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ABSTRACT. — One of the basic questions in p-adic Teichmiiller theory is as follows: Is every
hyperbolic curve in odd characteristic hyperbolically ordinary? In the present paper, we prove
that every hyperbolic curve of genus zero over an algebraically closed field of characteristic
three is hyperbolically ordinary, i.e., has a nilpotent ordinary indigenous bundle. Unlike the
previously known results in the case of genus zero in characteristic three, this result is inde-
pendent of the type of the hyperbolic curve under consideration and imposes no condition
whatsoever on the configuration of cusps. The proof proceeds by reducing the problem of the
existence of a nilpotent ordinary indigenous bundle to the problem of whether or not an ex-
plicit family of polynomials associated to tuples of signs, i.e., the sectors, contains a separable
element and then, by means of a phenomenon special to characteristic three, bounding the
number of sectors that fail to be separable.
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INTRODUCTION

In the present paper, we discuss one of the basic problems in the p-adic Teichmiiller the-
ory established by S. Mochizuki [cf. [7], [8]], i.e., the hyperbolic ordinariness of hyperbolic
curves, in the case of genus zero in characteristic three.

In the remainder of the present Introduction, let k£ be an algebraically closed field of
characteristic p > 2, and let (X, D) be a hyperbolic curve of type (g,r) over k — i.e., a
pair that consists of a projective smooth geometrically connected curve X over k£ and a
[possibly empty] reduced divisor D on X such that the inequality 2g—2+7r > 0 holds. We
shall apply the notions of an indigenous bundle on (X, D)/k [cf. [7, Chapter I, Definition
2.2]], of the nilpotency [cf. [7, Chapter II, Definition 2.4]], and of the ordinariness [cf.
[7, Chapter II, Definition 3.1]] of an indigenous bundle. Moreover, we shall say that
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the hyperbolic curve (X, D) is hyperbolically ordinary if there exists a nilpotent ordinary
indigenous bundle on (X, D)/k [cf. [7, Chapter II, Definition 3.3]].

Here, let us recall the following basic question in p-adic Teichmiiller theory discussed
in [8, Introduction, §2.1] [cf. [8, Introduction, §2.1, (1)]]:

Is every hyperbolic curve in odd characteristic hyperbolically ordinary?

For a general hyperbolic curve, this problem has an affirmative answer. Indeed, the locus
of hyperbolically ordinary curves in the moduli stack of hyperbolic curves is open |[cf.
[7, Chapter II, Proposition 3.4]] and dense [cf. [7, Chapter II, Corollary 3.8]]. On the
other hand, for a given hyperbolic curve, it is not known in general whether or not the
hyperbolic curve is hyperbolically ordinary.

Some of the previous results concerning this problem are as follows:

e Every hyperbolic curve of type (0,3) in odd characteristic is hyperbolically ordinary
[cf. [7, Chapter II, Corollary 3.8], [2, Proposition 4.2]].

e Every hyperbolic curve of type (0,4) in characteristic three, as well as every hyper-
bolic curve of type (1,1) in characteristic three or seven, is hyperbolically ordinary [cf.
2, Theorem C]].

e Every hyperbolic curve of type (1, 1) in characteristic five is hyperbolically ordinary
[cf. [8, Chapter IV, §1.3], [2, Corollary 5.6]].

e Every hyperbolic curve of type (2,0) in characteristic three is hyperbolically ordinary
[cf. [1, Theorem D]].

e Every hyperbolic curve of type (2,0), (3,0), (4,0), or (5,0) in characteristic three
whose underlying projective smooth curve is hyperelliptic is hyperbolically ordinary [cf.

[3, Theorem Al].

e Every hyperbolic curve of type (0,4) in odd characteristic that has an ordinary
Legendre parameter is hyperbolically ordinary [cf. [5, Theorem A]].

e Every hyperbolic curve of type (0,5) in characteristic three is hyperbolically ordinary
[cf. [6, Theorem D]].

Thus, in the case of genus zero in characteristic three, the problem has been settled for
the types (0,3), (0,4), and (0,5). Moreover, [4, Corollary 2.5, (1)] settles the problem for
an arbitrary type, under the assumption of the existence of a nilpotent admissible [cf. [7,
Chapter II, Definition 2.4]] indigenous bundle. On the other hand, it was precisely this
existence that was at issue.

The main result of the present paper is as follows [cf. Theorem 4.1]:

THEOREM A. — Let k be an algebraically closed field of characteristic three. Then
every hyperbolic curve of genus zero over k is hyperbolically ordinary [cf. [7, Chapter II,
Definition 3.3]], i.e., there exists a nilpotent ordinary indigenous bundle on the hyperbolic
curve.

Theorem A gives a new partial affirmative answer to the above problem. In particular,
Theorem A settles, independently of the type, the case of genus zero in characteristic
three. That is to say, Theorem A removes the assumption — in [4, Corollary 2.5, (1)] dis-
cussed above — of the existence of a nilpotent admissible indigenous bundle. Moreover,

it follows formally from Theorem A that every hyperbolic curve of genus zero over an
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arbitrary noetherian scheme of characteristic three is hyperbolically ordinary [cf. Corol-
lary 4.2].

We should like to emphasize that Theorem A imposes no condition whatsoever on the
configuration of cusps. Indeed, [7, Chapter II, Proposition 3.4] and [7, Chapter II, Corol-
lary 3.8] are assertions concerning a general curve. Moreover, [8, Chapter V, Corollary 1.3,
(1)] — whose closed form in characteristic three is given in [6, Theorem 5.3] — gives the
number of isomorphism classes of nilpotent ordinary indigenous bundles for a sufficiently
general configuration of cusps, hence says nothing concerning a special configuration. By
contrast, Theorem A asserts the nonemptiness for an arbitrary configuration.

