1(Xi−1))) (respectively, π1(Xi−1)

p → Out(ker(π1(Xi)
p →

π1(Xi−1)
p))) is center-free [e.g. the case where the outer representation is injective].

Then every families preserving automorphism of π1(X) is an inner automorphism.

Proof. Since ker(π1(Xi) → π1(Xi−1)) (respectively, ker(π1(Xi)
p → π1(Xi−1)

p)) is
a surface group (respectively, pro-p surface group) [cf. [7], Proposition 2.4, (i); [32],
Definition 3.10], Theorem 3.18 follows from Theorem 3.15. □
Remark 3.18.1. IfX is the n-th configuration space associated to a hyperbolic curve
over K [cf. [22], Definition 2.1], then, with respect to the sequence determined by
projection morphisms, X satisfies condition (∗)p defined in [32], Definition 3.10 [cf.
[22], Proposition 2.2, (iii)], and, moreover, the outer representations appearing in
Theorem 3.18 is injective [cf. [2], Theorem 1; [2], Remark following the proof of
Theorem 1].

At the end of the present section, we show that similar results to the case of
profinite groups hold for cases such as topological fundamental groups.

Lemma 3.19. Let n be a positive integer; G a group; H,H ′ ⊆ G subgroups;
α : H

∼→ H ′ an isomorphism; {Gi}i∈I a directed subset of the set of normal
subgroups of G of finite index [where j ≥ i ⇔ Gj ⊆ Gi]. Suppose that for each
i ∈ I, it holds that α(H ∩ Gi) = H ′ ∩ Gi, and, moreover, the isomorphism αi :

H/(H ∩Gi)
∼→ H ′/(H ′∩Gi) of finite groups determined by α is families preserving

(respectively, n-subnormal) in G/Gi. Then the isomorphism lim←−i∈I
H/(H ∩Gi)

∼→
lim←−i∈I

H ′/(H ′ ∩Gi) between [closed] subgroups of [the profinite group] lim←−i∈I
G/Gi

is families preserving (respectively, n-subnormal) in lim←−i∈I
G/Gi.

Proof. Write G̃
def
= lim←−i∈I

G/Gi, and, moreover, for each i ∈ I, write pi : G̃ ↠ G/Gi

for the natural surjective homomorphism [cf. [29], Proposition 1.1.10].

First, we verify the families preserving case. Let J ⊆ G̃ be a pro-cyclic subgroup
of G̃, and for each i ∈ I, write

Ei
def
= {g ∈ G̃ |αi(pi(J)) = pi(g)pi(J)pi(g)

−1} ⊆ G̃.

Then, since αi is families preserving in G/Gi, Ei is a nonempty [closed] subset of

G̃. Moreover, if j ≥ i, then it holds that Ej ⊆ Ei. Thus, since G̃ is compact, it
holds that

⋂
i∈I Ei ̸= ∅.
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Let g ∈
⋂

i∈I Ei. Then, for each i ∈ I, it holds that pi(α(J)) = αi(pi(J)) =

pi(gJg
−1). Thus, it follows from [29], Proposition 2.1.4, (a), that α(J) = gJg−1.

This completes the proof of the families preserving case of Lemma 3.19.
Finally, we verify the n-subnormal case. Let S ⊆ G̃ be an n-subnormal closed

subgroup of G̃ contained in both lim←−i∈I
H/(H∩Gi) and lim←−i∈I

H ′/(H ′∩Gi). Then,

for each i ∈ I, since pi(S) is an n-subnormal [closed] subgroup of G/Gi contained
in both H/(H ∩Gi) and H ′/(H ′ ∩Gi), it holds that pi(α(S)) = αi(pi(S)) = pi(S).
Thus, it follows from [29], Proposition 2.1.4, (a), that α(S) = S. This completes
the proof of Lemma 3.19. □
Lemma 3.20. Let G be a group (respectively, topological group) isomorphic to a
free group of infinite rank or the topological fundamental group of a hyperbolic curve
over C (respectively, isomorphic to the tempered fundamental group of a hyperbolic
curve over Cp). Then G is commensurably terminal in G∧, i.e., for g ∈ G∧, if
gGg−1 ∩G has finite index in both G and gGg−1, then it holds that g ∈ G.

Proof. Since the moduli stack of stable curves of given type is proper [cf. [3], Defini-
tion 4.11; [3], Theorem 5.2; [15], Theorem 2.7], the valuative criterion implies that a
hyperbolic curve over Cp always has stable reduction. Thus, the resp’d case follows
from the proof of [21], Proposition 2.4, (iii). We verify the non-resp’d case. Let
g ∈ G∧ be an element such that gGg−1 ∩G has finite index in both G and gGg−1.

Write H
def
= gGg−1 ∩ G. Then, since H ⊆ gGg−1, it holds that g−1Hg ⊆ G. In

particular, if G is isomorphic to the topological fundamental group of a hyperbolic
curve over C, then it follows from [21], Theorem 2.6, that g−1 ∈ G, hence g ∈ G.

