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Abstract. In the present paper, we investigate anabelian phe-
nomena in positive characteristic from the point of view of Artin–
Schreier theory. First, we prove that, for an arbitrary affine va-
riety over a field of positive characteristic, the injectivity portion
of the Grothendieck section conjecture holds, under the assump-
tion that the field admits a nontrivial Artin–Schreier extension.
While the injectivity portion holds in this greater generality, we
observe that the surjectivity portion of the Grothendieck section
conjecture, or even its birational version, for smooth curves over
positive-characteristic local fields does not hold in general. This
observation reflects the substantial difference between the mixed-
characteristic situation and the positive-characteristic situation in
anabelian geometry. Despite such a difference, by considering
Artin–Schreier-theoretic Galois evaluations appropriately, together
with various techniques in positive-characteristic anabelian geom-
etry due to A. Tamagawa and S. Mochizuki, we prove that the
isomorphism classes of punctured projective lines over positive-
characteristic local fields are completely determined, up to pulling
back by a power of the Frobenius endomorphism of the base field,
by the associated étale fundamental groups in the sense of relative
anabelian geometry. This result may be regarded as the first affir-
mative anabelian result for curves over positive-characteristic local
fields.
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Introduction

A central motivation in anabelian geometry is to understand to what
extent a geometric object may be “reconstructed” from its highly non-
abelian homotopical data, e.g., the étale fundamental group of a hy-
perbolic curve over a suitable field. This research area was founded by
A. Grothendieck in his famous letter to G. Faltings [cf. [2]], in which
several fundamental conjectures, such as the so-called Grothendieck
conjecture and section conjecture, were proposed. Roughly speaking,

• the Grothendieck conjecture is a question concerning the rigid-
ity of [suitable morphisms between] the fundamental groups of
“anabelian varieties” such as hyperbolic curves, and
• the section conjecture asks whether or not every splitting [i.e.,
Galois section] of the homotopy exact sequence associated to
an “anabelian variety” arises from a unique rational point.

Recall that the base fields of the algebraic varieties considered in the
letter are finitely generated fields. With regard to the Grothendieck
conjecture, after the contributions due to H. Nakamura and A. Tam-
agawa [cf. [14], [15], [21]], S. Mochizuki solved the conjecture affir-
matively for arbitrary hyperbolic curves over sub-p-adic fields [cf. [9]].
Here, a sub-p-adic field is a field isomorphic to a subfield of a finitely
generated extension field of the field of p-adic numbers for some prime
number p. This solution is based on the p-adic Hodge theory due to G.
Faltings, and its key point was the change of viewpoint from global to
local. Moreover, the birational version, i.e., the function field version,
of the section conjecture for curves over p-adic local fields was proved
by J. Koenigsmann [cf. [7]]. On the other hand, the Grothendieck con-
jecture for hyperbolic curves over finitely generated fields of positive
characteristic was proved by A. Tamagawa, S. Mochizuki, and J. Stix
[cf. [21], [11], [19], [20]]. Thus, taking the above situation into account,
it is natural to explore anabelian phenomena for smooth curves over
positive-characteristic local fields. However, despite its naturalness, no
analogous result has been obtained so far.

In the present paper, to overcome this unsatisfactory situation, we
investigate the Grothendieck conjecture and the section conjecture in
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positive characteristic from the point of view of Artin–Schreier the-
ory. More precisely, we consider these problems by means of Artin–
Schreier-theoretic Galois evaluations, i.e., the procedure of obtaining
Artin–Schreier classes of elements of the base field by pulling back, by
means of the Galois sections under consideration, the Artin–Schreier
classes of regular functions. Here, we note that Kummer-theoretic Ga-
lois evaluations, i.e., the analogous procedure in which Artin–Schreier
classes are replaced by Kummer classes, frequently appear in the study
of anabelian geometry [cf., e.g., [11], [13]]. On the other hand, to the
knowledge of the authors of the present paper, Artin–Schreier-theoretic
Galois evaluations have not been applied substantially in anabelian ge-
ometry so far. In this sense, one of the new contributions of the present
paper is to show that Artin–Schreier-theoretic Galois evaluations are
also effective in anabelian geometry.

First, with regard to the section conjecture, we prove the following
result [cf. Theorem 1.8, Remark 1.8.1]:

Theorem A. Let p be a prime number, A a field of characteristic p,

and A a separable closure of A. Write G
def
= Gal(A/A) for the absolute

Galois group of A determined by the separable closure A. Then the
following assertions hold:

(i) Suppose that there exists a finite Galois extension field of A of
degree p. Let V be an affine algebraic variety over A [cf. Def-
inition 1.3]. Write Π, ∆ for the respective étale fundamental
groups of V , V ×AA, relative to suitable choices of basepoints.
Then the map from the set of A-rational points of V to the set
of ∆-conjugacy classes of continuous sections of the natural
continuous surjective homomorphism Π ↠ G that maps each
A-rational point of V to the Galois section-class determined by
the A-rational point [cf. Definition 1.6] is injective.

(ii) Let q > 1 be a power of p. Suppose that A is the field Fq((t)) —
where t is an indeterminate — of formal Laurent series with
coefficients in Fq. Then there exists a proper smooth curve C
over A [cf. Definition 1.3] of genus ≥ 2 [cf. Definition 1.4] that
satisfies the following two conditions:
(1) The smooth curve C over A has no rational point over the

perfect closure of A. In particular, the set C(A) is empty.
(2) The natural continuous surjective homomorphisms onto G

from the étale fundamental group of C and from the abso-
lute Galois group of the function field of C admit contin-
uous sections.
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Theorem A, (i), may be regarded as an application of Artin–Schreier-
theoretic Galois evaluations. On the other hand, Theorem A, (ii), is
a consequence of the fact that the p-cohomological dimension of the
absolute Galois group of a field of characteristic p is ≤ 1, together
with an elementary observation concerning the complete discrete val-
uation field associated to the generic point of the special fiber of a
smooth model of a curve. Thus, while the injectivity portion of the
section conjecture holds in the greater generality of Theorem A, (i),
the surjectivity portion of the section conjecture, or even its birational
version, for smooth curves over positive-characteristic local fields does
not hold in general [cf. Theorem A, (ii)]. This observation reflects the
substantial difference between the mixed-characteristic situation and
the positive-characteristic situation in anabelian geometry.

On the other hand, despite such a difference, by applying Artin–
Schreier-theoretic Galois evaluations appropriately, together with var-
ious techniques in positive-characteristic anabelian geometry due to
A. Tamagawa and S. Mochizuki, we prove a Grothendieck conjecture-
type result for punctured projective lines over positive-characteristic
local fields. In order to state this result, we introduce some notation.
In the remainder of the present Introduction, for each □ ∈ {◦, •}, let
p□ be a prime number, F□ a finite field of characteristic p□, and r□ ≥ 3

an integer. Write K□
def
= F□((t)) — where t is an indeterminate —

for the field of formal Laurent series with coefficients in F□. For each
□ ∈ {◦, •}, moreover, let S□ ⊆ P1

K□(K□) be a subset of P1
K□(K□) of

cardinality r□. Write

• X□
def
= P1

K□ \ S□ for the open subscheme of P1
K□ obtained by

forming the complement in P1
K□ of the closed subset [of P1

K□
that corresponds to] S□ ⊆ P1

K□(K□),
• Π□ for the étale fundamental group of X□, relative to a suitable
choice of basepoint, and
• X□(n), for each nonnegative integer n, for the scheme over
K□ obtained by pulling back the scheme X□ over K□ by the
absolute pn□-th power Frobenius endomorphism of Spec(K□).

Then our main result concerning the Grothendieck conjecture is as
follows [cf. Theorem 6.1]:

Theorem B. The following two conditions are equivalent:

(1) There exists a nonnegative integer n such that the scheme X◦
is isomorphic to the scheme X•(n), or the scheme X• is iso-
morphic to the scheme X◦(n).



ANABELIAN GEOMETRY IN POSITIVE CHARACTERISTIC 5

(2) There exists a continuous isomorphism Π◦
∼→ Π• that lies over

a continuous isomorphism between the absolute Galois groups
of K◦, K• which arises from an isomorphism between separable
closures of K•, K◦ that restricts to an isomorphism K•

∼→ K◦
of subfields.

Theorem B may be regarded as the first affirmative anabelian result
for smooth curves over positive-characteristic local fields. The main
ingredients of the proof of Theorem B are as follows:

• The Grothendieck conjecture for affine hyperbolic curves over
finite fields due to A. Tamagawa [cf. [21]].
• The reconstruction of the cuspidal inertia subgroups and var-
ious numerical invariants from the étale fundamental groups
due to A. Tamagawa [cf. [22]].
• The techniques for reconstructing the log fundamental groups
of the log special fibers due to S. Mochizuki [cf. [10]].
• A delicate control, by means of Artin–Schreier-theoretic Galois
evaluations, of the relationship between various Artin–Schreier
coverings of the affine line over a positive-characteristic local
field and their coordinates.

The authors of the present paper expect that this result, together with
its proof, will stimulate further investigation of positive-characteristic
anabelian geometry.

The present paper is organized as follows: In §1, we introduce several
notions concerning algebraic varieties and Galois sections and prove
Theorem A. In §2, we discuss generalities concerning models of smooth
curves and isomorphisms between the étale fundamental groups of
smooth curves. In particular, we prove that, under certain assump-
tions, an isomorphism between the étale fundamental groups of smooth
curves that admit stable reduction induces an isomorphism between the
log fundamental groups of the log special fibers of the stable models
that arises from an isomorphism between these log schemes. Moreover,
we introduce the notions of base-geometric and cyclotomically com-
patible isomorphisms between the étale fundamental groups of smooth
curves. The latter notion is closely related to the control of Frobenius
twists, which may be regarded as one of the main issues in positive-
characteristic anabelian geometry. In §3, we consider strictly isotrivial
smooth curves over positive-characteristic local fields. In particular,
we prove that an isomorphism between the étale fundamental groups
of strictly isotrivial smooth curves that admit stable reduction induces
an isomorphism between the étale fundamental groups of the smooth
curves over finite fields from which the given smooth curves arise by
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base-change. As a consequence, together with the Grothendieck con-
jecture for hyperbolic curves over finite fields, one obtains an anabelian
result for strictly isotrivial smooth curves over positive-characteristic
local fields. In §4, we consider projective lines minus four rational
points. In particular, by applying Artin–Schreier-theoretic Galois eval-
uations, together with the results obtained in §2, we prove that, under
certain assumptions, the isomorphism between the étale fundamental
groups of the projective lines minus the three points 0, 1, ∞ induced by
a given isomorphism between the étale fundamental groups of projec-
tive lines minus four rational points preserves, after a suitable purely
inseparable extension of the base field, the Artin–Schreier coverings de-
termined by the nonzero scalar multiples of the standard coordinate.
In §5, by applying the result obtained in §4, together with the results
obtained in §2 and §3, and by further examining the coordinates of
the cusps by means of Artin–Schreier-theoretic Galois evaluations, we
prove that the isomorphism between the base fields that arises from
the given isomorphism maps the coordinate of the fourth cusp of one
of the projective lines minus four rational points to the coordinate of
the fourth cusp of the other. Finally, in §6, by applying the results
obtained in §2, §3, and §5, we complete the proof of Theorem B.

Acknowledgments. The authors developed the main ideas and proofs
of the main results of the present paper around the middle of 2022.
The first author was supported by JSPS KAKENHI Grant Numbers
21K03162 and 24K06668. This research was supported by the Re-
search Institute for Mathematical Sciences, an International Joint Us-
age/Research Center located at Kyoto University. This research was
also supported by the CNRS France-Japan “Arithmetic and Homotopic
Galois Theory” International Research Network between the RIMS Ky-
oto University, the LPP of Lille University, and the DMA of ENS PSL.

1. Anabelian Injectivity Result

In the present §1, we discuss Artin–Schreier theory for an affine al-
gebraic variety over a field of positive characteristic from the point
of view of the étale fundamental group of the algebraic variety [cf.
Lemma 1.7 below]. This discussion plays an essential role in §4 and §5.
As an application, we prove that the Galois section-class determined
by a rational point of such an affine algebraic variety completely deter-
mines the rational point, under a certain assumption on the field [cf.
Theorem 1.8 below].

In the present §1, let
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• p be a prime number,
• A a field of characteristic p, and
• Aalg an algebraic closure of A;

write

• A for the separable closure in Aalg of A,
• A0 for the algebraic closure in A of the prime subfield of A,
and
• A0 for the algebraic closure in A of the prime subfield of A.

Definition 1.1. Let B be an algebra over A, and let q > 1 be a power
of p. Then we shall write

ϕq : B // B

for the Artin–Schreier endomorphism of B of degree q — i.e., the endo-
morphism of the underlying additive group of the algebra B that maps
b ∈ B to bq − b ∈ B.

Lemma 1.2. Suppose that there exists a finite Galois extension field
of A of degree p. Then the following assertions hold:

(i) The subset ϕp(A) ⊆ A of A does not coincide with A.
(ii) Let b be a nonzero element of A. Then there exists an element

δ of A such that δ · b is not contained in the subset ϕp(A) ⊆ A
of A.

Proof. Assertion (i) follows immediately from Artin–Schreier theory,
together with our assumption that there exists a finite Galois extension
field of A of degree p. Assertion (ii) is an immediate consequence of
assertion (i). This completes the proof of Lemma 1.2. □
Definition 1.3. We shall define

• an algebraic variety over A to be a scheme that is separated,
of finite type, and geometrically integral over A and
• a smooth curve over A to be an algebraic variety over A that
is of relative dimension one and smooth over A.

Definition 1.4. We shall define the genus of a smooth curve C over
A to be the dimension over Aalg of the first cohomology group of the
structure sheaf of the smooth compactification of the smooth curve
C×AAalg over Aalg. Observe that one verifies easily that this dimension
is independent of the choice of the algebraic closure Aalg of A.

Definition 1.5. Let V be an algebraic variety over A. Then we shall
say that



8 YUICHIRO HOSHI AND SHOTA TSUJIMURA

(i) the algebraic variety V over A is isotrivial if there exist an

algebraic variety V 0 over A0 and an isomorphism V ×A A
∼→

V 0 ×A0
A over A, and that

(ii) the algebraic variety V over A is strictly isotrivial if there ex-

ist an algebraic variety V0 over A0 and an isomorphism V
∼→

V0 ×A0 A over A.

In the remainder of the present §1, let
• V be an affine algebraic variety over A;

write

• Π for the étale fundamental group of V , relative to a suitable
choice of basepoint,
• ∆ for the étale fundamental group of V ×A A, relative to a
suitable choice of basepoint, and

• G def
= Gal(A/A) for the absolute Galois group of A determined

by the separable closure A.

Thus, the natural morphisms V ×A A → V → Spec(A) of schemes
induce an exact sequence of topological groups

1 // ∆ // Π // G // 1.

Definition 1.6. Let v ∈ V (A) be an A-rational point of V . Then
we shall refer to the ∆-conjugacy class of continuous sections G → Π
induced by v of the continuous homomorphism Π → G as the Galois
section-class determined by v ∈ V (A).

Lemma 1.7. Let q > 1 be a power of p such that A contains a field of
cardinality q. Then the following assertions hold:

(i) The Artin–Schreier sequence of degree q on V determines an
isomorphism of groups

OV (V )/ϕq
(
OV (V )

) ∼ // H1(Π,Fq).

(ii) Let v ∈ V (A) be an A-rational point of V . Then the diagram
of groups

A/ϕq(A) //

≀
��

OV (V )/ϕq
(
OV (V )

)
//

≀
��

A/ϕq(A)

≀
��

H1(G,Fq) // H1(Π,Fq) // H1(G,Fq)

— where
• the left-hand upper horizontal arrow is the homomorphism
induced by the structure morphism of V over A,
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• the right-hand upper horizontal arrow is the homomor-
phism induced by v ∈ V (A),
• the left-hand lower horizontal arrow is the homomorphism
induced by the continuous homomorphism Π→ G,
• the right-hand lower horizontal arrow is the homomor-
phism induced by [an arbitrary element G → Π of] the
Galois section-class determined by v ∈ V (A), and
• the vertical arrows are the isomorphisms discussed in (i)
[in the case where we take the “V ” of (i) to be V and
Spec(A)] —

commutes.

