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ABSTRACT. In the present paper, we investigate anabelian phe-
nomena in positive characteristic from the point of view of Artin—
Schreier theory. First, we prove that, for an arbitrary affine va-
riety over a field of positive characteristic, the injectivity portion
of the Grothendieck section conjecture holds, under the assump-
tion that the field admits a nontrivial Artin—Schreier extension.
While the injectivity portion holds in this greater generality, we
observe that the surjectivity portion of the Grothendieck section
conjecture, or even its birational version, for smooth curves over
positive-characteristic local fields does not hold in general. This
observation reflects the substantial difference between the mixed-
characteristic situation and the positive-characteristic situation in
anabelian geometry. Despite such a difference, by considering
Artin—Schreier-theoretic Galois evaluations appropriately, together
with various techniques in positive-characteristic anabelian geom-
etry due to A. Tamagawa and S. Mochizuki, we prove that the
isomorphism classes of punctured projective lines over positive-
characteristic local fields are completely determined, up to pulling
back by a power of the Frobenius endomorphism of the base field,
by the associated étale fundamental groups in the sense of relative
anabelian geometry. This result may be regarded as the first affir-
mative anabelian result for curves over positive-characteristic local

fields.
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INTRODUCTION

A central motivation in anabelian geometry is to understand to what
extent a geometric object may be “reconstructed” from its highly non-
abelian homotopical data, e.g., the étale fundamental group of a hy-
perbolic curve over a suitable field. This research area was founded by
A. Grothendieck in his famous letter to G. Faltings [cf. [2]], in which
several fundamental conjectures, such as the so-called Grothendieck
conjecture and section conjecture, were proposed. Roughly speaking,

e the Grothendieck conjecture is a question concerning the rigid-
ity of [suitable morphisms between] the fundamental groups of
“anabelian varieties” such as hyperbolic curves, and

e the section conjecture asks whether or not every splitting [i.e.,
Galois section] of the homotopy exact sequence associated to
an “anabelian variety” arises from a unique rational point.

Recall that the base fields of the algebraic varieties considered in the
letter are finitely generated fields. With regard to the Grothendieck
conjecture, after the contributions due to H. Nakamura and A. Tam-
agawa [cf. [14], [15], [21]], S. Mochizuki solved the conjecture affir-
matively for arbitrary hyperbolic curves over sub-p-adic fields [cf. [9]].
Here, a sub-p-adic field is a field isomorphic to a subfield of a finitely
generated extension field of the field of p-adic numbers for some prime
number p. This solution is based on the p-adic Hodge theory due to G.
Faltings, and its key point was the change of viewpoint from global to
local. Moreover, the birational version, i.e., the function field version,
of the section conjecture for curves over p-adic local fields was proved
by J. Koenigsmann [cf. [7]]. On the other hand, the Grothendieck con-
jecture for hyperbolic curves over finitely generated fields of positive
characteristic was proved by A. Tamagawa, S. Mochizuki, and J. Stix
cf. [21], [11], [19], [20]]. Thus, taking the above situation into account,
it is natural to explore anabelian phenomena for smooth curves over
positive-characteristic local fields. However, despite its naturalness, no
analogous result has been obtained so far.

In the present paper, to overcome this unsatisfactory situation, we
investigate the Grothendieck conjecture and the section conjecture in
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positive characteristic from the point of view of Artin—Schreier the-
ory. More precisely, we consider these problems by means of Artin—
Schreier-theoretic Galois evaluations, i.e., the procedure of obtaining
Artin—Schreier classes of elements of the base field by pulling back, by
means of the Galois sections under consideration, the Artin—Schreier
classes of regular functions. Here, we note that Kummer-theoretic Ga-
lois evaluations, i.e., the analogous procedure in which Artin—Schreier
classes are replaced by Kummer classes, frequently appear in the study
of anabelian geometry [cf., e.g., [11], [13]]. On the other hand, to the
knowledge of the authors of the present paper, Artin—Schreier-theoretic
Galois evaluations have not been applied substantially in anabelian ge-
ometry so far. In this sense, one of the new contributions of the present
paper is to show that Artin—Schreier-theoretic Galois evaluations are
also effective in anabelian geometry.

