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ABSTRACT. — In the present paper, we study indigenous bundles in characteristic three.
In particular, we discuss nilpotent admissible/ordinary indigenous bundles on a hyperbolic
curve in characteristic three. The main result of the present paper is a characterization of
the supersingular divisors of nilpotent admissible/ordinary indigenous bundles on an arbitrary
hyperbolic curve in characteristic three by means of Cartier operators. This result generalizes
a characterization obtained in a previous work by the author of the present paper, in which
the case of a projective smooth curve — i.e., the case where the divisor of cusps is empty —
was discussed. The essential new ingredient is a local theory of the nilpotency of an indigenous
bundle. We prove that the square Hasse invariant of a nilpotent active indigenous bundle takes
the value —1 at each cusp and, moreover, that this condition describes precisely the image of
the Schwarz torsor by the square Hasse invariant morphism. By means of this characterization,
we also give, in the case of genus zero, a complete description of the supersingular divisors of
nilpotent ordinary indigenous bundles and prove that every hyperbolic curve of type (0,5) in
characteristic three is hyperbolically ordinary. This application yields a partial positive answer
to a basic question in the p-adic Teichmiiller theory. Moreover, in the case of characteristic
three, we evaluate in closed form the number of nilpotent ordinary indigenous bundles on a
sufficiently general hyperbolic curve of genus zero.
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INTRODUCTION

The theory of ordinary p-adic curves initiated by S. Mochizuki [cf. [9], [10]] provides
a p-adic and arithmetic analogue of the theory of uniformization of hyperbolic Riemann
surfaces. Omne central object in this theory is the notion of an indigenous bundle. In
the present paper, we study indigenous bundles in characteristic three. In particular,
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we discuss nilpotent admissible/ordinary indigenous bundles on a hyperbolic curve in
characteristic three.

In the remainder of the present Introduction, let S be a noetherian scheme over Fj,
(X, D) a hyperbolic curve of type (g,r) over S [cf. Definition 1.1], and P an indigenous
bundle on (X, D)/S [cf. [9, Chapter I, Definition 2.2]]. We shall apply the notions of the
nilpotency and the admissibility of an indigenous bundle [cf. [9, Chapter II, Definition
2.4]], the ordinariness of a nilpotent indigenous bundle [cf. [9, Chapter I, Definition 3.1]],
and the activeness of an indigenous bundle [cf. [10, Chapter II, Definition 1.1]]. Write

op € I'(X,wx/s(D)%?)

for the square Hasse invariant of P [cf. [9, Chapter II, Proposition 2.6, (1)]] — where we
note that the relative cotangent bundle that appears in the case of a projective smooth
curve is replaced, in the present situation, by the sheaf wx,s(D) of logarithmic differen-
tials. Suppose that the indigenous bundle P is nilpotent and admissible. Then it follows
from [9, Chapter II, Proposition 2.6, (3)] that there exist an invertible sheaf H on X, an
isomorphism H®? = wx/s(D)®? of Ox-modules, and a global section xp of H — i.e., the
Hasse invariant of P — whose square corresponds, by means of this isomorphism, to pp.
We shall refer to the zero locus of xp as the supersingular divisor of P [cf. [9, Chapter II,
Proposition 2.6, (3)]] and to the invertible sheaf Homo, (wx/s(D), H) — whose square is
trivial — as the Hasse defect of P [cf. Definition 1.8].

Next, let us recall the notions, related to Cartier operators, that play a central role in
the present paper. Let £ be an invertible sheaf on X, © a trivialization of the square
of £, and u a global section of £ ®o, wx/s(D). Then, by replacing “wx,s” by the sheaf
wx/s(D) of logarithmic differentials in the construction of [2, Definition A.4], one obtains
the Cartier operator C( e associated to (£, ©) [cf. Definition 1.4, (i)]. We shall say that

e v is a normalized Cartier eigenform associated to (£, ©) if the zero locus of u is a
relative effective Cartier divisor on X over S, and, moreover, the equality Cz ey(u) = —
— where we write u’" for the base-change of u by the absolute Frobenius endomorphism
of S — holds [cf. Definition 1.4, (ii)], and that

e u is a Cartier eigenform associated to L if there exists a trivialization of the square
of £ with respect to which u is a normalized Cartier eigenform [cf. Definition 1.4, (iii)].

Moreover, in the case where the square of L is trivial, we shall say that

e the pair (£, u) is of CE-type if u is a Cartier eigenform associated to £, and, moreover,
the zero locus of u is finite étale over S and does not meet D [cf. Definition 1.7, (i)], and
that

e the pair (£,u) is of CEO-type if (L,u) is of CE-type, and, moreover, the invertible
sheaf £ is parabolically ordinary [cf. Definition 1.6; Definition 1.7, (ii)].

In the case where the divisor D is empty — i.e., the case where the equality » = 0 holds
— these notions are precisely the notions introduced in [2, Definition A.8], [2, Definition
5.1]. Moreover, in this situation, the main result of [2] [cf. [2, Theorem 5.2]] asserts that,
for a projective smooth curve of genus > 2, a relative effective Cartier divisor is the su-
persingular divisor of a nilpotent admissible (respectively, nilpotent ordinary) indigenous
bundle if and only if the divisor is of CE-type (respectively, of CEO-type). That is to say,
the main result of [2] gives a complete characterization, by means of Cartier operators,
of the supersingular divisors of nilpotent admissible/ordinary indigenous bundles — but

only in the case where the equality » = 0 holds.
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On the other hand, various portions of the theory of [2] have already been generalized,
in [6], to the case of a hyperbolic curve of arbitrary type. For instance,

e the assertion that an indigenous bundle in characteristic three is completely de-
termined by the associated square Hasse invariant is an immediate consequence of [6,
Theorem A, from which one may in fact derive [2, Theorem A] [cf. [6, Remark 1.7.2]];

e the criterion [2, Proposition 4.4] for the ordinariness of a nilpotent admissible indige-
nous bundle is generalized by [6, Theorem 2.4] [cf. [6, Remark 2.4.1]];

e the assertion [2, Theorem C] that the ordinariness of a nilpotent admissible indige-
nous bundle is not preserved by pull-back by a connected finite log étale covering is
generalized by [6, Corollary 2.6] [cf. [6, Remark 2.6.1, (1)]].

The main result of [2] itself, however, has remained restricted to the case where the
equality » = 0 holds. The goal of the present paper is to remove this restriction.
The first main result of the present paper is as follows [cf. Theorem 3.2, (ii), (iii)]:

THEOREM A. — Let ¢ be a global section of wx,s(D)®?. Then there exists an indigenous
bundle on (X, D)/S whose square Hasse invariant is given by o if and only if the value
[cf. Definition 1.3, (iii)] of ¢ at each cusp is equal to —1. Moreover, in this situation,
such an indigenous bundle is uniquely determined.

Theorem A is the counterpart, for an arbitrary hyperbolic curve, of [2, Theorem A].
Indeed, in the case where the equality » = 0 holds, the condition on the values at the
cusps is vacuous, which implies that Theorem A is none other than the bijection that
appears in [2, Theorem A]. In the language of the Schwarz torsor, Theorem A asserts
that the image of the square Hasse invariant morphism is the substack obtained by fixing
the values at the cusps [cf. Theorem 3.2, (ii)].

We should like to emphasize, however, that the proofs of the two assertions are of en-
tirely different natures. The proof of [2, Theorem A] proceeds by constructing a dormant
indigenous bundle — which, in the case where the equalities » = 0, p = 3 hold, is unique
up to isomorphism, hence trivializes the Schwarz torsor [cf. 2, Theorem 2.1], [2, Corollary
2.4]]. If the divisor D is not empty, then this route is not available. Indeed, since the
monodromy of an indigenous bundle at each cusp is a nonzero nilpotent element, every
indigenous bundle on (X, D)/S is active [cf. Lemma 1.9], i.e., there exists no dormant
indigenous bundle on (X, D)/S. Thus, the Schwarz torsor admits no such canonical ori-
gin. In the present paper, we replace this canonical origin by an equation. Indeed, the
closed immersion of [6, Theorem A] yields the injectivity of the square Hasse invariant
morphism, and the local theory that we establish in §2 yields its image. The heart of this
local theory is the observation that the logarithmic nilpotency equation forces the square
Hasse invariant of a nilpotent active indigenous bundle to take the value —1 at each cusp
[cf. Lemma 2.3; Lemma 2.6, (iii); Lemma 2.12, (ii)].

The second, and main, result of the present paper is as follows [cf. Theorem 3.6,
Corollary 3.7

THEOREM B. — The following assertions hold:

(i) Suppose that the indigenous bundle P is nilpotent and admissible. Write Lp, xp

for the Hasse defect, the Hasse invariant of P, respectively. Then the pair (Lp, xp) is of
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CE-type. Moreover, the indigenous bundle P is nilpotent ordinary if and only if the pair
(Lp,xp) is of CEO-type.

(ii) Let E be a relative effective Cartier divisor on X over S. Then E is the supersin-
gular divisor of a nilpotent admissible (respectively, nilpotent ordinary) indigenous bundle
on (X, D)/S if and only if E is of CE-type (respectively, of CEO-type).

(iii) The assignment that maps a nilpotent admissible indigenous bundle to the asso-
ciated supersingular divisor determines a bijective map between the set of isomorphism
classes of nilpotent admissible (respectively, nilpotent ordinary) indigenous bundles on
(X, D)/S and the set of relative effective Cartier divisors on X over S that are of CE-
type (respectively, of CEO-type).

Let us make three remarks concerning Theorem B. First, let us observe that Theorem B
may be regarded as a linearization of the notion of nilpotency. Indeed, the nilpotency of
an indigenous bundle amounts, at the level of the square Hasse invariant, to a nonlinear
equation [cf. Definition 2.1, (i); Proposition 2.10]. By way of contrast, since the Cartier
operator is additive, the equation that appears in the definition of a normalized Cartier
eigenform is Fs-linear [cf. Definition 1.4, (ii)]. Second, we note that the passage from
[2, Theorem 5.2] to Theorem B requires, at the level of definitions, the imposition of
only one new condition — namely, the condition that the zero locus of the section under
consideration does not meet D. Third, unlike [2, Theorem 5.2, (iii)], Theorem B, (iii),
does not require the base scheme S to be reduced. This is a consequence of the fol-
lowing assertion [cf. Proposition 3.5], which sharpens [2, Corollary 3.4] — hence also [9,
Chapter 11, Proposition 2.6, (4)] in characteristic three — by removing the reducedness
assumption: The isomorphism class of a nilpotent active indigenous bundle on (X, D)/S
is completely determined by the zero locus of the associated square Hasse invariant.

Here, again the nonemptiness of D is of assistance. Indeed, since every indigenous
bundle on (X, D)/S is active [cf. Lemma 1.9], this assertion may, in the case where the
inequality > 0 holds, be applied to every nilpotent indigenous bundle on (X, D)/S.

By applying Theorem B, one obtains the following upper bound [cf. Corollary 3.8]:

THEOREM C. — Suppose that S coincides with the spectrum of an algebraically closed
field, and that the inequality v > 0 holds. Then, for every invertible sheaf L on X whose
square is trivial, the number of isomorphism classes of nilpotent admissible indigenous
bundles on (X, D)/S whose Hasse defects are isomorphic to L is < #P9T7"%(F3). In
particular, the number of isomorphism classes of nilpotent admissible indigenous bundles
on (X,D)/S is

3g+r71 -1

< 20 P (Fy) = 2 S

In the case where the inequality » > 0 holds, the dimension of the space of global
sections of £ ®o, wx/s(D) is equal to g +r — 1, independently of the isomorphism class
of the invertible sheaf £. Thus, the bound of Theorem C is uniform in £. By way of
contrast, the corresponding assertion in the case where the equality » = 0 holds —i.e., [2,
Corollary 5.3] — takes the form of two distinct bounds, according to whether or not the
invertible sheaf £ is trivial. In this connection, let us also recall that, by [8, Theorem B],

for an integer g > 2, the number of isomorphism classes of nilpotent ordinary indigenous
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bundles on a sufficiently general hyperbolic curve of type (g,0) coincides with the right-
hand side of the inequality that appears in [2, Corollary 5.3, (ii)] [cf. Remark 3.8.1].