Now suppose that G is a free group on an infinite set X. Let us fix distinct

elements h1, h2 ∈ X. Write n
def
= [G : H]. Then, since g−1hn

1 g, g
−1hn

2 g ∈ g−1Hg ⊆
G, it follows from [28], Theorem 3.2, that for i = 1, 2, there exists ki ∈ G such that
g−1hn

i g = k−1
i hn

i ki, which implies that gk−1
i ∈ ZG∧(hn

i ). On the other hand, G∧ is
a free profinite group on a set containing X [cf. [29], Exercise 3.3.3; [29], Exercise
3.5.14, (d)]. Thus, it holds that ZG∧(hn

i ) ⊆ G∧ is the pro-cyclic subgroup of G∧

generated by hi. This implies that there exists ai ∈ Ẑ such that gk−1
i = hai

i . Now we

conclude from h−a1
1 ha2

2 = k1g
−1 ·gk−1

2 = k1k
−1
2 ∈ G that a1, a2 ∈ Z, g = ha1

1 k1 ∈ G.
This completes the proof of Lemma 3.20. □
Theorem 3.21. Let G be a group (respectively, topological group) isomorphic to the
topological fundamental group of a hyperbolic curve over C (respectively, isomorphic
to the tempered fundamental group of a hyperbolic curve over Cp); H,H ′ ⊆ G sub-

groups (respectively, open subgroups) of finite index; α : H
∼→ H ′ an isomorphism

(respectively, a continuous isomorphism).
Suppse that for every cyclic subgroup I ⊆ H, there exists g ∈ G such that

α(I) = gIg−1. Then α is induced by an inner automorphism of G.

Proof. Let us observe that, for any normal subgroup N ⊆ G of G of finite index, the
isomorphism H/(H ∩N)

∼→ H ′/(H ′ ∩N) determined by α is families preserving in
G/N . Since G is residually finite [cf. [22], Proposition 7.1, (ii); [1], §4.5], it follows
from Theorem 3.11; Lemma 3.19; [1], Proposition 4.4.1, that there exists g ∈ G∧

such that for any h ∈ H, it holds that α(h) = ghg−1. In particular, it holds that
H ′ = gHg−1. Since H ′ = gHg−1(⊆ gGg−1 ∩ G) has finite index in both G and
gGg−1, we conclude from Lemma 3.20 that g ∈ G. This completes the proof of
Theorem 3.21. □
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Although it is not the main subject of this paper to study normal automorphisms,
if G is free, then, by using a result in [11], we obtain a result stronger than Theorem
3.21:

Theorem 3.22. Let G be a group (respectively, topological group) isomorphic to a
free group of [possibly infinite] rank ≥ 2 (respectively, isomorphic to the tempered
fundamental group of an affine hyperbolic curve over Cp); H,H ′ ⊆ G subgroups

(respectively, open subgroups) of finite index; α : H
∼→ H ′ an isomorphism (respec-

tively, a continuous isomorphism).
Suppose that α(N) = N for any normal subgroup (respectively, normal closed

subgroup) N ⊆ G of G contained in H ∩ H ′. Then α is induced by an inner
automorphism of G.

Proof. For any normal subgroup N ⊆ G of G of finite index, if N is contained in
H ∩H ′, then the isomorphism H/N

∼→ H ′/N determined by α is normal in G/N .
Since G is residually finite [cf. [29], Proposition 3.3.15; [1], §4.5], Theorem 3.22
follows from an argument similar to the argument in the proof of Theorem 3.21,
together with [11], Main Theorem. □

4. A generalization of the Neukirch-Uchida theorem to
l-quasi-number fields

In the present section, in a certain case where a weak version of Neukirch-Uchida
type result is not known [and hence Proposition 3.10 cannot be applied], from
an anabelian geometric point of view, we directly prove families preservingness of
isomorphisms between [certain closed subgroups of quotients of] absolute Galois
groups. This approach yields a generalization of the Neukirch-Uchida type result
to a wider class of fields [cf. Theorem 4.12].

Definition 4.1. Let l be a prime number; Σ a set of prime numbers; K an algebraic
extension of Q. Then we shall say that K is an l-quasi-number field if we write
L ⊇ K for the Galois closure of K over Q, then [L : Q] is not divided by l∞. We
shall say that K is a Σ-quasi-number field if K is a p-quasi-number field for every
p ∈ Σ.

Proposition 4.2. Let Σ be a set of prime numbers; K,L algebraic extensions of
Q such that L ⊇ K. Then the following hold:

(i) If L is a Σ-quasi-number field, then so is K.
(ii) Let F be a number field contained in K. Write M ⊇ K for the Galois

closure of K over F . Then K is a Σ-quasi-number field if and only if
[M : F ] is not divided by l∞ for every l ∈ Σ.

(iii) If L/K is a finite extension or a pro-prime-to-Σ extension, then K is a
Σ-quasi-number field if and only if so is L.

(iv) If K is a Σ-quasi-number field, then (Gl
K)ab is infinite for every l ∈ Σ.