First, with regard to the section conjecture, we prove the following
result [cf. Theorem 1.8, Remark 1.8.1]:

Theorem A. Let p be a prime number, A a field of characteristic p,

and A a separable closure of A. Write G of Gal(A/A) for the absolute
Galois group of A determined by the separable closure A. Then the
following assertions hold:

(i) Suppose that there exists a finite Galois extension field of A of
degree p. Let V be an affine algebraic variety over A [cf. Def-
inition 1.3]. Write II, A for the respective étale fundamental
groups of V., V x4 A, relative to suitable choices of basepoints.
Then the map from the set of A-rational points of V' to the set
of A-conjugacy classes of continuous sections of the natural
continuous surjective homomorphism 11 — G that maps each
A-rational point of V' to the Galois section-class determined by
the A-rational point [cf. Definition 1.6] is injective.

(ii) Let g > 1 be a power of p. Suppose that A is the field F,((t)) —
where t is an indeterminate — of formal Laurent series with
coefficients in F,. Then there exists a proper smooth curve C
over A [cf. Definition 1.3] of genus > 2 [cf. Definition 1.4] that
satisfies the following two conditions:

(1) The smooth curve C' over A has no rational point over the
perfect closure of A. In particular, the set C(A) is empty.

(2) The natural continuous surjective homomorphisms onto G
from the étale fundamental group of C' and from the abso-
lute Galois group of the function field of C' admit contin-
uous sections.
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Theorem A, (i), may be regarded as an application of Artin—Schreier-
theoretic Galois evaluations. On the other hand, Theorem A, (ii), is
a consequence of the fact that the p-cohomological dimension of the
absolute Galois group of a field of characteristic p is < 1, together
with an elementary observation concerning the complete discrete val-
uation field associated to the generic point of the special fiber of a
smooth model of a curve. Thus, while the injectivity portion of the
section conjecture holds in the greater generality of Theorem A, (i),
the surjectivity portion of the section conjecture, or even its birational
version, for smooth curves over positive-characteristic local fields does
not hold in general [cf. Theorem A, (ii)]. This observation reflects the
substantial difference between the mixed-characteristic situation and
the positive-characteristic situation in anabelian geometry.

On the other hand, despite such a difference, by applying Artin—
Schreier-theoretic Galois evaluations appropriately, together with var-
ious techniques in positive-characteristic anabelian geometry due to
A. Tamagawa and S. Mochizuki, we prove a Grothendieck conjecture-
type result for punctured projective lines over positive-characteristic
local fields. In order to state this result, we introduce some notation.
In the remainder of the present Introduction, for each O € {o, o}, let

po be a prime number, Fi a finite field of characteristic pg, and rg > 3

an integer. Write Kp & Fr((t)) — where t is an indeterminate —

for the field of formal Laurent series with coefficients in F;. For each
O € {o, e}, moreover, let Sy C P_(Kn) be a subset of Pr_(Kp) of
cardinality rg. Write

o« Xp ¥ P}(D \ S for the open subscheme of IP)}(D obtained by

forming the complement in Pz._ of the closed subset [of Py
that corresponds to] Sy € Py (Kn),

e [l for the étale fundamental group of X, relative to a suitable
choice of basepoint, and

e Xn(n), for each nonnegative integer n, for the scheme over
Ky obtained by pulling back the scheme X5 over K by the
absolute pi-th power Frobenius endomorphism of Spec(Kq).

Then our main result concerning the Grothendieck conjecture is as
follows [cf. Theorem 6.1]:

Theorem B. The following two conditions are equivalent:

(1) There exists a nonnegative integer n such that the scheme X,
is 1somorphic to the scheme X¢(n), or the scheme X, is iso-
morphic to the scheme X,(n).
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(2) There exists a continuous isomorphism 11, = 11, that lies over
a continuous isomorphism between the absolute Galois groups
of Ko, Ko which arises from an isomorphism between separable

closures of Ko, K, that restricts to an isomorphism K, — K,
of subfields.

Theorem B may be regarded as the first affirmative anabelian result
for smooth curves over positive-characteristic local fields. The main
ingredients of the proof of Theorem B are as follows:

e The Grothendieck conjecture for affine hyperbolic curves over
finite fields due to A. Tamagawa [cf. [21]].

e The reconstruction of the cuspidal inertia subgroups and var-
ious numerical invariants from the étale fundamental groups
due to A. Tamagawa [cf. [22]].

e The techniques for reconstructing the log fundamental groups
of the log special fibers due to S. Mochizuki [cf. [10]].

e A delicate control, by means of Artin—Schreier-theoretic Galois
evaluations, of the relationship between various Artin—Schreier
coverings of the affine line over a positive-characteristic local
field and their coordinates.