Proof. Assertion (i) follows immediately from our assumption that
the algebraic variety V is affine, together with our assumption that A
contains a field of cardinality q. Assertion (ii) is a formal consequence
of the [easily verified] functoriality of Artin–Schreier classes. This com-
pletes the proof of Lemma 1.7. □
Theorem 1.8. Suppose that there exists a finite Galois extension field
of A of degree p. Let v, w ∈ V (A) be A-rational points of V . Then the
following two conditions are equivalent:

(1) The equality v = w holds.
(2) The Galois section-class determined by v coincides with the

Galois section-class determined by w.

Proof. First, observe that the implication (1) ⇒ (2) is immediate.
Next, we verify the implication (2) ⇒ (1). Suppose that condition (2)
is satisfied.

Next, observe that since the algebraic variety V over A is affine,
there exists a closed immersion over A from V into the affine space
Ar
A for some positive integer r. Then one verifies easily that, to verify

condition (1), we may assume without loss of generality, by replacing V
by this affine space, that V is the affine space Ar

A. Next, observe that
it is immediate that, to verify condition (1), we may assume without
loss of generality, by considering the various projection morphisms V =
Ar
A → A1

A, that V is the affine line A1
A.

Let z ∈ OV (V ) be a global section of OV that determines an iso-

morphism V
∼→ Spec(A[z]). Write b

def
= z(v) − z(w) ∈ A. Then

it follows from the commutativity of the right-hand square of the
diagram of Lemma 1.7, (ii) [in the case where we take the “q” of
Lemma 1.7 to be p], together with condition (2), that the homomor-
phisms OV (V )/ϕp(OV (V )) → A/ϕp(A) induced by v, w ∈ V (A) co-
incide. Let c be an element of A. By considering the images of the
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element c · z ∈ OV (V ) by these homomorphisms, one concludes that
the element c · b = c · z(v) − c · z(w) of A is contained in the subset
ϕp(A) ⊆ A of A. Thus, since c is an arbitrary element of A, it follows
from Lemma 1.2, (ii), that the equality b = 0, i.e., the equality v = w,
holds. This completes the proof of the implication (2) ⇒ (1), hence
also of Theorem 1.8. □
Remark 1.8.1. Let q > 1 be a power of p. Suppose that A is the
field Fq((t)) — where t is an indeterminate — of formal Laurent series

with coefficients in Fq. Write R
def
= Fq[[t]] ⊆ A for the valuation ring

of the discrete valuation field A and Apf ⊆ Aalg for the perfect closure
of A in Aalg. Let C be a proper smooth curve over A of genus ≥ 2.
Suppose, moreover, that there exists a semistable curve C over R that
is smooth over R such that the generic fiber C ×R A of C coincides

with C, and the special fiber CFq

def
= C ×R Fq of C has no Fq-rational

point. [For instance, by considering suitable deformations over R of a
proper smooth curve over Fq that has no Fq-rational point, one obtains
such a proper smooth curve C over A that is not isotrivial.] Write ΠC ,
∆C for the respective étale fundamental groups of C, C ×A A, relative
to suitable choices of basepoints. Thus, we have a natural continuous
surjective homomorphism ΠC ↠ G whose kernel is given by ∆C ⊆ ΠC .

(i) Since the field Apf is a purely inseparable extension of A, one
verifies easily that each Apf-rational point of C determines,
in a similar way to Definition 1.6, a ∆C-conjugacy class of
continuous sections of the continuous homomorphism ΠC ↠ G.
On the other hand, since the semistable curve C over R is
proper, and the residue field of the integral closure of R in
Apf is Fq, it follows from the valuative criterion of properness,
together with our assumption that CFq has no Fq-rational point,
that C has no Apf-rational point.

(ii) Write η ∈ C for the generic point of CFq , A(C) for the function
field of C, L for the completion of A(C) with respect to the
discrete valuation determined by η, and kL for the residue field
of L, i.e., the function field of CFq . Here, observe that since CFq

is reduced, the element t is a uniformizer of L. Moreover, one
verifies easily that Fq is algebraically closed in kL. Let L be a
separable closure of L, and let A ↪→ L be an embedding over
A. Then since the absolute Galois group of Fq is a free profi-
nite group of rank one, hence projective [cf. [16, Proposition
3.5.15]], the natural continuous surjective homomorphism from
the absolute Galois group of kL to the absolute Galois group
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of Fq — where we consider the absolute Galois groups deter-
mined by the residue field of L— admits a continuous section.
Write M ⊆ L for the unramified extension field of L that cor-
responds to the image of such a continuous section and kM for
the residue field of M . Then it is immediate that the natu-
ral continuous homomorphism from the absolute Galois group
of kM to the absolute Galois group of Fq is an isomorphism.
Thus, since t is a uniformizer of M , one verifies easily that the

natural continuous homomorphism GM
def
= Gal(L/M) → G is

surjective and induces an isomorphism between the maximal
tamely ramified quotients. In particular, the kernel of the con-
tinuous homomorphism GM → G is a pro-p group.

(iii) Since the inequality cdp(G) ≤ 1 holds [cf. [16, Corollary 6.1.3]],
it follows from [16, Theorem 3.5.6] that the continuous ho-
momorphism GM → G discussed in (ii) admits a continu-

ous section. Write GA(C)
def
= Gal(A(C)/A(C)) for the abso-

lute Galois group of A(C) determined by the separable closure

A(C) of A(C) in L. Then since the continuous homomorphism
GM → G factors as the composite of the natural continuous ho-
momorphisms GM → GA(C) ↠ ΠC ↠ G [relative to a suitable
choice of basepoint], one concludes that the natural continu-
ous surjective homomorphisms GA(C) ↠ G and ΠC ↠ G admit
continuous sections. In particular, it follows from (i) that an
analogue over A of the Grothendieck section conjecture — even
its birational version — does not hold.

(iv) On the other hand, in contrast to the situation over positive-
characteristic local fields discussed in (iii), the birational ver-
sion of the Grothendieck section conjecture for proper smooth
curves over mixed-characteristic local fields holds [cf. [7, Propo-
sition 2.4, (2)]].

2. Étale Fundamental Groups of Smooth Curves

In the present §2, we discuss some basic properties of continuous
isomorphisms between the étale fundamental groups of smooth curves
over fields of formal Laurent series with coefficients in finite fields [cf.
Lemma 2.2 below]. In particular, we prove that, under the assump-
tion of stable reduction, such an isomorphism induces an isomorphism
between the log fundamental groups of the special fibers of the sta-
ble models [cf. Lemma 2.10 below]. This discussion plays an essential
role in §3. Moreover, we introduce the notions of base-geometric and
cyclotomically compatible continuous isomorphisms [cf. Definition 2.3,
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Definition 2.4 below] and prove that, in the case where the smooth
curves under consideration are not isotrivial, a base-geometric contin-
uous isomorphism becomes cyclotomically compatible after composing
with the isomorphism induced by a suitable relative Frobenius mor-
phism [cf. Lemma 2.12 below].

In the present §2, for each □ ∈ {◦, •}, let
• p□ be a prime number,
• F□ a finite field of characteristic p□,

• Kalg
□ an algebraic closure of the field K□

def
= F□((t)) — where t

is an indeterminate — of formal Laurent series with coefficients
in F□, and
• X□ a smooth curve over K□ [cf. Definition 1.3] that is either
not of genus zero [cf. Definition 1.4] or not proper over K□;

write

• K□ for the separable closure in Kalg
□ of K□,

• R□
def
= F□[[t]] ⊆ K□ for the valuation ring of the discrete valu-

ation field K□,
• F□ for the algebraic closure of F□ in K□,

• q□
def
= #F□ for the cardinality of F□,

• G□
def
= Gal(K□/K□) for the absolute Galois group of K□ de-

termined by the separable closure K□,
• P□ ⊆ I□ ⊆ G□ for the wild inertia, inertia subgroups of G□,
respectively,

• Gur
□

def
= G□/I□ ↞ Gtm

□
def
= G□/P□ (↞ G□) for the maximal

unramified, tamely ramified quotients of G□, respectively,
• X+

□ for the regular compactification of X□ over K□,
• D□ ⊆ X+

□ for the reduced closed subscheme of X+
□ whose un-

derlying closed subset is given by the complement in X+
□ of

X□,
• g□ for the genus of the smooth curve X□ over K□ [cf. Defini-
tion 1.4],

• r□ for the cardinality of the [necessarily finite] set D□(K
alg
□ ),

• X□
def
= X□ ×K□ K□ ⊆ X+

□
def
= X+

□ ×K□ K□,
• Π□, Π

+
□ for the respective étale fundamental groups of X□, X

+
□ ,

relative to suitable choices of basepoints, and
• ∆□, ∆

+
□ for the respective étale fundamental groups of X□,

X+
□, relative to suitable choices of basepoints.
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Thus, for each □ ∈ {◦, •}, the natural diagram of schemes

X□ //
� _

��

X□� _

��
X+

□
// X+

□

induces a commutative diagram of topological groups

1 // ∆□ //

����

Π□ //

����

G□ // 1

1 // ∆+
□

// Π+
□

// G□ // 1

— where the horizontal sequences are exact, and the vertical arrows
are surjective. In the present §2, let

α : Π◦
∼ / / Π•

be a continuous isomorphism that lies over some uniquely determined
continuous isomorphism αG : G◦

∼→ G•, i.e., that fits into a commuta-
tive diagram of topological groups

Π◦
α

∼
//

����

Π•

����
G◦ αG

∼ // G•

— where the vertical arrows are the natural surjective homomorphisms
— for some uniquely determined continuous isomorphism αG : G◦

∼→
G•.

Definition 2.1. Let □ be an element of {◦, •}.
(i) We shall write Ẑ( ̸=p□) for the pro-prime-to-p□ completion of the

module Z.
(ii) We shall write ΛK□ for the Tate module of the multiplicative

group scheme Gm,K□ over K□ and refer to ΛK□ as the cyclo-

tome associated to K□.
(iii) Suppose that the smooth curve X□ over K□ is of genus ≥ 1.

Then we shall write

ΛX□
def
= HomẐ( ̸=p□)

(
H2(∆+

□, Ẑ( ̸=p□)), Ẑ( ̸=p□)

)
and refer to ΛX□ as the cyclotome associated to X□.

Remark 2.1.1. Let □ be an element of {◦, •}.
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(i) One verifies easily that the module ΛK□ has a natural structure

of free Ẑ( ̸=p□)-module of rank one.
(ii) Suppose that the smooth curve X□ over K□ is of genus ≥ 1.

Then it follows from [8, Chapter VI, Theorem 11.1, (a)], to-
gether with the [well-known — cf. [1, Exposé IX, Théorème
4.10] and footnote 5 of [1, Exposé IX, §4]] fact that the natu-
ral morphism to X+

□ from the smooth compactification of the

smooth curveX□×K□K
alg
□ overKalg

□ induces a continuous outer
isomorphism between the étale fundamental groups, that

(a) the module ΛX□ has a natural structure of free Ẑ( ̸=p□)-
module of rank one, and that

(b) there exists a natural G□-equivariant isomorphism ΛX□
∼→

ΛK□ .

Lemma 2.2. The following assertions hold:

(i) The equality (p◦, q◦, g◦, r◦) = (p•, q•, g•, r•) holds.
(ii) The continuous isomorphism α determines a bijective map be-

tween the set of cuspidal inertia subgroups [i.e., inertia sub-
groups associated to cusps] of Π◦ and the set of cuspidal inertia
subgroups of Π•.

(iii) There exists a uniquely determined continuous outer isomor-

phism α+ : Π+
◦

∼→ Π+
• such that the continuous isomorphisms

α, α+ fit into a commutative diagram of topological groups

Π◦
α

∼
//

����

Π•

����
Π+

◦
α+

∼ // Π+
•

— where the vertical arrows are the ∆+
◦ -, ∆

+
• -conjugacy classes

of continuous surjective homomorphisms induced by the natural
open immersions X◦ ↪→ X+

◦ , X• ↪→ X+
• , respectively.

(iv) The equalities

αG(I◦) = I•, αG(P◦) = P•

hold.

Proof. First, we verify assertions (i), (ii). First, recall from [1, Ex-
posé IX, Théorème 4.10] and footnote 5 of [1, Exposé IX, §4] that the
natural morphism X□ ×K□ K

alg
□ → X□ induces a continuous outer iso-

morphism between the étale fundamental groups. Thus, it follows from
[22, Theorem 1.9] that the equalities g◦ = g•, r◦ = r• hold. In partic-
ular, assertion (ii) is immediate in the case where r◦ = 0 and follows
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from [22, Theorem 2.5] in the case where r◦ 6= 0. Next, the equality
(p◦, q◦) = (p•, q•) follows from [17, Theorem 2.6, (i)]. This completes
the proof of assertions (i), (ii).

Assertion (iii) follows immediately from assertion (ii). Assertion (iv)
is a formal consequence of [17, Theorem 2.6, (ii), (iii)]. This completes
the proof of Lemma 2.2. □
Definition 2.3. We shall say that the continuous isomorphism α is
base-geometric if the continuous isomorphism αG arises from an iso-
morphism K•

∼→ K◦ of fields — which is uniquely determined [cf. the
injectivity of the natural homomorphism from the automorphism group
of K• to the outer automorphism group of G•, together with the slim-
ness of G• — cf. [4, Theorem 2.4], [4, Corollary 4.5], respectively] —

that restricts to an isomorphism K•
∼→ K◦ of subfields.

Definition 2.4. Suppose that the continuous isomorphism α is base-
geometric. Then we shall say that the continuous isomorphism α is
cyclotomically compatible if the following condition is satisfied: Let

J◦ ⊆ Π◦ be an open subgroup of Π◦. Write J•
def
= α(J◦) ⊆ Π•. For each

□ ∈ {◦, •}, write Y □ → X□ for the connected finite étale covering of
X□ that arises from the open subgroup J□ ⊆ Π□ of Π□, which thus
implies that J□ may be identified with the étale fundamental group of
Y □. For each □ ∈ {◦, •}, we regard Y □ as a smooth curve over the
algebraic closure of K□ in the function field of Y □. Suppose that the
smooth curve Y ◦, hence [cf. Lemma 2.2, (i)] also the smooth curve Y •,
is of genus ≥ 1. Then the diagram of topological modules

ΛY ◦
∼ //

≀
��

ΛY •

≀
��

ΛK◦ ∼
// ΛK•

— where the upper horizontal arrow is the isomorphism induced by the
continuous isomorphism α [cf. Lemma 2.2, (iii)], the vertical arrows are
the respective natural isomorphisms of Remark 2.1.1, (ii), (b), and the
lower horizontal arrow is an isomorphism determined by the isomor-
phism K•

∼→ K◦ of fields that induces the continuous isomorphism αG
— commutes.

Remark 2.4.1. Suppose that the continuous isomorphism α is base-
geometric.

(i) Let J ′
◦ ⊆ J◦ be open subgroups of Π◦. Write J ′

•
def
= α(J ′

◦) ⊆
J•

def
= α(J◦). For each □ ∈ {◦, •}, write Y ′

□ → Y □ → X□ for
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the connected finite étale coverings of X□ that arise from the
open subgroups J ′

□ ⊆ J□ ⊆ Π□ of Π□, respectively. Suppose
that the smooth curve Y ◦, hence [cf. Lemma 2.2, (i)] also the
smooth curve Y •, is of genus ≥ 1, which thus implies that, for
each □ ∈ {◦, •}, the smooth curve Y ′

□ is of genus ≥ 1. Then it
follows from [8, Chapter VI, Theorem 11.1, (a)] that, for each
□ ∈ {◦, •}, the homomorphism ΛY ′

□
→ ΛY □ induced by the

natural finite morphism between the regular compactifications
of Y ′

□, Y □ coincides, relative to the natural isomorphisms of
Remark 2.1.1, (ii), (b), with the endomorphism of ΛK□ given
by multiplication by the index of ∆□ ∩ J ′

□ in ∆□ ∩ J□. More-
over, since [it is immediate that] the equality α(∆◦) = ∆•
holds, these two indices coincide. Thus, since the module ΛK◦
is torsion-free [cf. Remark 2.1.1, (i)], the diagram that appears
in Definition 2.4 associated to J◦ commutes if and only if the
diagram that appears in Definition 2.4 associated to J ′

◦ com-
mutes.