Proof. Assertion (i) is immediate. Assertion (iv) immediately follows by considering
the cyclotomic Zl-extension. First, we verify assertion (ii). Since M is contained
in the Galois closure of K over Q, necessity is immediate. We verify sufficiency.
Suppose that [M : F ] is not divided by l∞ for every l ∈ Σ. Then, since GM is normal
in GF and GF is open in GQ, the number of GQ-conjugates of GM is finite. Thus,
if we write M ′ for the extension of GM corresponding to

⋂
g∈GQ

gGMg−1 ⊆ GM ,



28 ARATA MINAMIDE, KOICHIRO SAWADA, AND SHOTA TSUJIMURA

then M ′ is Galois over Q, and [M ′ : Q] = [M ′ : F ] · [F : Q] is not divided by l∞ for
every l ∈ Σ. Since K is contained in M ′, we conclude that K is a Σ-quasi-number
field. This completes the proof of assertion (ii).

Finally, we verify assertion (iii). In light of assertion (i), it suffices to show that
if K is a Σ-quasi-number field, then so is L. Suppose that K is a Σ-quasi-number
field. Write M ⊇ K for the Galois closure of K over Q.

If L/K is finite, then it follows from [6], Lemma 1.2.5, (b), that there exists
a finite extension F ⊇ Q of Q such that GL = GK ∩ GF = GKF . Then, since
MF ⊇ KF = L is Galois over F , it follows from assertion (ii) that L is a Σ-quasi-
number field.

If L/K is a pro-prime-to-Σ extension, then write M ′ ⊇M for the maximal pro-
prime-to-Σ extension of M . Then, since GM ′ is characteristic in GM , M ′ is Galois
over Q. Moreover, since M is a Σ-quasi-number field, M ′ is also a Σ-quasi-number
field. On the other hand, since LM is a pro-prime-to-Σ extension of M , it holds
that L ⊆ LM ⊆ M ′. Thus, assertion (i) implies that L is a Σ-quasi-number field.
This completes the proof of assertion (iii), hence also of Proposition 4.2. □

Corollary 4.3. Let Σ be a set of prime numbers; K1,K2 Σ-quasi-number fields;
ϕ : GK1

∼→ GK2
a continuous isomorphism. Write L1 ⊇ K1 for the Galois closure

of K over Q; L2 ⊇ K2 for the algebraic extension of K corresponding to ϕ(GL1
) ⊆

GK2
. Then L2 is a Σ-quasi-number field.

Proof. Let us fix a prime number l ∈ Σ. It suffices to show that L2 is an l-quasi-
number field. Since K1 is an l-quasi-number field, [L1 : Q], hence also [L1 : K1], is
not divided by l∞. Moreover, since L1 is Galois over K1, GL2 = ϕ(GL1) ⊆ GK2 is
normal in GK2 . Thus, L2 is Galois over K2, and, moreover, [GK2 : GL2 ] = [GK1 :
GL1

] = [L1 : K1] is not divided by l∞.
Now it follows from [29], Proposition 2.3.2, (b), that there exists an open sub-

group U ⊆ GK2
of GK2

containing GL2
such that [U : GL2

] is not divided by
l. Write M2 for the subextension of L2/K2 corresponding to U , then L2/M2 is a
prime-to-l [Galois] extension and M2/K2 is a finite extension. Thus, it follows from
Proposition 4.2, (iii), that L2 is an l-quasi-number field. This completes the proof
of Corollary 4.3. □

Proposition 4.4. Let l be a prime number; K an algebraic extension of Q; H ⊆
GK a closed subgroup of GK . Consider the condition

(†)l,K,H :

There exists an open subgroup V ⊆ H of H such that,
for any open subgroup U ⊆ V of V , it holds that
dimFl

H2(U,Fl) = 1, where Fl is a U -module equipped
with trivial action.

Then the following hold:

(i) If (†)l,K,H is satisfied, then H is a closed subgroup of DK,v for some v ∈
V(Q)non.

(ii) Let v ∈ V(Q)non. Suppose that [DQ,v : DK,v] is not divided by l∞, and that
H is an open subgroup of DK,v. Then (†)l,K,H is satisfied.

(iii) If K is an l-quasi-number field, then the set of decomposition subgroups of
GK associated to an element of V(Q)non coincides with the set of maximal
elements [with respect to inclusion] of the set of closed subgroups H ⊆ GK

satisfying (†)p,K,H for some prime number p.
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Proof. First, we verify assertion (i). Suppose that condition (†)l,K,H is satisfied,
and let V be as in condition (†)l,K,H . Write L for the separable extension of K
corresponding to V . We may assume that L is totally imaginary and contains µl.
Let U ⊆ V be an open subgroup of V . Then it follows from condition (†)l,K,H that
dimFl

H2(U, µl) = dimFl
H2(U,Fl) = 1 [cf. our assumption that µl ⊆ L]. Then it

follows from an argument similar to the argument in the proof of [25], Theorem
12.1.9, that V = DL,v for some v ∈ V(Q)non. Then it follows from [25], Lemma
12.1.10, that H ⊆ DK,v. This completes the proof of assertion (i).