The proof of Theorem A is explicit. Let us outline this proof. Let us first observe
that we may assume without loss of generality that X is the projective line over k£ with
coordinate ¢ and that the support of D is {z1,...,2,_1,00} — where zy,...,2, 1 are

pairwise distinct elements of k, and we write oo for the point at infinity of X. Write

def
n =r—1and

BT -2), Fu= R/t—2) € k).

i=1
Then, for each element € = (e1,...,¢&,) of {1,—1}*", we shall refer to the polynomial

n

S, déf ZE,‘ . F#i € k[t]

=1

as the sector associated to € [cf. Definition 1.1, (i)]; moreover, we shall say that ¢ is viable
if Y | &; is nonzero in k [cf. Definition 1.1, (ii)].

Now let us observe that the differential form (S./Fp)-dt coincides with Y ¢;-dlog(t—
z;), hence is a global section of the sheaf of logarithmic differentials whose residue at z; is
g;, and whose residue at oo is — >, &; [cf. Lemma 1.2]. Put another way, the tuple ¢ is
viable if and only if the residue at each cusp of this differential form belongs to {1, —1}.

Next, one obtains from [6, Theorem 4.6] the following criterion [cf. Lemma 1.4]:

If (Y, E) is a hyperbolic curve of type (0, r) over k, and Y is a global section
of wy/,(£) such that the residue of x at each cusp belongs to {1, —1}, and,
moreover, the zero divisor of y is reduced, then the zero divisor of y is
the supersingular divisor of a nilpotent ordinary indigenous bundle on
(Y, E)/k.
By applying this criterion to the differential form discussed above, one obtains the fol-
lowing consequence [cf. Corollary 1.5]:

If there exists a viable tuple € such that S, is separable, then (X, D) is
hyperbolically ordinary.

Thus, the problem of the existence of a nilpotent ordinary indigenous bundle is reduced
to the problem of whether or not an explicit family of polynomials in k[t] contains a
separable element. This latter problem is the topic of §2, §3. The case where r % 0
(mod 3) (respectively, r = 0 (mod 3)) is discussed in §2 (respectively, §3).

The key to this latter problem is the following fact, which is special to characteristic
three:

If one writes

dﬁf d dFo
A= o <F0 o ) € klt],
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then the derivative dA/dt is zero, hence A is the cube of an element £ of
k[t] [cf. Lemma 1.3, (ii)]. Moreover, the polynomial A is nonzero and of
degree < 2n — 2 [cf. Lemma 1.3, (iii), (iv)].

In §2, we consider the sector S; & dFy/dt + F; obtained by taking precisely one of the
signs to be —1 [cf. Definition 2.3, (i)] — where we note that the tuple that corresponds
to S; is viable precisely when r Z 0 (mod 3) [cf. Remark 2.3.1]. If S; has a multiple root
a, then the equality £(a) = 0 holds, and, moreover, the assignment i — a is injective [cf.
Proposition 2.4]. Thus, the number of elements i € {1,...,n} such that S; fails to be
separable is bounded by deg(¢) < (2n — 2)/3, which implies that S; is separable for at
least two elements i [cf. Lemma 2.5].

In §3, since the tuple that corresponds to S; fails to be viable when r = 0 (mod 3), we

consider instead the sector S;; = dFy/dt + Fu; + F,; obtained by taking precisely two

of the signs to be —1 [cf. Definition 2.3, (ii); Remark 2.3.1]. At a multiple root of S;;,

if one writes R, dof (t — 2)~ !, then the values of R;, R; are the roots of the quadratic

polynomial Q(y) = y* + T1 -y + A/FZ, where Ty o (dFy/dt)/ Fy [cf. Lemma 3.1]. In the
field extension of k(t) generated by a root v of @, the equality dv/dt = —v? holds. Thus,
1/v —t belongs to the kernel of the derivation d/dt, hence is a cube [cf. Lemma 3.2]. This
fact implies that the order at a multiple root of the polynomial

a5
dt

def 92

is divisible by three [cf. Lemma 3.3, (iv)]. Thus, together with the inequality deg(G;) <
2n — 1 — where we apply the fact that the relation n = 2 (mod 3) holds, which follows
from the relation 7 = 0 (mod 3) [cf. Lemma 3.3, (iii)] — one concludes that the number of
unordered pairs {i, j} of distinct elements of {1,...,n} such that S;; fails to be separable
is < n(n — 2)/3, i.e., strictly less than the total number n(n — 1)/2 of such pairs [cf.
Lemma 3.4].

The present paper is organized as follows: In §1, we introduce the sectors associated
to a hyperbolic curve of genus zero in characteristic three and give a sufficient condition,
in terms of the sectors, for the existence of a nilpotent ordinary indigenous bundle [cf.
Corollary 1.5]. In §2, we prove that, in the case where the number of cusps is not divisible
by three, there exists a viable sector that is separable [cf. Lemma 2.5]. In §3, we prove the
corresponding assertion in the case where the number of cusps is divisible by three [cf.
Lemma 3.4]. In §4, we prove the main result of the present paper, i.e., the assertion that
every hyperbolic curve of genus zero in characteristic three is hyperbolically ordinary [cf.
Theorem 4.1].
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1. SECTORS AND NILPOTENT ORDINARY INDIGENOUS BUNDLES

In the present §1, we introduce the sectors associated to a hyperbolic curve of genus
zero in characteristic three and give a sufficient condition, in terms of the sectors, for
the existence of a nilpotent ordinary indigenous bundle on the hyperbolic curve under
consideration [cf. Corollary 1.5 below|. In the present §1, let

e r > 4 be an integer,
e k an algebraically closed field of characteristic three, and
® 2, ..., z,_1 pairwise distinct elements of k.

