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Abstract. Let p be a prime number. In the present paper, as a direct
application of Fontaine’s works, we first observe that any isomorphism
of Hodge-Tate type between the absolute Galois groups of mixed char-
acteristic complete discrete valuation fields of residue characteristic p
arises from an isomorphism of fields. This observation may be regarded
as a generalization of the corresponding result for p-adic local fields due
to Mochizuki. Moreover, by combining with an author’s previous joint
work with Minamide, we prove that any isomorphism between the ab-
solute Galois groups of mixed characteristic complete discrete valuation
fields with nondegenerate perfect residues that preserves the respective
ramification filtrations arises from an isomorphism of fields. Here, we
shall say that a field of characteristic p is nondegenerate if a Sylow-p
subgroup of its absolute Galois group is nontrivial. While our proof is
based on the joint work, this result may be regarded as a much stronger
generalization of the corresponding result for p-adic local fields due to
Mochizuki than the generalization obtained in the joint work.
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Introduction

Throughout the present paper, let p be a prime number. For each field
F of characteristic 0, we shall write F for the algebraic closure [determined

up to isomorphisms] of F ; GF
def
= Gal(F/F ). The purpose of the present

paper is to show that some main anabelian results for p-adic local fields due
1
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to Mochizuki may be strengthened in a greater generality via a Fontaine’s
highly nontrivial work and an author’s recent joint work with Minamide.

Let K1, K2 be mixed characteristic complete discrete valuation fields of
residue characteristic p;

ϕ : GK1

∼→ GK2

an isomorphism. Write Ci for the p-adic completion of Ki. Then we shall
say that ϕ is of Hodge-Tate type if the topological GK1-module obtained
by composing ϕ with the natural action of GK2 on C2 is isomorphic to
the topological GK1-module C1. As a direct application of the Fontaine’s
computation of a certain type of Galois centralizer [cf. [3], Proposition 6.2],
we first observe the following [cf. Proposition 1.3]:

Theorem A. If ϕ is of Hodge-Tate type, then ϕ arises from a commutative
diagram

K2
∼−−−−→ K1x x

K2
∼−−−−→ K1

of fields, where the vertical arrows denote the natural inclusions; the hori-
zontal arrows denote isomorphisms of fields.

Theorem A may be regarded as a generalization of [9], Theorem 3.5, (ii),
which was based on more classical p-adic representation theory [cf. [10]].

Next, for each discrete valuation field K of residue characteristic p, we
shall say that K is nondegenerate if a Sylow-p subgroup of the absolute
Galois group of the residue field of K is nontrivial. Then, by combining
Theorem A with several results obtained in author’s joint works with Mi-
namide, we obtain the following result [cf. Corollary 2.7]:

Theorem B. Suppose that K1 and K2 are nondegenerate mixed character-
istic complete discrete valuation fields with perfect residues. Write

OutIsomfilt(GK1 , GK2)

for the set of outer isomorphisms GK1

∼→ GK2 of profinite groups that pre-
serve the respective ramification filtrations. Then the natural map

Isom(K2,K1) −→ OutIsomfilt(GK1 , GK2)

is bijective.

While we apply the discussions/results that appear in [7], the above result
may be regarded as a much stronger generalization of [8], Theorem, than [7],
Theorem G. Several further remarks on this result will be given immediately
after Corollary 2.7.
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1. Field-theoreticity of isomorphisms of Hodge-Tate type

In the present section, as a direct application of a Fontaine’s fundamental
work, we generalize an anabelian result concerning isomorphisms of Hodge-
Tate-type between the absolute Galois groups of p-adic local fields due to
Mochizuki.

Definition 1.1. For i = 1, 2, let Ki be a mixed characteristic complete
discrete valuation field of residue characteristic p. Let

ϕ : GK1

∼→ GK2

be an isomorphism. Write Ci for the p-adic completion of Ki. Then we shall
say that ϕ is of Hodge-Tate type if the topological GK1-module obtained by
composing ϕ with the natural action of GK2 on C2 is isomorphic to the
topological GK1-module C1.

The following result may be regarded as a key result in our discussion,
which is easily derived from the corresponding highly nontrivial result in the
perfect residue case due to Fontaine.

Proposition 1.2. Let K be a mixed characteristic complete discrete valua-
tion field of residue characteristic p. Write C for the p-adic completion of
K; EndcontQp[GK ](C) for the set of continuous GK-equivariant endomorphisms

of Qp-vector spaces. Then it holds that

EndcontQp[GK ](C) = K.