Next, we verify assertion (ii). Write p = pv and identify DQ,v with GQp
. Then

there exists an open subgroup V of H such that the algebraic extension of Qp

corresponding to V contains µl. Now let U ⊆ V be an open subgroup. Then
the action of U on µl is trivial, i.e., H2(U,Fl) ∼= H2(U, µl). On the other hand,
since [GQp

: DK,v], hence also [GQp
: U ], is not divided by l∞, it follows from

[29], Proposition 2.3.2, (b), that there exists an open subgroup U0 ⊆ GQp
of GQp

containing U such that [U0 : U ] is not divided by l. Then it follows from [25],
Proposition 1.5.1, that H2(U, µl) ∼= lim−→W

H2(W,µl), where W runs over all open

subgroups of U0 containing U . Moreover, if W1,W2 are open subgroups of U0

containing U such that W1 ⊇ W2, then it follows from [25], Corollary 7.1.4; [25],
Theorem 7.1.8, (ii), that, H2(W1, µl) ∼= H2(W2, µl) ∼= Fl, and the transition map
H2(W1, µl)→ H2(W2, µl) is obtained by multiplication by [W1 : W2]. Thus, since
[W1 : W2] is not divided by l, the transition map is isomorphic, which implies
that H2(U, µl) ∼= H2(U0, µl) ∼= Fl. This completes the proof of assertion (ii).
Finally, assertion (iii) immediately follows from assertions (i), (ii), together with
[25], Corollary 12.1.3. This completes the proof of Proposition 4.4. □

Remark 4.4.1. Proposition 4.4 is based on [33], Lemma 3.4, which treats positive
characteristic global fields. Note that, as mentioned in [33], Remark 5, it is essen-
tially given by J. Neukirch [cf. [23], Theorem 1]. Assertion (iii) also follows from
[4], Theorem 5.4.3.

Proposition 4.5. Let p be a prime number; H ⊆ GQp
a closed subgroup of GQp

.
Suppose that H contains a nontrivial normal closed subgroup of GQp . Then p is the
unique prime number l such that H has a nontrivial pro-l normal closed subgroup.

Proof. Let N ⊆ H be a nontrivial closed subgroup of H that is normal in GQp .
Write P for the wild inertia subgroup of GQp

, which is a nontrivial pro-p normal
closed subgroup of GQp

. Then it follows from Theorem 1.13; Proposition 1.7, (ii),
that N ∩ P ̸= {1}.

Now let l ̸= p be a prime number; N ′ ⊆ H a pro-l normal closed subgroup of
H. Then, since N ∩ P is pro-p, it holds that N ′ ∩ (N ∩ P ) = {1}. Thus, since N ′

and N ∩ P are normal closed subgroup of H, it holds that N ′ ⊆ ZH(N ∩ P ) ⊆
ZGQp

(N ∩ P ). Now it follows from Theorem 1.13 that ZGQp
(N ∩ P ) = {1}, which

implies that N ′ = {1}. This completes the proof of Proposition 4.5. □

Corollary 4.6. Let l be a prime number; K an l-quasi-number field; v ∈ V(Q)non.
Then pv is the unique prime number p such that DK,v has a nontrivial pro-p normal
closed subgroup.

Proof. Since K is an l-quasi-number field, there exists a closed subgroup N ⊆ DK,v

of DK,v such that N is normal in DQ,v and that [DQ,v : N ] is not divided by l∞. In
particular, N is nontrivial. Thus, Corollary 4.6 follows from Proposition 4.5. □
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Proposition 4.7. Let l be a prime number; K an l-quasi-number field; L ⊇ K
a finite Galois l-extension. Then for any cyclic subgroup I ⊆ Gal(L/K), there
exist a number field K0 contained in K; a finite Galois extension L0 ⊇ K0 of
K0 contained in L; elements v ∈ V(K)non, w ∈ V(L)non, v0 ∈ V(K0)

non, and
w0 ∈ V(L0)

non satisfying the following conditions:

• L = KL0, and, moreover, the natural homomorphism Gal(L/K)→ Gal(L0/K0)
is an isomorphism;
• [K : K0] is not divided by l;
• w is lying over both v and w0;
• L/K is unramified over v;
• w0 is unramified over Qw0

;
• DL/K,w = I;
• v is lying over v0, and the order of the inertia subgroup of v over v0 is not
divided by l [as a supernatural number].

Proof. Since [K : Q] is not divided by l∞, there exists a number field F contained in
K such that [K : F ] is not divided by l. Then it follows from Lemma 3.1 that there
exists an open subgroup U ⊆ GF of GF containing GK and a normal open subgroup
V ⊆ U of U such that GL = GK∩V and that (Gal(L/K) ∼=)GK/GL

∼→ U/V . Write
K0 for the finite separable extension of F corresponding to U ⊆ GF ; L0 for the
finite Galois extension of K0 corresponding to V ⊆ U = GK0

; f for the isomorphism

Gal(L/K)
∼→ Gal(L0/K0).

Here, it follows from Tchebotarev’s density theorem [cf. [25], (9.1.3)] that there
exist elements v0 ∈ V(K0)

non and w0 ∈ V(L0)
non such that

• w0 is lying over v0;
• L0/K0 is unramified over v0;
• w0 is unramified over Qw0

;
• DL0/K0,w0

= f(I).

Let v ∈ V(K)non be an element lying over v0. It suffices to show that there exists
w ∈ V(L)non such that it is lying over both v and w0, and that DL/K,w = I.