Moreover, write

def
on=r1r—1,

° mdéfr—2:n—1,
o 5L Spec(k),

oV Y Spec(k[t]) — where ¢ is an indeterminate — for the affine line over k with

coordinate t,

e X (D V) for the [projective line over k obtained by forming the|] smooth compacti-
fication of the smooth curve V over k,

oo for the unique point of the complement of V' in X,

e D C X for the reduced closed subscheme of X whose support is {z1, ..., z,, 00},

wy/s for the sheaf of differentials of X over S, and

wﬁ?% o wx/s(D) for the sheaf of logarithmic differentials of the pair (X, D) over

S.

Thus, the pair
(X, D)
forms a hyperbolic curve of type (0,7) over S such that the inclusion oo € D holds.

Moreover, one verifies easily that every hyperbolic curve of type (0, ) over S is isomorphic
to a hyperbolic curve of this form. Also, write

o [, ¥ [T, (t — z) € k[t] [so Fy is monic, separable, and of degree n],

R < (t —z;)~' € k(t) for each 1 € {1,...,n},

Fu ™ Fy Ry = Fy/(t — %) € k[t] for each i € {1,...,n},

AY AR - (dFy/db))/dt € k[t],

def

T1 = (dFo/dt)/Fo = Z?:l Rz S k?(t), and

o T, S R2e k()



DEFINITION 1.1.
(i) Let e = (ey,...,€,) be an element of {1, —1}*". Then we shall write

_ Ze, Fy; € k]

and refer to S, as the sector associated to e.

(ii) We shall say that the tuple ¢ € {1, —1}*" is viable if > &; is nonzero in k, i.e.,
if °° ,e; #0 (mod 3).

LEMMA 1.2. — Let € be an element of {1, —1}*". Then the following assertions hold:
(i) The polynomials S., Fy have no common root.

(ii) Suppose that € is viable. Then S. is of degree m, and the leading coefficient of S.
iS Y | Ei

(iii) The differential form (S./Fy) - dt has at most simple poles, each of which lies in
D.

(iv)  The residue of the differential form (S./Fy) - dt at z; [where i is an element of
{1,...,n}] is &.

(v) The residue of the differential form (S./Fp) - dt at co is — Y . &;.
(vi) The differential form (S./Fy) - dt is a global section of wX/S

(vii)  The tuple € is viable if and only if the residue at each cusp of (X, D) of the
differential form (S./Fp) - dt belongs to {1,—1}.

PROOF. — Assertions (i), (ii) follow immediately from the [easily verified| observa-
tion that, for ¢, j € {1,...,n}, the value Fi(z;) is zero (respectively, coincides with
(dFy/dt)(z;)) it i # j (vespectively, if i = j), together with the observation that each F;
is monic of degree n — 1. Next, we verify assertions (iii), (iv), (v), (vi). First, observe
that it is immediate that the equality

— . dt = 252 dlog(t — z)

holds. Thus, assertions (iii), (iv), (v), (vi) follow immediately from the [easily verified]
observation that, for each i € {1,...,n}, the differential form dlog(t — z;) has simple
poles precisely at z; and oo, whose respective residues are 1 and —1, together with our
assumption that the support of D is {z1,..., z,,00}. Finally, assertion (vii) follows from
assertions (iv), (v), together with the fact that the prime field of k is {0,1, —1} [cf. our
assumption that k is of characteristic three]. This completes the proof of Lemma 1.2. O

REMARK 1.2.1. — We remark that the logarithmic differential form (S./Fp) - dt that
appears in Lemma 1.2 should be compared with the differential forms that appear in [6,

Definition 4.2]; note, however, that in the present §1, unlike in [6], the point co is a cusp
of (X, D).



LEMMA 1.3. — The following assertions hold:
(i) The equality
A

T2+ Ty = ——;
1 F02

holds.

(ii)  The derivative dA/dt is zero. Moreover, there exists a [necessarily uniquely
determined) polynomial & € k[t] such that the equality A = & holds.

(iii) The polynomial A is nonzero.

(iv)  The inequality deg(A) < 2n — 2 holds. If, moreover, n = 2 (mod 3), then the
inequality deg(A) < 2n — 4 holds.

(v) For eachi € {1,...,n}, the equality A(z;) = (dFy/dt)(z;)? holds. In particular,
A(z;) is nonzero.

PROOF. — First, we verify assertion (i). Observe that it is immediate that the equalities
T, = (dFy/dt)/ Fy and To = —dTy/dt hold. Thus, since [it is immediate that] the equality
A = (dFy/dt)? + Fy - (d*Fy/dt?) holds, one verifies easily that the equalities

T2 + Ty — T2 _ _ dt a2\ dt dt?
1 — 41 - -

dt F2 F2 TR

AT _2(4) R oER ()RR A

hold. This completes the proof of assertion (i).

Next, we verify assertion (ii). Since [it is immediate that] the third derivative of every
element of k[t] is zero, the equality dA/dt = 3(dFy/dt) - (d*Fy/dt?) + Fy - (d*Fy/dt?) = 0
holds. Thus, A belongs to k[t?]. In particular, since k is perfect, there exists a polynomial
¢ € k[t] such that A = £3. Finally, the uniqueness of such a polynomial follows from the
injectivity of the Frobenius endomorphism of k[t]. This completes the proof of assertion
(ii).

Next, we verify assertion (iii). Observe that it follows from the [easily verified] equality
A = (dFy/dt)? + Fy - (d*Fy/dt?), together with the equality F(z1) = 0, that the equality
A(z1) = (dFy/dt)(z1)? holds. Thus, since Fy is separable, the value (dFy/dt)(z1), hence
also the value A(z), is nonzero. In particular, the polynomial A is nonzero, as desired.
This completes the proof of assertion (iii).