Next, in §4, we discuss the case of a hyperbolic curve of genus zero, which plays, in the
present paper, the role played in [2, §6] by the case of genus two. In this case, the theory
becomes completely explicit. Suppose, moreover, that S coincides with the spectrum of
an algebraically closed field k of characteristic three, that the equality ¢ = 0 holds, and
that X coincides with the projective line P} over k. Write ¢ for the standard coordinate
of P} and zy,..., 2, for the elements of &k that correspond to the cusps of (X, D) [cf.
the discussion at the beginning of §4]. Since the Picard group of P; has no element of
order two, the Hasse defect of a nilpotent admissible indigenous bundle on (X, D)/k is
trivial. Observe, moreover, that the notions of admissibility and ordinariness coincide |[cf.
Lemma 4.1, (ii)]. Moreover, the pairs of CE-type may be completely enumerated: a pair
(Ox, x) is of CE-type if and only if the global section x is a k*-multiple of the differential
form

We = Z g; - dlog(t — z)
i=1

— where € = (&1, ..., ¢,) denotes an element of {£1}*" such that the congruence ) . ¢; =
0 (mod 3) holds — and, moreover, the zero divisor of x is reduced [cf. Definition 4.2, (ii),
(iii); Lemma 4.5, (ii)]. Thus, Theorem B yields a complete description of the supersingular
divisors of the nilpotent ordinary indigenous bundles on a hyperbolic curve of genus zero.
They are precisely the reduced zero divisors of the differential forms w. [cf. Theorem 4.6].
By applying this description in the case where the equality » = 5 holds, one obtains the
following [cf. Theorem 4.12]:

THEOREM D. — Let k be an algebraically closed field of characteristic three. Then
every hyperbolic curve of type (0,5) over k is hyperbolically ordinary [cf. [9, Chapter II,
Definition 3.3]]. Moreover, every hyperbolic curve of type (0,5) over k has a nilpotent
indigenous bundle that is active but not ordinary.

Let us recall the following two basic questions in p-adic Teichmiiller theory [cf. [10,
Introduction, §2.1]]:

(1) Is every hyperbolic curve in odd characteristic hyperbolically ordinary?

(2) Is the pull-back of a nilpotent ordinary indigenous bundle by a connected finite
log étale covering again ordinary?

As already observed above, a negative answer to question (2) — for an arbitrary hyper-
bolic curve in characteristic three — is given in [6, Corollary 2.6] [cf. [6, Remark 2.6.1,
(ii)]; also [2, Theorem C]]. The first assertion of Theorem D gives a new partial positive
answer to question (1), i.e., the answer in the case of a hyperbolic curve of type (0,5) in
characteristic three; some of the previous results concerning question (1) are collected in
Remark 4.12.1. The second assertion of Theorem D — whose proof consists of an explicit
construction [cf. Lemma 4.9, (vi)] — shows that, for a hyperbolic curve of type (0,5) in
characteristic three, the nilpotent indigenous bundles are not exhausted by the nilpotent
ordinary ones.

Finally, in §5, we observe that, in the case of characteristic three, the combinatorial
sum that appears in [10, Chapter V, Corollary 1.3, (1)] — which computes the number of
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isomorphism classes of nilpotent ordinary indigenous bundles on a sufficiently general hy-
perbolic curve of type (0,7) — admits the closed form (277! — (=1)""1)/3 [cf. Lemma 5.2,
(iii); Theorem 5.3]. By comparing this number with one half of the number of elements
e of {£1}*" that satisfy the congruence ) ,e; = 0 (mod 3) [cf. Lemma 5.4, (iii)], one
concludes that, in the case of a sufficiently general hyperbolic curve of genus zero, the
zero divisor of the differential form w, is the supersingular divisor of a nilpotent ordinary
indigenous bundle for every such element ¢ [cf. Corollary 5.5].

The present paper is organized as follows: In §1, we recall generalities on indigenous
bundles in characteristic three and introduce the logarithmic versions of Cartier operators
and Cartier eigenforms. In §2, we establish the local theory of the nilpotency of an
indigenous bundle [cf. Proposition 2.10]. In §3, we give a description of the image of
the Schwarz torsor by the square Hasse invariant morphism [cf. Theorem 3.2, (ii)] and
characterize the square Hasse invariants of nilpotent active indigenous bundles by means
of Cartier eigenforms [cf. Theorem 3.4]. Moreover, we prove the main theorem of the
present paper [cf. Theorem 3.6, Corollary 3.7]. In §4, we discuss the case of a hyperbolic
curve of genus zero. In particular, we characterize the supersingular divisors of nilpotent
ordinary indigenous bundles on hyperbolic curves of genus zero [cf. Theorem 4.6] and
prove that every hyperbolic curve of type (0,5) in characteristic three is hyperbolically
ordinary [cf. Theorem 4.12, (i)]. In §5, we evaluate, in the case of characteristic three, the
combinatorial sum of [10, Chapter V, Corollary 1.3, (1)] and apply this evaluation to the
case of a sufficiently general hyperbolic curve of genus zero [cf. Lemma 5.2, Theorem 5.3,
Corollary 5.5].

ACKNOWLEDGMENTS

This research was supported by JSPS KAKENHI Grant Number 24K06668 and by the
Research Institute for Mathematical Sciences, an International Joint Usage/Research
Center located in Kyoto University. This research was also supported by the CNRS
France-Japan “Arithmetic and Homotopic Galois Theory” International Research Net-
work.

1. INDIGENOUS BUNDLES AND CARTIER OPERATORS IN CHARACTERISTIC THREE

In the present §1, we recall generalities on indigenous bundles in characteristic three
and introduce the logarithmic versions of Cartier operators and Cartier eigenforms. In
the present §1, let S be a noetherian scheme over Fs.

DEFINITION 1.1. — Let (X, D) be a pair that consists of a projective smooth curve X
over S and a [possibly empty] relative effective Cartier divisor D C X on X over S.

(i) Suppose that S is the spectrum of an algebraically closed field. Then we shall say
that the pair (X, D) is a hyperbolic curve if the following two conditions are satisfied:

e The Cartier divisor D C X is reduced.

e If one writes g for the genus of the projective smooth curve X over S and r for

the degree of the Cartier divisor D C X over S, then the inequality 2 —2g —r < 0 holds.
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In this situation, the type of the hyperbolic curve (X, D) over S is defined to be the
uniquely determined pair (g, 7).

(ii)) We shall say that the pair (X, D) is a hyperbolic curve (respectively, hyperbolic
curve of type (g,r)) over S if every geometric fiber of (X, D) over S is a hyperbolic curve
(respectively, hyperbolic curve of type (g,7)) in the sense of (i).

In the remainder of the present §1, let
e (X, D) be a hyperbolic curve over S, and let
e P be an indigenous bundle on (X, D) over S [cf. [9, Chapter I, Definition 2.2]].

DEFINITION 1.2. — Let = be a point of X, and let ¢ be a local section of Ox at x.

(i) We shall say that an open neighborhood U C X of x € X is t-line-like if the
restriction to U of wx/g is a free Opy-module of rank one generated by dt|y.

(i) We shall say that the local section t is a local coordinate at = [over S] if there
exists a t-line-like open neighborhood of x € X.

(iii) Suppose that ¢ is a local coordinate at x. Then since, for each t-line-like open
neighborhood U C X of # € X, the restriction to U of wx/g is a free Oy-module of
rank one generated by dt|y, there exists a unique local derivation 9 at = of Ox over Og
such that the local equality d¢ = 0¢ - dt holds for every local section ¢ of Ox at x. We
shall write d/dt for this unique local derivation at = of Ox over Og and, for each positive
integer n, d"/dt™ for the n-fold composite of the local derivation d/dt. Moreover, for each
positive integer n and each local section ¢ of Ox at z, we shall write d"¢/dt" for the
local section of Ox at « obtained by applying d"/dt" to ¢.

(iv) We shall say that the local section t is a local log-coordinate at x [over S] if
there exists a t-line-like open neighborhood U C X of x € X [which implies that the
local section ¢ is a local coordinate at ] such that the Cartier divisor on U determined
by the intersection of U and D is zero (respectively, coincides with the Cartier divisor
determined by t) whenever x ¢ D (respectively, = € D).

DEFINITION 1.3.

(i) We shall refer to a point of X that lies on D as a cusp of the hyperbolic curve
(X, D) over S.

(ii) Let x be a cusp of (X, D), and let ¢ be a local log-coordinate at x. Then one
verifies easily that the local section dt/t of wx,s(D) determines a local trivialization of
wx/s(D) at x. We shall refer to the isomorphism

Res,: wx/s(D) @0y k(r) — K(x)

— where we write x(z) for the residue field of X at x — as the residue isomorphism at
x. Observe that one verifies easily that the residue isomorphism at x does not depend on
the choice of the local log-coordinate t.

(iii) Let = be a cusp of (X, D), and let ¢ be a local section of wx,/s(D)®* at x. Then
we shall refer to the image by Res®? of ¢ as the value of ¢ at x.



DEFINITION 1.4. — Let £ be an invertible sheaf on X, © a trivialization of the square of
L, and v € I'(X, L ®o, wx/s(D)) a global section of L ®op, wx/s(D). Write f: X — 5
for the structure morphism of X. Write, moreover, f¥: X — S DF £F and uf
for the respective base-changes of f: X — S, D, £, and u by the absolute Frobenius
endomorphism of S.

(i) We shall write
Cieo): f+(L @0y wxss(D)) = fE(LF ®o, wxrs(DF))

for the Cartier operator associated to (£, 0), i.e., the homomorphism obtained by re-
placing “wx/s” by wx/g(D) in the construction of the Cartier operator defined in [2,
Definition A.4]. [Note that it is well-known that the Cartier operator for logarithmic
differential forms is compatible with logarithmic poles and residues.]

(i) We shall say that the global section u € I'(X, £ ®o, wx/s(D)) is a normalized
Cartier eigenform associated to (£, ©) if the zero locus of u is a relative effective Cartier
divisor on X over S, and, moreover, the equality C(. e)(u) = —uf holds.

(iii) We shall say that the global section u € I'(X, L ®o, wx/s(D)) is a Cartier
eigenform associated to L if there exists a trivialization ©’ of the square of £ such that
the global section u is a normalized Cartier eigenform associated to the pair (£, ©’).

LEMMA 1.5. — Let L be an invertible sheaf on X, © a trivialization of the square of L,
u € I'(X, L ®o, wx/s(D)) a global section of L ®o, wx/s(D), x a point of X \ D, t a

local coordinate at x, and | a local trivialization of L at x. Write 0 o O(l®1) for the

local trivialization of Ox at x determined by | ® | and O, b for the local section of Ox
at x uniquely determined by the equality u = b - (I ® dt), and u?" for the base-change of
u by the absolute Frobenius endomorphism of S. Then the following two conditions are
equivalent:

e local equality Cr oy(u) = —u" holds at x.
1) The local lity Ciz0) F hold

(2) The local equality
d* (b
¥ =— |-
dt? (6’>

PROOF. — This assertion follows immediately from [2, Lemma A.9, (ii)]. g

holds at x.

DEFINITION 1.6. — We shall say that an invertible sheaf £ on X whose square is trivial
is parabolically ordinary [cf. [2, Definition A.7]] if there exists a trivialization © of the

square of £ such that the Cartier operator C(, ) is injective at each fiber of (X, D) over
S.

DEFINITION 1.7. — Let £ be an invertible sheaf on X whose square is trivial, and let
x € I'(X, L ®o, wx/s(D)) be a global section of £ ®o, wx/s(D).

(i) We shall say that the pair (£, x) is of CE-type if x is a Cartier eigenform associated

to L, and, moreover, the zero locus of y is finite étale over S and does not meet D.
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(ii)) We shall say that the pair (£, x) is of CEO-type if (L, x) is of CE-type, and,
moreover, the invertible sheaf £ is parabolically ordinary.

(iii) We shall say that a relative effective Cartier divisor £ on X over S is of CE-type
(respectively, of CEO-type) if there exists a pair (F, xz) of CE-type (respectively, of
CEO-type) such that E coincides with the zero divisor of yz.

DEFINITION 1.8. — Suppose that the indigenous bundle P is nilpotent [cf. [9, Chapter II,
Definition 2.4]] and admissible [cf. [9, Chapter II, Definition 2.4]]. Thus, it follows from
[9, Chapter 11, Proposition 2.6, (3)] that there exist an invertible sheaf H on X — which
is uniquely determined up to tensoring with the pullback of an invertible sheaf on S —
and an isomorphism H®? = wy,s(D)®? of Ox-modules such that the Hasse invariant of
P [cf. [9, Chapter 11, Proposition 2.6, (3)]] is a global section of #. Then we shall refer
to the invertible sheaf Homo, (wx/s(D),H) on X — whose square is trivial, and which
is uniquely determined up to tensoring with the pullback of an invertible sheaf on S —
as the Hasse defect of P.

LEMMA 1.9. — Suppose that the composite of the natural inclusion D — X and the

structure morphism X — S of X s surjective. Then the indigenous bundle P is active
[cf. [10, Chapter II, Definition 1.1]].

PROOF. — This assertion follows immediately from [10, Chapter II, Proposition 1.4],
together with the fact that the monodromy at each cusp of an indigenous bundle on
(X, D)/S is nonzero and nilpotent [cf. [9, Chapter I, Definition 2.2]], i.e., that the “p” of
[10, Chapter II, §1.2] associated to each cusp is zero. O

2. LocAL THEORY OF A NILPOTENT INDIGENOUS BUNDLE

In the present §2, we establish the local theory of the nilpotency of an indigenous
bundle [cf. Proposition 2.10 below].

DEFINITION 2.1. — Let R be a ring, A an R-algebra, 0 a derivation of A over R, and ¢
an element of A.

(i) We shall say that the element ¢ € A satisfies the interior nilpotency equation with
respect to 0 if the equality

(09)* + ¢ o+ ¢* =0
holds.