Now we claim the following:

Claim 4.7.A: For every finite subextension field M of K/K0, there
exists vM ∈ V(M)non lying over v0 such that the ramification index
of vM over v0 is not divided by l, and that there is a unique element
of V(ML0)

non lying over both vM and w0.

Indeed, suppose that there is no such an element vM ∈ V(M)non. For each
v′ ∈ V(M)non lying over v0, if the ramification index of v′ over v0 is not divided
by l, then there are at least two elements of V(ML0)

non lying over both v′ and w0.
Then the residue class degree of v′ over v0 is divided by l. Thus, it follows from the
assumption of the nonexistence of vM , for each v′ ∈ V(M)non lying over v0, at least
one of the ramification index and the residue class degree of v′ over v0 is divided
by l. Thus, the fundamental equation implies that [M : K0] is divided by l, which
contradicts our choice of K. This completes the proof of Claim 4.7.A.

It follows from Claim 4.7.A that there exists an element (vM )M ∈
∏

M V(M)non,
where M runs over all finite subextensions of K/K0, such that vM satisfies the
condition of Claim 4.7.A, and that if M1 ⊆M2, then vM2 is lying over vM1 . Thus,
by taking a limit, we obtain an element v ∈ V(K)non such that the order of the
inertia subgroup of v over v0 is not divided by l, and that there exists a unique
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nonarchimedean place w of L = KL0 lying over both v and w0. In particular, it
holds that DL/K,w = f−1(DL0/K0,w0

) = f−1(f(I)) = I. This completes the proof
of Proposition 4.7. □

Lemma 4.8. Let p, l be distinct prime numbers; F an algebraic extension of Qp

such that [F : Qp] is not divided by l∞. Then the cardinality of the torsion subgroup
of (Gl

F )
ab coincides with the cardinality of the set of all l-power roots of unity of

F .

Proof. Write k for the residue field of F ; P for the wild inertia subgroup of GF .
Then it follows from Hensel’s lemma that the cardinality of the set of all l-power
roots of unity of F coincides that of k. On the other hand, the l-adic cyclotomic
character Gk → Zl(1) determines an isomorphism (GF /P )l

∼→ Zl(1)⋊Gl
k (respec-

tively, (GF /P )l
∼→ Gl

k) if ζl ∈ F (respectively, ζl /∈ F ).
Since P is pro-p group, it holds that Gl

F
∼= (GF /P )l. Thus, if ζl /∈ F , it holds

that (Gl
F )

ab ∼= (Gl
k)

ab ∼= Zl. In particular, both the torsion subgroup of (Gl
F )

ab

and the set of all l-power roots of unity of F are of cardinality 1. On the other
hand, if ζl ∈ F , then it holds that

(Gl
F )

ab ∼= (Zl(1)⋊Gl
k)

ab ∼= (Zl(1))Gl
k
×Gl

k
∼= (Zl(1))Gl

k
× Zl.

Since the coinvariant (Zl(1))Gl
k
is naturally isomorphic to the group of all l-power

roots of unity of k, we conclude that the cardinality of the torsion subgroup of
(Gl

F )
ab coincides with the cardinality of the set of all l-power roots of unity of k.

This completes the proof of Lemma 4.8. □

Proposition 4.9. Let q, l be [not necessarily distinct] prime numbers; K1 a q-

quasi-number field; K2 an l-quasi-number field; ϕ : GK1

∼→ GK2
a continuous

isomorphism; I ⊆ GK1
a pro-l pro-cyclic closed subgroup. Then the following hold:

(i) Let L1 ⊇ K1 be a finite Galois extension of K1. Write L2 ⊇ K2 for
the [finite Galois] extension of K2 corresponding to ϕ(GL1

) ⊆ GK2
; p1 :

GK1
↠ Gal(L1/K1), p2 : GK2

↠ Gal(L2/K2) for the narutal surjections.
Then there exist a pro-cyclic closed subgroup J ⊆ GK1

and an element
σ ∈ GQ satisfying the following conditions:
• p1(I) = p1(J);
• σJσ−1 ⊆ GK2 ;
• p2(σJσ

−1) ⊆ p2(ϕ(J)).
(ii) There exists σ ∈ GQ such that σIσ−1 ⊆ ϕ(I).

Proof. First, we verify assertion (i). In light of Proposition 4.2, (iii), by replacing
K1,K2 by their maximal pro-prime-to-l extensions, we may assume that K1,K2

do not have nontrivial prime-to-l Galois extension. Write M2 for the [finite] subex-
tension of L2/K2 corresponding to p2(ϕ(I)), and let (K0, L0, v, w, v0, w0) be as in
Proposition 4.7, where we take “(K,L, I)” to be (M2, L2, p2(ϕ(I))).