Next, we verify assertion (iv). The first inequality follows from the definition of A,
together with the observation that Fy - (dFy/dt) is of degree < 2n — 1. Next, observe that
it follows from assertion (ii) that deg(A) is divisible by 3. Thus, since [as one verifies
easily, in the case where n = 2 (mod 3)] neither 2n — 2 nor 2n — 3 is divisible by 3, the
second inequality holds. This completes the proof of assertion (iv). Assertion (v) follows
immediately from the [easily verified] equality A = (dFy/dt)* + Fy - (d*Fy/dt?), together
with the equality Fy(z;) = 0. This completes the proof of Lemma 1.3. U

LEMMA 14. — Let (Y, E) be a hyperbolic curve of type (0,r) over S, and let x be a
global section of wy,s(E) such that the residue of x at each cusp of (Y, E) belongs to
{1,—1} and such that the zero divisor of x is reduced. Then the zero divisor of x is
the supersingular divisor [cf. [7, Chapter II, Proposition 2.6, (3)]] of a nilpotent [cf. |7,
Chapter II, Definition 2.4]] ordinary [cf. [7, Chapter I, Definition 3.1]] indigenous bundle
on (Y,E)/S.
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PROOF. — One verifies immediately that, to verify Lemma 1.4, we may assume without
loss of generality that Y coincides with X, and that there exist pairwise distinct elements
wi, . . ., w, of k such that the support of E is {wy, ..., w,}, i.e., that we are in the situation
of [6, §4], in the case where we take the “(r, k, z1, ..., 2,.)” of [6, §4] to be (r, k, w1, ..., w;)

— where we note that the “X”, “D” of [6, §4] are then Y, E, respectively. Write G &f

[T;_,(t = w;) € k[t]. Moreover, for each i € {1,...,r}, write G = Go/(t —w;) € klt]

=1
[cfj. [6, Definition 4.2, (i)]] and ¢; € {1, —1} for the residue of x at the cusp of (Y, E) that
corresponds to w;.

Next, observe that it follows from the fact that y is a global section of wy/g¢(E) that
there exists a polynomial S € k[t] of degree < r — 2 such that the equality x = (S/Gy)-dt
holds. Observe, moreover, that it is immediate that, for i, j € {1,...,r}, the value
G'2i(w;) is zero (respectively, coincides with (dGy/dt)(w;)) if i # j (respectively, if ¢ = j).
Thus, since the residue of x at the cusp that corresponds to w; is S(w;)/(dGo/dt)(w;),
the polynomials S, > 7_, &; - G — both of which are of degree < r — 1 — coincide at
the r distinct elements wy, ..., w, of k, hence coincide. In particular, since the inequality
deg(S) < r — 2 holds [cf. our choice of S], the leading coefficient Y ) e; of >/ & - Gy

is zero in k. Thus, one concludes that the tuple e dof (€1,...,&,) is an element of the set
“E.7 of [6, Definition 4.2, (ii)]. Moreover, it follows from [6, Lemma 4.3, (ii)] that the
differential form y coincides with the differential form “w.” of [6, Definition 4.2, (iii)].
Thus, it follows from the implication (3) = (2) of [6, Theorem 4.6] that the zero divisor
of x is the supersingular divisor of a nilpotent ordinary indigenous bundle on (Y, E)/S,
as desired. This completes the proof of Lemma 1.4. [l

COROLLARY 1.5. — Suppose that there erists a viable tuple ¢ € {1,—1}*" such that S
is separable. Then there exists a nilpotent ordinary indigenous bundle on (X, D)/S.

PROOF. — Write y & (S:/Fy) - dt. Then it follows from Lemma 1.2, (vi), (vii), that
X is a global section of wﬁ?% whose residue at each cusp of (X, D) belongs to {1, —1}.
In particular, the differential form x has a pole at each cusp of (X, D). Thus, since
the polynomials S., Fy have no common root [cf. Lemma 1.2, (i)], the zero divisor of x
coincides with the zero divisor of S. — which is of degree m [cf. Lemma 1.2, (ii)] — hence
[cf. our assumption that S. is separable] is reduced. Thus, it follows from Lemma 1.4
that there exists a nilpotent ordinary indigenous bundle on (X, D)/S, as desired. This
completes the proof of Corollary 1.5. U

2. THE CASE WHERE THE NUMBER OF CusPs Is NOT DIVISIBLE BY THREE

In the present §2, we prove that, in the case where r is not divisible by three, there
exists a viable sector that is separable, hence also a nilpotent ordinary indigenous bun-
dle on (X, D)/S [cf. Lemma 2.5 below]. In the present §2, we maintain the notational
conventions introduced at the beginning of §1.



DEFINITION 2.1. — Let ¢ be an element of {1,—1}*" and let a be an element of k \
{z1,...,2n}. Then, for each e € {1,2,3}, we shall write

Oc d:ef ZEZ' . Ri(a)e € k.
=1

LEMMA 2.2. — Let ¢ be an element of {1,—1}*", and let a be an element of k \
{z1,...,2n}. Then the following assertions hold:

(i) The equalities

AR,

S.(a) = Fy(a) - 01, ——(a) = W(a) -o1 — Fy(a) - o9,

P2S.
gz (W)= gpa)-o d

hold.
(ii) The equality o3 = o3 holds.
(iii) The following three conditions are equivalent:

(1) The element a is a multiple root of S..

(2) The equalities 01 = o5 = 0 hold.

(3) The element (t — a)?® divides S..

In particular, every multiple root of S, is of multiplicity > 3.