(ii) Let J◦ ⊆ Π◦ be an open subgroup of Π◦ such that the cor-
responding smooth curve is of genus ≥ 1, and that the dia-
gram that appears in Definition 2.4 associated to J◦ commutes.
Then, for each open subgroup J ′

◦ ⊆ Π◦ of Π◦ such that the cor-
responding smooth curve is of genus ≥ 1, by applying (i) to the
open subgroups J◦ ∩ J ′

◦ ⊆ J◦ and J◦ ∩ J ′
◦ ⊆ J ′

◦, one concludes
that the diagram that appears in Definition 2.4 associated to
J ′
◦ commutes. In particular, the continuous isomorphism α is

cyclotomically compatible.

Definition 2.5. Let □ be an element of {◦, •}, and let n be a nonneg-
ative integer.

(i) We shall write FrK□(n) for the absolute p
n
□-th power Frobenius

endomorphism of Spec(K□).
(ii) We shall write X□(n) for the smooth curve over K□ obtained

by pulling back the smooth curve X□ over K□ by FrK□(n).
(iii) We shall write FrX□/K□(n) : X□ → X□(n) for the relative p

n
□-th

power Frobenius morphism over K□ [i.e., the morphism deter-
mined by the absolute pn□-th power Frobenius endomorphism
of X□].

Remark 2.5.1. Let □ be an element of {◦, •}, and let n be a non-
negative integer. Then one verifies easily that the relative pn□-th power
Frobenius morphism FrX□/K□(n) : X□ → X□(n) induces a continuous
isomorphism over G□ from the étale fundamental group Π□ of X□ to
the étale fundamental group of X□(n) [which is uniquely determined
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up to composition with inner automorphisms determined by elements
of the kernel of the natural surjective homomorphism from the étale
fundamental group of X□(n) onto G□].

Definition 2.6. Let □ be an element of {◦, •}. Then we shall say
that the smooth curve X□ over K□ admits stable reduction over R□
if there exist a semistable curve X+

□ over R□ and a [possibly empty]
closed subscheme D□ ⊆ X+

□ of X+
□ such that

• the closed subscheme D□ ⊆ X+
□ of X+

□ is contained in the
smooth locus of X+

□ over R□,
• the composite D□ ↪→ X+

□ → Spec(R□) is finite and étale,
• the open subscheme (X+

□ \ D□) ×R□ K□ of X+
□ coincides with

X□, and
• the invertible sheaf ωX+

□ /R□
(D□) on X+

□ — where we write

ωX+
□ /R□

for the dualizing sheaf of X+
□ over R□ — is ample

relative to R□.

Observe that one verifies immediately from [6, Theorem 2.7] that, in
this situation, the pair (X+

□ ,D□) is uniquely determined by X□.

Remark 2.6.1. Let S be a scheme, X1 and X2 semistable curves over
S, and D1 ⊆ X1, D2 ⊆ X2 [possibly empty] closed subschemes of X1, X2,
respectively. Suppose that the closed subschemes D1 ⊆ X1, D2 ⊆ X2

are contained in the smooth loci of X1, X2 over S, respectively, that
the composites D1 ↪→ X1 → S, D2 ↪→ X2 → S are finite and étale,
and that the invertible sheaves ωX1/S(D1), ωX2/S(D2) on X1, X2 —
where we write ωX1/S, ωX2/S for the dualizing sheaves of X1, X2 over S,
respectively — are ample relative to S. Then one verifies immediately
from [6, Theorem 2.7] that the functor that assigns, to a scheme T over
S, the set of isomorphisms over T of the pair (X1 ×S T,D1 ×S T ) with
the pair (X2 ×S T,D2 ×S T ) is representable by a scheme that is finite
and unramified over S.

Remark 2.6.2. Let □ be an element of {◦, •}. Suppose that the
inequality 2 − 2g□ − r□ < 0 holds. Then it follows immediately from
standard limit arguments that there exists a nonnegative integer n0

such that, for each integer n ≥ n0, the regular compactification of
X□(n) over K□ is smooth over K□, and, moreover, the complement
of X□(n) in this regular compactification, equipped with the reduced
scheme structure, is finite and étale over K□. In particular, it follows
from [6, Theorem 2.7] that, for each integer n ≥ n0, there exists a
finite extension field L□ ⊆ K□ of K□ such that the smooth curve
X□(n)×K□L□ over L□ admits stable reduction over the ring of integers
of L□.
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Definition 2.7. Let □ be an element of {◦, •}. Then we shall say that
the smooth curve X□ over K□ admits good reduction over R□ if the
smooth curve X□ over K□ admits stable reduction over R□ — which
implies that there exists a uniquely determined pair (X+

□ ,D□) as in
Definition 2.6 — and, moreover, the semistable curve X+

□ over R□ is
smooth.

Remark 2.7.1. Let □ be an element of {◦, •}. Suppose that the
inequality 2− 2g□ − r□ < 0 holds, and that the smooth curve X□ over
K□ is strictly isotrivial [cf. Definition 1.5, (ii)]. Then one verifies easily
that the smooth curve X□ over K□ admits good reduction over R□.

Remark 2.7.2. Let □ be an element of {◦, •}. Suppose that the
smooth curveX□ overK□ is isotrivial [cf. Definition 1.5, (i)] and admits
good reduction over R□. Then one verifies easily — by considering
the scheme over R□ of isomorphisms between the pair (X+

□ ,D□) of
Definition 2.7 and the base-change, via the natural inclusion F□ ↪→ R□,
of the special fiber of this pair, which is finite and unramified over R□
[cf. Remark 2.6.1], together with Galois descent — that the smooth
curve X□ over K□ is strictly isotrivial [cf. Definition 1.5, (ii)].

In the remainder of the present §2, suppose that, for each □ ∈ {◦, •},
the smooth curve X□ over K□ admits stable reduction over R□. In
particular, for each □ ∈ {◦, •}, we have a pair (X+

□ ,D□) as in Defini-
tion 2.6.

Definition 2.8. Let □ be an element of {◦, •}. Then we shall write

• Πtm
□ for the tame fundamental group of the pair (X+

□ , D□),
relative to a suitable choice of basepoint,
• ∆tm

□ for the tame fundamental group of the pair (X+
□, D□×K□

K□), relative to a suitable choice of basepoint,

• X+
□

def
= X+

□ ×R□ F□ for the special fiber of the semistable curve
X+

□ over R□,

• X log
□ for the [necessarily fs] log scheme obtained by equipping
X+

□ with the log structure determined by the divisor X+
□ ∪D□

on X+
□ ,

• X log
□ for the [necessarily fs] log scheme obtained by equipping
X+

□ with the log structure obtained by pulling back the log

structure of X log
□ by the natural closed immersion X+

□ ↪→ X+
□ ,

• Πlog
□ for the log fundamental group of X log

□ , relative to a suitable
choice of basepoint, and
• ∆log

□ for the kernel of the natural continuous outer homomor-

phism Πlog
□ ↠ Gtm

□ .
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Remark 2.8.1. Let □ be an element of {◦, •}. The various results of
[5, §6, §7] are stated for stable curves over complete discrete valuation
rings whose generic fibers are proper and smooth, i.e., for stable curves
without marked points. On the other hand, one verifies easily that
the arguments applied in the proofs of [5, Lemma 6.5], [5, Lemma
6.9], [5, Lemma 6.11], [5, Lemma 7.1], and [5, Lemma 7.3] remain
valid, without essential modification, in the case of the pair (X+

□ ,D□),
i.e., in the case where marked points are allowed, if we replace the
étale fundamental group of the generic fiber and the log schemes of [5,

Definition 6.1] by Πtm
□ and X log

□ , X log
□ [cf. Definition 2.8], respectively.

Indeed, the properties of log fundamental groups applied in these proofs
are consequences of [3, Corollary 1] and [3, Proposition B.7], which are
valid for arbitrary log regular log schemes, hence, in particular, for
the log scheme X log

□ , whose log structure is determined by the divisor
X+

□ ∪ D□ [cf. also the proof of [10, Theorem 2.7]].

Lemma 2.9. Let □ be an element of {◦, •}. Then the following asser-
tions hold:

(i) The natural strict closed immersion X log
□ ↪→ X log

□ induces a
continuous outer isomorphism of the log fundamental group
Πlog

□ of X log
□ with the log fundamental group of X log

□ . In par-
ticular, the natural inclusions X□ ↪→ X+

□ ←↩ X+
□ induce a

commutative diagram of topological groups

1 // ∆□ //

����

Π□ //

����

G□ // 1

1 // ∆tm
□

//

����

Πtm
□

//

����

G□ //

����

1

1 // ∆log
□

// Πlog
□

// Gtm
□

// 1

— where the horizontal sequences are exact, and the vertical
arrows are surjective.

(ii) The left-hand lower vertical arrow ∆tm
□ ↠ ∆log

□ of the diagram
of (i) induces a continuous isomorphism between the respective
maximal pro-prime-to-p□ quotients.

Proof. These assertions follow immediately from [3, Corollary 1], [3,
Proposition B.7], [3, Theorem 2], together with the various definitions
involved. □
Lemma 2.10. The following assertions hold:
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(i) There exists a uniquely determined continuous isomorphism

αtm : Πtm
◦

∼→ Πtm
• such that the continuous isomorphisms α,

αtm fit into a commutative diagram of topological groups

Π◦
α

∼
//

����

Π•

����
Πtm

◦
αtm

∼ // Πtm
•

— where the vertical arrows are the middle upper vertical ar-
rows of the diagrams of Lemma 2.9, (i), in the cases where we
take the “□” of Lemma 2.9 to be ◦, •, respectively.

(ii) There exists a uniquely determined continuous isomorphism

αlog : Πlog
◦

∼→ Πlog
• such that the continuous isomorphisms αtm

[cf. (i)], αlog fit into a commutative diagram of topological groups

Πtm
◦

αtm

∼
//

����

Πtm
•

����

Πlog
◦

αlog

∼ // Πlog
•

— where the vertical arrows are the middle lower vertical ar-
rows of the diagrams of Lemma 2.9, (i), in the cases where we
take the “□” of Lemma 2.9 to be ◦, •, respectively.

(iii) Suppose that the isomorphism α is cyclotomically compatible.

Then the isomorphism αlog : Πlog
◦

∼→ Πlog
• of (ii) arises from

an isomorphism X log
◦

∼→ X log
• over the isomorphism F•

∼→ F◦
induced by the isomorphism K•

∼→ K◦ of Definition 2.3.

Proof. Assertion (i) follows immediately from Lemma 2.2, (ii). Next,
we verify assertion (ii). The desired uniqueness follows from the surjec-
tivity of the natural continuous homomorphism Πtm

◦ ↠ Πlog
◦ . To verify

the desired existence, for each □ ∈ {◦, •}, write
• N□ ⊆ Πtm

□ for the kernel of the natural continuous surjective

homomorphism Πtm
□ ↠ Πlog

□ that appears in the diagram of
Lemma 2.9, (i),

• ∆tm
□ ↠ ∆

tm,( ̸=p□)
□ for the maximal pro-prime-to-p□ quotient of

∆tm
□ ,

• Qtm
□ for the quotient of Πtm

□ by the kernel of ∆tm
□ ↠ ∆

tm,( ̸=p□)
□ ,

which thus implies that we have a natural exact sequence of
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topological groups

1 // ∆
tm,( ̸=p□)
□

// Qtm
□

// G□ // 1,

• P̃□ ⊆ Qtm
□ for the inverse image of P□ ⊆ G□ by the natural

continuous surjective homomorphism Qtm
□ ↠ G□,

• N□ ⊆ Qtm
□ for the image of N□ ⊆ Πtm

□ in Qtm
□ , and

• M□ ⊆ Πtm
□ for the inverse image of N□ ⊆ Qtm

□ by the natural
surjective homomorphism Πtm

□ ↠ Qtm
□ .

Then it follows immediately from the commutativity of the diagram of
Lemma 2.9, (i), that

• the intersectionN□∩∆tm
□ is the kernel of the natural continuous

surjective homomorphism ∆tm
□ ↠ ∆log

□ , and that
• the image of N□ in G□ coincides with P□.

In particular, since the natural continuous surjective homomorphism
∆tm

□ ↠ ∆log
□ induces an isomorphism between the respective maximal

pro-prime-to-p□ quotients [cf. Lemma 2.9, (ii)], one verifies easily that

• the normal closed subgroup N□ ⊆ Qtm
□ of Qtm

□ is contained in

P̃□, and that

• the intersection N□ ∩∆
tm,( ̸=p□)
□ is trivial.

Thus, one concludes that

(a) for each □ ∈ {◦, •}, the natural surjective homomorphism
Qtm

□ ↠ G□ restricts to an isomorphism

N□
∼ // P□.

In particular, since [it is immediate that] both N□ and ∆
tm,( ̸=p□)
□ are

normal subgroups of Qtm
□ , every element of N□ commutes with every

element of ∆
tm,( ̸=p□)
□ . On the other hand, since [we have assumed that]

the invertible sheaf ωX+
□ /R□

(D□) on X+
□ is ample relative to R□, it

follows from [21, Proposition 1.11] that the profinite group ∆
tm,( ̸=p□)
□ is

center-free. In particular, the restriction to the centralizer of ∆
tm,( ̸=p□)
□

in P̃□ of the natural continuous surjective homomorphism P̃□ ↠ P□ is
injective. Thus, one concludes that

(b) for each □ ∈ {◦, •}, the closed subgroup N□ ⊆ P̃□ coincides

with the centralizer of ∆
tm,( ̸=p□)
□ in P̃□.

Next, observe that it follows from Lemma 2.2, (i), (iv), that the
equalities p◦ = p• and αG(P◦) = P• hold. Thus, since [it is immediate
that] the continuous isomorphism αtm of assertion (i) lies over αG, it
follows from (b) that
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(c) the continuous isomorphism αtm maps M◦ ⊆ Πtm
◦ onto M• ⊆

Πtm
• .

Next, observe that since, for each □ ∈ {◦, •}, the closed subgroup

N□ ⊆ Qtm
□ is pro-p□ [cf. (a)], and the profinite group ∆

tm,( ̸=p□)
□ is pro-

prime-to-p□, it follows immediately from [12, Remark 1.1.5] that there
exists an open subgroup J◦ ⊆ Πtm

◦ of Πtm
◦ that contains M◦ such that

the stable curve over the residue field that arises from the stable model
of the finite étale covering of X◦ that corresponds to J◦ is sturdy [cf.
[12, Definition 1.1]]. Write J• ⊆ Πtm

• for the image of J◦ by αtm. Then
it follows from (c) that J• contains M•, hence also N•. In particular,
for each □ ∈ {◦, •}, it follows from [5, Lemma 6.5, (i)] [cf. also Re-
mark 2.8.1] that the finite étale covering of X□ that corresponds to J□
admits stable reduction, and that the kernel of the natural continuous
surjective homomorphism from J□ to the log fundamental group of the
log special fiber of the resulting stable model is given by N□. Thus, it
follows from a similar argument to the argument applied in the proof
of [5, Lemma 7.3, (ii)] [cf. Remark 2.8.1] that αtm maps N◦ onto N•.
In particular, the continuous isomorphism αtm induces a continuous
isomorphism Πlog

◦
∼→ Πlog

• as in assertion (ii). This completes the proof
of assertion (ii).