(ii)) We shall say that the element ¢ € A satisfies the logarithmic nilpotency equation
with respect to 0 if the equality

(B + @)+ (0% +0p) +¢* =0
holds.



LEMMA 2.2. — Let R be an Fs-algebra, A an R-algebra, 0 a derivation of A over R,

m an element of A such that the equality Om = 1 holds, and ¢ an element of A. Write

0 def 2, . Then the following assertions hold:

(i) The equality

(-0 + )"+ (- 9)%¢ + (1 - 9)) +¢° =75 (D) + ¢ - 0 + &°)
holds.

(ii) Suppose that the element m € A is not a zero-divisor. Then ¢ satisfies the interior
nilpotency equation with respect to 0 if and only if Y satisfies the logarithmic nilpotency
equation with respect to w- 0.

PROOF. — Assertion (i) follows immediately from a straightforward computation in
characteristic three. [Note that the equalities (7 - ) -+ = 73 - 9p and (7 - 9)? - ¢ +
(m-9) -9 =7t 0% hold.] Assertion (ii) is a formal consequence of assertion (i). This
completes the proof of Lemma 2.2. Il

REMARK 2.2.1. — In the situation of Lemma 2.2, the factor 7% that appears in the
definition of 1 arises from the easily verified equality “f - (dt)®? = (¢ - f) - (dlogt)®?”.

LEMMA 2.3. — Let R be a ring, A an R-algebra, 0 a derivation of A over R, m an
element of A, and ¢ an element of A that satisfies the logarithmic nilpotency equation
with respect to w- 0. Write ¢ for the image of ¥ in the quotient A/t A of A. Then the
following assertions hold:

(i) The equality * - (1 + 1) = 0 holds.
(ii) If the element 1) of A/wA is a unit, then the equality ) = —1 holds.

PROOF. — Let us first observe that since the derivation 7 -9 of A maps A into the ideal
mA C A, both (7 -9)¢ and (7 - 9)*¢) are contained in wA. Thus, by considering the
image in A/mA of the left-hand side of the logarithmic nilpotency equation with respect
to 7 - O, one obtains the equality ¥ + ¢% = 0, i.e., the equality ¥ - (1 +1) = 0. This
completes the proof of assertion (i). Assertion (ii) follows immediately from assertion (i),
together with the fact that if the element 1) is a unit, then the element t? is a unit. This
completes the proof of Lemma 2.3. O

In the remainder of the present §2, let
e k be an algebraically closed field of characteristic three,

e O a discrete valuation ring over k£ such that the structure morphism k£ — O deter-
mines an isomorphism of £ with the residue field of O, by means of which we identify k
with the residue field of O,

e 7 € O a uniformizer of O,

e 0 a derivation of O over k such that the equality Or = 1 holds — which uniquely
determines a derivation of the field O[1 /7] of fractions of O — and

e © an element of the field O[1/7] of fractions of O.

10



DEFINITION 2.4.

(i) We shall write ord,: O[1/7]* — Z for the valuation of O[1/7] normalized so that
the equality ord,(7) = 1 holds.

(ii)) Let m be an integer, and let 1) be an element of O[1/7] such that the element
/7™ of O[1/x] is contained in O C O[1/x]. Then we shall refer to the image of the
element ¢/7™ € O in the residue field k as the coefficient of #™ in 1.

LEMMA 2.5. — Suppose that the element ¢ € O[1/7] is nonzero and satisfies the interior

nilpotency equation with respect to 0. Write n & ord.(p) for the order of ¢ and a, € k
for the coefficient of ™ in . Then the following assertions hold:

(i) The inequality n > —2 holds.
(ii) Suppose that the inequality n > —1 holds. Then n — 1 is not divisible by 3.
(iii) Suppose that the equality n = —2 holds. Then the equality a,, = —1 holds.

PROOF. — Let us first observe that it follows immediately from a straightforward com-
putation that

(a) each of the first two terms of the left-hand side of the interior nilpotency equation
is contained in 72"~20, and the coefficient of 722 in the sum of these two terms is given
by n(2n — 1)a?, and, moreover,

(b) the equality ord,(¢*) = 3n holds, and the coefficient of 7" in ? is given by a3.

First, we verify assertion (i). Assume that the inequality n < —2, i.e., that the in-
equality 3n < 2n — 2, holds. Then one verifies easily from (a), (b) that the coefficient of
7" in the left-hand side of the interior nilpotency equation is given by a2, which thus
implies that a, = 0, in contradiction to the definition of n. This completes the proof of
assertion (i).

Next, we verify assertion (ii). Assume that n —1 is divisible by 3. Then since [we have
assumed that] the inequality n > —1 holds, the inequality 2n — 2 < 3n holds. Thus,
one verifies easily from (a), (b) that the coefficient of 7272 in the left-hand side of the
interior nilpotency equation is given by n(2n — 1)a?. Then since n(2n — 1) # 0 in k [cf.
our assumption that n — 1 is divisible by 3|, one concludes that a, = 0, in contradiction
to the definition of n. This completes the proof of assertion (ii).

Finally, we verify assertion (iii). Since [we have assumed that] the equality n = —2
holds, the equality 2n — 2 = 3n holds. Then one verifies easily from (a), (b) that the
coefficient of 722 in the left-hand side of the interior nilpotency equation is given by
n(2n — 1)a® + a®> = a? - (1 + a,). Thus, since a, # 0, one concludes that the equality
a, = —1 holds, as desired. This completes the proof of assertion (iii), hence also of
Lemma 2.5. U

LEMMA 2.6. — Suppose that the element ¢ € O[1/x] satisfies the logarithmic nilpotency
equation with respect to - 0. Then the following assertions hold:

(i) Suppose that o is nonzero, and that the inequality ord,(¢) > 1 holds. Then ord,(y)

s not divisible by 3.
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(ii) For every positive integer m not divisible by 3, there exists a formal power series
¥ € k[[s]] — where s is an indeterminate — of order m that satisfies the logarithmic
nilpotency equation with respect to s - d/ds.

(iii) Suppose that the element ¢ is contained in O. Then the image in k of ¢ is
contained in {0,—1}.

PROOF. — Assertion (i) is a formal consequence of Lemma 2.2, (ii), and Lemma 2.5, (ii).
Assertion (ii) follows immediately from the successive determination of the coefficients of
a formal solution. Indeed, if one writes ¢p = > ;G- 57, then one verifies easily that the
logarithmic nilpotency equation with respect to s - d/ds amounts to the equalities

E ca-cb:—cf

a+b=3i

— where 7 ranges over the nonnegative integers — so that the only obstruction to such
a determination arises in degree 2m, which does not occur [cf. our assumption that m is
not divisible by three].

Finally, we verify assertion (iii). If the image in k of ¢ is zero, then assertion (iii) is
immediate. Suppose that the image in k of ¢ is nonzero, i.e., that the equality ord,(¢) = 0
holds. Then assertion (iii) is a formal consequence of Lemma 2.2, (ii), and Lemma 2.5,
(iii). This completes the proof of assertion (iii), hence also of Lemma 2.6. O

In the remainder of the present §2, let

e S be a noetherian scheme over Fj,

e (X, D) a hyperbolic curve over S, and

e P an indigenous bundle on (X, D) over S.

Write pp € I'(X,wx/s(D)®?) for the square Hasse invariant of P [cf. [9, Chapter II,
Proposition 2.6, (1)]].

DEFINITION 2.7. — Suppose that the indigenous bundle P is active. Then it follows
from [9, Chapter II, Proposition 2.6, (1), (2)] — whose proofs only require the activeness
of the indigenous bundle under consideration — that the zero locus of the square Hasse
invariant pp forms a relative effective Cartier divisor on X over S. We shall refer to this
relative effective Cartier divisor as the double supersingular divisor of P.

REMARK 2.7.1. — In the case where the indigenous bundle P is admissible [hence also
active|, the divisor defined in Definition 2.7 is none other than the divisor discussed in
[9, Chapter II, Proposition 2.6, (2)], where it is referred to as the double supersingular
divisor. In the case where S coincides with the spectrum of an algebraically closed field,
and the indigenous bundle P is nilpotent and active, the divisor defined in Definition 2.7
is none other than the divisor discussed in [3, Definition A.2, (i)], where it is denoted by

(13 2

sH -

DEFINITION 2.8. — Let x be a point of X, ¢ a local coordinate at = [cf. Definition 1.2,
(ii)], and ¢ a local section of Ox at x. Then we shall say that the local section ¢ satisfies

the interior nilpotency equation with respect to t if the element ¢ of the local ring Ox
12



satisfies the interior nilpotency equation with respect to d/dt [cf. Definition 1.2, (iii)] in
the sense of Definition 2.1, (i).

REMARK 2.8.1. — Let x be a point of X, ¢ a local section of wX/S at x, and ¢, t’ local
coordinates at x. Write ¢, ¢’ for the local sections of Ox at x uniquely determined by the
local equalities 1 = ¢ - (dt)%2 = ¢ - (dt')®? at z and u < d@#'/dt. Thus, one verifies easily
that w is a unit of Ox_,, and, moreover, the local equality ¢/ = u™2 - ¢ at x holds. Then
since the cube of a derivation in characteristic three is again a derivation, the operator

d?/dt3 is an Og-derivation of O at x that annihilates ¢, hence is zero, which thus implies
that the equality d*u/dt* = d3t'/dt® = 0 holds. Thus, one verifies easily that the equality

d¢' 3o s do
<W) +ogm t = ((dt) té dt2+¢3)

holds. In particular, the local section ¢ satisfies the interior nilpotency equation with
respect to t if and only if the local section ¢’ satisfies the interior nilpotency equation
with respect to ¢/, i.e., the condition that appears in Definition 2.8 does not depend on
the choice of the local coordinate under consideration.

LEMMA 2.9. — Suppose that the indigenous bundle P arises from an indigenous vector
bundle (£,V¢e) on (X, D) over S [cf. |9, Chapter I, Definition 2.2]]. Let = be a point of
X, and let t be a local log-coordinate at x [cf. Definition 1.2, (iv)]. If x ¢ D (respectively,
x € D), then write v, O gt (respectively, vy o dt/t) for the local trivialization of wx,s(D)
at x determined by t, Oy def d/dt (respectively, Oy Loy d/dt) for the local trivialization of
Tx/s(—D) at x determined by t, ¢p for the local section of Ox at x uniquely determined
by the local equality op = ¢p - VP> at x, and Ve: Tx/5(—D)®3 — Endo, (E) for the
p-curvature homomorphism of (€,V¢). Then the following assertions hold:

(i) Suppose that x does not lie on D. Then the local equality

2

at x holds.

(ii)  Suppose that x does not lie on D. Write Wp: 7x,5(—D)%* — Endo, (E) for
the p-curvature homomorphism of P, i.e., the homomorphism obtained by composing
Ue with the projection homomorphism of Ende, (E) onto the subsheaf of Endo, (€) that
consists of endomorphisms whose traces are zero |cf. the discussion preceding [9, Chapter
I1, Proposition 2.1]]. Then the local equality

2 2
det (U p(97°)) = — ((%) + ¢p - dd?; +¢P>

at x holds.

(iii) Suppose that S coincides with the spectrum of the field k, and that the indigenous
bundle P s nilpotent and active. Write Esg C X for the double supersingular divisor
of P, Es for the generalized supersingular divisor of P [cf. 3, Definition A.2, (iii)]],
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and Egy for the spiked locus of P [cf. [3, Definition A.2, (iv)]]. Then the inclusion
Supp(Esa) C Supp(Eyss) U Supp(Espk) holds.

(iv) Suppose that S coincides with the spectrum of the field k, that x lies on D, and
that the indigenous bundle P is nilpotent and active. Write Egqg € X for the double
supersingular divisor of P. Suppose, moreover, that x does not lie on Esq. Then the
equality ¢pp(x) = —1 holds.

PROOF. — Write 7, 7 for the local endomorphisms of £ at  defined by V¢ (9;), e (0?),
respectively, which implies that
(a) if x ¢ D, then the local equality 72 = v at z holds.

Let ey, ec be local trivializations at x of the Hodge, conjugate filtrations of £, respectively
[cf. the discussions preceding [3, Lemma A.6], [3, Lemma A.8], respectively].

First, we verify assertion (i). Write eg o 7(eq). Thus, it follows from the discussion
preceding [3, Lemma A.6] [i.e., from the fact that the Kodaira—Spencer homomorphism
associated to (€,Ve) and the Hodge filtration of £ is an isomorphism]| that the pair
(em,eg) is a local trivialization of £ at x. Write ¢y, ¢g for the local sections of Ox at z
uniquely determined by the local equality

T(€E>ICH~€H+CE~€E
at . Write, moreover,

det dcp def deg
A= —+cyg-cg, B=c — + 7.
g T eHer ot g T

Then it follows immediately by a straightforward computation [cf. also the proof of [6,
Lemma 1.5]] that

(b) the local equality
3 (€HY\ A B (24
T \ey) Ui+ Bcy A+L+B-cp) \ep

Moreover, it follows from [6, Lemma 1.5] that

at z holds.