(iv) The equalities

o =Ti(a) + Z Ri(a), o9 ="Ty(a)+ Z Ri(a)?

i;Ei:—l i;e’:‘i:—l
— where the sums are taken over the elements i of {1,...,n} such that e; = —1 — hold.
PRrOOF. — First, we verify assertion (i). Observe that, for each ¢ € {1,...,n}, since [one

verifies easily that] the equalities Flz; = Fy - R; and dR;/dt = —R? hold, the equalities

Fula) = Fo(a) - Rila), 24 (a) = S0 () - Rila) — Fufa) - Rila)?,
PFy, AR, dF, ) \
)= T Ri() ~ 222 () - Ri(a)? + 2Fu(a) - Rifa)

hold. Thus, assertion (i) follows from the definition of S.. This completes the proof
of assertion (i). Assertion (ii) follows immediately from the additivity of the Frobenius
endomorphism of k, together with the equality &} = ;.

Next, we verify assertion (iii). First, observe that since Fy(a) is nonzero, the implication
(1) = (2) follows from the first two equalities of assertion (i). Next, observe that if
condition (2) is satisfied, then it follows from assertions (i), (ii) that the values at a of
S., dS./dt, and d*S./dt* are zero, which thus implies that condition (3) is satisfied. The

implication (3) = (1) is immediate. This completes the proof of assertion (iii).
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Finally, we verify assertion (iv). Let e be an element of {1,2}. Then one verifies easily
that the equalities

Zei-Ri(a)e - ZRM)@—Q > Ri(a) :ZRi(a)ﬂ— > Ri(a)

ie,=—1 1ei=—1

hold. Thus, assertion (iv) follows from the definitions of T}, T5. This completes the proof
of assertion (iv), hence also of Lemma 2.2. O

DEFINITION 2.3.
(i) For each i€ {1,...,n}, we shall write

of dF
SZ' d:f d_to + F;,gi c k}[t]

(ii) For each unordered pair {i,j} of distinct elements of {1,...,n}, we shall write

def dFO
Sij = I + P+ Fyy e /{Z[t]

REMARK 2.3.1. — One verifies easily that the equality > " |, F,,; = dFp/dt holds. In
particular, since —2 = 1 in k, the polynomial S; (respectively, S;;) coincides with the
sector S, associated to the € € {1, —1}*" whose i-th entry (respectively, whose i-th and
j-th entries) is —1 (respectively, are —1) and whose other entries are 1. Moreover, for
this e, the sum > ' & = n — 2 (respectively, = n — 4) is = r (mod 3) (respectively,
=r+1 (mod 3)). Thus, this ¢ is viable if and only if » £ 0 (mod 3) (respectively, r # 2
(mod 3)).

PROPOSITION 2.4. — Let i be an element of {1,...,n}, and let a € k be a multiple root
of §;. Then the following assertions hold:

(i) The equalities R;(a) = —Ti(a) and R;(a)? = —Tx(a) hold.
(ii) The equality £(a) = 0 holds.

(iii) The value (dFy/dt)(a) is nonzero, and, moreover, the equality

Fy(a
Z; = Q + dF(())J
T (a)
holds.
(iv) For each b € k, there exists at most one element i’ € {1,...,n} such that b is a
multiple root of S;r.
PrROOF. — First, we verify assertion (i). Observe that it follows from Lemma 1.2, (i),

that a ¢ {z1,...,2,}. Next, observe that, for the ¢ that appears in Remark 2.3.1, i.e.,
such that §; = &., it follows from Lemma 2.2, (iv), that the equalities

01 :Tl(a)—i-Ri(a), 09 :Tg(a)—}-Ri(a)Q
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hold. Thus, it follows from Lemma 2.2, (iii), that the equalities R;(a) = —Ti(a) and
Ri(a)?* = —Ty(a) hold, as desired. This completes the proof of assertion (i).

Next, we verify assertion (ii). It follows from assertion (i) that the equality T1(a)* +
T5(a) = 0 holds. In particular, it follows from Lemma 1.3, (i), that the equality A(a) = 0,
hence [cf. Lemma 1.3, (ii)] also the equality {(a) = 0, holds. This completes the proof of
assertion (ii).

Next, we verify assertion (iii). First, observe that since [it is immediate that] R;(a)
is nonzero, it follows from assertion (i) that Ti(a) (= (dFy/dt)(a)/Fy(a)) is nonzero,
i.e., that (dFy/dt)(a) is nonzero. Moreover, again by assertion (i), the equalities z; =
a— Ri(a)™ = a+ Ti(a)™ = a+ Fy(a)/(dFy/dt)(a) hold, as desired. This completes
the proof of assertion (iii). Assertion (iv) is a formal consequence of assertion (iii). This
completes the proof of Proposition 2.4. Il

LEMMA 2.5. — Suppose that r # 0 (mod 3). Then the number of elementsi € {1,...,n}

such that S; is separable is > n — [(2n — 2)/3]| > 2. In particular [cf. Remark 2.3.1;
Corollary 1.5], there exists a nilpotent ordinary indigenous bundle on (X, D)/S.

PROOF. — For each ¢ € {1,...,n} such that S; is not separable, let a; € k be a multiple
root of §;. Then it follows from Proposition 2.4, (ii), that each a; is a root of the
nonzero [cf. Lemma 1.3, (iii)] polynomial ¢ [cf. Lemma 1.3, (ii)]. Moreover, it follows
from Proposition 2.4, (iv), that the assignment ¢ — a; is injective. Thus, since the
polynomial £ is of degree < (2n —2)/3 [cf. Lemma 1.3, (ii), (iv)], the number of elements
i € {1,...,n} such that S; is not separable is < | (2n—2)/3|. Moreover, one verifies easily
that the inequalities n — [(2n —2)/3| > (n+2)/3 > 5/3 [cf. our assumption that r > 4],
hence also the inequality n — [(2n — 2)/3] > 2, hold. Finally, since r #Z 0 (mod 3), it
follows from Remark 2.3.1 that, for each i € {1,...,n} such that S; is separable, the “c”
associated to S; is viable. Thus, the final portion of Lemma 2.5 follows from Corollary 1.5.
This completes the proof of Lemma 2.5. U

3. THE CASE WHERE THE NUMBER OF CusPS IS DIVISIBLE BY THREE

In the present §3, we prove the assertion corresponding to Lemma 2.5 in the case where
r is divisible by three [cf. Lemma 3.4 below|. In the present §3, we maintain the notational
conventions introduced at the beginning of §1. Moreover, write

e Qy) 2Ty A/F? € k(t)[y] — where y is an indeterminate — and

o G, Y 24 Fy- (dFy/dt) - (t — z) + A (t — z)? € k[t] for each i € {1,...,n}.