Let w ∈ V(Q)non be a place lying over w. Then, since DL2/M2,w = p2(DM2,w),
there exists a pro-cyclic closed subgroup J2 ⊆ DM2,w such that p2(J2) = p2(ϕ(I))(=

DL2/M2,w). Now it follows from Proposition 4.4, (iii), that there exists u ∈ V(Q)non

such that ϕ(DM1,u) = DM2,w, where M1 is the [finite] subextension of L1/K1

corresponding to ϕ−1(GM2).
Write u ∈ V(M1)

non for the place lying under u; p = pw(= pu) [cf. Corollary
4.6]. Let σ ∈ GQ be an element such that σ(w) = u. Write D0

1 (respectively,
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D0
2) for the subgroup of DQ,u (respectively, DQ,w) such that, by identifying DQ,u

(respectively, DQ,w) with GQp , D
0
1 (respectively, D0

2) corresponds to the maximal

unramified extension of Qp in (M1)u∩Qp (respectively, (M2)v∩Qp). Now we claim
the following:

Claim 4.9.A: It holds that σD0
1σ

−1 = D0
2.

Indeed, since any unramified extension of Qp is generated by [possibly infinitely
many] elements of the form ζpn−1, it suffices to show that, for each positive integer

n, ζpn−1 is contained in (M1)u∩Qp if and only if it is contained in (M2)v∩Qp. Now,
since ϕ(DM1,u) = DM2,w, it follows from Lemma 4.8 that, for each l-power roots of

unity, it is contained in (M1)u ∩Qp if and only if it is contained in (M2)v ∩Qp. On
the other hand, since K1 does not have nontrivial prime-to-l Galois extension, by
considering the residue class degree, we observe that ζpn−1 is contained in (M1)u ∩
Qp if and only if there exists an l-power root of unity ζ contained in (M1)u ∩ Qp

such that vl(n) ≦ vl([Qp(ζ) : Qp]), where vl is a fixed l-adic valuation. Since the

same holds for (M2)v ∩ Qp, we conclude that the desired equivalence holds. This
completes the proof of Claim 4.9.A.

Now we write J1
def
= ϕ−1(J2)(⊆ ϕ−1(DM2,w) = DM1,u); J

def
= J1 ∩ σ−1DM2,wσ.

Since w0 is unramified over Qp and the order of the inertia subgroup of v over v0
is not divided by l, [D0

2 : DM2,w] is not divided by l. On the other hand, it follows
from Claim 4.9.A that σJ1σ

−1 ⊆ D0
2. Thus,

[J1 : J ] = [σJ1σ
−1 : σJ1σ

−1 ∩DM2,w],

is not divided by l, which implies that [J1 : J ] and [L2 : M2] = #Gal(L2/M2) are
coprime. In particular, it holds that p2(ϕ(J)) = p2(ϕ(J1)) = p2(J2) = p2(ϕ(I)) =
DL2/M2,w. This implies that p1(I) = p1(J). Moreover, it holds that σJσ−1 ⊆
DM2,w ⊆ GM2

⊆ GK2
. Furthermore, we obtain that p2(σJσ

−1) ⊆ p2(DM2,w) =
DL2/M2,w = p2(ϕ(J)). This completes the proof of assertion (i).

Next, we verify assertion (ii). For each normal open subgroup U of GQ, if we
write p1 : GK1

↠ GK1
/(GK1

∩ U); p2 : GK2
↠ GK2

/(ϕ(GK1
∩ U)) for natural

surjections, then it follows from assertion (i) that there exists a pro-cyclic subgroup
J ⊆ GK1

and an element σ ∈ GQ such that

• p1(I) = p1(J);
• σJσ−1 ⊆ GK2

;
• p2(σJσ

−1) ⊆ p2(ϕ(J))(= p2(ϕ(I))).

Then it holds that

σIσ−1 ⊆ σJ(GK1
∩ U)σ−1 ⊆ σJσ−1U ⊆ ϕ(Ĩ)(ϕ(GK1

∩ U))U.

Let us write

CU
def
= {σ ∈ GQ |σIσ−1 ⊆ ϕ(I)(ϕ(GK1

∩ U))U}.
Then CU is a nonempty [closed] subset of GQ. Moreover, for normal open subgroups
U ′ ⊆ U ⊆ GQ of GQ, it is clear that CU ′ ⊆ CU . Thus, since GQ is compact,⋂

U CU ̸= ∅. Let σ ∈
⋂

U CU . Then it follows from [29], Proposition 2.1.4, (i), that

σIσ−1 ⊆
⋂
U

ϕ(I)(ϕ(GK1
∩ U))U = ϕ(I).

This completes the proof of assertion (ii), hence also of Proposition 4.9. □
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Lemma 4.10. Let l be a prime number; K1,K2 l-quasi-number fields; ϕ : GK1

∼→
GK2 a continuous isomorphism; I ⊆ GK1 a pro-l pro-cyclic closed subgroup. Then
there exists σ ∈ GQ such that ϕ(I) = σIσ−1.