(c) the local equality
¢op =B
at x holds.
Next, write Wge(e): Tx/5(—D)®* — Endo, (det(£)) = Ox for the p-curvature homo-
morphism of (det(&), Vaet(e)) and 0 for the local endomorphism of det(&) at = defined by
\I/det(g)(ﬁf??’). Then since [it is immediate that] the local equality 7(eg Aeg) = cg-(eyNeg)

at x holds, it follows immediately by a straightforward computation, together with (c),
that the local equality § = d*cg/dt* + ¢, at = holds, which implies

(d) the local equality

d
A+5=%+¢p-@

at x and
14



(e) the local equalities

do  d’cg 9.2 dcg

ar e 0 g =
at x.
In particular, it follows from (d), (e) that
(f) the local equality
dA  d*¢p dop deg

P TS
at x holds.
Moreover, it follows from (a), (b), (d) that
(g) the trace of v is given by 2A + dop/dt + ¢p - cp =3A+ 5 = 4.
Thus, it follows from (a), (b), (¢), (d), (f), (g) that the local equalities

_ A+5 QSP o 2 dA 2
det(7+tr(7)) = det (%_I_ng.CH —A—5> = —(A+9) _QSP'E_QSP'CH

dop ’ op dop dep
:_<W+¢P'CE) —¢P'<dt2 +CE'%+¢P'E —9p-CH

_ (dop\? Pop deg
_—(dt) —op T g (ewr LBy )

at z hold. In particular, since the local equalities ¢p = B = cy + dcg/dt + ¢% at = hold
[cf. (c) and the definition of B], one concludes that the local equality

2 2
det(y +tr(7)) = - ((d%) top- dfff + qﬁ%)

at x holds, as desired. This completes the proof of assertion (i). Assertion (ii) is a formal
consequence of assertion (i).

Next, we verify assertion (iii). To this end, suppose that z ¢ Supp(Egss) U Supp(Espk)-
Write 4" for the local endomorphism of £ at o defined by Wp(97°) [cf. assertion (ii)],
i.e., the trace-free part of «. Thus, the endomorphisms ~ and +’ differ by a scalar,
which implies that, for a local section e of £ at z, the images of v(e) and 7/(e) in
the quotient of £ by the Hodge filtration coincide modulo the image of e. Let us first
observe that since [we have assumed that] the indigenous bundle P is nilpotent, and S
is the spectrum of a field, the endomorphism v ®o, k(x) — where we write x(z) for
the residue field of X at x — is nilpotent [cf. [9, Chapter II, Proposition 2.1}]; moreover,
since x ¢ Supp(Espk), this endomorphism is nonzero. Thus, since [it is immediate that]
the kernel of a nonzero nilpotent endomorphism of a vector space of dimension two is of
dimension one and coincides with the image of the endomorphism, one concludes that
Ker(y ®oy k() = Im(y ®p, x(x)), and that this subspace is of dimension one.

Next, observe that since the conjugate filtration of £ is horizontal, it is preserved by 7,
hence also by +'. Thus, since v’ ®p, #(x) is nilpotent, the line generated by ec ®o, k()
is contained in Ker(vy' ®o, «(x)). In particular, one concludes that Ker(y' ®o, k(z)) =
Im(y ®e, k(z)) is generated by ec ®o, k().
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Next, observe that since x ¢ Supp(FE,ss), the elements ey ®o, £(z) and ec ®o, k() are
linearly independent, which thus implies that (7' ®o, k(x))(exg ®o, k(z)) is a nonzero
element of the line generated by ec ®p, k(z), hence that ey ®p, k(z) and (v ®o,
k(x))(ex ®oy K(x)) — hence also [cf. the above observation on v, 7] ey ®o, x(x) and
(7 ®oy k(7))(eg ®oy k(x)) — are linearly independent. In particular, it follows immedi-
ately from the definition of Egy [cf. also the second display of the statement of [3, Lemma
A.14]] that « ¢ Supp(Esn), as desired. This completes the proof of assertion (iii).

Next, we verify assertion (iv). Let us first observe that since [we have assumed that]
the scheme S coincides with the spectrum of the field &, the local ring Ox , is a discrete
valuation ring over k£ such that the structure morphism k& — Ox , determines an isomor-
phism of k& with the residue field of Ox,. Moreover, since the local section ¢ is a local
log-coordinate at the cusp z, the local section ¢ is a uniformizer of Oy ,, and the local
derivation d/dt at x of Ox over Og determines a derivation over k of Ox , such that the
equality dt/dt = 1 holds [cf. Definition 1.2, (iii)].

Next, let us observe that it follows from assertion (ii) — applied to the various points
of X'\ D [cf. our assumption that the indigenous bundle P is nilpotent] — together with
the [easily verified] fact that X \ D is dense in X, that the element ¢p/t? of the field of
fractions of Oy, satisfies the interior nilpotency equation with respect to d/dt, hence [cf.
Lemma 2.2, (ii)] that the local section ¢p satisfies the logarithmic nilpotency equation
with respect to ¢ - d/dt. Next, let us observe that since [we have assumed that] the
point x does not lie on Egy, one concludes from the definition of Eg that the inequality
¢p(x) # 0 holds. Thus, it follows from Lemma 2.6, (iii) — in the case where we take the
“(O,m,0,¢)” in the discussion following Definition 2.1 to be (Ox,t,d/dt,¢p) — that
the equality ¢p(x) = —1 holds, as desired. This completes the proof of assertion (iv),
hence also of Lemma 2.9. g

PROPOSITION 2.10. — The following two conditions are equivalent:
(1) The indigenous bundle P is nilpotent.

(2) Let x be a point of X \ D, and let t be a local coordinate at x. Write ¢pp for the
local section of Ox at x uniquely determined by the local equality op = ¢p - (dt)*? at x.
Then the local section ¢p satisfies the interior nilpotency equation with respect to t.

PROOF. — Let us first observe that since [we have assumed that] D C X is a relative
effective Cartier divisor over S, the open subscheme X \ D C X is schematically dense.
Thus, the assertion follows immediately — in light of [9, Chapter I, Proposition 2.6] [cf.
also the discussion entitled “The Definition of the Verschiebung” of [9, Chapter 11, §2]
concerning the fact that it suffices to work Zariski locally on X] — from Lemma 2.9, (ii).
This completes the proof of Proposition 2.10. U

REMARK 2.10.1. — Suppose that S coincides with the spectrum of the field k. Let z be
a point of X \ D, and let ¢ be a local coordinate at . Write ¢p for the local section of Ox
at x uniquely determined by the local equality pp = ¢p - (dt)®? at z. Then one verifies
easily from Proposition 2.10 — by considering the local rings of X at the various points
of X \ D — that the indigenous bundle P is nilpotent if and only if the local section ¢p
satisfies the interior nilpotency equation with respect to t.
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REMARK 2.10.2. — Observe that the nilpotency of an indigenous bundle, i.e., the van-
ishing of the determinant of the p-curvature homomorphism, is, in general, a condition
strictly stronger than the condition that the image of the p-curvature homomorphism con-
sist of nilpotent endomorphisms. Also, observe that these two conditions are equivalent
if the scheme S is reduced [cf. [9, Chapter II, Proposition 2.1]]. In particular, Proposi-
tion 2.10 is valid over an arbitrary S, i.e., without the assumption that S is reduced.

LEMMA 2.11. — Suppose that S coincides with the spectrum of the field k, and that the
indigenous bundle P is nilpotent and active. Let x be a point of X \ D. Then the order
at x of pp 1s not congruent to 1 modulo 3.

PROOF. — Let us first observe that since [we have assumed that] the scheme S coincides
with the spectrum of the field %, the local ring Ox , is a discrete valuation ring over k
such that the structure morphism k& — Ox, determines an isomorphism of k& with the
residue field of Ox ,. Let ¢ be a uniformizer of Ox,. Thus, the local section ¢ is a local
coordinate at z, and, moreover, the local derivation d/dt at x of Ox over Og determines
a derivation over k of Ox, such that the equality dt/dt = 1 holds. In particular, one
may apply Lemma 2.5 to Ox ., equipped with the uniformizer ¢ and the derivation d/dt.
Thus, the assertion is a formal consequence of Proposition 2.10 and Lemma 2.5, (ii) [cf.
our assumption that the indigenous bundle P is active]. This completes the proof of
Lemma 2.11. ]

LEMMA 2.12. — Suppose that S coincides with the spectrum of the field k, and that the
indigenous bundle P is nilpotent and active. Write Esqg C X for the double supersingular
divisor of P. Then the following assertions hold:

(i) The intersection Supp(Esn) N Supp(D) is empty.
(ii) The value of pp at each cusp [cf. Definition 1.3, (iii)] is equal to —1.

ProOOF. — In light of [9, Chapter I, Proposition 2.6], assertion (i) is a formal consequence
of Lemma 2.9, (iii), and [3, Proposition A.3, (i), (ii)]. Moreover, again in light of [9,
Chapter I, Proposition 2.6], assertion (ii) is a formal consequence of assertion (i) and
Lemma 2.9, (iv). This completes the proof of Lemma 2.12. O

REMARK 2.12.1. — Observe that the proofs, hence also the conclusions, of Lemma 2.9,
(iii), and Lemma 2.12, (i), are valid even in the case where the characteristic of the
base field is an odd prime number that is not necessarily equal to three, i.e., over an
arbitrary algebraically closed field of odd characteristic. We leave the routine details to
the interested reader.

3. A CLASSIFICATION OF NILPOTENT ADMISSIBLE INDIGENOUS BUNDLES

In the present §3, we give a description of the image of the Schwarz torsor by the
square Hasse invariant morphism [cf. Theorem 3.2, (ii), below] and characterize the square
Hasse invariants of nilpotent active indigenous bundles by means of Cartier eigenforms

[cf. Theorem 3.4 below]. Moreover, we prove the main theorem of the present paper |[cf.
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Theorem 3.6, Corollary 3.7 below]. In the present §3, let (g,7) be a pair of nonnegative
integers such that the inequality 2 — 2g — r < 0 holds.

DEFINITION 3.1.

(i) We shall write
M

for the moduli stack of hyperbolic curves of type (g,r) in characteristic three.

(ii)) We shall write

(C,D)
for the universal hyperbolic curve of type (g,r) over M and
m:C—M

for the structure morphism of C over M.

(iii) We shall write

S—M

for the Schwarz torsor over M [cf. [10, Introduction, §0.4]], i.e., the moduli stack of
hyperbolic curves of type (g,r) in characteristic three equipped with indigenous bundles.

(iv) We shall write
G m(wg(D))

for the [necessarily locally free coherent] Op-module obtained by forming the direct
image sheaf of wg@/QM (D) by .

(v) We shall write

y—M

for the vector bundle over M associated to the locally free coherent O,-module ob-
tained by forming the Oj-dual of the [necessarily locally free coherent] Ops-module
T (we m(D)®?), ie., the vector bundle over M such that, for every scheme S over M,

there exists a natural bijective map between the set of morphisms S — V over M and
the [underlying set of the] module I'(S, 7, (we/m(D)®?)]s).

(vi) By considering the square Hasse invariants of the indigenous bundles parametrized
by the Schwarz torsor, we obtain a morphism & — V of stacks over M. We shall write

sq-Hss: § —=V

for this morphism, to which we shall refer as the square Hasse invariant morphism.

REMARK 3.1.1.

(i) Let us recall from [10, Introduction, §0.4] [cf. also [9, Chapter I, Corollary 2.9]|
that the Schwarz torsor S admits a natural structure of G-torsor over M.

(ii) The natural inclusion O¢ < O¢(D) determines an injective homomorphism
G = m (W57 (D)) — m(we/m(D)®?).

In particular, one obtains an action of G on the vector bundle V over M.
18



THEOREM 3.2. — The following assertions hold:

(i) The square Hasse invariant morphism sq-Hss: S — V is a closed immersion and
compatible with the respective natural actions on S, V [cf. Remark 3.1.1, (i), (ii)].

(ii) The image of the square Hasse invariant morphism sq-Hss: & — V coincides with
the substack of V that consists of ¢ whose value at each cusp [cf. Definition 1.3, (iii)] is
gwen by —1.

(iii) Let S be a noetherian scheme over Fs, and let (X, D) be a hyperbolic curve of
type (g,r) over S. Then, for every ¢ € T'(X,wx,s(D)¥?) whose value at each cusp is —1,
there exists a uniquely determined indigenous bundle P on (X, D)/S such that the square
Hasse invariant of P is given by .