LEMMA 3.1. — Let i, j € {1,...,n} be distinct elements, and let a € k be a multiple
root of S;;. Then the following assertions hold:

(i) The value Fy(a) is nonzero [i.e., a & {z1,...,2z,}], and, moreover, the equality
A(a)
2
(v = Bila)) - (v = By(@) =y" + Ta(a) 9 + £

holds.
11



(ii) The value A(a) is nonzero.

(iii) For each b € k, there exists at most one unordered pair {i', j'} of distinct elements
of {1,...,n} such that b is a multiple root of Sy .

PRrROOF. — First, we verify assertion (i). Observe that it follows from Lemma 1.2, (i),
that a ¢ {z1,...,2,}. Next, observe that, for the £ that appears in Remark 2.3.1, i.e.,
such that S;; = S., it follows from Lemma 2.2, (iv), that the equalities

o1 =Ti(a) + Ri(a) + Rj(a), o9 =Ty(a)+ Ri(a)* + Rj(a)?
hold. Thus, it follows from Lemma 2.2, (iii), that the equalities
Ri(a) + Rj(a) = =Ti(a), Ri(a)*+ R;(a)* = —Th(a)
hold, which thus [cf. Lemma 1.3, (i)] imply that the equalities

Ala)

Ri(a) - Rj(a) = —(Tl(a)2 + T2(CL>) = W

hold. Assertion (i) follows immediately from these equalities. This completes the proof
of assertion (i).

Assertion (ii) follows from assertion (i), together with the observation that R;(a) and
R;(a) are nonzero. Finally, we verify assertion (iii). Observe that it follows from assertion
(i) that the set {R;(b), Rj(b)} of the pair under consideration is determined by b. More-
over, since [it is immediate that], for each [ € {1,...,n}, the equality z; = b — Ry(b)~?
holds, the set {2y, z;}, hence also the unordered pair {7’, j'}, is determined by b. This
completes the proof of assertion (iii), hence also of Lemma 3.1. O

LEMMA 3.2. — Let v be a root of Q in an algebraic closure of k(t). Then the following
assertions hold:

(i)  The field extension k(t)(v)/k(t) is separable of degree < 2. In particular, the
derivation d/dt of k(t) extends uniquely to a derivation of k(t)(v), which we shall denote
again by d/dt.

(ii) The root v is nonzero, and, moreover, the equality dv/dt = —v? holds.

(iii) The subfield k(t)(v)® C k(t)(v) that consists of the cubes of the elements of k(t)(v)
is of index three and, moreover, coincides with the kernel of d/dt.

(iv) There exists an element Y € k(t)(v) such that the equality 1/v —t = Y3 holds.
(v) For each ¢ € k, the element t — 1/v — ¢ € k(t)(v) is the cube of an element of

k(t)(v).

PROOF. — First, we verify assertion (i). If v is contained in k(t), then assertion (i) is
immediate. If v is not contained in k(t), then the extension k(t)(v)/k(t) is of degree two,
hence separable. This completes the proof of assertion (i).

Next, we verify assertion (ii). Since the value Q(0) = A/F? is nonzero [cf. Lemma 1.3,
(iii)], the root v is nonzero. Next, observe that since the equalities d7}/dt = —T, and
d(A/FZ)/dt = (A/F?) - Ty hold [cf. Lemma 1.3, (ii)], one concludes, by differentiating
the equality v + T} - v+ A/FZ = 0, the equalities

dv  dT d (A A
Ty C=-l (2. 2T
R dt(Fg) 2T
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Now suppose that 2v + T} is nonzero. Then, to verify the equality dv/dt = —v?, it
suffices to verify the equality (20+T7)-(—v?) = Ty-v—(A/Fg)-T;. However, this follows
from a straightforward computation by means of the equalities v* = —T} - v — A/F§ and
T?+ Ty, = —A/F} [cf. Lemma 1.3, (i)].

Next, suppose that 2v 4+ 17 is zero, i.e., that v = T}. Then, substituting v = T} into
the equality v? + T} - v + A/F} = 0, one obtains the equality 277 = —A/FZ, hence [cf.
Lemma 1.3, (i)] also the equality Ty = T?. Thus, the equality dv/dt = dT,/dt = —T, =
—T?% = —v? holds. This completes the proof of assertion (ii).

Next, we verify assertion (iii). Observe that since k is perfect, the equality k(t)® =
k(t3) holds. Thus, since 1, ¢, t* form a basis of the finite field extension k(t)/k(t)3,
the degree [k(t) : k(t)?] is three. On the other hand, the Frobenius endomorphism
determines an isomorphism of k(¢)(v) onto k(t)(v)® that maps k(t) onto k(¢)*, which
implies that the equality [k(t)(v)® : k(t)®] = [k(t)(v) : k(t)] holds. Thus, by dividing
(k(t)(v) : k()] = [k(t)(v) : k(t)] - [k(t) : k(t)3] by [k(t)(v)? : k(t)3], one concludes that the
equality [k(t)(v) : k(t)(v)?] = 3 holds, as desired. Next, observe that since the derivative
of the cube of an element of k(t)(v) is zero [cf. our assumption that the characteristic of
k is three], the subfield k(t)(v)? is contained in the kernel of d/dt. Moreover, since the
kernel of d/dt does not coincide with k(t)(v) [cf. the equality dt/dt = 1], we conclude
that the kernel of d/dt coincides with k(t)(v)3, as desired. This completes the proof of
assertion (iii).