The authors of the present paper expect that this result, together with
its proof, will stimulate further investigation of positive-characteristic
anabelian geometry.

The present paper is organized as follows: In §1, we introduce several
notions concerning algebraic varieties and Galois sections and prove
Theorem A. In §2, we discuss generalities concerning models of smooth
curves and isomorphisms between the étale fundamental groups of
smooth curves. In particular, we prove that, under certain assump-
tions, an isomorphism between the étale fundamental groups of smooth
curves that admit stable reduction induces an isomorphism between the
log fundamental groups of the log special fibers of the stable models
that arises from an isomorphism between these log schemes. Moreover,
we introduce the notions of base-geometric and cyclotomically com-
patible isomorphisms between the étale fundamental groups of smooth
curves. The latter notion is closely related to the control of Frobenius
twists, which may be regarded as one of the main issues in positive-
characteristic anabelian geometry. In §3, we consider strictly isotrivial
smooth curves over positive-characteristic local fields. In particular,
we prove that an isomorphism between the étale fundamental groups
of strictly isotrivial smooth curves that admit stable reduction induces
an isomorphism between the étale fundamental groups of the smooth
curves over finite fields from which the given smooth curves arise by
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base-change. As a consequence, together with the Grothendieck con-
jecture for hyperbolic curves over finite fields, one obtains an anabelian
result for strictly isotrivial smooth curves over positive-characteristic
local fields. In §4, we consider projective lines minus four rational
points. In particular, by applying Artin—Schreier-theoretic Galois eval-
uations, together with the results obtained in §2, we prove that, under
certain assumptions, the isomorphism between the étale fundamental
groups of the projective lines minus the three points 0, 1, oo induced by
a given isomorphism between the étale fundamental groups of projec-
tive lines minus four rational points preserves, after a suitable purely
inseparable extension of the base field, the Artin—Schreier coverings de-
termined by the nonzero scalar multiples of the standard coordinate.
In §5, by applying the result obtained in §4, together with the results
obtained in §2 and §3, and by further examining the coordinates of
the cusps by means of Artin—Schreier-theoretic Galois evaluations, we
prove that the isomorphism between the base fields that arises from
the given isomorphism maps the coordinate of the fourth cusp of one
of the projective lines minus four rational points to the coordinate of
the fourth cusp of the other. Finally, in §6, by applying the results
obtained in §2, §3, and §5, we complete the proof of Theorem B.

Acknowledgments. The authors developed the main ideas and proofs
of the main results of the present paper around the middle of 2022.
The first author was supported by JSPS KAKENHI Grant Numbers
21K03162 and 24K06668. This research was supported by the Re-
search Institute for Mathematical Sciences, an International Joint Us-
age/Research Center located at Kyoto University. This research was
also supported by the CNRS France-Japan “Arithmetic and Homotopic
Galois Theory” International Research Network between the RIMS Ky-
oto University, the LPP of Lille University, and the DMA of ENS PSL.

1. ANABELIAN INJECTIVITY RESULT

In the present §1, we discuss Artin—Schreier theory for an affine al-
gebraic variety over a field of positive characteristic from the point
of view of the étale fundamental group of the algebraic variety [cf.
Lemma 1.7 below]. This discussion plays an essential role in §4 and §5.
As an application, we prove that the Galois section-class determined
by a rational point of such an affine algebraic variety completely deter-
mines the rational point, under a certain assumption on the field [cf.
Theorem 1.8 below].

In the present §1, let
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e p be a prime number,
e A a field of characteristic p, and
e A% an algebraic closure of A;

write

e A for the separable closure in A% of A,

e A, for the algebraic closure in A of the prime subfield of A,
and

o A, for the algebraic closure in A of the prime subfield of A.

Definition 1.1. Let B be an algebra over A, and let ¢ > 1 be a power
of p. Then we shall write

pg: B—B

for the Artin—Schreier endomorphism of B of degree ¢ — i.e., the endo-
morphism of the underlying additive group of the algebra B that maps
be Btob!—-0be B.