Assertion (iii) follows immediately — by passing to suitable open
subgroups of Πtm

◦ that contain N◦ [cf. [5, Lemma 5.9, (iii)], [5, Lemma
6.9], [5, Lemma 6.11]], together with Galois descent — from a similar
argument to the argument applied in the proof of [10, Theorem 2.7],
where we apply [5, Lemma 7.3, (iv)] [cf. Remark 2.8.1] (respectively,
[21, Theorem 0.5]; [11, Theorem 3.12]) in the case where X+

◦ or X+
• is

not smooth (respectively, X+
◦ , X+

• are smooth, and D◦ is nonempty;
X+

◦ , X+
• are smooth, and D◦ is empty) — where we note that it follows

from Lemma 2.2, (ii), that D◦ is empty if and only if D• is empty. [Note
that our assumption that α is cyclotomically compatible plays the role
of [10, Lemma 2.6].] This completes the proof of Lemma 2.10. □
Lemma 2.11. Let □ be an element of {◦, •}. Suppose that the smooth
curve X□ over K□ admits good reduction over R□. Then the following
two conditions are equivalent:

(1) The smooth curve X□ over K□ is isotrivial.

(2) The natural continuous surjective homomorphism ∆tm
□ ↠ ∆log

□
is an isomorphism.

Proof. This assertion follows immediately from [23, Theorem 8.1] [cf.
also Remark 2.7.2]. □
Lemma 2.12. Suppose that the following two conditions are satisfied:
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(1) The continuous isomorphism α is base-geometric.
(2) The smooth curve X◦ over K◦ is not isotrivial.

Then there exists a uniquely determined integer n that satisfies the
following two conditions:

(3) If n is nonnegative, then the composite of the continuous iso-

morphism α : Π◦
∼→ Π• with some continuous isomorphism [cf.

Remark 2.5.1] over G• from the étale fundamental group Π• of
X• to the étale fundamental group of X•(n) induced by the rela-
tive pn• -th power Frobenius morphism FrX•/K•(n) : X• → X•(n)
is cyclotomically compatible.

(4) If n is negative, then the composite of the inverse of some
continuous isomorphism [cf. Remark 2.5.1] over G◦ from the
étale fundamental group Π◦ of X◦ to the étale fundamental
group of X◦(−n) induced by the relative p−n◦ -th power Frobenius
morphism FrX◦/K◦(−n) : X◦ → X◦(−n) with the continuous

isomorphism α : Π◦
∼→ Π• is cyclotomically compatible.

Proof. This assertion follows immediately — in light of Remark 2.4.1,
(ii), and Lemma 2.10, (i) — from a similar argument to the argument
applied in the proof of [5, Lemma 7.7, (ii)]. □

3. Anabelian Result for Strictly Isotrivial Smooth
Curves

In the present §3, we discuss continuous isomorphisms between the
étale fundamental groups of smooth curves that admit stable reduc-
tion in the case where one of the smooth curves is strictly isotrivial. In
particular, we give a characterization of the kernel of the natural con-
tinuous surjective homomorphism from the étale fundamental group of
a strictly isotrivial smooth curve onto the étale fundamental group of
a smooth curve over a finite field from which the given smooth curve
arises by base-change in terms of the intersection of this kernel with
the geometric fundamental group [cf. Lemma 3.1, (ii), below], together
with a characterization of this intersection in terms of finite étale cov-
erings [cf. Lemma 3.2 below]. Next, we prove that the other smooth
curve is also strictly isotrivial [cf. Theorem 3.3 below]. Then, by ap-
plying the above characterizations, we prove that the given continuous
isomorphism induces an isomorphism between the étale fundamental
groups of the smooth curves over finite fields [cf. Theorem 3.4 below].
Thus, by applying the anabelian results for smooth curves over finite
fields, we conclude that the given smooth curves are isomorphic as
schemes [cf. Theorem 3.5 below].
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In the present §3, suppose that we are in the situation at the begin-
ning of the preceding §2; suppose, moreover, that, for each □ ∈ {◦, •},
the smooth curve X□ over K□ [cf. Definition 1.3] admits stable reduc-
tion over R□ [cf. Definition 2.6]. In the present §3, let J□ ⊆ Π□ be an
open normal subgroup of Π□. Write

• Y □ → X□ for the connected finite étale Galois covering of X□
that corresponds to the open normal subgroup J□ ⊆ Π□,
• H□ ⊆ G□ for the image of J□ in G□, and
• L□ ⊆ K□ for the [necessarily finite Galois] extension field of
K□ that corresponds to the open normal subgroup H□ ⊆ G□
of G□, which thus implies that we may regard Y □ as a smooth
curve over L□.

In the present §3, moreover, for each □ ∈ {◦, •}, if the smooth curve
X□ over K□ is strictly isotrivial, then fix a smooth curve X□,0 over F□
and an isomorphism X□

∼→ X□,0 ×F□ K□ over K□ [cf. Definition 1.5,
(ii)] and write

• Π□,0 for the étale fundamental group of X□,0, relative to a
suitable choice of basepoint,
• ∆□,0 for the étale fundamental group of X□,0 ×F□ F□, relative
to a suitable choice of basepoint,
• N cst

□ ⊆ Π□ for the kernel of the natural continuous outer ho-
momorphism Π□ → Π□,0 induced by the composite of the

fixed isomorphism X□
∼→ X□,0 ×F□ K□ and the projection

X□,0 ×F□ K□ → X□,0 onto the first factor, and

• ∆cst
□

def
= N cst

□ ∩∆□.

Lemma 3.1. Let □ be an element of {◦, •}. Suppose that the smooth
curve X□ over K□ is strictly isotrivial. Then the following assertions
hold:

(i) The natural continuous homomorphisms Π□ → Π□,0, ∆□ →
∆□,0 are surjective. Moreover, the natural continuous homo-
morphism

Π□/∆
cst
□

// Π□,0 ×Gur
□ G□

— where we identify Gur
□ with Gal(F□/F□) in the natural way

— is an isomorphism that restricts to an isomorphism of N cst
□ /∆cst

□
with {1} × I□ of subgroups.

(ii) The closed subgroup N cst
□ ⊆ Π□ of Π□ coincides with the set of

elements γ ∈ Π□ such that γδγ−1δ−1 ∈ ∆cst
□ for every δ ∈ ∆□.



ANABELIAN GEOMETRY IN POSITIVE CHARACTERISTIC 25

Proof. First, we verify assertion (i). Since F□ is algebraically closed,
one verifies immediately that every connected finite étale covering of
X□,0×F□ F□ remains connected after base-changing via F□ ↪→ K□. In
particular, one concludes that the continuous homomorphism ∆□ →
∆□,0 is surjective. Moreover, since K□ = F□((t)), the natural continu-
ous homomorphism G□ → Gal(F□/F□) is a surjective homomorphism
whose kernel is given by I□. Thus, the remaining portion of asser-
tion (i) follows immediately from the various definitions involved. This
completes the proof of assertion (i).

Next, we verify assertion (ii). It follows immediately from assertion

(i) that the action of every element of Π□ on ∆□/∆
cst
□

∼→ ∆□,0 by
conjugation coincides with the action by conjugation of the image of
this element in Π□,0. Thus, it follows immediately from the various
definitions involved that, to verify assertion (ii), it suffices to verify
that the conjugation action of Π□,0 on ∆□,0 is faithful. Let γ be an
element of Π□,0 that commutes with every element of ∆□,0. Write
σ ∈ Gal(F□/F□) for the image of γ in Gal(F□/F□). Now since [we
have assumed that] X□ admits stable reduction over R□, one verifies
easily that there exists an open subgroup J□,0 ⊆ Π□,0 of Π□,0 such
that the smooth curve over F□ that corresponds to the open subgroup
J□,0 ∩ ∆□,0 ⊆ ∆□,0 of ∆□,0 is of genus ≥ 1 [cf. Definition 1.4, [12,
Remark 1.1.5]]. Moreover, since J□,0 is of finite index in Π□,0, there
exists a positive integer n such that γn ∈ J□,0. Since γn commutes with
every element of J□,0∩∆□,0 [cf. our choice of γ], the action of γn on the

second cohomology group, with coefficients in Ẑ( ̸=p□), of the maximal
pro-prime-to-p□ quotient of the étale fundamental group of the smooth
compactification of the smooth curve over F□ that corresponds to the
open subgroup J□,0∩∆□,0 ⊆ ∆□,0 of ∆□,0 is trivial. On the other hand,
it follows from [8, Chapter VI, Theorem 11.1, (a)] [cf. also Remark 2.1.1,
(ii)] that this action is given by the inverse of the cyclotomic character
of σn. Thus, since F□ is generated over F□ by the roots of unity of
order prime to p□, we conclude that σ

n is trivial, which thus implies [cf.
the well-known torsion-freeness of Gal(F□/F□)] that σ is trivial, i.e.,
that γ ∈ ∆□,0. In particular, one concludes that γ is contained in the
center of ∆□,0. Thus, it follows from [21, Proposition 1.11] that γ = 1.
This completes the proof of assertion (ii), hence also of Lemma 3.1. □
Lemma 3.2. Let □ be an element of {◦, •}. Suppose that the smooth
curve X□ over K□ is strictly isotrivial. Then the following two condi-
tions are equivalent:

(1) The inclusion ∆cst
□ ⊆ ∆□ ∩ J□ holds.
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(2) The smooth curve Y □ over L□ is isotrivial [cf. Definition 1.5,
(i)].

Proof. First, observe that the implication (1) ⇒ (2) follows immedi-
ately from Lemma 3.1, (i). Next, we verify the implication (2) ⇒ (1).
Suppose that condition (2) is satisfied, i.e., that there exist a smooth

curve V 0 over F□ and an isomorphism Y □×L□ K□
∼→ V 0×F□ K□ over

K□. Write Γ
def
= ∆□/(∆□ ∩ J□). Then since [we have assumed that] J□

is normal in Π□, the finite étale covering Y □ ×L□ K□ → X□ ×K□ K□
is Galois with Galois group Γ. Now since [we have assumed that]
X□ admits stable reduction over R□, it follows from Remark 2.6.1
that the group scheme over F□ of automorphisms of V 0 is unrami-
fied over F□. Thus, since F□ is algebraically closed, the action of Γ on
V 0 ×F□ K□ [obtained by transporting the action of Γ on Y □ ×L□ K□
via the above isomorphism] arises, by base-changing via F□ ↪→ K□,

from a [necessarily free] action of Γ on V 0. Write W
def
= V 0/Γ. Then

we have isomorphisms over K□

W ×F□ K□
∼ // X□ ×K□ K□

∼ / / (X□,0 ×F□ F□)×F□ K□

— where the first arrow is the isomorphism induced by the isomor-
phisms W ×F□ K□

∼→ (V 0 ×F□ K□)/Γ
∼→ (Y □ ×L□ K□)/Γ. Moreover,

since F□ is algebraically closed, it follows from Remark 2.6.1 that the
composite isomorphism W×F□K□

∼→ (X□,0×F□F□)×F□K□ arises, by

base-changing via F□ ↪→ K□, from an isomorphism W
∼→ X□,0×F□ F□

over F□. Thus, the finite étale covering Y □ ×L□ K□ → X□ ×K□ K□
arises, by base-changing via F□ ↪→ K□, from the connected finite étale
covering V 0 → V 0/Γ = W

∼→ X□,0 ×F□ F□. In particular, it fol-
lows from Lemma 3.1, (i), that the inclusion ∆cst

□ ⊆ ∆□ ∩ J□ holds.
This completes the proof of the implication (2) ⇒ (1), hence also of
Lemma 3.2. □
Remark 3.2.1. Let □ be an element of {◦, •}. Suppose that the
smooth curve X□ over K□ is strictly isotrivial. Then it follows imme-
diately from Lemma 3.2 that the closed subgroup ∆cst

□ ⊆ ∆□ of ∆□
does not depend on the choice of the smooth curve X□,0 over F□ and

the isomorphism X□
∼→ X□,0 ×F□ K□ fixed in the discussion at the

beginning of §3. Thus, it follows from Lemma 3.1, (ii), that the closed
subgroup N cst

□ ⊆ Π□ of Π□ also does not depend on these choices.

Theorem 3.3. Suppose that the smooth curve X◦ over K◦ is strictly
isotrivial. Then the smooth curve X• over K• is strictly isotrivial.
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Proof. First, we verify that the smooth curve X• over K• admits
good reduction over R• [cf. Definition 2.7]. Since [we have assumed
that] the smooth curve X◦ over K◦ admits stable reduction over R◦,
the inequality 2 − 2g◦ − r◦ < 0 holds. Thus, since [we have assumed
that] the smooth curve X◦ over K◦ is strictly isotrivial, it follows from
Remark 2.7.1 that the smooth curve X◦ over K◦ admits good reduc-
tion over R◦. In particular, it follows from [21, Theorem 5.3] [cf. our
assumption that, for each □ ∈ {◦, •}, the smooth curve X□ over K□
admits stable reduction over R□], together with Lemma 2.2, (i), (iv),
that the smooth curve X• over K• admits good reduction over R•, as
desired.

Next, we verify that the smooth curve X• over K• is isotrivial. Since
the smooth curve X◦ over K◦ is isotrivial [cf. our assumption that
the smooth curve X◦ over K◦ is strictly isotrivial] and admits good
reduction over R◦ [cf. the argument of the first paragraph of the present
proof], it follows from the implication (1) ⇒ (2) of Lemma 2.11 that
the natural continuous surjective homomorphism ∆tm

◦ ↠ ∆log
◦ is an

isomorphism. Thus, since the continuous isomorphisms αtm, αlog of
Lemma 2.10, (i), (ii), lie over the continuous isomorphisms G◦

∼→ G•,

Gtm
◦

∼→ Gtm
• determined by αG, respectively [cf. Lemma 2.2, (iv)], one

verifies easily that the natural continuous surjective homomorphism
∆tm

• ↠ ∆log
• is an isomorphism. In particular, since the smooth curve

X• over K• admits good reduction over R• [cf. the argument of the first
paragraph of the present proof], it follows from the implication (2) ⇒
(1) of Lemma 2.11 that the smooth curve X• over K• is isotrivial, as
desired.

Finally, since the smooth curve X• over K• is isotrivial and admits
good reduction over R• [cf. the arguments of the first and second para-
graphs of the present proof], it follows from Remark 2.7.2 that the
smooth curve X• over K• is strictly isotrivial, as desired. This com-
pletes the proof of Theorem 3.3. □
Theorem 3.4. Suppose that the smooth curve X◦ over K◦ is strictly
isotrivial [which thus implies that the smooth curve X• over K• is
strictly isotrivial — cf. Theorem 3.3]. Then there exists a continu-

ous isomorphism α0 : Π◦,0
∼→ Π•,0 [which is uniquely determined up to

composition with inner automorphisms of Π•,0 determined by elements
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of ∆•,0] such that the continuous isomorphisms α, α0 fit into a com-
mutative diagram of topological groups

Π◦
α

∼
//

����

Π•

����
Π◦,0 α0

∼ // Π•,0

— where the vertical arrows are the ∆◦,0-, ∆•,0-conjugacy classes of
continuous surjective homomorphisms induced by the natural morphisms
X◦ → X◦,0, X• → X•,0, respectively.

Proof. Since the smooth curve X• over K• is strictly isotrivial [cf.
Theorem 3.3], it follows immediately from Lemma 3.1, (i), that, to
verify Theorem 3.4, it suffices to verify the equality α(N cst

◦ ) = N cst
• .

Moreover, since α(∆◦) = ∆•, it follows from Lemma 3.1, (ii), that,
to verify the equality α(N cst

◦ ) = N cst
• , it suffices to verify the equality

α(∆cst
◦ ) = ∆cst

• . Thus, it follows immediately from Lemma 3.2 [cf. also
Remark 3.2.1], together with a similar argument applied to the inverse
of α, that, to verify Theorem 3.4, it suffices to verify the following
assertion:

(a) If J• = α(J◦), and the smooth curve Y ◦ over L◦ is isotrivial,
then the smooth curve Y • over L• is isotrivial.