Next, we verify assertion (iv). First, observe that it follows from assertion (ii) that the

equalities
d (1 1 dv v?
dt (v ) v? dt v?

hold, i.e., that 1/v — t belongs to the kernel of the derivation d/dt of k(t)(v). Thus, it
follows from assertion (iii) that there exists an element Y~ € k(¢)(v) such that the equality
1/v —t =Y? holds, as desired. This completes the proof of assertion (iv).

Finally, we verify assertion (v). Since the Frobenius endomorphism is additive, it
follows from assertion (iv) that there exists an element Y € k(t)(v) such that the equality

t—1/v—c=—(Y +c'/3)3
1/3

— where we write ¢'/° € k for the uniquely determined cube root of ¢ — holds. This
completes the proof of assertion (v), hence also of Lemma 3.2. O

LEMMA 3.3. — Let i be an element of {1,...,n}. Then the following assertions hold:
(i) Foreachl € {1,...,n} such that l # i, the equality

dFy

Gila) =g

(21)2 (a2 — Zi)2

holds. In particular, G; is nonzero.
(ii) The inequality ord,,(G;) > 3 holds.
(iii) Suppose that n =2 (mod 3). Then the inequality deg(G;) < 2n — 1 holds.

(iv) Let j be an element of {1,...,n} \ {i}, and let a € k be a multiple root of S;;.

Then the order ord,(G;) is divisible by three, and the inequality ord,(G;) > 3 holds.
13



PrOOF. — First, we verify assertion (i). Since [it is immediate that] Fy(z) = 0, the
equality G;(z;) = A(z) - (21— z;)? holds. Thus, assertion (i) follows from Lemma 1.3, (v).

This completes the proof of assertion (i).

Next, we verify assertion (ii). Write s Yy zande & (dFy/dt)(z;) [which is nonzero].

Then since Fy = ¢; - s (mod s?) and dFy/dt = ¢; (mod s), one verifies immediately from
Lemma 1.3, (v), that each of the three terms of the definition of G; is = ¢?-s? (mod s?).
Thus, the congruence G; = 3¢? - s> = 0 (mod s3) holds. This completes the proof of
assertion (ii).

Next, we verify assertion (iii). First, observe that it follows from Lemma 1.3, (iv),
that the coefficient of t*" in F} (respectively, Fy - (dFy/dt) - (t — 2z;); A - (t — z)?) is 1
(respectively, n; 0). Thus, since [we have assumed that] n = 2 (mod 3), the coefficient
of t*" in G;is 1+ n =0 (mod 3), i.e., zero. This completes the proof of assertion (iii).

Finally, we verify assertion (iv). First, observe that it follows from Lemma 3.1, (i), that
a ¢ {z1,...,2,}, and that the two roots of the polynomial y* + Ty (a) - y + A(a)/Fy(a)?
are the [necessarily distinct — cf. the immediate injectivity of the assignment “I
Ri(a)”] elements R;(a), Rj(a). Next, observe that since [it is immediate that] the equality
Fy - (dFy/dt) = Ty - FZ holds, one verifies easily that the equality

£
holds.

Next, let v be a root of @) in an algebraic closure of k(t). Write © def —T7 — v for the
other root of @ [so Q(y) = (y —v)(y —v)]. Then since [one verifies immediately that] the
equalities B; —v=—R;-v-(t —1/v—z), (t —2)? - R? =1, and v-v = A/FZ hold, one
concludes that the equality

holds.

Next, write L o k(t)(v), C for the projective smooth curve over k& whose function field
is L, and m: C' — X for the morphism determined by the inclusion k(t) C L. First,
observe that since v + 7 = —T; and v - v = A/F} are regular at a [cf. Lemma 3.1,
(i)], the element v of L is integral over the local ring of X at a, hence regular at each
point of 771(a), and the value of v at each point of 771(a) is a root of the polynomial
yv*+Ti(a) - y+Ala)/Fo(a)?, ie., is R;i(a) or Rj(a) [cf. Lemma 3.1, (i)]. In particular, since
these two roots are distinct, the morphism 7 is étale over a. Thus, we may assume without
loss of generality, by interchanging v and v, that there exists a point P of 7~!(a) such
that the equalities v(P) = R;(a), v(P) = Rj(a) hold [cf. the equality v+7 = —T3]. Next,
one verifies easily that the orders at P of the three factors A, t — 1/v — z;, t — 1/7 — z;
of the final display are, respectively, zero [cf. Lemma 3.1, (ii)], > 1 [cf. the equality
a —1/R;(a) = z;], and zero [cf. the equality a — 1/R;(a) = z; # z]. Thus, since the
[nonzero — cf. assertion (i), together with the final display] element ¢ — 1/v — z; of L
is the cube of an element of L [cf. Lemma 3.2, (v)], the order at P of this element is
divisible by three, hence > 3, which thus implies that the order at P of G; is divisible
by three and > 3. Thus, since G; is contained in k[t], and 7 is étale over a, the order
ord,(G;) is divisible by three and > 3, as desired. This completes the proof of assertion
(iv), hence also of Lemma 3.3. O
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LEMMA 34. — Suppose that r = 0 (mod 3) [so n = 2 (mod 3)]. Then the number of
unordered pairs {i,j} of distinct elements of {1,...,n} such that S;; is not separable is
< n(n —2)/3, which is < n(n —1)/2, i.e., the total number of such pairs. In particular
[¢f. Remark 2.3.1; Corollary 1.5], there exists a nilpotent ordinary indigenous bundle on

(X, D)/S.