Lemma 1.2. Suppose that there exists a finite Galois extension field
of A of degree p. Then the following assertions hold:

(i) The subset ,(A) C A of A does not coincide with A.

(ii) Let b be a nonzero element of A. Then there exists an element
d of A such that § - b is not contained in the subset ¢,(A) C A
of A.

PROOF. Assertion (i) follows immediately from Artin—Schreier theory,
together with our assumption that there exists a finite Galois extension
field of A of degree p. Assertion (ii) is an immediate consequence of
assertion (i). This completes the proof of Lemma 1.2. U

Definition 1.3. We shall define

e an algebraic variety over A to be a scheme that is separated,
of finite type, and geometrically integral over A and

e a smooth curve over A to be an algebraic variety over A that
is of relative dimension one and smooth over A.

Definition 1.4. We shall define the genus of a smooth curve C' over
A to be the dimension over A8 of the first cohomology group of the
structure sheaf of the smooth compactification of the smooth curve
C x 4 A¥8 over A28, Observe that one verifies easily that this dimension
is independent of the choice of the algebraic closure A% of A.

Definition 1.5. Let V be an algebraic variety over A. Then we shall
say that
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(i) the algebraic variety V over A is isotrivial if there exist an
algebraic variety V over Ay and an isomorphism V x4 A 5
Vo X4, A over A, and that

(ii) the algebraic variety V over A is strictly isotrivial if there ex-

ist an algebraic variety V; over Ay and an isomorphism V =
Vo X4, A over A.

In the remainder of the present §1, let
e I/ be an affine algebraic variety over A;
write

e II for the étale fundamental group of V, relative to a suitable
choice of basepoint,

e A for the étale fundamental group of V x4 A, relative to a
suitable choice of basepoint, and

o« Y Gal(A/A) for the absolute Galois group of A determined
by the separable closure A.
Thus, the natural morphisms V x4 A — V — Spec(A) of schemes
induce an exact sequence of topological groups
1 A 11 G L.

Definition 1.6. Let v € V(A) be an A-rational point of V. Then
we shall refer to the A-conjugacy class of continuous sections G' — I1
induced by v of the continuous homomorphism Il — G as the Galois
section-class determined by v € V(A).

Lemma 1.7. Let ¢ > 1 be a power of p such that A contains a field of
cardinality q. Then the following assertions hold:

(i) The Artin-Schreier sequence of degree q on V determines an
isomorphism of groups

Oy (V)/q(Ov(V)) — H'(ILF,).
(i) Let v € V(A) be an A-rational point of V.. Then the diagram

of groups
A/sof(A) —— Oy (V)/¢y(Ov(V)) — A/T(A)

H'(G.F,) H'(ILF,) H'(G,F,)

— where
o the left-hand upper horizontal arrow is the homomorphism
induced by the structure morphism of V over A,
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e the right-hand upper horizontal arrow is the homomor-
phism induced by v € V(A),

e the left-hand lower horizontal arrow is the homomorphism
induced by the continuous homomorphism Il — G,

e the right-hand lower horizontal arrow s the homomor-
phism induced by [an arbitrary element G — 11 of] the
Galois section-class determined by v € V(A), and

e the vertical arrows are the isomorphisms discussed in (i)
[in the case where we take the “V” of (i) to be V and
Spec(A)] —

commutes.

PROOF. Assertion (i) follows immediately from our assumption that
the algebraic variety V' is affine, together with our assumption that A
contains a field of cardinality ¢. Assertion (ii) is a formal consequence
of the [easily verified] functoriality of Artin—Schreier classes. This com-
pletes the proof of Lemma 1.7. U

Theorem 1.8. Suppose that there exists a finite Galois extension field
of A of degree p. Let v, w € V(A) be A-rational points of V.. Then the
following two conditions are equivalent:
(1) The equality v = w holds.
(2) The Galois section-class determined by v coincides with the
Galois section-class determined by w.

PROOF. First, observe that the implication (1) = (2) is immediate.
Next, we verify the implication (2) = (1). Suppose that condition (2)
is satisfied.

Next, observe that since the algebraic variety V over A is affine,
there exists a closed immersion over A from V' into the affine space
A", for some positive integer r. Then one verifies easily that, to verify
condition (1), we may assume without loss of generality, by replacing V/
by this affine space, that V' is the affine space A’;. Next, observe that
it is immediate that, to verify condition (1), we may assume without
loss of generality, by considering the various projection morphisms V' =
A7, — Al that V is the affine line Al;.