Suppose that J• = α(J◦), and that the smooth curve Y ◦ over L◦ is
isotrivial. Then one verifies easily that there exists a finite extension
field L′

◦ ⊆ K◦ of L◦ such that the smooth curve Y ◦ ×L◦ L
′
◦ over L′

◦ is
strictly isotrivial. Write L′

• ⊆ K• for the finite extension field of L• that
corresponds, relative to αG, to L

′
◦. Now since [we have assumed that]

the smooth curve X• over K• admits stable reduction over R•, we may
assume without loss of generality, by replacing L′

◦ by a suitable finite
extension field of L′

◦ [cf. Remark 2.6.2], that there exists a nonnegative
integer n such that the smooth curve Y •(n)×L• L

′
• over L

′
• admits sta-

ble reduction over the ring of integers of L′
•. On the other hand, since

the smooth curve Y ◦ ×L◦ L
′
◦ over L′

◦ is strictly isotrivial, and [we have
assumed that] the smooth curve X◦ over K◦ admits stable reduction
over R◦, it follows from Remark 2.7.1 that the smooth curve Y ◦×L◦ L

′
◦

over L′
◦ admits good reduction over the ring of integers of L′

◦. Thus,
by applying Theorem 3.3 — where we take the “(K◦, K•, X◦, X•)” of
Theorem 3.3 to be (L′

◦, L
′
•, Y ◦×L◦L

′
◦, Y •(n)×L•L

′
•) and the “α” of The-

orem 3.3 to be the continuous isomorphism from the étale fundamental
group of Y ◦ ×L◦ L

′
◦ to the étale fundamental group of Y •(n) ×L• L

′
•

obtained by composing the restriction of α to the open subgroup of J◦
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that corresponds to Y ◦×L◦L
′
◦ with a continuous isomorphism as in Re-

mark 2.5.1 [in the case where we take the “(K•, X•)” of Remark 2.5.1 to
be (L′

•, Y •×L•L
′
•)] — one concludes that the smooth curve Y •(n)×L•L

′
•

over L′
• is strictly isotrivial, hence that the smooth curve Y •(n) over

L• is isotrivial. Next, write

• X•,0(n) for the smooth curve over F• obtained by pulling back
the smooth curve X•,0 over F• by the absolute pn• -th power
Frobenius endomorphism of Spec(F•) and
• J•(n) for the image of J• by a continuous isomorphism from Π•
to the étale fundamental group of X•(n) as in Remark 2.5.1.

Then one verifies easily that the isomorphism X•
∼→ X•,0 ×F• K• fixed

in the discussion at the beginning of the present §3 determines an iso-
morphism X•(n)

∼→ X•,0(n)×F•K• over K• that is compatible with the
relative pn• -th power Frobenius morphisms of X• over K• and X•,0 over
F•, which thus implies that the smooth curve X•(n) over K• is strictly
isotrivial and admits good reduction over R•, and that the above con-
tinuous isomorphism maps ∆cst

• onto the closed subgroup of the étale
fundamental group of X•(n) obtained by applying the construction
of ∆cst

• in the discussion at the beginning of the present §3 to X•(n)
and this isomorphism [cf. Remark 3.2.1]. Moreover, one verifies easily
that the connected finite étale covering of X•(n) that corresponds to
J•(n) is naturally isomorphic to Y •(n). Thus, since the smooth curve
Y •(n) over L• is isotrivial, it follows from the implication (2) ⇒ (1)
of Lemma 3.2 — where we take the “(X•, X•,0, J•)” of Lemma 3.2 to
be (X•(n), X•,0(n), J•(n)) — that this closed subgroup is contained in
J•(n), which thus implies that the inclusion ∆cst

• ⊆ ∆• ∩ J• holds. In
particular, it follows from the implication (1) ⇒ (2) of Lemma 3.2 that
the smooth curve Y • over L• is isotrivial, as desired. This completes
the proof of (a), hence also of Theorem 3.4. □
Theorem 3.5. Suppose that the smooth curve X◦ over K◦ is strictly
isotrivial. Then the following assertions hold:

(i) There exists a uniquely determined isomorphism of schemes

θ0 : X◦,0
∼→ X•,0 such that the continuous isomorphism α0 of

Theorem 3.4 belongs to the continuous outer isomorphism Π◦,0
∼→

Π•,0 induced by θ0. In particular, the scheme X◦ is isomorphic
to the scheme X•.

(ii) Suppose that the continuous isomorphism α is cyclotomically
compatible [cf. Definition 2.4]. Then the isomorphism θ0 of (i)

lies over the isomorphism Spec(F◦)
∼→ Spec(F•) of schemes

determined by the isomorphism F•
∼→ F◦ of fields obtained
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by restricting the isomorphism K•
∼→ K◦ of fields of Defini-

tion 2.3. Moreover, the continuous isomorphism α0 of The-
orem 3.4 is contained in the ∆•,0-conjugacy class of contin-

uous isomorphisms Π◦,0
∼→ Π•,0 induced by the isomorphism

X◦,0 ×F◦ F ◦
∼→ X•,0 ×F• F • of schemes determined by θ0 and

the isomorphism F •
∼→ F ◦ of fields obtained by restricting the

isomorphism K•
∼→ K◦ of fields of Definition 2.3.

(iii) Suppose that the continuous isomorphism α is cyclotomically

compatible. Then there exists an isomorphism X◦
∼→ X• of

schemes that lies over the isomorphism Spec(K◦)
∼→ Spec(K•)

of schemes determined by the isomorphism K•
∼→ K◦ of fields

of Definition 2.3.

Proof. First, we verify assertion (i). Since the smooth curve X• over
K• is strictly isotrivial [cf. Theorem 3.3], for each □ ∈ {◦, •}, the
smooth curveX□,0 over F□ is defined [cf. the discussion at the beginning
of the present §3]. Moreover, since [we have assumed that], for each
□ ∈ {◦, •}, the smooth curve X□ over K□ admits stable reduction over
R□, the existence and uniqueness of the isomorphism θ0 of assertion (i)
follow from Theorem 3.4, together with [21, Theorem 0.6] (respectively,
[11, Theorem 3.12]), in the case where the smooth curve X◦ over K◦
is not proper (respectively, is proper) [cf. also Lemma 2.2, (i)]. In
particular, since [one verifies easily that], for each □ ∈ {◦, •}, the field
F□ is the algebraic closure of the prime field in the function field of X□,0,
and the equality K□ = F□((t)) holds, the scheme X◦ is isomorphic to
the scheme X•, as desired. This completes the proof of assertion (i).

Assertion (ii) follows immediately — in light of Lemma 3.1, (i), and
Definition 2.4 — from a similar argument to the argument applied
in the proof of [24, Theorem 2.6]. Assertion (iii) follows immediately
from assertion (ii), together with the fact that, for each □ ∈ {◦, •}, the
smooth curve X□ over K□ is isomorphic over K□ to X□,0 ×F□ K□ [cf.
the discussion at the beginning of the present §3]. This completes the
proof of Theorem 3.5. □

4. Preservation of Suitable Artin–Schreier Coverings

In the present §4, we consider the case where the smooth curves under
consideration are obtained by removing four rational points from the
projective line, and the given continuous isomorphism is cyclotomically
compatible and satisfies a certain compatibility condition concerning
the cusps. In this situation, we prove that the continuous isomorphism
between the étale fundamental groups of the projective lines minus the
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three points 0, 1,∞ induced by the given continuous isomorphism pre-
serves, after a suitable purely inseparable extension of the base field,
the Artin–Schreier coverings determined by the nonzero scalar multi-
ples of the standard coordinate [cf. Lemma 4.4 below]. This result plays
an essential role in §5.

In the present §4, suppose that we are in the situation at the begin-
ning of §2. In particular, we have a continuous isomorphism

α : Π◦
∼ // Π•.

In the present §4, suppose, moreover, that this continuous isomor-
phism α is cyclotomically compatible [which thus implies that α is
base-geometric — cf. Definition 2.3, Definition 2.4]. In the present §4,
for each □ ∈ {◦, •}, let a□ be an element of K□ \ {0, 1}; write

• T□ for the spectrum of the K□-algebra

K□

[
x,

1

x(1− x)

]
— where x is an indeterminate — and
• ΠT□ , ∆T□ for the respective étale fundamental groups of T□,

T□ ×K□ K□, relative to suitable choices of basepoints.

In the present §4, suppose, moreover, that the following two conditions
are satisfied:

(1) For each □ ∈ {◦, •}, the equality X□ = T□ \ {a□} holds, i.e.,
the smooth curve X□ over K□ [cf. Definition 1.3] is the open
subscheme of T□ obtained by removing the K□-rational point
[that corresponds to] a□ ∈ K□.

(2) The continuous isomorphism α maps each decomposition sub-
group of Π◦ associated to the cusp 0 (respectively, 1; ∞; a◦)
of X◦ onto a decomposition subgroup of Π• associated to the
cusp 0 (respectively, 1; ∞; a•) of X•.

Thus, it follows immediately from conditions (1), (2), together with the
various definitions involved, that there exists a uniquely determined
continuous isomorphism

αT : ΠT◦
∼ // ΠT•

that satisfies the following three conditions:
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(3) The continuous isomorphisms α, αT fit into a commutative
diagram of topological groups

Π◦
α

∼
//

����

Π•

����
ΠT◦ αT

∼ // ΠT•

— where the vertical arrows are the natural continuous surjec-
tive homomorphisms induced by the natural open immersions
X◦ ↪→ T◦, X• ↪→ T•, respectively.

(4) The continuous isomorphism αT lies over αG.
(5) Let ζ be an element of {0, 1,∞}. Then the continuous isomor-

phism αT maps each decomposition subgroup of ΠT◦ associated
to the cusp ζ of T◦ onto a decomposition subgroup of ΠT• as-
sociated to the cusp ζ of T•.

In the remainder of the present §4, we identify Kalg
• with Kalg

◦ by
means of the [necessarily uniquely determined] isomorphism Kalg

•
∼→

Kalg
◦ of fields that restricts to the isomorphism K•

∼→ K◦ of fields
that induces αG [cf. Definition 2.3]. Thus, we identify K•, K•, F•,
F •, R•, G•, T•, ΠT• , ∆T• with K◦, K◦, F◦, F ◦, R◦, G◦, T◦, ΠT◦ , ∆T◦ ,
respectively, in the natural way. In particular, we regard a• as an
element of K◦ \ {0, 1}, the continuous isomorphism αG is the identity
automorphism of G◦ = G•, and the continuous isomorphism αT is an
automorphism of ΠT◦ = ΠT• . In the remainder of the present §4, write

• p def
= p◦ = p• [cf. Lemma 2.2, (i)],

• F def
= F◦ = F•,

• F def
= F ◦ = F •,

• K def
= K◦ = K• [which thus implies that K = F ((t))],

• R def
= R◦ = R•,

• Kalg def
= Kalg

◦ = Kalg
• ,

• K def
= K◦ = K•,

• G def
= G◦ = G•,

• T def
= T◦ = T•,

• ΠT
def
= ΠT◦ = ΠT• , and

• ∆T
def
= ∆T◦ = ∆T• .

Definition 4.1. Let n be a nonnegative integer.

(i) We shall write Kn ⊆ Kalg for the subfield of Kalg generated
over K by the [necessarily uniquely determined] pn-th root of t
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in Kalg and Kn
def
= K ·Kn ⊆ Kalg. Observe that Kn is a purely

inseparable extension field of K of degree pn, and that Kn is a
separable closure of Kn. Moreover, since the natural morphism
T ×K Kn → T is a universal homeomorphism, we identify ΠT ,
∆T , G with the étale fundamental groups of T×KKn, T×KKn,
relative to suitable choices of basepoints, and Gal(Kn/Kn),
respectively, in the natural way.

(ii) Let h be an element of OT (T )⊗K Kn. Then we shall write

ηh ∈ H1(ΠT ,Fp)

for the class of h relative to the isomorphism of Lemma 1.7, (i),
in the case where we take the “(A, V, q)” of Lemma 1.7 to be
(Kn, T ×KKn, p) [cf. (i)]. Observe that one verifies easily that,
for each integer n′ ≥ n, the class ηh coincides with the class
obtained by applying the above construction to the image of h
in OT (T )⊗K Kn′ [in the case where we take the “n” to be n′].

(iii) Let c be an element of K×
n . Then we shall write

Jc ⊆ ΠT

for the kernel of the continuous homomorphism ΠT → Fp de-
termined by ηc·x.

Remark 4.1.1. Let n be a nonnegative integer.

(i) Let h be an element of OT (T ) ⊗K Kn such that the class ηh
is nontrivial. Then one verifies immediately from the various
definitions involved that the connected finite étale covering of
T×KKn that corresponds to the kernel of the continuous homo-
morphism ΠT → Fp determined by ηh is naturally isomorphic
over T ×K Kn to the affine scheme

Spec
(
(OT (T )⊗K Kn)[z]/(z

p − z − h)
)

— where z is an indeterminate.
(ii) Let c be an element of K×

n . Then it follows immediately from
[18, Proposition 3.7.8, (c)] — applied to the Artin–Schreier
extension of the function field of T ×KKalg determined by c ·x
— that the restriction of the class ηc·x to each cuspidal inertia
subgroup of ΠT associated to the cusp∞ of T is nontrivial. In
particular, the restriction of the class ηc·x to ∆T is nontrivial,
which thus implies that the image of Jc in G coincides with G.

Lemma 4.2. Let n be a nonnegative integer, ζ an element of {0, 1},
D ⊆ ΠT a decomposition subgroup of ΠT associated to the cusp ζ
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of T , and h an element of OT (T ) ⊗K Kn whose image in the field
Kn((x − ζ)) of formal Laurent series in x − ζ with coefficients in Kn

is contained in Kn[[x − ζ]]. Write h(ζ) ∈ Kn for the image of h in
Kn[[x− ζ]]/(x− ζ) = Kn. Then the restriction of the class ηh to D co-
incides with the image, by the homomorphism H1(G,Fp)→ H1(D,Fp)
induced by the composite D ↪→ ΠT ↠ G, of the class of h(ζ) relative
to the isomorphism of Lemma 1.7, (i), in the case where we take the
“(A, V, q)” of Lemma 1.7 to be (Kn, Spec(Kn), p).

Proof. First, observe that one verifies easily that the assertion un-
der consideration is invariant under replacing D by a ΠT -conjugate of
D. Thus, we may assume without loss of generality, by replacing D
by a suitable ΠT -conjugate of D, that D is the image of the continu-
ous homomorphism to ΠT from the absolute Galois group of the field
Kn((x− ζ)), relative to a suitable choice of separable closure, induced
by the natural morphism Spec(Kn((x − ζ))) → T ×K Kn [cf. Defini-
tion 4.1, (i)]. In particular, it follows from the [easily verified] functori-
ality of Artin–Schreier classes that the image of the restriction of ηh to
D by the [necessarily injective] homomorphism from H1(D,Fp) to the
first cohomology group of the absolute Galois group of Kn((x− ζ)) in-
duced by the continuous surjective homomorphism from this absolute
Galois group onto D determined by the above continuous homomor-
phism coincides with the class of the image of h in Kn((x− ζ)) relative
to the isomorphism of Lemma 1.7, (i), in the case where we take the
“(A, V, q)” of Lemma 1.7 to be (Kn((x− ζ)), Spec(Kn((x− ζ))), p).

Next, observe that since [one verifies easily that] h−h(ζ) ∈ (x− ζ) ·
Kn[[x− ζ]], it follows from Hensel’s lemma [applied to the polynomial
zp − z − (h − h(ζ)) in the indeterminate z with coefficients in the
complete local ring Kn[[x − ζ]], whose derivative with respect to z is
the unit −1] that h − h(ζ) ∈ ϕp(Kn[[x − ζ]]). Thus, the image of h
in Kn((x − ζ))/ϕp(Kn((x − ζ))) coincides with the image of h(ζ) ∈
Kn. In particular, the desired equality follows immediately from the
[easily verified] functoriality of Artin–Schreier classes with respect to
the natural morphism Spec(Kn((x− ζ)))→ Spec(Kn). This completes
the proof of Lemma 4.2. □
Lemma 4.3. Let c be an element of K×. Write η′ ∈ H1(ΠT ,Fp) for
the image of ηc·x by the automorphism of H1(ΠT ,Fp) induced by α−1

T .
Then the following assertions hold:

(i) The restriction of η′ to ∆T is nontrivial.
(ii) For each ζ ∈ {0, 1}, the restriction of η′ to each cuspidal inertia

subgroup of ΠT associated to the cusp ζ of T is trivial.
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(iii) There exist a nonnegative integer n and an element h ∈ Kn[x]
such that the equality η′ = ηh holds, and, moreover, the degree
N of the polynomial h is positive and prime to p.