PROOF. — For each unordered pair {7, j} of distinct elements of {1,...,n} such that
Si; is not separable, let a;; € k be a multiple root of S;;. Let ¢ be an element of
{1,...,n}. Then it follows from Lemma 3.1, (iii), that the elements a;; — where j
ranges over the elements of {1,...,n}\ {i} such that S;; is not separable — are pairwise
distinct; moreover, it follows from Lemma 3.1, (i), that none of these elements is contained
in {z1,...,2,}. Thus, it follows from Lemma 3.3, (ii), (iii), (iv), together with the
nonvanishing of G; [cf. Lemma 3.3, (i)], that the inequalities

3+3-#{j| S is not separable } < deg(G;) < 2n—1

hold. In particular, the number of elements j such that S;; is not separable is < (2n—4)/3.
Thus, by summing over i € {1,...,n} — where we note that, in the resulting sum, each
unordered pair under consideration is counted twice — we conclude that the number of
unordered pairs {i,j} of distinct elements of {1,...,n} such that S;; is not separable
is < n(2n —4)/6 = n(n — 2)/3. Moreover, since 2(n — 2) < 3(n — 1), the inequality
n(n —2)/3 < n(n — 1)/2 holds. Finally, since r = 0 # 2 (mod 3), it follows from
Remark 2.3.1 that, for each unordered pair {7, j} of distinct elements of {1,...,n} such
that S;; is separable, the “” associated to S;; is viable. Thus, the final portion of
Lemma 3.4 follows from Corollary 1.5. This completes the proof of Lemma 3.4. O

4. THE EXISTENCE OF A NILPOTENT ORDINARY INDIGENOUS BUNDLE

In the present §4, we give a proof of the main result of the present paper, i.e., the
assertion that every hyperbolic curve of genus zero in characteristic three is hyperbol-
ically ordinary [cf. Theorem 4.1 below|. Moreover, we observe that the corresponding
assertion over an arbitrary noetherian scheme of characteristic three follows formally [cf.
Corollary 4.2 below].

THEOREM 4.1. — Let r > 3 be an integer, k an algebraically closed field of characteristic

three, and (X, D) a hyperbolic curve of type (0,1) over S o Spec(k). Then the hyperbolic
curve (X, D) over k is hyperbolically ordinary [cf. [7, Chapter II, Definition 3.3]], i.e.,
there ezists a nilpotent ordinary indigenous bundle on (X, D)/S.

PROOF. — If the equality » = 3 holds, then Theorem 4.1 follows from [7, Chapter
II, Corollary 3.8]. Suppose that the inequality r > 4 holds. Then one verifies im-
mediately that, to verify Theorem 4.1, we may assume without loss of generality that
(X, D) coincides with the “(X, D)” of §1 for suitable choices of the pairwise distinct ele-
ments “z1,..., 2.1 of §1. Then Theorem 4.1 follows immediately from Lemma 2.5 and
Lemma 3.4. This completes the proof of Theorem 4.1. O
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REMARK 4.1.1. — We remark that Theorem 4.1 should be compared with the fact that
a general hyperbolic curve of arbitrary type is hyperbolically ordinary [cf. [7, Chapter II,
Proposition 3.4], [7, Chapter II, Corollary 3.8]]. In the case of genus zero in characteristic
three, the genericity assumption may be removed. We also remark that, by [8, Chapter
V, Corollary 1.3, (1)], for a sufficiently general configuration of cusps, the number of
isomorphism classes of nilpotent ordinary indigenous bundles on such a hyperbolic curve
of genus zero is given by a combinatorial formula [cf. also [6, Theorem 5.3]]. On the
other hand, Theorem 4.1 asserts, by way of contrast, the nonemptiness for an arbitrary
configuration of cusps.

COROLLARY 4.2. — Fwvery hyperbolic curve of genus zero over a noetherian scheme of
characteristic three is hyperbolically ordinary.

PrRoOOF. — This assertion is a formal consequence of Theorem 4.1, together with [7,
Chapter II, Proposition 3.4]. O

REFERENCES

[1] Y. Hoshi, Nilpotent admissible indigenous bundles via Cartier operators in characteristic three,
Kodai Math. J. 38 (2015), no. 3, 690-731.

[2] Y. Hoshi, On the supersingular divisors of nilpotent admissible indigenous bundles, Kodai Math. J.
42 (2019), no. 1, 1-47.

[3] Y. Hoshi, Hyperbolic ordinariness of hyperelliptic curves of lower genus in characteristic three,
Kyushu J. Math. 73 (2019), no. 2, 317-335.

[4] Y. Hoshi, On indigenous bundles in characteristic three, RIMS Preprint 1918 (June 2020).

[5] Y. Hoshi, Hyperbolic ordinariness of tetrapods with ordinary Legendre parameters, RIMS Preprint
1996 (July 2026).

[6] Y. Hoshi, Nilpotent admissible indigenous bundles and Cartier eigenforms in characteristic three,
RIMS Preprint 2004 (September 2026).

[7] S. Mochizuki, A theory of ordinary p-adic curves, Publ. Res. Inst. Math. Sci. 32 (1996), no. 6,
957-1152.

[8] S. Mochizuki, Foundations of p-adic Teichmiiller theory, AMS/IP Stud. Adv. Math. 11, Amer.
Math. Soc./Int. Press, 1999.

(Yuichiro Hoshi) RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES, KYOoTO UNIVERSITY, KY-

oTO 606-8502, JAPAN
Email address: yuichiro@kurims.kyoto-u.ac.jp

16