Let z € Oy (V) be a global section of Oy that determines an iso-
morphism V' = Spec(A[z]). Write b o z(v) — z(w) € A. Then
it follows from the commutativity of the right-hand square of the
diagram of Lemma 1.7, (ii) [in the case where we take the “¢” of
Lemma 1.7 to be p|, together with condition (2), that the homomor-
phisms Oy (V)/,(Oy(V)) = A/p,(A) induced by v, w € V(A) co-
incide. Let ¢ be an element of A. By considering the images of the
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element ¢ - z € Oy (V) by these homomorphisms, one concludes that
the element ¢-b = ¢- z(v) — ¢ - z(w) of A is contained in the subset
0p(A) C A of A. Thus, since c is an arbitrary element of A, it follows
from Lemma 1.2, (ii), that the equality b = 0, i.e., the equality v = w,
holds. This completes the proof of the implication (2) = (1), hence
also of Theorem 1.8. O

Remark 1.8.1. Let ¢ > 1 be a power of p. Suppose that A is the

field F,((t)) — where ¢ is an indeterminate — of formal Laurent series

with coefficients in F,. Write R o F,[[t]] € A for the valuation ring

of the discrete valuation field A and APf C A%# for the perfect closure
of Ain A& Let C be a proper smooth curve over A of genus > 2.
Suppose, moreover, that there exists a semistable curve C over R that
is smooth over R such that the generic fiber C xz A of C coincides

with C, and the special fiber Cp, ©CxpF ¢ of C has no F,-rational
point. [For instance, by considering suitable deformations over R of a
proper smooth curve over F, that has no F -rational point, one obtains
such a proper smooth curve C' over A that is not isotrivial.] Write Il¢,
Ac for the respective étale fundamental groups of C, C x4 A, relative
to suitable choices of basepoints. Thus, we have a natural continuous
surjective homomorphism IIs — G whose kernel is given by A C Il¢.

(i) Since the field AP! is a purely inseparable extension of A, one
verifies easily that each APf-rational point of C' determines,
in a similar way to Definition 1.6, a Ag-conjugacy class of
continuous sections of the continuous homomorphism Il — G.
On the other hand, since the semistable curve C over R is
proper, and the residue field of the integral closure of R in
AP is . it follows from the valuative criterion of properness,
together with our assumption that Cr, has no F-rational point,
that C' has no APf-rational point.

(ii) Write n € C for the generic point of Cr,, A(C) for the function
field of C, L for the completion of A(C') with respect to the
discrete valuation determined by 7, and &, for the residue field
of L, i.e., the function field of Cp,. Here, observe that since Cp,
is reduced, the element t is a uniformizer of L. Moreover, one
verifies easily that F, is algebraically closed in kr. Let L be a
separable closure of L, and let A < L be an embedding over
A. Then since the absolute Galois group of F, is a free profi-
nite group of rank one, hence projective [cf. [16, Proposition
3.5.15]], the natural continuous surjective homomorphism from
the absolute Galois group of k; to the absolute Galois group
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of F, — where we consider the absolute Galois groups deter-
mined by the residue field of L — admits a continuous section.
Write M C L for the unramified extension field of L that cor-
responds to the image of such a continuous section and kj,; for
the residue field of M. Then it is immediate that the natu-
ral continuous homomorphism from the absolute Galois group
of kar to the absolute Galois group of F, is an isomorphism.
Thus, since t is a uniformizer of M, one verifies easily that the

natural continuous homomorphism G & Gal(L/M) — G is
surjective and induces an isomorphism between the maximal
tamely ramified quotients. In particular, the kernel of the con-
tinuous homomorphism Gj; — G is a pro-p group.

(iii) Since the inequality c¢d,(G) < 1 holds [cf. [16, Corollary 6.1.3]],
it follows from [16, Theorem 3.5.6] that the continuous ho-

momorphism G, — G discussed in (ii) admits a continu-
def A

ous section. Write Gacy = Gal(A(C)/A(C)) for the abso-
lute Galois group of A(C') determined by the separable closure
A(C) of A(C) in L. Then since the continuous homomorphism
G — G factors as the composite of the natural continuous ho-
momorphisms Gy — Gacy = Il — G [relative to a suitable
choice of basepoint], one concludes that the natural continu-
ous surjective homomorphisms G 4y — G and II¢ — G admit
continuous sections. In particular, it follows from (i) that an
analogue over A of the Grothendieck section conjecture — even
its birational version — does not hold.