(iv) Let n, h ∈ Kn[x], and N be as in (iii). Then the equality N = 1
holds.

Proof. First, we verify assertion (i). Observe that since the contin-
uous automorphism αT lies over the identity automorphism of G [cf.
(4)], the equality αT (∆T ) = ∆T holds. Thus, assertion (i) follows from
Remark 4.1.1, (ii). This completes the proof of assertion (i).

Next, we verify assertion (ii). Let ζ be an element of {0, 1}, and let
D ⊆ ΠT be a decomposition subgroup of ΠT associated to the cusp ζ of
T . Then it follows from (5) that α−1

T (D) is a decomposition subgroup
of ΠT associated to the cusp ζ of T . Thus, it follows from Lemma 4.2 —
where we take the “(n, ζ,D, h)” of Lemma 4.2 to be (0, ζ, α−1

T (D), c ·x)
— that the restriction of ηc·x to α

−1
T (D)∩∆T = α−1

T (D∩∆T ) is trivial,
which thus implies that the restriction of η′ to D ∩ ∆T is trivial. In
particular, since the cuspidal inertia subgroups of ΠT associated to the
cusp ζ of T are the subgroups of the form “D ∩ ∆T”, assertion (ii)
holds. This completes the proof of assertion (ii).

Next, we verify assertion (iii). First, observe that it follows from
Lemma 1.7, (i) — where we take the “(A, V, q)” of Lemma 1.7 to be
(K,T, p) — that there exists an element h of OT (T ) = K[x, x−1, (1 −
x)−1] such that the equality η′ = ηh holds. Write h = h∞ + h0 + h1 —
where h∞ ∈ K[x], h0 ∈ x−1 ·K[x−1], and h1 ∈ (1− x)−1 ·K[(1− x)−1].
Now it follows immediately from assertion (ii) that the Artin–Schreier
extension of the function field Kalg(x) of T ×KKalg determined by h is
unramified over the place x = 0. Thus, it follows from [18, Proposition
3.7.8, (b)] that there exists an element u ∈ Kalg(x) such that the image
of h − ϕp(u) in the field Kalg((x)) of formal Laurent series in x with
coefficients in Kalg is contained in Kalg[[x]]. Write u0 ∈ x−1 ·Kalg[x−1]
for the principal part at x = 0 of u. Then since the images of h∞, h1,
and u−u0 inKalg((x)) are contained in Kalg[[x]], one verifies easily that
the equality h0 = ϕp(u0) holds. Moreover, by comparing the coefficients
of the various powers of x−1, one verifies easily that u0 ∈ x−1 ·K[x−1].
Observe that it follows immediately from a similar argument to this
argument that there exists an element u1 ∈ (1−x)−1 ·K[(1−x)−1] such
that the equality h1 = ϕp(u1) holds. Thus, since u0, u1 ∈ OT (T ), the
equalities η′ = ηh = ηh∞ hold. In particular, we may assume without
loss of generality, by replacing h by h∞, that h ∈ K[x]. Next, observe
that, for each nonnegative integer n, each element β ∈ Kn, and each
positive integer k, the equality β · xp·k − β1/p · xk = ϕp(β

1/p · xk) holds,
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and β1/p ∈ Kn+1. Thus, by repeatedly replacing, whenever the degree
of the polynomial under consideration is positive and divisible by p, its
leading monomial β · xp·k by β1/p · xk, one verifies easily — in light of
Lemma 1.7, (i), and Definition 4.1, (ii) — that we may assume without
loss of generality, by replacing h by a suitable element of Kn[x] for a
suitable nonnegative integer n, that the polynomial h is either constant
or of degree prime to p. On the other hand, if h is constant, i.e., h ∈ Kn,
then it follows from Lemma 1.7, (ii) — where we take the “(A, V, q)” of
Lemma 1.7 to be (Kn, T×KKn, p) — that the class η′ = ηh is contained
in the image of the homomorphism H1(G,Fp) → H1(ΠT ,Fp) induced
by the natural continuous surjective homomorphism ΠT ↠ G, which
thus implies that the restriction of η′ to ∆T is trivial — in contradiction
to assertion (i). This completes the proof of assertion (iii).

Next, we verify assertion (iv). Write Y → T , Y ′ → T for the con-
nected finite étale coverings of T that correspond to the open subgroups
Jc, αT (Jc) ⊆ ΠT , respectively. Then it follows from Remark 4.1.1, (i)
— where we take the “n” of Remark 4.1.1 to be 0, n, respectively —
that Y is naturally isomorphic over T to the affine scheme

Spec
(
OT (T )[z]/(zp − z − c · x)

)
and that Y ′ ×K Kn is naturally isomorphic over T ×K Kn to the affine
scheme

Spec
(
(OT (T )⊗K Kn)[z]/(z

p − z − h)
)

— where z is an indeterminate. Moreover, it follows from assertion
(i) and Remark 4.1.1, (ii), that the images of Jc, αT (Jc) in G coin-
cide with G, which thus implies that we may regard each of Y , Y ′ as
a smooth curve over K. Now it follows from [18, Proposition 3.7.8,
(d)] — applied to the Artin–Schreier extensions of the function field
Kalg(x) of T ×K Kalg determined by c · x, h — that the genus [cf.
Definition 1.4] of the smooth curve Y (respectively, Y ′) over K is 0 (re-
spectively, (p− 1)(N − 1)/2). On the other hand, since the continuous
automorphism αT lies over the identity automorphism of G [cf. (4)], it
follows from Lemma 2.2, (i) — where we take the “(K◦, K•, X◦, X•, α)”
of Lemma 2.2 to be (K,K, Y, Y ′, αT |Jc) — that the genus of Y coincides
with the genus of Y ′. Thus, the equality (p − 1)(N − 1)/2 = 0, i.e.,
the equality N = 1, holds. This completes the proof of assertion (iv),
hence also of Lemma 4.3. □
Lemma 4.4. Let c be an element of K×. Then there exist a non-
negative integer n and an element c′ ∈ K×

n such that the equality
αT (Jc) = Jc′ holds.
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Proof. First, observe that one verifies easily that, to verify Lemma 4.4,
it suffices to verify that there exist a nonnegative integer n and an ele-
ment c′ ∈ K×

n such that, in the case where we take the “c” of Lemma 4.3
to be c, the element η′ of Lemma 4.3 coincides with ηc′·x. Next, to this
end, let n, h ∈ Kn[x] be as in Lemma 4.3, (iii). Then it follows from
Lemma 4.3, (iv), that there exist elements c′ ∈ K×

n , e ∈ Kn such that
the equality h = c′ · x+ e holds. Let D ⊆ ΠT be a decomposition sub-
group of ΠT associated to the cusp 0 of T . Then it follows from (5) that
α−1
T (D) is a decomposition subgroup of ΠT associated to the cusp 0 of
T . Thus, it follows from Lemma 4.2 — where we take the “(n, ζ,D, h)”
of Lemma 4.2 to be (0, 0, α−1

T (D), c ·x) — that the restriction of ηc·x to
α−1
T (D) is trivial, which thus implies that the restriction of η′ to D is

trivial. On the other hand, since η′ = ηh [cf. Lemma 4.3, (iii)], it fol-
lows from Lemma 4.2 — where we take the “(n, ζ,D, h)” of Lemma 4.2
to be (n, 0,D, h) — that the restriction of η′ to D coincides with the
image of the class of e by the homomorphism H1(G,Fp)→ H1(D,Fp)
induced by the composite D ↪→ ΠT ↠ G. Thus, since [one verifies
easily that] this composite is surjective, the class of e is trivial, i.e.,
e ∈ ϕp(Kn). In particular, the equalities η′ = ηh = ηc′·x hold, as
desired. This completes the proof of Lemma 4.4. □

5. Preservation of Coordinates of Cusps

In the present §5, we continue our discussion of the situation of
the preceding §4. In particular, we prove a variant of Theorem 1.8
for a suitable open subscheme of the projective line [cf. Lemma 5.2
below]. Next, by observing that the cusp 1 and the fourth cusp of
each of the smooth curves, i.e., the cusp other than 0, 1, ∞, determine
rational points of the Artin–Schreier coverings discussed in §4, we prove
that the given continuous isomorphism induces an automorphism of
the étale fundamental group of this open subscheme that maps the
Galois section-classes determined by these rational points compatibly
[cf. Lemma 5.4 below]. Thus, by applying Lemma 5.2, we conclude
that the isomorphism between the base fields that arises from the given
continuous isomorphism [cf. Definition 2.3] maps the coordinate of the
fourth cusp of one of the smooth curves to the coordinate of the fourth
cusp of the other [cf. Lemma 5.5 below]. This result plays an essential
role in §6.

In the present §5, suppose that we are in the situation at the begin-
ning of the preceding §4. In the present §5, write

• U0
def
= Spec(F [z, (zp− z)−1]) — where z is an indeterminate —

• U def
= U0 ×F K,
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• U+
0 , U

+ for the smooth compactifications of U0, U over F , K,
respectively [which thus may be identified with the projective
lines over F , K with standard coordinate z, respectively],
• ΠU , ΠU0 for the respective étale fundamental groups of U , U0,
relative to suitable choices of basepoints, and
• ∆U , ∆U0 for the respective étale fundamental groups of U×KK,
U0 ×F F , relative to suitable choices of basepoints.

Write, moreover, for each positive integer d,

• Fd ⊆ F for the [necessarily uniquely determined] extension
field of F of degree d [so we have a natural identification K ·
Fd = Fd((t))],
• Gd ⊆ G for the open subgroup Gal(K/K · Fd) of G, and
• ΠU,d ⊆ ΠU , ΠU0,d ⊆ ΠU0 for the respective inverse images of
the open subgroups Gd ⊆ G, Gal(F/Fd) ⊆ Gal(F/F ) in ΠU ,
ΠU0 [which thus may be identified with the étale fundamental
groups of U×KFd((t)) = U0×F Fd((t)), U0×F Fd, respectively].

Lemma 5.1. The following assertions hold:

(i) Let d be a positive integer, ω an element of Fd, and l, j integers

such that l > 0 and j ≥ 0. Then the element ω ·t−pj ·l−ω1/pj ·t−l
of Fd((t)) is contained in ϕp(Fd((t))).

(ii) Let d be a positive integer, and let y be an element of Fd((t)) of
the form

∑
l>0, p∤l yl ·t−l — where yl ∈ Fd, and yl = 0 for all but

finitely many l. Suppose that y is contained in ϕp(Fd((t))) +
Fd[[t]]. Then the equality y = 0 holds.

(iii) Let y be an element of K. Suppose that, for each positive
integer d and each element ω ∈ Fd, the element ω · y of Fd((t))
is contained in the subset ϕp(Fd((t))) + Fd[[t]] ⊆ Fd((t)) of
Fd((t)). Then the element y is contained in R.

Proof. Assertion (i) follows immediately, by induction on j, from the
equality ω · t−p·l − ω1/p · t−l = ϕp(ω

1/p · t−l), together with the fact
that the finite field Fd is perfect. Next, we verify assertion (ii). Write
ordt for the discrete valuation of Fd((t)) normalized by the equality
ordt(t) = 1. Assume that y 6= 0. Write l0 for the maximal positive
integer l such that yl 6= 0, which thus implies that ordt(y) = −l0. Let
u ∈ Fd((t)), δ ∈ Fd[[t]] be elements such that the equality y = ϕp(u)+δ
holds. If ordt(u) ≥ 0, then ϕp(u) ∈ Fd[[t]], which thus implies that
y ∈ Fd[[t]] — in contradiction to the inequality ordt(y) = −l0 < 0. If
ordt(u) < 0, then ordt(ϕp(u)) = p · ordt(u), which thus implies that
−l0 = ordt(y− δ) = p · ordt(u) — in contradiction to the fact that l0 is
prime to p. This completes the proof of assertion (ii).
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Next, we verify assertion (iii). Assume that y 6∈ R. Let N be a
positive integer, and let y1, . . . , yN be elements of F such that y −∑N

i=1 yi · t−i ∈ R. For each integer i > N , write yi
def
= 0. Let E be

a nonnegative integer such that pE+1 > N . Then, for each positive
integer d and each element ω ∈ Fd, it follows from assertion (i) that

ω · y −
∑
l>0, p∤l

(
E∑
j=0

y
1/pj

pj ·l · ω
1/pj

)
· t−l ∈ ϕp(Fd((t))) + Fd[[t]].

Thus, it follows from the assumption on y that appears in the statement
of assertion (iii), together with assertion (ii) — where we take the “y”

of assertion (ii) to be
∑

l>0, p∤l(
∑E

j=0 y
1/pj

pj ·l · ω
1/pj) · t−l — that, for each

positive integer l prime to p, each positive integer d, and each element
ω ∈ Fd, the equality

E∑
j=0

y
1/pj

pj ·l · ω
1/pj = 0

holds. Now let d be a positive integer such that d > E. Then since
the extension degree of Fd over the prime field is ≥ d > E, the auto-
morphisms of the field Fd given by ω 7→ ω1/pj — where j ranges over
the integers such that 0 ≤ j ≤ E — are distinct. Thus, it follows from
the well-known linear independence of distinct characters that, for each
positive integer l prime to p and each 0 ≤ j ≤ E, the equality ypj ·l = 0
holds. In particular, since each positive integer i ≤ N may be written
as pj · l for some 0 ≤ j ≤ E and some positive integer l prime to p, it
follows that yi = 0 for each 1 ≤ i ≤ N , i.e., y ∈ R — in contradiction
to our assumption that y 6∈ R. This completes the proof of assertion
(iii), hence also of Lemma 5.1. □
Lemma 5.2. Let µ be an element of F×

p , and let λ be an element of
Fp. Write θ0 for the automorphism of U0 over F given by z 7→ µ ·z+λ.
Let ψ be a continuous automorphism of ΠU that lies over the identity
automorphism of G, and let v, w ∈ U(K) be K-rational points of U .
Suppose that the following three conditions are satisfied:

(1) The continuous automorphism ψ fits into a commutative dia-
gram of topological groups

ΠU
ψ

∼
//

����

ΠU

����
ΠU0

∼ // ΠU0
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— where the vertical arrows are the ∆U0-conjugacy class of
continuous surjective homomorphisms induced by the projec-
tion morphism U = U0 ×F K → U0 onto the first factor, and
the lower horizontal arrow is the ∆U0-conjugacy class of con-
tinuous automorphisms of ΠU0 induced by the automorphism
of U0×F F determined by θ0 and the identity automorphism of
F .

(2) The element z(v) ∈ K is not contained in R.
(3) The composite of ψ with the Galois section-class determined

by v [cf. Definition 1.6] coincides with the Galois section-class
determined by w.

Then the equality z(w) = µ · z(v) + λ holds.

Proof. Let d be a positive integer. For each h ∈ Fd[z, (z
p − z)−1],

write

• ηU,h ∈ H1(ΠU,d,Fp) for the class of h, relative to the isomor-
phism of Lemma 1.7, (i) — in the case where we take the
“(A, V, q)” of Lemma 1.7 to be (Fd((t)), U0 ×F Fd((t)), p) —
• ηU0,h ∈ H1(ΠU0,d,Fp) for the class of h, relative to the iso-
morphism of Lemma 1.7, (i) — in the case where we take the
“(A, V, q)” of Lemma 1.7 to be (Fd, U0 ×F Fd, p) — and
• h◦θ0 ∈ Fd[z, (zp−z)−1] for the image of h by the automorphism
of Fd[z, (z

p − z)−1] that maps z to µ · z + λ.