Proof. It follows from Proposition 4.9, (ii), that there exists σ ∈ GQ such that
σIσ−1 ⊆ ϕ(I). Moreover, by applying Proposition 4.9, (ii), for ϕ−1, there exists
τ ∈ GQ such that τϕ(I)τ−1 ⊆ ϕ−1(ϕ(I)) = I. Thus, it holds that σIσ−1 ⊆ ϕ(I) ⊆
τ−1Iτ . On the other hand, by considering all finite quotients of GQ, σIσ−1 ⊆
τ−1Iτ implies that σIσ−1 = τ−1Iτ . Thus, we conclude that ϕ(I) = σIσ−1. This
completes the proof of Lemma 4.10. □

Lemma 4.11. Let l be a prime number; K1,K2 l-quasi-number fields; ϕ : GK1

∼→
GK2 a continuous isomorphism. Suppose that K1 is Galois over Q. Then there
exists a closed subgroup N ⊆ GK1 ∩GK2 satisfying the following conditions:

• N is normal in GQ;
• the [Galois] extension of Q corresponding to N is an l-quasi-number field;
• ϕ(N) = N .

Proof. Write G1 ⊆ GK1 for the closed subgroup generated by all Sylow l-subgroups
of GK1

[note that G1 is the kernel of the maximal pro-prime-to-l quotient of GK1
,

hence characteristic in GK1 ]; G2
def
= ϕ(G1); G′

2 for the maximal normal closed
subgroup of GQ contained in G2; G3 ⊆ G′

2 for the closed subgroup generated

by all Sylow l-subgroups of G′
2; G4

def
= ϕ−1(G3). We verify that G3 satisfies the

conditions for “N” in the statement of Lemma 4.11. Since G′
2 is normal in GQ

and G3 is characteristic in G′
2, G3 is normal in GQ. Moreover, let us observe that

the separable extensions of K1 (respectively, K2) corresponding to G1, G4 ⊆ GK1

(respectively, G2, G3 ⊆ GK2
) are l-quasi-number fields [cf. Proposition 4.2, (iii)].

Thus, it suffices to show that G3 = G4.
Now we claim the following:

Claim 4.11.A: It holds that G2 ⊆ G1.

Indeed, let S ⊆ G2 be a Sylow l-subgroup of G2; g ∈ S an element of S. Then it
follows from Lemma 4.10 that there exists σ ∈ GQ such that σgσ−1 ∈ ϕ−1(G2) =
G1, which implies that g ∈ σ−1G1σ = G1. Since G2 = ϕ(G1) is generated by all
Sylow l-subgroups of G2, it holds that G2 ⊆ G1. This completes the proof of Claim
4.11.A.

By applying Claim 4.11.A to ϕ−1|G3
, it holds that G4 ⊆ G3. Since G3 is gener-

ated by all Sylow l-subgroups of G3, to verify G3 = G4, it suffices to show that, for
any Sylow l-subgroup S3 ⊆ G3 of G3, it holds that S3 ⊆ G4.

Since S3 ⊆ G3 ⊆ G2 ⊆ G1, it follows from [29], Corollary 2.3.6, (b), that
there exists a Sylow l-subgroup S2 ⊆ G2 of G2 containing S3, and there exists a
Sylow l-subgroup S1 ⊆ G1 of G1 containing S2. Then, for i = 2, 3, it holds that
Si ⊆ S1 ∩Gi ⊆ Gi, which implies that Si = S1 ∩Gi since Si is a Sylow l-subgroup
of Gi.

On the other hand, ϕ(S1) ⊆ G2 is a Sylow l-subgroup of G2. Thus, it follows
from [29], Corollary 2.3.6, (c), that there exists τ ∈ G2 such that ϕ(S1) = τS2τ

−1,



34 ARATA MINAMIDE, KOICHIRO SAWADA, AND SHOTA TSUJIMURA

which implies that

[S1 : S1 ∩G4] = [ϕ(S1) : ϕ(S1 ∩G4)]

= [τS2τ
−1 : τS2τ

−1 ∩G3]

= [S2 : S2 ∩G3]

= [S1 ∩G2 : S1 ∩G3].

Since G4 corresponds to an l-quasi-number field, the index [S1 : S1 ∩G4] between
pro-l groups is finite. Thus, G4 ⊆ G3 ⊆ G2 ⊆ G1 implies that S1 ∩G4 = S1 ∩G3 =
S3, which implies that S3 ⊆ G4. This completes the proof of Lemma 4.11. □

Theorem 4.12. Let l be a prime number; K1,K2 l-quasi-number fields; ϕ : GK1

∼→
GK2 a continuous isomorphism. Then ϕ is induced by an inner automorphism of
GQ.

Proof. Since GQ is internally indecomposable [cf. Theorem 1.13], in light of Propo-
sition 1.6 and Corollary 4.3, we may assume that K1 is Galois over Q. For a normal
open subgroup V ⊆ GQ of GQ, since GK1

∩ V is normal in GQ, if we write KV for
the separable extension of K1 corresponding to GK1

∩V ⊆ GK1
, then KV is Galois

over Q. Write NV ⊆ ϕ(GK1 ∩ V ) for “N” in Lemma 4.11, where we take “K1” to
be KV . Then it holds that NV ⊆ GK1 and ϕ(NV ) = NV .