(iv) On the other hand, in contrast to the situation over positive-
characteristic local fields discussed in (iii), the birational ver-
sion of the Grothendieck section conjecture for proper smooth
curves over mixed-characteristic local fields holds [cf. [7, Propo-
sition 2.4, (2)]].

2. ETALE FUNDAMENTAL GROUPS OF SMOOTH CURVES

In the present §2, we discuss some basic properties of continuous
isomorphisms between the étale fundamental groups of smooth curves
over fields of formal Laurent series with coefficients in finite fields [cf.
Lemma 2.2 below|. In particular, we prove that, under the assump-
tion of stable reduction, such an isomorphism induces an isomorphism
between the log fundamental groups of the special fibers of the sta-
ble models [cf. Lemma 2.10 below]. This discussion plays an essential
role in §3. Moreover, we introduce the notions of base-geometric and
cyclotomically compatible continuous isomorphisms [cf. Definition 2.3,
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Definition 2.4 below| and prove that, in the case where the smooth
curves under consideration are not isotrivial, a base-geometric contin-
uous isomorphism becomes cyclotomically compatible after composing
with the isomorphism induced by a suitable relative Frobenius mor-
phism [cf. Lemma 2.12 below].

In the present §2, for each O € {o, o}, let

e po be a prime number,

write

I a finite field of characteristic po,
def

K2 an algebraic closure of the field K < Fy((t)) — where ¢
is an indeterminate — of formal Laurent series with coefficients
in F, and

Xn a smooth curve over Kp [cf. Definition 1.3] that is either
not of genus zero [cf. Definition 1.4] or not proper over Kp;

K for the separable closure in K glg of K,

Rn¥ Fy[[t]] € Kq for the valuation ring of the discrete valu-

ation field Kp, o
F5 for the algebraic closure of F in K,

qo o #Fp for the cardinality of Fp,

Gno def Gal(Kg/Kp) for the absolute Galois group of Kg de-

termined by the separable closure K,

Pq C I C G for the wild inertia, inertia subgroups of Gp,
respectively,

GY o Gp/In « G o Gn/Py (« Gp) for the maximal

unramified, tamely ramified quotients of G, respectively,

e X for the regular compactification of Xg over Kg,
e D C X for the reduced closed subscheme of X7 whose un-

.7[3:

derlying closed subset is given by the complement in XS of
XD7

go for the genus of the smooth curve Xy over Kp [cf. Defini-
tion 1.4],

rg for the cardinality of the [necessarily finite] set Do(K2#),
o Xo xxy Ko C X4 o X3 xx Kn,

e Tl [T, for the respective étale fundamental groups of X, X7,

relative to suitable choices of basepoints, and o
Ap, A} for the respective étale fundamental groups of Xp,
X1, relative to suitable choices of basepoints.
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Thus, for each [0 € {o, o}, the natural diagram of schemes
Xf Xf
Xt — X7

induces a commutative diagram of topological groups

1 AD HD GD 1
1 AL I Gno 1

— where the horizontal sequences are exact, and the vertical arrows
are surjective. In the present §2, let

a: I, —==1TI,

be a continuous isomorphism that lies over some uniquely determined
continuous isomorphism a¢: Go — G, i.e., that fits into a commuta-
tive diagram of topological groups

I, —-1I,

P

Go —= G,
ag

— where the vertical arrows are the natural surjective homomorphisms

— for some uniquely determined continuous isomorphism ag: G, —

Gl.
Definition 2.1. Let [J be an element of {o, e}.

(i) We shall write 2(#@) for the pro-prime-to-pg completion of the
module Z.
(ii) We shall write Ag_ for the Tate module of the multiplicative

group scheme G,, = over Kp and refer to Az, as the cyclo-

tome associated to K.
(iii) Suppose that the smooth curve Xy over Kp is of genus > 1.
Then we shall write

AXD = Homz(#pm) (H2(A57 Z(?éplj))’ Z(#”D))

and refer to Ax_, as the cyclotome associated to Xp.