Then it follows from the [easily verified] functoriality of Artin–Schreier
classes that

(a) the class ηU,h coincides with the image of ηU0,h by the homo-
morphism H1(ΠU0,d,Fp) → H1(ΠU,d,Fp) induced by [the re-
striction to ΠU,d of] a vertical arrow of the diagram of condition
(1), and that

(b) the homomorphism H1(ΠU0,d,Fp)→ H1(ΠU0,d,Fp) induced by
[the restriction to ΠU0,d of] the lower horizontal arrow of the
diagram of condition (1) maps ηU0,h to ηU0,h◦θ0 .

Thus, since an inner automorphism of the profinite group ΠU0,d induces
the identity automorphism on the cohomology of ΠU0,d, it follows from
the commutativity of the diagram of condition (1), together with (a),
(b), that

(c) the homomorphism H1(ΠU,d,Fp) → H1(ΠU,d,Fp) induced by
the restriction to ΠU,d of ψ — which is an automorphism of
ΠU,d since ψ lies over the identity automorphism of G — maps
ηU,h to ηU,h◦θ0 .
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Next, write sv : G→ ΠU for the Galois section-class determined by v

and sw
def
= ψ ◦ sv : G→ ΠU , which thus [cf. condition (3)] is the Galois

section-class determined by w. Write, moreover, ξ
def
= µ · z(v) + λ ∈ K.

Then one verifies easily that the restriction of sv (respectively, sw) to Gd

determines the Galois section-class determined by the Fd((t))-rational
point of U×KFd((t)) determined by v (respectively, w). Thus, it follows
from the commutativity of the right-hand square of the diagram of
Lemma 1.7, (ii), in the case where we take the “(A, V, q)” of Lemma 1.7
to be (Fd((t)), U0 ×F Fd((t)), p), together with (c), that, for each h ∈
Fd[z, (z

p−z)−1], the images in Fd((t))/ϕp(Fd((t))) of the values h(z(w)),
h(ξ) = (h ◦ θ0)(z(v)) at z(w), ξ of h [regarded as a rational function
in z] coincide. By applying this observation to the elements h = ω · zk
— where ω is an element of Fd, and k is a positive integer — one
concludes that, for each positive integer d, each element ω ∈ Fd, and
each positive integer k, the element ω · (z(w)k − ξk) is contained in
ϕp(Fd((t))). Thus, it follows from Lemma 5.1, (iii) — where we take
the “y” of Lemma 5.1, (iii), to be z(w)k − ξk — that,

(d) for each positive integer k, the element z(w)k− ξk is contained
in R.

Next, observe that since z(v) 6∈ R [cf. condition (2)], µ ∈ F×
p ⊆ R×,

and λ ∈ Fp ⊆ R, the element ξ is not contained in R. Write ordt for
the discrete valuation of K normalized by the equality ordt(t) = 1 and

ε
def
= z(w) − ξ. Then the inequality ordt(ξ) < 0 holds, and it follows

from (d) in the case where k = 1 that ε ∈ R.
Assume that ε 6= 0. Let k be a positive integer prime to p. Then

since

z(w)k − ξk =
k∑
i=1

(
k

i

)
· ξk−i · εi,

and ordt(ε) ≥ 0 > ordt(ξ), one verifies easily that ordt(k · ξk−1 · ε) =
(k − 1) · ordt(ξ) + ordt(ε), and that, for each integer 2 ≤ i ≤ k such
that

(
k
i

)
· ξk−i · εi 6= 0, the inequalities

ordt

((
k

i

)
· ξk−i · εi

)
≥ (k − i) · ordt(ξ) + i · ordt(ε),

(k − i) · ordt(ξ) + i · ordt(ε) > (k − 1) · ordt(ξ) + ordt(ε)

hold. In particular, the equality ordt(z(w)
k − ξk) = (k − 1) · ordt(ξ) +

ordt(ε) holds. Thus, since ordt(ξ) < 0, for each sufficiently large pos-
itive integer k prime to p, the element z(w)k − ξk is not contained in
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R — in contradiction to (d). This completes the proof of the equality
ε = 0, i.e., the equality z(w) = µ·z(v)+λ, hence also of Lemma 5.2. □

In the remainder of the present §5, let
• m be a positive integer such that a◦ is not contained in tm ·R
[cf. the fact that a◦ 6= 0];

write

c
def
= t−m ∈ K×,

which thus implies that neither c nor c · a◦ is contained in R. In the
remainder of the present §5, moreover, let

• n be a nonnegative integer and c′ ∈ K×
n an element of K×

n such
that the equality αT (Jc) = Jc′ holds [cf. Lemma 4.4],
• K ′ ⊆ Kn a finite extension field of Kn that contains a root of
each of the four polynomials zp−z−c, zp−z−c ·a◦, zp−z−c′,
zp − z − c′ · a• in the indeterminate z with coefficients in Kn

[cf. the fact that these four polynomials are separable], and
• σc, σca◦ , σc′ , σc′a• ∈ K ′ roots of these four polynomials, respec-
tively;

write

• R′ ⊆ K ′ for the valuation ring of K ′,
• F ′ ⊆ K ′ for the algebraic closure in K ′ of the prime field of
K ′,
• F ′ ⊆ Kn for the algebraic closure of F ′ in Kn, and

• G′ def
= Gal(Kn/K

′) for the absolute Galois group of K ′ deter-
mined by the separable closure Kn, which we regard as an
open subgroup of the profinite group G = Gal(Kn/Kn) [cf.
Definition 4.1, (i)].

Thus, the field K ′ is a complete discrete valuation field of characteristic
p whose residue field is finite, and the field Kn is a separable closure
of K ′. Moreover, one verifies easily that the field F ′ is finite, and
that there exists an isomorphism K ′ ∼→ F ′((t′)) of fields — where t′

is an indeterminate — that restricts to the identity automorphism of
F ′. In the remainder of the present §5, we fix such an isomorphism
K ′ ∼→ F ′((t′)), by means of which we regard K ′ as a field of the form
“K□” of §2. In the remainder of the present §5, write, moreover,

• U0, U , U
+
0 , U

+, ΠU , ΠU0 , ∆U , ∆U0 for the objects of the dis-
cussion at the beginning of the present §5 in the case where
we take the “(F,K,K)” to be (F ′, K ′, Kn) [relative to the iso-

morphism K ′ ∼→ F ′((t′)) fixed above],
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• Π′
T ⊆ ΠT , Π

′
◦ ⊆ Π◦, Π

′
• ⊆ Π• for the inverse images of G′ ⊆ G

in ΠT , Π◦, Π•, respectively, which thus may be identified with
the étale fundamental groups of T×KK ′, X◦×KK ′, X•×KK ′,
relative to suitable choices of basepoints, respectively,
• J†

◦ ⊆ Π′
◦ (respectively, J

†
• ⊆ Π′

•) for the inverse image of Jc∩Π′
T

(respectively, Jc′ ∩ Π′
T ) by the natural continuous surjective

homomorphism Π◦ ↠ ΠT (respectively, Π• ↠ ΠT ) of condition
(3) in the discussion at the beginning of §4, and
• Z◦ ⊆ U (respectively, Z• ⊆ U) for the open subscheme of U
obtained by forming the complement in U of the closed subset
[of U that corresponds to the subset of U(K ′)] that consists of
the 2p K ′-rational points z = σc+λ, z = σca◦ +λ (respectively,
z = σc′ +λ, z = σc′a• +λ) — where λ ranges over the elements
of Fp.

Lemma 5.3. The following assertions hold:

(i) Neither σc nor σca◦ is contained in R′.
(ii) The equality α(J†

◦) = J†
• holds.

(iii) The connected finite étale covering of X◦ ×K K ′ that corre-
sponds to the open subgroup J†

◦ ⊆ Π′
◦ is naturally isomor-

phic over K ′ to Z◦ in such a way that the covering morphism
Z◦ → X◦ ×K K ′ extends to the finite morphism Z+

◦ = U+ →
X+

◦ ×K K ′ given by x = c−1 · (zp − z) — where we regard z, x
as the standard coordinates on the source, target, respectively.
Moreover, this finite morphism is étale over (X+

◦ ×KK ′)\{∞}
and totally ramified over∞. The assertions obtained by replac-
ing (X◦, X

+
◦ , J

†
◦ ,Π

′
◦, Z◦, Z

+
◦ , c) in the above two sentences by

(X•, X
+
• , J

†
• ,Π

′
•, Z•, Z

+
• , c

′) also hold. In particular, for each

□ ∈ {◦, •}, we may identify J†
□ with the étale fundamental

group of Z□, relative to a suitable choice of basepoint.

Proof. Since [it is immediate that] R = R′ ∩ K, and ϕp(σc) = c,
ϕp(σca◦) = c · a◦, assertion (i) follows immediately from the fact that
neither c nor c·a◦ is contained in R. Next, we verify assertion (ii). Since
the continuous automorphism αT lies over the identity automorphism of
G [cf. condition (4) in the discussion at the beginning of §4], the equality
αT (Π

′
T ) = Π′

T holds. Thus, assertion (ii) follows immediately from the
commutativity of the diagram of condition (3) in the discussion at the
beginning of §4, together with the equality αT (Jc) = Jc′ .

Next, we verify assertion (iii). It follows from Remark 4.1.1, (i), (ii),
that the connected finite étale covering of T ×K K ′ that corresponds
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to Jc ∩ Π′
T is naturally isomorphic over T ×K K ′ to the affine scheme

Spec
(
K ′[x, x−1, (1− x)−1, z]/(zp − z − c · x)

)
,

which is naturally isomorphic, by means of the equality x = c−1·(zp−z),
to the affine scheme

Spec
(
K ′[z, (zp − z)−1, (zp − z − c)−1]

)
.

Thus, one verifies easily that the connected finite étale covering of
X◦ ×K K ′ = (T \ {a◦}) ×K K ′ that corresponds to J†

◦ is naturally
isomorphic to the affine scheme Spec(K ′[z, (zp−z)−1, (zp−z−c)−1, (zp−
z − c · a◦)−1]) = Z◦ in such a way that the covering morphism is given
by x = c−1 · (zp − z). Moreover, since the derivative with respect to z
of zp− z− c ·x is −1, and the pole of c−1 · (zp− z) at z =∞ is of order
p, one verifies easily that the finite morphism Z+

◦ = U+ → X+
◦ ×K K ′

given by x = c−1 · (zp − z) is étale over (X+
◦ ×K K ′) \ {∞} and totally

ramified over ∞. A similar argument implies the assertion of (iii)
concerning J†

• , Z•. This completes the proof of assertion (iii), hence
also of Lemma 5.3. □
Lemma 5.4. The following assertions hold:

(i) There exists a continuous automorphism ψ of ΠU that lies over
the identity automorphism of G′ and fits into a commutative
diagram of topological groups

J†
◦

α|
J
†
◦

∼
//

����

J†
•

����
ΠU

ψ

∼ // ΠU

— where the vertical arrows are the continuous surjective ho-
momorphisms induced by the natural open immersions Z◦ ↪→
U , Z• ↪→ U , respectively [cf. Lemma 5.3, (ii), (iii)].

(ii) Let ψ be as in (i). Then the continuous automorphism ψ maps
• each cuspidal inertia subgroup of ΠU associated to a cusp
of U contained in Fp ⊆ U+(K ′) onto a cuspidal inertia
subgroup of ΠU associated to a cusp of U contained in
Fp ⊆ U+(K ′) and
• each cuspidal inertia subgroup of ΠU associated to the cusp
∞ of U onto a cuspidal inertia subgroup of ΠU associated
to the cusp ∞ of U .

(iii) Let ψ be as in (i). Then the continuous automorphism ψ is
cyclotomically compatible [cf. Definition 2.4].
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(iv) Let ψ be as in (i). Then there exist elements µ ∈ F×
p , λ0 ∈

Fp that satisfy condition (1) of Lemma 5.2 in the case where
we take the “(µ, λ, ψ)” of Lemma 5.2 to be (µ, λ0, ψ) and the
“(F,K,K)” of Lemma 5.2 to be (F ′, K ′, Kn) [relative to the

isomorphism K ′ ∼→ F ′((t′)) fixed in the discussion preceding
Lemma 5.3].

(v) Let ψ be as in (i), (ζ◦, ζ•) an element of {(1, 1), (a◦, a•)}, and
v ∈ U(K ′) a K ′-rational point of U such that the equality
z(v)p − z(v) = c · ζ◦ holds. Then there exists a K ′-rational
point w ∈ U(K ′) of U such that the equality z(w)p − z(w) =
c′ · ζ• holds, and, moreover, the composite of ψ with the Galois
section-class determined by v coincides with the Galois section-
class determined by w.

Proof. First, we verify assertion (i). Observe that one verifies easily
that, for each □ ∈ {◦, •}, the kernel of the natural continuous surjective
homomorphism J†

□ ↠ ΠU is topologically normally generated by the

cuspidal inertia subgroups of J†
□ associated to the cusps of Z□ that lie

over the cusps 1, a□ of X□. Moreover, since [it follows from Lemma 5.3,
(iii), that] the finite morphism U+ → X+

□ ×K K ′ of Lemma 5.3, (iii),
is étale over (X+

□ ×K K ′) \ {∞}, one verifies easily that these cuspidal

inertia subgroups of J†
□ are precisely the cuspidal inertia subgroups of

Π□ associated to the cusps 1, a□ of X□. Thus, since [it is immediate
that] the equality α(∆◦) = ∆• holds, it follows from condition (2) in
the discussion at the beginning of §4, together with Lemma 5.3, (ii),
that α maps the kernel of J†

◦ ↠ ΠU onto the kernel of J†
• ↠ ΠU . In

particular, since the continuous isomorphism α lies over the identity
automorphism of G, assertion (i) holds. This completes the proof of
assertion (i).
In the remainder of the present proof, let ψ be as in assertion (i).

Then since the continuous automorphism ψ lies over the identity au-
tomorphism of G′, it is immediate that ψ is base-geometric [cf. Defi-
nition 2.3], and that the isomorphism of fields of Definition 2.3 in the
case of ψ is the identity automorphism of Kn.

Next, we verify assertions (ii), (iii). First, observe that it follows
from Lemma 5.3, (iii), that, for each □ ∈ {◦, •}, the cusps of U con-
tained in Fp lie over the cusp 0 of X□, and that the cusp ∞ of U lies
over the cusp ∞ of X□. Thus, since [it follows from Lemma 5.3, (iii),
that] the finite morphism U+ → X+

□ ×KK ′ of Lemma 5.3, (iii), is étale
over (X+

□ ×KK ′)\{∞} and totally ramified over ∞, one verifies easily
that, for each □ ∈ {◦, •}, the cuspidal inertia subgroups of ΠU associ-
ated to the cusps of U contained in Fp (respectively, to the cusp ∞ of
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U) are precisely the images by the natural continuous surjective homo-

morphism J†
□ ↠ ΠU of the cuspidal inertia subgroups of Π□ associated

to the cusp 0 of X□ (respectively, of the intersections with J†
□ of the

cuspidal inertia subgroups of Π□ associated to the cusp ∞ of X□). In
particular, assertion (ii) follows immediately from condition (2) in the
discussion at the beginning of §4 and assertion (i), together with the
equality α(∆◦) = ∆•.

Next, let J ⊆ ΠU be an open subgroup of ΠU . Write J ′ ⊆ J†
◦ for the

inverse image of J by the natural continuous surjective homomorphism
J†
◦ ↠ ΠU . Then it follows from the commutativity of the diagram of

assertion (i) that α(J ′) ⊆ J†
• is the inverse image of ψ(J) by the natural

continuous surjective homomorphism J†
• ↠ ΠU . Moreover, one verifies

easily that the connected finite étale covering of X◦×KK ′ (respectively,
X•×K K ′) that corresponds to J ′ (respectively, α(J ′)) is an open sub-
scheme of the connected finite étale covering of U that corresponds to J
(respectively, ψ(J)), which thus implies that these two finite étale cov-
erings have the same regular compactification. In particular, it follows
from [1, Exposé IX, Théorème 4.10] and footnote 5 of [1, Exposé IX,
§4] that the cyclotome [cf. Definition 2.1, (iii)] associated to the con-
nected finite étale covering of X◦ (respectively, X•) that corresponds to
J ′ (respectively, α(J ′)) may be naturally identified with the cyclotome
associated to the connected finite étale covering of U that corresponds
to J (respectively, ψ(J)). Thus, since the continuous isomorphism α
is cyclotomically compatible, and the isomorphisms of fields of Defi-
nition 2.3 in the case of α, ψ are the identity automorphisms of K,
Kn, respectively, assertion (iii) follows immediately. This completes
the proof of assertions (ii), (iii).