Proof. In the perfect residue case, the equality follows from [3], Proposition
6.2. In the general case, let σ ∈ EndcontQp[GK ](C). Let K ⊆ L be a weakly

unramified algebraic field extension such that L is a Henselian discrete valua-
tion field with perfect residues. [For instance, such an L is constructed by ad-

joining suitable p-power roots of lifts of a p-basis of the residue field.] Write L̂
for the p-adic completion of L. Then since σ ∈ EndcontQp[GL̂

](C), it follows im-

mediately from the perfect residue case that σ is multiplication by σ(1) ∈ L̂.
However, since σ is GK-equivariant, it holds that σ(1) ∈ CGK = K [cf. [4],
Proposition 3.8], as desired. This completes the proof of Proposition 1.2. □

As a corollary of Proposition 1.2, we obtain the following:

Proposition 1.3. In the notation of Definition 1.1, suppose that ϕ is of
Hodge-Tate type. Then ϕ arises from a commutative diagram

K2
∼−−−−→ K1x x

K2
∼−−−−→ K1

of fields, where the vertical arrows denote the natural inclusions; the hori-
zontal arrows denote isomorphisms of fields.
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Proof. In light of the definition of a Hodge-Tate type isomorphism, there
exists a continuous isomorphism

C1
∼→ C2

of Qp-vector spaces compatible with ϕ and the respective natural Galois
actions. Then it follows immediately from the various definitions involved
that ϕ induces an isomorphism of the respective endomorphism rings

EndcontQp[GK1
](C1)

∼→ EndcontQp[GK2
](C2).

Then, in light of Proposition 1.2, we observe that ϕ induces an isomorphism
K1

∼→ K2 of fields. Thus, by applying the above discussions to the re-
strictions of ϕ to the open subgroups of GK1 , we conclude that there exists

an isomorphism K1
∼→ K2 of fields compatible with ϕ and the respective

natural Galois actions. This completes the proof of Proposition 1.3. □

Remark 1.3.1. To obtain various variants of Proposition 1.3, we need to
generalize Proposition 1.2. For instance, one may ask whether or not a sim-
ilar result holds for mixed characteristic rank 1 complete valuation fields
of residue characteristic p whose value groups have no nontrivial p-divisible
elements. This class includes the completion of the maximal tame extension
field of a mixed characteristic complete discrete valuation of residue charac-
teristic p. The author expects that this class of valuation fields is anabelian
if we take into account an additional structure such as a topological Galois
module C in our context [cf. also the data of geometric fundamental groups
in the context of [11]] . However, at the time of writing of the present paper,
the author does not obtain a proof of the analogue of Proposition 1.2 for
this class.

2. Field-theoreticity of isomorphisms between the filtered
absolute Galois groups of nondegenerate mixed

characteristic complete discrete valuation fields with
perfect residues

In the present section, by applying Proposition 1.3, together with some
results obtained in an author’s recent joint work with Minamide, we prove
that any isomorphism between the absolute Galois groups of nondegenerate
mixed characteristic complete discrete valuation fields with perfect residues
that preserves the respective ramification filtrations arises from an isomor-
phism of fields.

First, we give some definitions concerning nondegeneracy, as follows.

Definition 2.1. Let k be a field of characteristic p. Then we shall say that
k is nondegenerate if a Sylow-p subgroup of Gk is nontrivial.
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Definition 2.2. Let K be a discrete valuation field of residue characteristic
p. Then we shall say that K is nondegenerate if the residue field of K is
nondegenerate.

Next, we introduce a basic setup.

Definition 2.3. For i = 1, 2, let Ki be a mixed characteristic complete
discrete valuation field with a perfect residue field ki of characteristic p. Let

ϕ : GK1

∼→ GK2

be an isomorphism that preserves the respective ramification filtrations.

Definition 2.4. Let k be a perfect field of characteristic p. Then we shall
say that k is strongly p-quasi-finite if, for any finite extension field k† of k,
it holds that Gp

k†
∼→ Zp.

Lemma 2.5. In the notation of Definition 2.3, suppose that k1 is strongly
p-quasi-finite. Then ϕ arises from a commutative diagram

K2
∼−−−−→ K1x x

K2
∼−−−−→ K1

of fields, where the vertical arrows denote the natural inclusions; the hor-
izontal arrows denote isomorphisms of fields. Moreover, the isomorphisms
that appear in the diagram are unique.