Remark 2.1.1. Let [0 be an element of {o, e}.
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One verifies easily that the module Ag_ has a natural structure

of free Z(#D)-module of rank one.

Suppose that the smooth curve X over K is of genus > 1.

Then it follows from [8, Chapter VI, Theorem 11.1, (a)], to-

gether with the [well-known — cf. [1, Exposé IX, Théoreme

4.10] and footnote 5 of [1, Exposé IX, §4]] fact that the natu-

ral morphism to X from the smooth compactification of the

smooth curve X x g K| glg over K, %lg induces a continuous outer

isomorphism between the étale fundamental groups, that

(a) the module Ax, has a natural structure of free Zizp, -
module of rank one, and that

(b) there exists a natural Go-equivariant isomorphism A x_ —

A

Lemma 2.2. The following assertions hold:

(i)
(i)

(i)

The equality (Do, Go; §os To) = (Pe, Ge, Go, T'e) holds.

The continuous isomorphism o determines a bijective map be-
tween the set of cuspidal inertia subgroups [i.e., inertia sub-
groups associated to cusps| of Il, and the set of cuspidal inertia
subgroups of 1l,.

There exists a uniquely determined continuous outer isomor-
phism ot : I} 5 I} such that the continuous isomorphisms
a, ot fit into a commutative diagram of topological groups

11, %> 11,
H+ ~ H+
o Oé+ [ ]

— where the vertical arrows are the AT -, A¥-conjugacy classes
of continuous surjective homomorphisms induced by the natural
open immersions X, — X, X, — X[, respectively.

The equalities

hold.

PROOF. First, we verify assertions (i), (ii). First, recall from [1, Ex-
posé IX, Théoreme 4.10] and footnote 5 of [1, Exposé IX, §4] that the
natural morphism Xp X x| Kélg — X induces a continuous outer iso-
morphism between the étale fundamental groups. Thus, it follows from
[22, Theorem 1.9] that the equalities go = go, 70 = 7 hold. In partic-
ular, assertion (ii) is immediate in the case where r, = 0 and follows
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from [22, Theorem 2.5 in the case where r, # 0. Next, the equality
(Poy o) = (Pe, qs) follows from [17, Theorem 2.6, (i)]. This completes
the proof of assertions (i), (ii).

Assertion (iii) follows immediately from assertion (ii). Assertion (iv)
is a formal consequence of [17, Theorem 2.6, (ii), (iii)]. This completes
the proof of Lemma 2.2. O

Definition 2.3. We shall say that the continuous isomorphism « is
base-geometric if the continuous isomorphism «ag arises from an iso-
morphism K, — K, of fields — which is uniquely determined [cf. the
injectivity of the natural homomorphism from the automorphism group
of K, to the outer automorphism group of G,, together with the slim-
ness of G4 — cf. [4, Theorem 2.4], [4, Corollary 4.5], respectively] —
that restricts to an isomorphism K, — K, of subfields.

Definition 2.4. Suppose that the continuous isomorphism « is base-
geometric. Then we shall say that the continuous isomorphism « is

cyclotomically compatible if the following condition is satisfied: Let

J, C II, be an open subgroup of II,. Write J, def a(J,) C II,. For each

[0 € {o, e}, write Y7 — Xp for the connected finite étale covering of
Xp that arises from the open subgroup Jm C Il of I, which thus
implies that Jg may be identified with the étale fundamental group of
Y. For each OO0 € {o, e}, we regard Y as a smooth curve over the
algebraic closure of K in the function field of Y. Suppose that the
smooth curve Y, hence [cf. Lemma 2.2, (i)] also the smooth curve Y,
is of genus > 1. Then the diagram of topological modules

Ay, ——= Ay,

| |

Ag, — Mg,

~

— where the upper horizontal arrow is the isomorphism induced by the
continuous isomorphism « [cf. Lemma 2.2, (iii)], the vertical arrows are
the respective natural isomorphisms of Remark 2.1.1, (ii), (b), and the
lower horizontal arrow is an isomorphism determined by the isomor-
phism K, = K, of fields that induces the continuous isomorphism ag
— comunutes.

Remark 2.4.1. Suppose that the continuous isomorphism « is base-
geometric.