PROOF. — Assertion (i) is none other than [6, Theorem A]. Next, we verify assertion (ii).
Let us first observe that if (X, D) is a hyperbolic curve of type (g,r) over a noetherian
scheme S over F3, then every section of the subsheaf w;@}? s(D) C wx/s(D)%®? has value zero
at each cusp. Thus, it follows from assertion (i) that the image of sq-Hss is the substack
of V obtained by fixing the values at the cusps. Moreover, these values coincide with the
values of the square Hasse invariant of any single indigenous bundle. Next, observe that it
is well-known [cf. [9, Chapter I, Theorem 2.3|] that the substack of S that parametrizes
nilpotent indigenous bundles is finite flat of degree 3%973*" and surjective onto M. In
particular, every hyperbolic curve of type (g, r) in characteristic three admits a nilpotent
indigenous bundle. On the other hand, in the case where the inequality » > 0 holds, such
a bundle is necessarily active [cf. Lemma 1.9], hence [cf. Lemma 2.12, (ii)] the values at
the cusps of the associated square Hasse invariant are all —1 [note that since the moduli
stack M is smooth — cf. [1, Theorem 5.2] — hence reduced, it suffices to verify this
assertion at the geometric points of M] [in the case where the equality r = 0 holds, the
condition on the values at the cusps is vacuous]. This completes the proof of assertion
(ii). Assertion (iii) is a formal consequence of assertions (i), (ii). This completes the proof
of Theorem 3.2. 0

LEMMA 3.3. — Let S be a noetherian scheme over Fs, (X, D) a hyperbolic curve of
type (g,r) over S, L an invertible sheaf on X, © a trivialization of the square of L,
x € I'(X, L ®o, wx/s(D)) a global section of L Qe wx/s(D) whose zero locus is a
relative effective Cartier divisor on X over S, x a point of X \ D, t a local coordinate at

z, and | a local trivialization of £ at x. Write o < O(x ® x) € I'(X,wx/s(D)®?) for the

image of x ® x by ©, 0 aof Ol ®1) for the local trivialization of Ox at x determined by

l®1 and O, b for the local section of Ox at x uniquely determined by the local equality
x=0b-(®dt) at z, and ¢ for the local section of Ox at x given by b*- 0. [In particular,
the local equality o = ¢ - (dt)*? at x holds.] Then the following assertions hold:

(i) The local equality
d¢ : f d*¢ B 3.3 (13 d® (b
( dt ) ' dt? o dt2 \ 0

(i) Write x¥' for the base-change of x by the absolute Frobenius endomorphism of S.

Then the following two conditions are equivalent:
19
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(1) The local section ¢ satisfies the interior nilpotency equation with respect to t

[cf. Definition 2.8].
(2) The local equality Cr.e)(x) = —x* [¢f. Definition 1.4, (i)] at x holds.

PROOF. — Assertion (i) may be verified by a straightforward computation. Assertion
(ii) follows immediately from assertion (i), together with Lemma 1.5. This completes the
proof of Lemma 3.3. U

THEOREM 3.4. — Let S be a noetherian scheme over F3, (X, D) a hyperbolic curve of
type (g,7) over S, L an invertible sheaf on X, © a trivialization of the square of L, and
x € I'(X, Lo, wx/s(D)) a global section of L&, wx/s(D) whose zero locus is a relative

effective Cartier divisor on X over S. Write o < O(x ® x) € I'(X,wx/s(D)%?) for the
image of x @ x by ©. Then the following two conditions are equivalent:

(1) The global section x € I'(X, L ®o, wx/s(D)) is a normalized Cartier eigenform
associated to (L, 0) [cf. Definition 1.4, (ii)]. Moreover, the intersection of D and the zero
locus of x 1s empty.

(2)  The global section ¢ € I'(X,wx/s(D)®?) is the square Hasse invariant of a
[necessarily uniquely determined — cf. Theorem 3.2, (i)] nilpotent active indigenous bun-

dle on (X,D)/S.

PROOF. — Let x be a point of X \ D, and let ¢ be a local coordinate at x. Write ¢ for
the local section of Oy at z uniquely determined by the local equality ¢ = ¢ - (dt)*? at
x.

First, we verify the implication (1) = (2). Suppose that condition (1) is satisfied.
Then observe that it follows from Lemma 3.3, (ii), that ¢ satisfies the interior nilpotency
equation with respect to t. Next, observe that since [we have assumed that| the inter-
section of D and the zero locus of x is empty, the value of ¢ at each cusp is invertible.
Thus, it follows from Lemma 2.2, (ii), and Lemma 2.3, (ii) — applied to the local ring
of X at each cusp [as well as to the localization of this local ring obtained by inverting
the local log-coordinate under consideration|, equipped with a local log-coordinate at the
cusp under consideration and the corresponding derivation — that the value of ¢ at each
cusp is given by —1. In particular, it follows from Theorem 3.2, (iii), that there exists
an indigenous bundle P on (X, D)/S such that the square Hasse invariant of P is given
by . Moreover, it follows from Proposition 2.10, together with our assumption that the
zero locus of x is a relative effective Cartier divisor on X over S [which implies that the
restriction of ¢ to each geometric fiber of the structure morphism X — S is nonzero],
that P is nilpotent and active. This completes the proof of the implication (1) = (2).

Next, we verify the implication (2) = (1). Suppose that condition (2) is satisfied.
Then observe that it follows from Proposition 2.10 that ¢ satisfies the interior nilpotency
equation with respect to t. Thus, it follows from Lemma 3.3, (ii) — applied to the various
points of X \ D — together with the [easily verified] fact that X \ D is schematically
dense in X, that the equality C(ze)(x) = —x* holds. Thus, since [we have assumed that]
the zero locus of x is a relative effective Cartier divisor on X over S, one concludes that
X is a normalized Cartier eigenform associated to (£,0). Next, observe that the zero
divisor of ¢ coincides with twice the zero divisor of x. Thus, it follows from Lemma 2.12,
(i) — applied to the various geometric fibers of the structure morphism X — S [note

that the assertion under consideration is an assertion concerning the supports of closed
20



subschemes of X | — that the intersection of D and the zero locus of x is empty, as desired.
This completes the proof of the implication (2) = (1), hence also of Theorem 3.4. O

In the remainder of the present §3, let
e S be a noetherian scheme over F3, and let

e (X, D) be a hyperbolic curve of type (g, r) over S.

PROPOSITION 3.5. — The isomorphism class of a nilpotent active indigenous bundle
on (X,D)/S is completely determined by the zero locus of the associated square Hasse
mvartant.

PrROOF. — Let P, P’ be nilpotent active indigenous bundles on (X, D)/S. Write ¢p,
pp for the square Hasse invariants of P, P’, respectively. Suppose that the zero loci of
wp, @p coincide. Then since pp, p are global sections of the invertible sheaf w X/S(D)®2
whose zero loci coincide, there exists a global section ¢ € I'(X, O%) such that the equality
ppr = ¢ - p holds. Moreover, since X is proper and geometrically connected over S,
hence satisfies the equality that the direct image sheaf of Ox coincides with Og, the
global section ¢ is the pull-back of a section of Og. In particular, one concludes that

(a) the equality dc/dt = 0 holds for an arbitrary local coordinate ¢t at an arbitrary
point of X.

Next, let us observe that if x is a point of X, t is a local coordinate at xz, and ¢ is
an invertible local section of Ox at x that satisfies the interior nilpotency equation with
respect to t, then the local equality

B et 1 do\> d?¢
¢‘R(¢)‘_E'<(£) +¢-W)

at = holds. Observe, moreover, that since [one verifies easily that] both the numerator
and the denominator of R(c- ¢) are obtained from those of R(¢) by multiplication by ¢?

cf. (a)],
(b) the equality R(c- ¢) = R(¢) holds.

Thus, since the local expressions of wp, pr with respect to an arbitrary local coordinate
t at an arbitrary point of X \ D satisfy the interior nilpotency equation with respect to
t [cf. Proposition 2.10], one concludes from (b) that, on the complement of D and of the
zero locus of pp, the equalities

wp = R(pp) = R(c- op) = R(pp) = ¢p

hold. On the other hand, since [we have assumed that] P is active, the zero locus of ¢p is
a relative effective Cartier divisor on X over S [cf. Definition 2.7]. Thus, the complement
of D and of the zero locus of pp is schematically dense in X. In particular, one concludes
that the equalities ¢ = 1 and ¢pr = ¢p hold on X, hence [cf. Theorem 3.2, (i)] that P is
isomorphic to P’, as desired. This completes the proof of Proposition 3.5. Il

THEOREM 3.6. — The following assertions hold:
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(i) Let P be a nilpotent admissible indigenous bundle on (X, D)/S. Write Lp for the
Hasse defect of P [cf. Definition 1.8] and xp for the Hasse invariant of P. Then the pair
(Lp, xp) is of CE-type [cf. Definition 1.7, (1)]. Moreover, in this situation, the indigenous
bundle P is nilpotent ordinary [cf. [9, Chapter 11, Definition 3.1]] if and only if the pair
(Lp,xp) is of CEO-type [cf. Definition 1.7, (ii)].

(ii) Let E be a relative effective Cartier divisor on X over S. Then E is the su-
persingular divisor [cf. [9, Chapter II, Proposition 2.6, (3)]] of a nilpotent admissible
(respectively, nilpotent ordinary) indigenous bundle on (X, D)/S if and only if E is of
CE-type (respectively, of CEO-type) [cf. Definition 1.7, (iii)].

PROOF. — First, we verify assertion (i). Let us first recall that the square of Lp is trivial
[cf. Definition 1.8]. Next, observe that it follows from [3, Proposition A.5], together with
— for the assertion relative to S — an openness argument similar to the argument
applied in the proof of [2, Proposition 4.2] that the zero locus of xp is finite étale over
S. Moreover, since [one verifies easily that] a nilpotent admissible indigenous bundle is
necessarily active, and the nilpotency and the admissibility of an indigenous bundle are
preserved by base-change, it follows from Lemma 2.12 — applied to the various geometric
fibers of the structure morphism X — S — that the zero locus of xp does not meet D.

Next, we verify that yp is a normalized Cartier eigenform. To this end, fix a trivial-
ization © of the square of Lp, and write pp for the square Hasse invariant of P. Then
O(xp ® xp) and ¢p differ by a global unit [cf. Definition 1.8, [9, Chapter 11, Proposition
2.6, (3)], also [2, Proposition 3.2]]. Thus, one verifies immediately that, to verify that yp
is a normalized Cartier eigenform, we may assume without loss of generality, by replacing
© by a suitable unit multiple of ©, that the equality O(xp ® xp) = ¢p holds. In par-
ticular, since the zero locus of xp is a relative effective Cartier divisor on X over S [cf.
the finite étaleness observed above], it follows from Theorem 3.4 that xp is a normalized
Cartier eigenform associated to (Lp, ©). Finally, the asserted equivalence concerning the
ordinariness is none other than [6, Theorem 2.4]. This completes the proof of assertion
(i).

Next, we verify assertion (ii). The necessity follows from assertion (i). To verify the
sufficiency, let (L, x) be a pair of CE-type. Write E for the zero divisor of x. Let © be a
trivialization of the square of £ such that x is a normalized Cartier eigenform associated

to (£,0). Write ¢ o O(x ® x). Then it follows from Theorem 3.4 that there exists a
nilpotent active indigenous bundle P on (X, D)/S whose square Hasse invariant is given
by ¢. Moreover, since [it is immediate that] the zero divisor of ¢ is 2F, and the divisor £
is finite étale over S [cf. Definition 1.7, (i)], it follows from [3, Proposition A.5], together
with — for the assertion relative to S — an openness argument similar to the argument
applied in the proof of [2, Proposition 4.2], that P is a nilpotent admissible indigenous
bundle whose supersingular divisor is given by E. The ordinariness in the case of a pair
of CEO-type follows from [6, Theorem 2.4]. This completes the proof of assertion (ii),
hence also of Theorem 3.6. O

COROLLARY 3.7. — The assignment that maps a nilpotent admissible indigenous bun-
dle to the associated supersingular divisor determines a bijective map between the set of
isomorphism classes of nilpotent admissible (respectively, nilpotent ordinary) indigenous
bundles on (X, D)/S and the set of relative effective Cartier divisors on X over S that
are of CE-type (respectively, of CEO-type).
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PROOF. — The surjectivity follows from Theorem 3.6, (ii). The injectivity follows from
Proposition 3.5, together with the [easily verified] fact that a nilpotent admissible indige-
nous bundle is necessarily active. This completes the proof of Corollary 3.7. U

COROLLARY 3.8. — Suppose that S coincides with the spectrum of an algebraically closed
field k, and that the inequality r > 0 holds. Then the following assertions hold:

(i) Let L be an invertible sheaf on X whose square is trivial. Then the number of
isomorphism classes of nilpotent admissible indigenous bundles on (X, D)/S whose Hasse
defects are isomorphic to L is

39+r—1 -1

< HPIT ) = S —

(ii) The number of isomorphism classes of nilpotent admissible indigenous bundles on
(X,D)/S is

con 3T
- 3—-1
PROOF. — First, we verify assertion (i). Fix a trivialization © of the square of L. Let us

first observe that it follows from Corollary 3.7, together with Theorem 3.6, (i), that the
assignment that maps a nilpotent admissible indigenous bundle on (X, D)/S whose Hasse
defect is isomorphic to £ to the subspace of I'(X, L&o ,wx/s(D)) [necessarily of dimension
one| generated by the Hasse invariant of the indigenous bundle under consideration —
where we regard this Hasse invariant as a global section of L&o, wx/s(D) by means of an
isomorphism between the Hasse defect of the indigenous bundle under consideration and
L — determines an injective map from the set of isomorphism classes under consideration
to the set of subspaces of I'(X, £L ®o wx/s(D)) of dimension one that are preserved and
not annihilated by the Cartier operator C, ey [cf. Definition 1.4, (i)]. Next, let us observe
that since [we have assumed that| the inequality r > 0 holds, the degree of the invertible
sheaf Homo, (L ®o, wx/s(D),wx/s) is negative, which thus implies — by means of the
Riemann—Roch theorem, together with Serre duality — that the equality

dimk(F(X, L R0y wX/S(D))) =deg(L ®o, wx/s(D)) +1—g=g+r—1

holds. Thus, assertion (i) follows immediately from elementary linear algebra [cf. also
[11, Corollary, p. 143]]. This completes the proof of assertion (i).