Next, we verify assertion (iv). Observe that one verifies easily that
the smooth curve U = U0 ×F ′ K ′ over K ′ [cf. Definition 1.3] is strictly
isotrivial [cf. Definition 1.5, (ii)] and admits good reduction over R′ [cf.
Definition 2.7]. Thus, it follows from assertion (iii), together with Theo-
rem 3.4 and Theorem 3.5, (i), (ii) — where we take the “(K◦, K•, X◦, X•, α)”

of §3 to be (K ′, K ′, U, U, ψ) [relative to the isomorphism K ′ ∼→ F ′((t′))
fixed in the discussion preceding Lemma 5.3] and, for each □ ∈ {◦, •},
the isomorphism “X□

∼→ X□,0 ×F□ K□” fixed in the discussion at the
beginning of §3 to be the identity automorphism of U = U0 ×F ′ K ′ —
that there exist a continuous automorphism ψ0 of ΠU0 and an auto-
morphism θ0 of U0 over F ′ such that

• the continuous automorphisms ψ, ψ0 fit into a commutative
diagram of topological groups as in condition (1) of Lemma 5.2,
and, moreover,
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• the continuous automorphism ψ0 of ΠU0 is contained in the
∆U0-conjugacy class of continuous automorphisms of ΠU0 in-
duced by the automorphism of U0×F ′ F ′ determined by θ0 and
the identity automorphism of F ′.

Moreover, one verifies easily that a cuspidal inertia subgroup of ΠU0

associated to a cusp of U0 is not a cuspidal inertia subgroup of ΠU0

associated to any other cusp of U0 [cf. [22, Corollary 2.2]]. Thus, since
[one verifies easily that] the image in ΠU0 of a cuspidal inertia subgroup
of ΠU associated to a cusp of U is a cuspidal inertia subgroup of ΠU0

associated to the corresponding cusp of U0, it follows from assertion
(ii), together with the commutativity of the diagram of condition (1)
of Lemma 5.2, that the automorphism of U+

0 over F ′ that extends
θ0 maps ∞ to ∞ and the subset Fp ⊆ U+

0 (F
′) onto Fp ⊆ U+

0 (F
′).

In particular, since the cardinality of Fp is ≥ 2, there exist elements
µ ∈ F×

p , λ0 ∈ Fp such that θ0 is given by z 7→ µ · z+λ0. This completes
the proof of assertion (iv).

Finally, we verify assertion (v). First, observe that it follows from
Lemma 5.3, (iii), that v is a cusp of Z◦ that lies over the cusp ζ◦ of
X◦. Let Dv ⊆ J†

◦ be a decomposition subgroup of J†
◦ associated to the

cusp v of Z◦. Then since [it follows from Lemma 5.3, (iii), that] the
finite morphism U+ → X+

◦ ×K K ′ of Lemma 5.3, (iii), is étale over
(X+

◦ ×K K ′) \ {∞}, and v is K ′-rational, one verifies easily that there
exists a decomposition subgroup D ⊆ Π◦ of Π◦ associated to the cusp
ζ◦ of X◦ such that the equality Dv = D ∩ Π′

◦ holds. Thus, it follows
from condition (2) in the discussion at the beginning of §4, together
with Lemma 5.3, (ii), that α(Dv) = α(D) ∩ Π′

• is a decomposition
subgroup of Π′

• associated to the cusp ζ• of X•×KK ′ that is contained
in J†

• , which thus implies that α(Dv) is a decomposition subgroup of
J†
• associated to a K ′-rational cusp of Z• that lies over the cusp ζ• of
X•. Write w ∈ U(K ′) for this cusp. Then it follows from Lemma 5.3,
(iii), that the equality z(w)p − z(w) = c′ · ζ• holds. On the other
hand, one verifies easily that the image of Dv (respectively, α(Dv))
in ΠU by the natural continuous surjective homomorphism J†

◦ ↠ ΠU

(respectively, J†
• ↠ ΠU) is the image of a member of the Galois section-

class determined by v (respectively, w). Thus, assertion (v) follows
immediately from the commutativity of the diagram of assertion (i).
This completes the proof of assertion (v), hence also of Lemma 5.4. □

Lemma 5.5. The equality a◦ = a• holds, i.e., the isomorphism K•
∼→

K◦ of fields obtained by restricting the isomorphism K•
∼→ K◦ of fields

of Definition 2.3 maps a• ∈ K• to a◦ ∈ K◦.
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Proof. Let ψ be as in Lemma 5.4, (i), and let µ ∈ F×
p , λ0 ∈ Fp be

as in Lemma 5.4, (iv). Write v1, v2 ∈ U(K ′) for the K ′-rational points
z = σc, z = σca◦ of U , respectively [cf. the fact that c 6= 0, c · a◦ 6= 0].
Then it follows from Lemma 5.4, (v) — where we take the “(ζ◦, ζ•, v)”
of Lemma 5.4, (v), to be (1, 1, v1) (respectively, (a◦, a•, v2)) — that

• there exists a K ′-rational point w1 (respectively, w2) of U such
that the equality z(w1)

p − z(w1) = c′ (respectively, z(w2)
p −

z(w2) = c′ · a•) holds, and, moreover,
• the composite of ψ with the Galois section-class determined
by v1 (respectively, v2) coincides with the Galois section-class
determined by w1 (respectively, w2).

Thus, it follows from Lemma 5.3, (i), and Lemma 5.4, (iv), together
with Lemma 5.2 — where we take the “(µ, λ, ψ, v, w)” of Lemma 5.2 to
be (µ, λ0, ψ, v1, w1) (respectively, (µ, λ0, ψ, v2, w2)) and the “(F,K,K)”

of Lemma 5.2 to be (F ′, K ′, Kn) [relative to the isomorphism K ′ ∼→
F ′((t′)) fixed in the discussion preceding Lemma 5.3] — that the equal-
ity z(w1) = µ · σc + λ0 (respectively, z(w2) = µ · σca◦ + λ0) holds. In
particular, since the Artin–Schreier endomorphism ϕp of K ′ [cf. Defi-
nition 1.1] is Fp-linear and vanishes on Fp, the equalities

c′ = ϕp(z(w1)) = µ · ϕp(σc) = µ · c,

c′ · a• = ϕp(z(w2)) = µ · ϕp(σca◦) = µ · c · a◦
hold. Thus, since µ · c 6= 0, the equality a◦ = a• holds, as desired. This
completes the proof of Lemma 5.5. □

6. Anabelian Result for Smooth Curves of Genus Zero

In the present §6, we prove the main theorem of the present paper,
i.e., the assertion that a smooth curve obtained by removing at least
three rational points from the projective line over a field of formal
Laurent series with coefficients in a finite field is determined, up to
pulling back by a power of the Frobenius endomorphism of the base
field, by its étale fundamental group equipped with the structure of
a “base-geometric extension” of the absolute Galois group of the base
field [cf. Theorem 6.1 below].

Theorem 6.1. For each □ ∈ {◦, •}, let
• p□ be a prime number,
• F□ a finite field of characteristic p□, and
• r□ ≥ 3 an integer.
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Write K□
def
= F□((t)) — where t is an indeterminate — for the field

of formal Laurent series with coefficients in F□. For each □ ∈ {◦, •},
moreover, let S□ ⊆ P1

K□(K□) be a subset of P1
K□(K□) of cardinality r□.

Write

• X□
def
= P1

K□ \ S□ for the open subscheme of P1
K□ obtained by

forming the complement in P1
K□ of the closed subset [of P1

K□
that corresponds to] S□ ⊆ P1

K□(K□) and
• Π□ for the étale fundamental group of X□, relative to a suitable
choice of basepoint.

Then the following two conditions are equivalent:

(1) There exists a nonnegative integer n such that the scheme X◦
is isomorphic to the scheme X•(n), or the scheme X• is iso-
morphic to the scheme X◦(n) — where, for each □ ∈ {◦, •}, we
write X□(n) for the scheme over K□ obtained by pulling back
the scheme X□ over K□ by the absolute pn□-th power Frobenius
endomorphism of Spec(K□) [cf. Definition 2.5, (ii)].

(2) There exists a base-geometric [cf. Definition 2.3] continuous

isomorphism Π◦
∼→ Π• — i.e., a continuous isomorphism Π◦

∼→
Π• that lies over a continuous isomorphism between the abso-
lute Galois groups of K◦, K• which arises from an isomorphism
between separable closures of K•, K◦ that restricts to an iso-
morphism K•

∼→ K◦ of subfields.

Proof. Observe that, for each □ ∈ {◦, •}, since r□ ≥ 3, the smooth
curve X□ over K□ [cf. Definition 1.3] is not proper over K□. Thus, for
each □ ∈ {◦, •}, by fixing an algebraic closure of K□, we may regard
the data (p□, F□, X□) as data as in the discussion at the beginning of
§2. In the remainder of the present proof, we apply the notational
conventions introduced in §2 to the data (p□, F□, X□). Next, observe
that one verifies easily that, for each □ ∈ {◦, •},

(a) for each nonnegative integer n, the smooth curve X□(n) over
K□ [cf. Definition 2.5, (ii)] is the open subscheme of P1

K□ ob-

tained by forming the complement in P1
K□ of the closed subset

[of P1
K□ that corresponds to] the subset of P1

K□(K□) obtained
by applying the pn□-th power map to the homogeneous coordi-
nates of the elements of S□ ⊆ P1

K□(K□),

and, moreover,

(b) the smooth curve X□ over K□ admits stable reduction over R□
[cf. Definition 2.6],
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(c) the smooth curve X□ over K□ is isotrivial [cf. Definition 1.5,
(i)] if and only if the smooth curve X□ over K□ is strictly
isotrivial [cf. Definition 1.5, (ii)], and

(d) every subfield of the ring OX□(X□) is contained in the subfield
K□.

In particular, it follows from (a) that, for each □ ∈ {◦, •} and each
nonnegative integer n, assertions (b), (c), (d) also hold for the smooth
curve X□(n) over K□.

First, we verify the implication (1) ⇒ (2). Since the inverse of a

base-geometric continuous isomorphism Π◦
∼→ Π• is base-geometric,

we may assume without loss of generality that there exist a nonneg-
ative integer n and an isomorphism X◦

∼→ X•(n) of schemes. Then
it follows from (d) that this isomorphism lies over an isomorphism

Spec(K◦)
∼→ Spec(K•) of schemes, which thus implies that this iso-

morphism induces a continuous isomorphism from Π◦ to the étale fun-
damental group of X•(n) that lies over the continuous isomorphism

G◦
∼→ G• induced by an isomorphism K•

∼→ K◦ of fields that restricts
to an isomorphism K•

∼→ K◦ of subfields. Thus, by composing this con-
tinuous isomorphism with the inverse of a continuous isomorphism as in
Remark 2.5.1 in the case where we take the “(□, n)” of Remark 2.5.1
to be (•, n) [which thus lies over the identity automorphism of G•],

one obtains a base-geometric continuous isomorphism Π◦
∼→ Π•. This

completes the proof of the implication (1) ⇒ (2).
Next, we verify the implication (2) ⇒ (1). Suppose that condition

(2) is satisfied. Let α : Π◦
∼→ Π• be a base-geometric continuous iso-

morphism. In the remainder of the present proof, we regard α as the
“α” of the discussion at the beginning of §2. Then it follows from (b)
that we are in the situation at the beginning of §3.

Suppose that the smooth curve X◦ over K◦ is isotrivial. Then it
follows from (c) that the smooth curve X◦ over K◦ is strictly isotrivial.
Thus, it follows from Theorem 3.5, (i), that the schemeX◦ is isomorphic
to the scheme X• = X•(0), as desired.

Next, suppose that the smooth curve X◦ over K◦ is not isotrivial.
Then it follows from Lemma 2.12 that there exists an integer n as in
Lemma 2.12. Thus, we may assume without loss of generality — by
replacing X• by X•(n) and α by the composite of α with a continuous
isomorphism as in Lemma 2.12 if n is nonnegative (respectively, X◦
by X◦(−n) and α by the composite of the inverse of a continuous
isomorphism as in Lemma 2.12 with α if n is negative) [cf. (a)] —
that the continuous isomorphism α is cyclotomically compatible [cf.
Definition 2.4].
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Next, observe that it follows from Lemma 2.2, (ii), together with [22,

Corollary 2.2], that there exists a bijective map β : S◦
∼→ S• such that,

for each x ∈ S◦, the continuous isomorphism α maps each cuspidal
inertia subgroup of Π◦ associated to the cusp x of X◦ onto a cuspidal
inertia subgroup of Π• associated to the cusp β(x) ofX•. Moreover, one
verifies easily from [22, Corollary 2.2] [cf. also [1, Exposé IX, Théorème
4.10] and footnote 5 of [1, Exposé IX, §4]] that, for each □ ∈ {◦, •},
the decomposition subgroups of Π□ associated to a cusp of X□ are
precisely the normalizers in Π□ of the cuspidal inertia subgroups of Π□
associated to the cusp. Thus, one concludes that

(e) for each x ∈ S◦, the continuous isomorphism α maps each
decomposition subgroup of Π◦ associated to the cusp x of X◦
onto a decomposition subgroup of Π• associated to the cusp
β(x) of X•.

Let x1, x2, x3 ∈ S◦ be three distinct elements of S◦ [cf. our assumption
that r◦ ≥ 3]. Then since there exists an automorphism of P1

K◦ over K◦
(respectively, P1

K• over K•) that maps x1, x2, x3 (respectively, β(x1),
β(x2), β(x3)) to 0, 1, ∞, respectively, one verifies easily that we may
assume without loss of generality, by replacing S◦, S•, α, and β suitably,
that, for each □ ∈ {◦, •}, {0, 1,∞} ⊆ S□, and that β(ζ) = ζ for each
ζ ∈ {0, 1,∞}. Since β is bijective, to verify that the scheme X◦ is
isomorphic to the schemeX•, it suffices to verify the following assertion:

(∗) For each x ∈ S◦\{0, 1,∞}, the isomorphism K•
∼→ K◦ of fields

obtained by restricting the isomorphism K•
∼→ K◦ of fields of

Definition 2.3 maps β(x) ∈ K• to x ∈ K◦.

In particular, it is immediate that, to verify assertion (∗), we may
assume without loss of generality, by replacing S□ by a suitable subset
of S□ for each □ ∈ {◦, •}, that S□ is of cardinality four. For each
□ ∈ {◦, •}, write a□ ∈ S□ for the unique element of S□ \ {0, 1,∞}.

Then, for each □ ∈ {◦, •}, the equality S□ = {0, 1,∞, a□} holds,
which thus implies that the smooth curve X□ over K□ is the open sub-
scheme T□ \ {a□} of the smooth curve T□ over K□ [cf. the discussion
at the beginning of §4]. Moreover, since β is bijective, and β(ζ) = ζ
for each ζ ∈ {0, 1,∞}, the equality β(a◦) = a• holds. Thus, it follows
from (e) that the continuous isomorphism α maps each decomposition
subgroup of Π◦ associated to the cusp 0 (respectively, 1; ∞; a◦) of X◦
onto a decomposition subgroup of Π• associated to the cusp 0 (respec-
tively, 1;∞; a•) of X•. In particular, since the continuous isomorphism
α is cyclotomically compatible, we are in the situation at the begin-
ning of §4 [cf. conditions (1), (2) in the discussion at the beginning of

§4]. Thus, it follows from Lemma 5.5 that the isomorphism K•
∼→ K◦
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of fields obtained by restricting the isomorphism K•
∼→ K◦ of fields

of Definition 2.3 maps a• = β(a◦) to a◦. This completes the proof of
assertion (∗), hence also of Theorem 6.1. □
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Séminaire de géométrie algébrique du Bois Marie 1960–61, with two papers
by M. Raynaud, updated and annotated reprint of the 1971 original, Docu-
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