Proof. First, we note that since ϕ preserves the respective inertia subgroups,
it is immediate that k2 is also strongly p-quasi-finite. Next, we recall that,
in the strongly p-quasi-finite residue case, there exists a well-behaved p-local
class field theory [cf. [7], §2]. As an application, together with [7], Theorem
7.2, (iii), one may observe that ϕ induces an isomorphism

ϕf : K1
∼→ K2

of Qp-vector spaces compatible with ϕ and the respective natural Galois
actions. Moreover, since ϕ preserves the respective ramification filtrations,
it follows from a similar argument to the argument applied in the proof of
[7], Theorem 8.11, that ϕf is, in fact, a homeomorphism. Thus, we conclude
from Proposition 1.3 that ϕ arises from a commutative diagram of field
embeddings as in the statement. Finally, the uniqueness follows immediately
from [5], Theorem. This completes the proof of Lemma 2.5. □
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Theorem 2.6. In the notation of Definition 2.3, suppose that K1 is non-
degenerate. Then ϕ arises from a commutative diagram

K2
∼−−−−→ K1x x

K2
∼−−−−→ K1

of fields, where the vertical arrows denote the natural inclusions; the hor-
izontal arrows denote isomorphisms of fields. Moreover, the isomorphisms
that appear in the diagram are unique.

Proof. Since K1 is nondegenerate, it is immediate that there exists an un-
ramified field extension K1 ⊆ L1 such that the residue field of L1 is strongly
p-quasi-finite. Write K2 ⊆ L2 for the unramified field extension that corre-
sponds to the field extension K1 ⊆ L1 via ϕ. Note that since ϕ preserves
the respective ramification filtrations, the isomorphism ϕ|GL1

: GL1

∼→ GL2

induced by ϕ also preserves the respective ramification filtrations. Then
it follows from Lemma 2.5 that ϕ|GL1

arises from a unique commutative
diagram

K2
∼−−−−→ K1x x

L2
∼−−−−→ L1

of field embeddings, where the horizontal arrows are isomorphisms. In par-
ticular, since ϕ preserves the respective inertia subgroups I1, I2, we observe
that the outer isomorphism I1

∼→ I2 determined by ϕ arises from a unique
field isomorphism of the respective maximal unramified extension fields of
K1, K2. Thus, since the inertia subgroups are normal, by Galois descent,
together with the internal indecomposability of GK1 [cf. [6], Theorem A,
(i); [6], Lemma 1.9], we conclude that ϕ arises from a unique commutative
diagram

K2
∼−−−−→ K1x x

K2
∼−−−−→ K1

of field embeddings, as desired. This completes the proof of Theorem 2.6. □

Corollary 2.7. For i = 1, 2, let Ki be a nondegenerate mixed characteristic
complete discrete valuation field with perfect residues. Write

OutIsomfilt(GK1 , GK2)

for the set of outer isomorphisms GK1

∼→ GK2 of profinite groups that pre-
serve the respective ramification filtrations. Then the natural map

Isom(K2,K1) −→ OutIsomfilt(GK1 , GK2)

is bijective.
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Proof. The injectivity follows immediately from [5], Theorem. The surjec-
tivity follows from Theorem 2.6. This completes the proof of Corollary
2.7. □

Remark 2.7.1. Since we do not need to assume that the base fields are
algebraic over the prime fields, Corollary 2.7 may be regarded as a much
stronger generalization of [8], Theorem, than [7], Theorem G. On the other
hand, our proof is based on various discussions/results in [7].

Remark 2.7.2. It is not clear to the author that the nondegeneracy assump-
tion may be eliminated. Since anabelian phenomena do not occur in the
situation of cohomological dimension 1, it appears to the author that our
assumption is intrinsic. It would be also interesting to compare with the sit-
uation of local class field theory. Indeed, there exists a general p-local class
field theory under this type of nondegeneracy assumption due to Fesenko
[cf. [2]]. On the other hand, one may not expect that there exists a usual
local class field theory in the algebraically closed residue case.

Remark 2.7.3. For another direction, one may ask whether or not there exists
a similar result including imperfect residue cases. At the time of writing of
the present paper, it is not even clear to the author which ramification theory
among the various existing ramification theory is suitable to be considered
in anabelian geometry. This is a remaining important task.

Remark 2.7.4. At this point, there is a big difference between the mixed
characteristic situation and the positive characteristic situation. Indeed, in
the case of positive characteristic, the only known anabelian result is the
Abrashkin’s result for positive characteristic local fields, i.e., the case of
finite residues [cf. [1]]. It is natural to ask whether or not a similar result
holds in the positive characteristic case.
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