Next, we verify assertion (ii). Let us first recall that the square of the Hasse defect of
a nilpotent admissible indigenous bundle on (X, D)/S is trivial [cf. Definition 1.8]. Next,
let us observe that since the characteristic of k£ is three, the set of isomorphism classes
of invertible sheaves on X whose squares are trivial may be identified with the set of
elements of order dividing two of the Jacobian variety of X, hence is of cardinality 2%9.
Thus, assertion (ii) follows immediately from assertion (i). This completes the proof of
assertion (ii), hence also of Corollary 3.8. O

REMARK 3.8.1. — In the case where the equality » = 0 holds — i.e., the case where
the divisor D is empty — an assertion similar to Corollary 3.8 may be found in |2,
Corollary 5.3]. Moreover, it follows from [8, Theorem B] that, for an integer g > 2, the

number of isomorphism classes of nilpotent ordinary [hence also nilpotent admissible —
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cf. [9, Chapter II, Proposition 3.2]] indigenous bundles on a sufficiently general hyperbolic
curve of type (g,0) coincides with the right-hand side of the inequality that appears in
2, Corollary 5.3, (ii)].

4. THE CASE OF A HYPERBOLIC CURVE OF GENUS ZERO [

In the present §4, we discuss the case of a hyperbolic curve of genus zero. In partic-
ular, we characterize the supersingular divisors of nilpotent ordinary indigenous bundles
on hyperbolic curves of genus zero [cf. Theorem 4.6 below]. Moreover, we prove [cf. The-
orem 4.12; (i)] that every hyperbolic curve of type (0,5) over k is hyperbolically ordinary
[cf. [9, Chapter II, Definition 3.3]]. In the present §4, let

e r > 3 be an integer,
e L an algebraically closed field of characteristic three, and

® 2,...,2 distinct elements of k.

Write
UdéfSpec(k;{ ! e 1 })
t— 21 t— 2,

— where t is an indeterminate, X for the smooth compactification of U over k, and
D C X for the reduced closed subscheme of X whose support is given by the complement
X\ U of U in X. Thus, the pair

(X, D)

forms a hyperbolic curve of type (0,7) over k.

LEMMA 4.1. — The following assertions hold:

(i) Let (L,x) be a pair of CE-type [cf. Definition 1.7, (i)]. Then the invertible sheaf
L is trivial.

(ii) Let P be a [necessarily active — cf. Lemma 1.9] nilpotent indigenous bundle on
(X, D)/k and write Eqq for the double supersingular divisor of P [cf. Definition 2.7].
Then the following three conditions are equivalent:

(1) The indigenous bundle P is admissible.
(2) The indigenous bundle P is ordinary.

(3) The divisor Eg is of the form 2E for some reduced effective Cartier divisor E
on X.

PROOF. — Assertion (i) follows immediately from the fact that the Picard group of Py
has no element of order two [cf. our assumption that the square of L is trivial]. Next,
we verify assertion (ii). The implication (1) = (2) follows from [6, Corollary 2.5, (1)].
The implication (2) = (1) follows from the [well-known — cf. [9, Chapter 11, Proposition
3.2]] fact that a nilpotent ordinary indigenous bundle is necessarily admissible. The
equivalence (1) < (3) follows from the equivalence (1) < (2) of [3, Proposition A.5] [cf.
also Remark 2.7.1]. This completes the proof of assertion (ii), hence also of Lemma 4.1.

U
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DEFINITION 4.2.
(i) We shall write

r

Fy E Tt - =) € klt).
j=1
Moreover, for each element i of {1,...,r}, we shall write
def
FU,;éi = FU/(t — Zi) S k[t]

(ii) Let n be a positive integer. Then we shall write
E, C{£1}"
for the subset of {£1}*" that consists of ¢ = (e1,...,¢,) € {£1}*" such that the con-
gruence y ., & =0 (mod 3) holds.

(i) Let € = (&1,...,&,) be an element of &.. Then we shall write

we Z g - dlog(t — z;) € T'(X,wx/k(D))
i=1
— where we note that the differential form w. has at most a simple pole at the point at
infinity “c0” of X, whose residue [cf. Definition 1.3, (ii)] is given by the image in k of
— > _, €, hence is zero [cf. the definition of &, which implies that the differential form
w. may be regarded as a global section of the invertible sheaf wx /(D).

(iv) Let € = (e1,...,&,) be an element of &,.. Then we shall write

FU7€ aef ZQ‘ . FUﬁ,gi S ]{?[ﬂ

=1

LEMMA 4.3. — Let € = (e1,...,¢,) be an element of E.. Then the following assertions
hold:

(i) The polynomial Fy . is of degree < r — 2.
(ii) The equality w. = (Fy/Fy) - dt holds.

(iii) Let i be an element of {1,...,r}. Then the residue at the cusp that corresponds
to z; of w. is given by €;, hence nonzero.

(iv) The zero divisor of w. — which is of degree deg(wx/x(D)) = r —2 — coincides
with the sum of the zero divisor of the polynomial Fy;. and the point at infinity “co0” of
X with multiplicity r — 2 — deg(Fy.).

PROOF. — Assertion (i) follows immediately from the definition of Fy ., together with
our assumption that the congruence ) . e; = 0 (mod 3) holds. Assertion (ii) is immediate
from the definitions of Fy;, Fy., and w.. Assertion (iii) follows immediately from assertion
(ii), together with the [easily verified] fact that the equalities Fy;(z;) = 0 hold for
je{l,...,r}\{i}. Assertion (iv) follows immediately from assertions (ii), (iii), together
with the various definitions involved. This completes the proof of Lemma 4.3. O

25



LEMMA 44. — Let ¢, &' be elements of E.. Then the following two conditions are equiv-
alent:

(1) The inclusion € € {€',—¢'} holds.
(2) The zero divisor of w. coincides with the zero divisor of we.

PrROOF. — The implication (1) = (2) is immediate. Next, to verify the implication
(2) = (1), suppose that the zero divisor of w. coincides with the zero divisor of w..
Then it is immediate that the global sections we, w.r of wx /(D) differ by a k*-multiple.
Thus, by comparing the residues at the cusps [cf. Lemma 4.3, (iii)], one concludes that
the inclusion ¢ € {&’, —&'} holds, as desired. This completes the proof of the implication
(2) = (1), hence also of Lemma 4.4. d

LEMMA 4.5. — Let x be a global section of wx/x(D). Then the following assertions hold:

(i) Suppose that the global section x is a k*-multiple of w. for some element ¢ =
(e1,...,&) of E.. Then the global section x is a Cartier eigenform associated to Ox |[cf.
Definition 1.4, (iii)] whose zero locus does not meet D.

(ii) The following two conditions are equivalent:
(1) The pair (Ox,x) is of CE-type.

(2) The global section x is a k™ -multiple of w. for some element ¢ = (e1,...,¢,) of
&, and, moreover, the zero divisor of x [necessarily of degree r — 2] is reduced.

PROOF. — Let us first observe that it is immediate that

(a) each of the conditions that appear in the statement of Lemma 4.5 is invariant with
respect to the operation of replacing x by a k*-multiple of y.

Let us also observe that since k is a field,

(b) the zero locus of y is finite étale over k if and only if the zero divisor of y is
reduced.

In the remainder of the present proof, let a € k be a square root of —1 [cf. our assumption
that k is algebraically closed].

First, we verify assertion (i). First, observe that, in light of (a), to verify assertion (i),
we may assume without loss of generality, by replacing y by a suitable k*-multiple of
X, that the equality xy = a - w. holds. Next, observe that since the residue of x at each
cusp is nonzero [cf. Lemma 4.3, (iii)], the global section y is nonzero, and, moreover, the
zero locus of x — which is thus a relative effective Cartier divisor on X over k& — does
not meet D. Next, let us observe that since [one verifies easily that] the Cartier operator
fixes dlog(t — z;) for each 7 € {1,...,7}, and the equality C(b* - w) = b- C'(w) holds for
each b € k, one concludes that the equality C'(w.) = w., hence the equality C(yx) = —x,
holds. Thus, the global section y is a normalized Cartier eigenform associated to the pair
that consists of Ox and the identity automorphism of Oy, hence a Cartier eigenform
associated to Oy, as desired. This completes the proof of assertion (i).

Next, we verify assertion (ii). To verify the implication (1) = (2), suppose that the
pair (Ox,x) is of CE-type. Then, in light of (a), to verify the implication (1) = (2),
we may assume without loss of generality, by replacing y by a suitable k*-multiple of
X, that y is a normalized Cartier eigenform associated to the pair that consists of Ox

and the identity automorphism of Oy, i.e., that the equality C'(x) = —yx holds. Then it
26



follows from Theorem 3.4 — together with our assumption that the zero locus of x does
not meet D — that the global section x*? of wy,,(D)®? is the square Hasse invariant of a
nilpotent active indigenous bundle on (X, D)/k, which thus [cf. Lemma 2.12, (ii)] implies
that the value of x®? at each cusp [cf. Definition 1.3, (iii)] is equal to —1. In particular,
there exists an element € = (eq,...,¢,) of {1}*" such that the equality Res,,(x) = a-¢;
[cf. Definition 1.3, (ii)] holds for each i € {1,...,7}. Next, let us observe that since [one
verifies easily that] the point at infinity “c0” of X does not lie on D, the sum of the
residues of x is zero, which thus implies that the congruence ) .e; = 0 (mod 3) holds.
Thus, since the residue of w. at each cusp is given by the corresponding ¢; [cf. Lemma 4.3,
(iii)], and there exists no nonzero regular differential form on P}, one concludes that the
equality x = a - w. holds. In particular, the global section y is a k*-multiple of w. as
in the statement of Lemma 4.5. Finally, since [we have assumed that] the zero locus of
X is finite étale over k, it follows from (b) that the zero divisor of x is reduced. This
completes the proof of the implication (1) = (2).

Finally, we verify the implication (2) = (1). Suppose that condition (2) is satisfied.
Then it follows from assertion (i) that the global section x is a Cartier eigenform associ-
ated to Ox whose zero locus does not meet D. Thus, it follows from (b), together with
the various definitions involved, that the pair (Ox,x) is of CE-type, as desired. This
completes the proof of the implication (2) = (1), hence also of Lemma 4.5. O

THEOREM 4.6. — Let E be a divisor on X. Then the following three conditions are
equivalent:

(1) The divisor E is the supersingular divisor of a nilpotent admissible indigenous
bundle on (X, D)/k.

(2) The divisor E is the supersingular divisor of a nilpotent ordinary indigenous bundle
on (X,D)/k.

(3) The divisor E coincides with the zero divisor of a global section x of the invertible
sheaf wx /(D) that satisfies the following condition: The global section x is a k> -multiple
of we for some element ¢ = (e1,...,&,) of &, and, moreover, the zero divisor of x
[necessarily of degree r — 2] is reduced.

PROOF. — The equivalence (1) < (2) follows from the equivalence (1) < (2) of Lemma 4.1,
(ii). The equivalence (1) < (3) follows from Corollary 3.7 and Lemma 4.5, (ii), together
with Lemma 4.1, (i). This completes the proof of Theorem 4.6. O

LEMMA 4.7. — Let e = (eq,...,¢,) be an element of .. Then the zero divisor of w. has
no point of multiplicity two.

PROOF. — Let us first observe that it follows from Lemma 4.3, (iii), that the zero
divisor of w. does not meet D. Next, let us observe that it follows from Theorem 3.4 and
Lemma 4.5, (i), that the global section w®? of wy/x(D)®? is a k*-multiple of the square
Hasse invariant of a nilpotent active indigenous bundle on (X, D)/k. Thus, if the zero
divisor of w. had a point z of multiplicity two, then we would obtain a contradiction to
Lemma 2.11. This completes the proof of Lemma 4.7. U

DEFINITION 4.8. — Suppose that the equality » = 5 holds.
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(i) We shall write ey, ..., e5 for the elements of k determined by the equality

Fiy = t° + eit* + eqt® + e3t? + et + e5

and

def 2 def def )
g6 = €2 — €], (3 = €164+ e2e3+e5, Qo = eses —e; € k.

(i) We shall write

¢ dFy d*Fy def
QY- <—> +Fy - R[], or L X . (dt)®2
dt dt? A &

LEMMA 4.9. — In the situation of Definition 4.8, the following assertions hold:
(i) The equality Q = qgt® + g3t + qo holds.

(ii) The congruence Q = —(dFy/dt)* (mod Fy) holds. In particular, for each i €
{1,...,5}, the element Q(z;) of k, hence also the polynomial Q, is nonzero.