Let S ⊆ NV be a Sylow l-subgroup of NV . Then it follows from Lemma 4.10
that for any [pro-l] pro-cyclic closed subgroup I ⊆ S(⊆ GK1

), there exists σ ∈ GQ
such that ϕ(I) = σIσ−1. On the other hand, the image of S ⊆ NV via the natural
surjective homomorphism NV ↠ N l

V is a Sylow l-subgroup of N l
V , that is, the

image coincides N l
V . Thus, the automorphism of N l

V determined by ϕ is families
preserving in GQ/ ker(NV ↠ N l

V ).
Now it follows from Proposition 4.2, (iv), that the normal closed subgroup

N l
V ⊆ GQ/ ker(NV ↠ N l

V ) is nontrivial. Thus, it follows from Proposition 1.6;

Proposition 3.2, (ii), that the automorphism N l
V

∼→ N l
V , hence also the isomor-

phism GK1
/ ker(NV ↠ N l

V )
∼→ GK2

/ ker(NV ↠ N l
V ), is induced by an inner auto-

morphism of GQ/ ker(NV ↠ N l
V ). Finally, since

⋂
V ker(NV ↠ N l

V ) ⊆
⋂

V NV ⊆⋂
V (GK1

∩ V ) = {1}, it follows from Lemma 2.5 that ϕ is induced by an inner
automorphism of GQ. This completes the proof of Theorem 4.12. □

Remark 4.12.1. [26] states that the following holds.

Write F1 for the set of algebraic extensions of Q such that K ∈ F1

if and only if K is a finite extension of a [not necessarily finite]
Galois extension of Q that satisfies the following: for every positive
integer N , there exists a prime number l such that N divides l− 1
and l does not divide [K : Q].

Let K1,K2 ∈ F1; ϕ : GK1

∼→ GK2
a continuous isomorphism.

Then ϕ is induced by an inner automorphism of GQ.

If K ∈ F1, then there exists an arbitrarily large prime number that does not
divide [K : Q], thus K is a ΣK-quasi-number field for an infinite set of prime
numbers ΣK . However, for K1,K2 ∈ F1, it is not always possible to take a common
prime number from ΣK1 and ΣK2 . Thus, Theorem 4.12 is a partial generalization
of the above result in [26]. It is natural to pose the following question:
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Question: If we replace the assumption that K2 is an l-quasi-
number field with the assumption that K2 is a p-quasi-number
field for some prime number p, is Theorem 4.12 still valid?

However, at the time of writing of the present paper, the authors do not know
whether this question is affirmative or not.

Corollary 4.13. Let l be a prime number; K1,K2 l-quasi-number fields. Then the
natural map

Isom(K2,K1)→ OutIsom(GK1
, GK2

)

is bijective. In particular, K1 and K2 are isomorphic if and only if GK1 and GK2

are isomorphic [as profinite groups].

Proof. The surjectivity immediately follows from Theorem 4.12. We verify the
injectivity. Write L for the Galois closure of K2 over Q. Since K2 is an l-quasi-
number field, GL is a nontrivial closed subgroup of GK2

that is normal in GQ. In
particular, it follows from Theorem 1.13 that ZGQ(GK2

) ⊆ ZGQ(GL) = {1}.
Now let f, g ∈ Isom(K2,K1) be elements that map to the same element un-

der the natural map under consideration. Let us fix an element σ ∈ GQ such
that σ|K2

= g−1 ◦ f . Then, by our choice of f, g, the conjugation by σ deter-
mines an automorphism of GK2

, and, moreover, this automorphism is an inner
automorphism of GK2

. In particular, there exists an element τ ∈ GK2
such that

τ−1σ ∈ ZGQ(GK2
) = {1}, which implies that g−1 ◦ f = σ|K2

= τ |K2
= idK2

. This
completes the proof of injectivity, hence also of Corollary 4.13. □

Remark 4.13.1. In [8], an explicit functorial “group-theoretic algorithm” for recon-
structing a number field from its absolute Galois group is given. It is natural to
pose the following question:

Question: Is there a “group-theoretic algorithm” for reconstructing
an l-quasi-number field from its absolute Galois group?

However, at the time of writing of the present paper, the authors do not know
whether this question is affirmative or not.

Corollary 4.14. Write Qcyc for the cyclotomic Ẑ-extension of Q; F for the set of
finite extension fields of proper subfields of Qcyc. Let K1,K2 ∈ F ; ϕ : GK1

∼→ GK2

a continuous isomorphism. Then ϕ is induced by an inner automorphism of GQ.
In particular, for K1,K2 ∈ F , the natural map

Isom(K2,K1)→ OutIsom(GK1
, GK2

)

is bijective.

Proof. If K ∈ F , then there exists a proper subfield L of Qcyc such that K is

a finite extension field of L. Since Gal(L/Q) is a quotient of Gal(Qcyc/Q) ∼= Ẑ
by a nontrivial [normal] closed subgroup, there exists a prime number l such that
[L : Q], hence also [K : Q], is not divided by l∞, i.e., K is an l-quasi-number field.
Moreover, it follows from [25], Theorem 7.1.8, (i); [25], Corollary 8.1.18, that, for
each prime number p, K is a p-quasi-number field if and only if cdp GK = 1. Thus,
Corollary 4.14 follows from Theorem 4.12; Corollary 4.13. □

Remark 4.14.1. Since cdGQcyc = 1, it cannot be expected that any finite extension
field of Qcyc will satisfy anabelian properties like as Corollary 4.14.
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