(ii) The element s is a global section of wx(D)¥2. Moreover, the value of pspi
at each cusp is equal to —1. Finally, the zero dwvisor of pspx ts of the form 3Z for a
[necessarily uniquely determined] effective divisor Z on X of degree two.

(iv) Write ag, as, ag for the elements of k whose third powers are qg, q3, qo, respectively,

and G & agt? 4 ast + ag. Then the following three conditions are equivalent:
(1) The divisor Z of (iii) is not reduced.

(2) Either the polynomial G is of degree two and has a multiple root, or the poly-
nomial G is of degree zero.

(3) The element ¢3 — qsqo of k is zero.
(v) The following two conditions are equivalent:

(a) There exist an invertible sheaf H on X and a global section x of H such that
an isomorphism HE* = wx,(D)*? of Ox-modules maps X** to pepi [cf. (iil)].

(b) The divisor Z of (iii) is not reduced.

(vi) There exists a [necessarily uniquely determined — cf. Theorem 3.2, (iii)] nilpo-
tent active indigenous bundle Py, on (X, D)/k whose square Hasse invariant coincides
with s [cf (il)]. Moreover, the indigenous bundle Py is not admissible, hence [cf.
Lemma 4.1, (ii)] not ordinary.

PRrROOF. — First, we verify assertion (i). Let us first observe that one verifies easily that
the equality Q = d*(F?)/dt? holds, which thus implies that, for each nonnegative integer
n, the coefficient of t" in @Q is the product of (n+ 2)(n + 1) and the coefficient of t"*? in
F?. Thus, since [it is immediate that] the polynomial F? is of degree 10, and the integer
(n+2)(n + 1) is divisible by 3 whenever the integer n is not divisible by 3, assertion (i)
follows immediately from a straightforward computation of the coefficients of 2, t°, t® in
F?. This completes the proof of assertion (i). Assertion (ii) follows immediately from
the definition of the polynomial @), together with the fact that the elements 2y, ..., 25
of k are distinct [which implies that the element (dFy/dt)(z;) of k is nonzero for each
ie{l,...,5}].
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Next, we verify assertions (iii), (iv). First, observe that it follows from assertion (i)
that the equality @ = G* holds [cf. the statement of assertion (iv)]. Next, let us observe
that since the polynomial @ is of degree < 6 [cf. assertion (i)], and [it is immediate that]
the zero divisor of the polynomial Fy; is given by D, the element g is a global section
of wx/k(D)®?. Moreover, recall from the various definitions involved that the order of
@spk at the point at infinity “co” of X is equal to 6 — deg(()). Thus, since [one verifies
easily that] the restriction of the zero divisor of gy to the complement of the point at
infinity “o0” of X coincides with three times the zero divisor of the polynomial G, and
the equality 6 — deg(Q) = 3(2 — deg(G)) holds, one concludes that the order of the zero
divisor of ¢,k at each point of X is divisible by 3. Thus, since the degree of the zero
divisor of gy is equal to deg(wx/,(D)*?) = 2r — 4 = 6, the assertion concerning the
zero divisor of ¢y in assertion (iii) holds. Moreover, the divisor Z of assertion (iii) is
obtained by adding, to the zero divisor of the polynomial G, the point at infinity “co”
of X with multiplicity 2 — deg(G). In particular, the equivalence (1) < (2) of assertion
(iv) holds.

Next, we verify the assertion concerning the value of ¢g,k at each cusp in assertion (iii).
Let ¢ be an element of {1,...,5}. Then since [one verifies easily that] the local section
dt/(t — z;) of wx/,(D) at the cusp z; is a local trivialization [cf. Definition 1.3, (ii)], and
[one also verifies easily that] the equality

. Q dt \**
SOSpk - Fgﬁél t o Z,L'

holds, the value of pg, at z; coincides with Q(z;)/Fy zi(z:)*. Thus, since [it is immediate
that] the equality Fy«i(z;) = (dFy/dt)(z;) holds, it follows from assertion (ii) that the
value of pgk at z; is equal to —1, as desired. This completes the proof of assertion (iii).

Next, we verify the equivalence (2) < (3) of assertion (iv). Let us first observe that
since [one verifies immediately that] the equality (a2 — agag)® = ¢5 — gsqo holds, the
element g3 — qqo of k is zero if and only if the element a3 — agag of k is zero. Thus, the
equivalence (2) < (3) of assertion (iv) follows from a straightforward computation. This
completes the proof of assertion (iv).

Next, we verify assertion (v). First, we verify the implication (a) = (b). Suppose that
condition (a) is satisfied. Then it is immediate that the zero divisor of ¢y, coincides
with twice the zero divisor of y, which thus implies that the order of the divisor 37 |cf.
assertion (iii)] at each point of X is even, hence — since the divisor Z is of degree two —
that the divisor Z is not reduced, as desired. This completes the proof of the implication
(a) = (b).

Next, we verify the implication (b) = (a). Suppose that condition (b) is satisfied, i.e.,
that the equality Z = 2z holds for some point x of X. Then one verifies easily — in
light of the fact that the isomorphism class of an invertible sheaf on P} is completely
determined by the degree, together with our assumption that the field k is algebraically
closed — that there exist an invertible sheaf H on X and a global section x of H whose
zero divisor is 3z such that an isomorphism H®? = wy/,(D)®? of Ox-modules maps x*?
to Pgpk, as desired. This completes the proof of the implication (b) = (a), hence also of
assertion (v).

Finally, we verify assertion (vi). Let us first observe that it follows from assertion
(iii), together with Theorem 3.2, (iii), that there exists a uniquely determined indigenous

bundle Py, on (X, D)/k whose square Hasse invariant coincides with ¢gpy.
29




Next, let us verify that the indigenous bundle Py is nilpotent. Let us first observe that
since the polynomial @ is contained in k[t?] [cf. assertion (i)], and [it is immediate that]
the polynomial F} is contained in k[t3], the equalities dQ/dt = 0 and d(F3)/dt = 0 hold.
Thus, since [it is immediate that] the equality Q/F7 = QFy/F} holds, the equalities

d(@)_ Q dFy & (Q)_ Q  PFy

a\wm)~m a w\®m)"m e

hence also the equalities

d(Q\Y . ,Q & (Q QY _@ ((dFwY’ & Fy

(i (F>) E e (F) ! (F) ~F (( i) “2) -0
hold [cf. the definition of the polynomial @]. In particular, for each point x of A} \ D,
the local section Q/F# of Ox — i.e., the local section determined by the local equality
Opk = (Q/F2) - (dt)®* — at z satisfies the interior nilpotency equation with respect to
the local coordinate ¢ at x [cf. Definition 2.8]. Thus, it follows from Remark 2.10.1 that
the indigenous bundle Py is nilpotent, as desired.

Next, let us observe that since the divisor D is nonempty, it follows from Lemma 1.9
that the indigenous bundle Py is active. Next, let us observe that it follows from
assertion (iii) that the double supersingular divisor of Py, [cf. Definition 2.7] coincides
with 37, hence that the order at each point of X of this divisor is divisible by 3. Thus,
since [it is immediate that] the divisor Z is nonzero, and the order at each point of X of a
divisor of the form 2F, where E is a reduced effective Cartier divisor on X, is either zero
or two, one concludes that the divisor 37 is not of the form 2F for a reduced effective
Cartier divisor £/ on X, hence that the indigenous bundle P, is not admissible, hence
[cf. Lemma 4.1, (ii)] also not ordinary, as desired. This completes the proof of assertion
(vi), hence also of Lemma 4.9. O

LEMMA 4.10. — In the situation of Definition 4.8, the following assertions hold:

(i) Lete = (ey1,...,e5) be an element of E. Then the following four conditions are
equivalent:

(1) The zero divisor of w. — which is of degree three — is not reduced.
(2) The zero divisor of w. is of the form 3x for some point x of X.

(3) The equality —w®?* = gy holds.

(4) The equality —F&E = @ holds.

ii) The set & is of cardinality ten.

(
(iii) There exist at most two elements € of E such that the zero divisor of w. is not
reduced.
(iv) The following two conditions are equivalent:
(1) There exists an element € of E; such that the zero divisor of w. is not reduced.
2)  The equality ¢ = qeqo holds.
3

(v) The number of the elements € of & whose associated w. has reduced zero divisor

is equal to eight (respectively, ten) if the equality ¢3 = qsqo holds (respectively, does not
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hold). In particular, there exists an element & of Es whose associated w. has reduced zero
divisor.

PROOF. — First, we verify assertion (i). To verify the equivalence (1) < (2), let us
first observe that it follows from Lemma 4.3, (iv), that the zero divisor of w, is of degree
r — 2 = 3. Thus, since this divisor has no point of multiplicity two [cf. Lemma 4.7], this
divisor fails to be reduced if and only if this divisor has a point of multiplicity three, i.e.,
if and only if this divisor is of the form 3x for some point x of X. This completes the
proof of the equivalence (1) < (2).

Next, we verify the equivalence (3) < (4). Let us first observe that it follows from
Lemma 4.3, (ii), that the equality w. = (Fy./Fy) - dt, hence the equality —w®? =
(=F5./Fg) - (dt)®?, holds. Thus, the equivalence (3) < (4) holds. This completes the
proof of the equivalence (3) < (4).

Next, we verify the implication (4) = (2). Suppose that the equality —Fia = (@ holds.
Then since the zero divisor of ¢y coincides with twice the zero divisor of w., and this
zero divisor is of the form 37 [cf. Lemma 4.9, (iii)], the order at each point of X of the
zero divisor of w, is divisible by 3. Thus, since the zero divisor of w, is of degree three,
this divisor is of the form 3z for some point x of X. This completes the proof of the
implication (4) = (2).

Next, we verify the implication (2) = (4). Suppose that the zero divisor of we is of
the form 3z for some point = of X. Then it follows from Lemma 4.3, (iv), that if z is
the point at infinity “co” of X, then the polynomial Fy. is a nonzero constant; if x is
a point of A}, then the polynomial Fy;. is a k*-multiple of (¢ — x)3. In particular, in
cither case, the polynomial Fp_ is contained in k[t*]. Next, let us observe that since
it is immediate that] the equality Fy.;(2) = 0 holds whenever j # i, the equality
Fue(zi) = € - Fuzi(z) = € - (dFy/dt)(z;) holds for each ¢ € {1,...,5}, which thus
implies that the congruence —F; . = —(dFy /dt)* (mod Fy) holds [cf. the equality ef = 1,
together with the fact that the polynomial Fy is of degree five and has five distinct roots].
Thus, it follows from Lemma 4.9, (i), that the congruence —F7, = @ (mod Fy), hence
the equality —F&a —Q = (b+ ct) - Fy for some elements b, ¢ of k [cf. the fact that the
polynomials F&a, Q) are of degree < 6, while the polynomial Fy; is of degree five], holds.
Next, let us observe that since the polynomials F7;_, @ are contained in k[t?] [cf. the above
discussion, together with Lemma 4.9, (i)], the polynomial (b + ct) - Fyy is contained in
k[t3]. Thus, since [it is immediate that] the polynomial Fy; is of degree five, the equality
¢ = 0 implies the equality b = 0. Assume that the inequality ¢ # 0 holds. Then since the
polynomial (b + ct) - Fyy is of degree six and is contained in k[t3], this polynomial is the
cube of a polynomial of degree two, which thus implies that the element —b/c of k — i.e.,
the root of the polynomial b+ ¢t — is a root of (b + ct) - Fy of multiplicity > 3, hence
a root of Fyy of multiplicity > 2, in contradiction to the fact that the elements 21, ..., 25
of k are distinct. Thus, the equalities b = ¢ = 0, hence also the equality —F&E = Q,
hold. This completes the proof of the implication (2) = (4), hence also of assertion (i).
Assertion (ii) is immediate.

Next, we verify assertion (iii). Let us first observe that if €, ¢ are elements of &
whose associated w., w,, both have non-reduced zero divisor, then it follows from the
implication (1) = (3) of assertion (i) that the equality w®? = w%* holds, hence that
the zero divisor of w. coincides with the zero divisor of w.., which thus implies that
the inclusion ¢ € {¢/,—¢'} holds [cf. Lemma 4.4]. In particular, there exist at most
two elements of & whose associated w. has non-reduced zero divisor, as desired. This

completes the proof of assertion (iii).
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Next, we verify assertion (iv). Let a € k be a square root of —1 [cf. our assumption that
the field k is algebraically closed]. To verify the implication (1) = (2), suppose that there
exists an element ¢ of & such that the zero divisor of w, is not reduced. Then it follows
from the implication (1) = (3) of assertion (i) that the equality (a-w.)®? = —w®? = Py
holds, which thus implies that the equality ¢5 = ggqo holds [cf. Lemma 4.9, (iv), (v)].
This completes the proof of the implication (1) = (2).

Next, we verify the implication (2) = (1). Suppose that the equality ¢2 = ggqo holds.
Then it follows from Lemma 4.9, (iv), (v), that there exists a pair (H, x) as in condition
(a) of Lemma 4.9, (v). Moreover, since [it is immediate that| every invertible sheaf on
P} is completely determined by the degree, and the equality 2 deg(H) = deg(wx,x(D)%?)
holds, the invertible sheaf H is isomorphic to wx/,(D), so that we may regard y as a
global section of wx /(D) such that the equality —(a - x)®* = pgpi holds. Next, let us
observe that since the value of ¢g, at each cusp is equal to —1 [cf. Lemma 4.9, (iii)], the
square of the residue of a - x at the cusp z; is equal to one for each i € {1,...,5}. Write
e = (e1,...,¢e5) for the element of {£1}*® determined by these residues. Then since the
sum of the residues of a - x is zero, the congruence ) . e; = 0 (mod 3) holds, i.e., the
inclusion € € & holds. Moreover, since there exists no nonzero regular differential form
on P}, the equality a - x = w. holds. Thus, it follows from the implication (3) = (1)
of assertion (i) that the zero divisor of the w. thus obtained fails to be reduced, as
desired. This completes the proof of the implication (2) = (1), hence also of assertion
(iv). Assertion (v) follows from assertions (ii), (iii), (iv), together with the observation
that since two elements of & determine the same zero divisor if and only if they coincide
up to the operation of replacing ¢ by —¢ [cf. Lemma 4.4], and [it is immediate that]
the assignment ¢ — —e determines a fixed-point-free involution of &, the number of
elements € of & whose associated w. has non-reduced zero divisor is necessarily even.
This completes the proof of Lemma 4.10. U

THEOREM 4.11. — In the situation of Definition 4.8, the number of isomorphism classes
of nilpotent ordinary indigenous bundles on (X, D)/k is equal to four (respectively, five)
if the equality q3 = qsqo holds (respectively, does not hold).

PrRoOOF. — First, observe that it follows from Corollary 3.7 that the assignment that
maps a nilpotent ordinary indigenous bundle on (X, D)/k to the associated supersingular
divisor determines an injective map from the set of isomorphism classes under consider-
ation to the set of divisors on X. Moreover, it follows from the equivalence (2) < (3) of
Theorem 4.6 that the image of this injective map coincides with the set of zero divisors of
the various w., where € ranges over the elements of &, that are reduced. Thus, since two
such ¢ determine the same zero divisor if and only if they coincide up to the operation
of replacing € by —¢ [cf. Lemma 4.4], and [it is immediate that] the assignment ¢ — —¢
determines a fixed-point-free involution of &, the number of isomorphism classes under
consideration is equal to one half of the number of elements € of £ whose associated w,
has reduced zero divisor. Thus, Theorem 4.11 follows from Lemma 4.10, (v). O

THEOREM 4.12. — The following assertions hold:
(i) Ewvery hyperbolic curve of type (0,5) over k is hyperbolically ordinary.

(i1) Ewvery hyperbolic curve of type (0,5) over k has a nilpotent indigenous bundle that

1s active but not ordinary.
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PROOF. — Let us first observe that one concludes — by applying a suitable automor-
phism of P} — that, to verify assertion (i) (respectively, (ii)), it suffices to verify that
the hyperbolic curve (X, D) — which was introduced in the discussion at the beginning
of the present §4 — in the case where » = 5 has a nilpotent ordinary indigenous bundle
(respectively, nilpotent indigenous bundle that is active but not ordinary).

Now we verify assertion (i). It follows from Lemma 4.10, (v), that there exists an
element ¢ of & such that the zero divisor of w, is reduced. Thus, it follows from the
implication (3) = (2) of Theorem 4.6 that the zero divisor of this w, is the supersingular
divisor of a nilpotent ordinary indigenous bundle on (X, D)/k. This completes the proof
of assertion (i). Assertion (ii) follows from Lemma 4.9, (vi). This completes the proof of
Theorem 4.12. U

REMARK 4.12.1. — Let us recall the following basic question in p-adic Teichmiiller theory
discussed in [10, Introduction, §2.1] [cf. [10, Introduction, §2.1, (1)]]: Is every hyperbolic
curve in odd characteristic hyperbolically ordinary? Some of the previous results con-
cerning this problem are as follows:

e Every hyperbolic curve of type (0,3) in odd characteristic is hyperbolically ordinary
[cf. [9, Chapter II, Theorem 2.3], [3, Proposition 4.2]].

e Every hyperbolic curve of type (0,4) in characteristic three, as well as every hyper-
bolic curve of type (1,1) in characteristic three or seven, is hyperbolically ordinary [cf.
[3, Theorem C]]. Note that, in the case of the type (0,4) in characteristic three, concrete
descriptions of the canonical liftings of level two of hyperbolic curves, as well as of the
canonical Frobenius lifting of level two, were given in [5, Theorem A].

e Every hyperbolic curve of type (1, 1) in characteristic five is hyperbolically ordinary
[cf. [10, Chapter IV, §1.3], [3, Corollary 5.6]].

e Every hyperbolic curve of type (2,0) in characteristic three is hyperbolically ordinary
[cf. [2, Theorem D]].

e Every hyperbolic curve of type (2,0), (3,0), (4,0), or (5,0) in characteristic three
whose underlying projective smooth curve is hyperelliptic is hyperbolically ordinary [cf.
[4, Theorem Al]].

e Every hyperbolic curve of genus zero in characteristic three that has a nilpotent
admissible indigenous bundle is hyperbolically ordinary [cf. [6, Corollary 2.5, (1)]].

e Every hyperbolic curve of type (0,4) in odd characteristic that has an ordinary
Legendre parameter is hyperbolically ordinary [cf. [7, Theorem Al].

Observe that Theorem 4.12, (i), gives an affirmative answer to the above question in the
case of hyperbolic curves of type (0,5) in characteristic three.

5. THE CASE OF A HYPERBOLIC CURVE OF GENUS ZERO 11

In the present §5, we continue our discussion of the case of a hyperbolic curve of genus
zero. In particular, we give an explicit closed-form evaluation, in the case of characteristic
three, of the combinatorial sum that appears in [10, Chapter V, Corollary 1.3, (1)] [cf.

Lemma 5.2, (iii), below]. Thus, we obtain a closed formula for the number of isomorphism
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classes of nilpotent ordinary indigenous bundles on a sufficiently general hyperbolic curve
of genus zero in characteristic three [cf. Theorem 5.3 below]. Moreover, we apply this
formula to show that, in the case of such a curve, the zero divisor of every differential
form of the sort discussed in the preceding §4 is indeed the supersingular divisor of a
nilpotent ordinary indigenous bundle [cf. Corollary 5.5 below]. In the present §5, let

e r > 3 be an integer, and

e p be an odd prime number.

DEFINITION 5.1.

(i) We shall write S,(r) for the sum that appears in [10, Chapter V, Corollary 1.3,
(1)], i.e., the sum

5% 3 g

(al ----- a'r73)

— where (ay,...,a,_3) ranges over the tuples of even integers that satisfy the following
two conditions (1), (2) and N(ay, ..., a,_3) for the number of nonzero entries of the tuple
(al, c. ,Clrfg)l

(1) The inequalities 0 < a; < p — 1 hold for each ¢ € {1,...,7 — 3}.
(2) The inequality a; + a;11 < p — 1 holds for each i € {1,...,r —4}.

[Here, we note that the inequalities 0 < a; < p — 1 are implicit in [10, Chapter V,
Corollary 1.3, (1)]. That these inequalities are indeed to be imposed may be verified by
observing that, with these inequalities, the equalities S,(4) = p, S,(5) = (p* + 1)/2, and
S,(6) = p(p* + 2)/3 of [10, Chapter V, Corollary 1.3, (3)] hold. Here, we note also that,
in the case where the inequality > 5 holds, condition (2), together with the inequalities
0 < a;, implies the inequalities a; < p — 1, so that these upper bounds are essential only
in the case where the equality » = 4 holds.]

(ii)) We shall write

g
for the generic degree, over the moduli stack of hyperbolic curves of type (0,r) in char-
acteristic p, of the moduli stack of nilpotent ordinary indigenous bundles of type (0,r) in
characteristic p [cf. [10, Chapter V, Corollary 1.3]]. Thus, since the latter moduli stack is
étale over the former moduli stack [cf. the discussion following [9, Chapter 11, Proposition
3.4]], hence finite étale over a dense open substack of the former moduli stack [cf. [10,
Chapter V, Corollary 1.2]], the integer ngff coincides with the number of isomorphism
classes of nilpotent ordinary indigenous bundles on a sufficiently general hyperbolic curve

of type (0,r) over an algebraically closed field of characteristic p.

REMARK 5.1.1. — The content of [10, Chapter V, Corollary 1.3, (1)] is that, for every
odd prime number p and every integer r > 3, the equality

ngy = Sp(r)

holds. That is to say, the degree ngf;i under consideration is given by a purely combi-

natorial sum, i.e., by S,(r). This formula is obtained by degenerating the hyperbolic
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curve under consideration to a totally degenerate curve; the tuples (aq, ..., a,_3) of Defi-
nition 5.1, (i), are then the tuples of radii [cf. [10, Chapter II, Proposition 1.5]] attached
to the r — 3 nodes of such a curve, and the inequalities a; +a;,1; < p—1 are the conditions
imposed at the r — 4 irreducible components that meet two nodes.

LEMMA 5.2. — The following assertions hold:
(i) The equalities S3(3) = 1 and S3(4) = 3 hold.
(ii) If the inequality r > 5 holds, then the equality Ss(r) = S3(r —1)+2S5(r —2) holds.
(iii) The equality

holds.

PROOF. — Assertion (i) follows immediately from a straightforward computation. Next,
we verify assertion (ii). Let (aq,...,a,_3) be a tuple that satisfies conditions (1), (2) that
appear in Definition 5.1, (i), in the case where p = 3. Then since [we have assumed that]
each a; is even, it is immediate that condition (1) implies that

e the integer a; belongs to {0,2} for each i € {1,...,r — 3}.
Moreover, it is immediate that condition (2) implies that
e the integers a;, a; 41 are not both equal to 2 for each i € {1,...,r —4}.

[Here, the fact that each entry of such a tuple is subject to precisely two possibilities is
a reflection of the fact that the set of radii of [10, Chapter II, Proposition 1.5] — i.e.,
the quotient of the set F3 by the action of +1 — consists of two elements.] Now let us
consider the final entry a,_3 of such a tuple:

e If the equality a,_3 = 0 holds, then (a4, ...,a,_4) is an arbitrary such tuple of length
r—4, and the integer “2V(7)” is unchanged. Thus, the contribution of this case is S3(r—1).

e If the equality a,_3 = 2 holds, then the equality a,_4 = 0 is forced, and (a4, ..., a,_5)
is an arbitrary such tuple of length r — 5, while the integer “2¥(-)” acquires a factor 2.
Thus, the contribution of this case is 253(r — 2).

In particular, the equality S3(r) = S3(r—1)+2S3(r —2) holds, as desired. This completes
the proof of assertion (ii). Assertion (iii) follows immediately from assertions (i), (ii). This
completes the proof of Lemma 5.2. U

THEOREM 5.3. — Suppose that the equality p = 3 holds. Then the number of isomor-
phism classes of nilpotent ordinary indigenous bundles on a sufficiently general hyperbolic
curve of type (0,7) in characteristic three is given by

27"—1 _ (_1)7"—1
3 )
ProOOF. — This assertion is a formal consequence of Remark 5.1.1 and Lemma 5.2. [
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LEMMA 54. — Let n be a positive integer. Then the following assertions hold:
(1) The equality #&, = 0 [cf. Definition 4.2, (ii)] holds.
(ii) If the inequality n > 2 holds, then the equality #&, = 2"~ — #&,_| holds.
(iii) The equality

4E, = 2" 4 2?; (—=1)"

holds. If, moreover, the inequality n > 3 holds, then the equality #&, = 255(n) holds.

PROOF. — Assertion (i) follows immediately from a straightforward computation. Next,
we verify assertion (ii). First, observe that, for each element (e1,..., &, 1) of {£1}**~1
there exists an element ¢, of {1} such that the congruence » ., &; = 0 modulo 3 holds
if and only if the congruence Z;:ll g; # 0 modulo 3 holds; moreover, if such an element
e, exists, then it is uniquely determined. Thus, the assignment that maps (e1,...,&,) to
(1,...,6n1) determines a bijection of &, onto the complement in {£1}*™~Y of &, ;,
which implies assertion (ii). This completes the proof of assertion (ii). Assertion (iii)
follows immediately from assertions (i), (ii), and Lemma 5.2, (iii). This completes the
proof of Lemma 5.4. O

COROLLARY 5.5. — Suppose that we are in the situation of the discussion at the be-
ginning of the preceding §4. Suppose, moreover, that the hyperbolic curve (X, D) of type
(0,7) over k is sufficiently general. Then, for every e € &,, the zero divisor of the differ-
ential form w. [cf. Definition 4.2, (iii)] is the supersingular divisor of a nilpotent ordinary
indigenous bundle on (X, D)/k.

PROOF. — Since [one verifies easily that] the assignment € +— —e determines a fixed-

point-free involution of £,, this assertion is a formal consequence of Corollary 3.7; Lemma 4.4;

Theorem 4.6; Theorem 5.3; Lemma 5.4, (iii). O
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