(i) Let J. C J, be open subgroups of II,. Write J, o a(J) C

Jo % a(J,). For each O € {o, e}, write Y/, — Y5 — X for
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the connected finite étale coverings of X5 that arise from the
open subgroups J5 C Jg C Il of Iy, respectively. Suppose
that the smooth curve Y, hence [cf. Lemma 2.2, (i)] also the
smooth curve Y, is of genus > 1, which thus implies that, for
each [0 € {o, e}, the smooth curve Y[, is of genus > 1. Then it
follows from [8, Chapter VI, Theorem 11.1, (a)] that, for each
O € {o,e}, the homomorphism Ay — Ay, induced by the
natural finite morphism between the regular compactifications
of Y}, Y coincides, relative to the natural isomorphisms of
Remark 2.1.1, (i), (b), with the endomorphism of Az_ given
by multiplication by the index of Ap N J5 in Ag N Jo. More-
over, since [it is immediate that] the equality a(A;) = A,
holds, these two indices coincide. Thus, since the module Az
is torsion-free [cf. Remark 2.1.1, (i)], the diagram that appears
in Definition 2.4 associated to J, commutes if and only if the
diagram that appears in Definition 2.4 associated to J! com-
mutes.

(ii) Let J, C II, be an open subgroup of II, such that the cor-
responding smooth curve is of genus > 1, and that the dia-
gram that appears in Definition 2.4 associated to .J, commutes.
Then, for each open subgroup J! C II, of II, such that the cor-
responding smooth curve is of genus > 1, by applying (i) to the
open subgroups J, N J! C J, and J, N J. C J!, one concludes
that the diagram that appears in Definition 2.4 associated to
J! commutes. In particular, the continuous isomorphism « is
cyclotomically compatible.

Definition 2.5. Let [0 be an element of {o, e}, and let n be a nonneg-
ative integer.

(i) We shall write Frg_ (n) for the absolute p}-th power Frobenius

endomorphism of Spec(Kp).

(ii) We shall write Xy(n) for the smooth curve over K obtained
by pulling back the smooth curve Xp over Kp by Frg (n).

(ili) We shall write Fry_/x,(n): Xg — Xp(n) for the relative pp-th
power Frobenius morphism over Kq [i.e., the morphism deter-
mined by the absolute pf-th power Frobenius endomorphism
of X, EI] .

Remark 2.5.1. Let [0 be an element of {o, e}, and let n be a non-
negative integer. Then one verifies easily that the relative pf-th power
Frobenius morphism Frx_ /. (n): Xo — Xp(n) induces a continuous
isomorphism over G from the étale fundamental group Il5 of X to
the étale fundamental group of Xp(n) [which is uniquely determined
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up to composition with inner automorphisms determined by elements
of the kernel of the natural surjective homomorphism from the étale
fundamental group of Xn(n) onto Gp].

Definition 2.6. Let [0 be an element of {o,e}. Then we shall say
that the smooth curve Xp over Ko admits stable reduction over Rn
if there exist a semistable curve XF over Rn and a [possibly empty]
closed subscheme D C X7 of X7 such that

e the closed subscheme Dy C X3 of XY is contained in the

smooth locus of X% over Rp,
e the composite Do — X& — Spec(Rp) is finite and étale,
e the open subscheme (X7 \ Dp) x g, Ko of X2 coincides with

XD7 and
e the invertible sheaf wy+/p (Dp) on X% — where we write
Wxt /Ry for the dualizing sheaf of XF over R — is ample

relative to Ro.

Observe that one verifies immediately from [6, Theorem 2.7 that, in
this situation, the pair (X3, D) is uniquely determined by Xq.

Remark 2.6.1. Let S be a scheme, X; and X5 semistable curves over
S, and D; C Xy, Dy C A, [possibly empty] closed subschemes of A, A,
respectively. Suppose that the closed subschemes D; C X}, Dy C X,
are contained in the smooth loci of X;, Xy over S, respectively, that
the composites D; — X} — 5, Dy — A, — S are finite and étale,
and that the invertible sheaves wy,/s(D1), wx,/s(D2) on Xy, Xy —
where we write wy, /s, Wx,/s for the dualizing sheaves of X, X, over S,
respectively — are ample relative to S. Then one verifies immediately
from [6, Theorem 2.7] that the functor that assigns, to a scheme T over
S, the set of isomorphisms over T of the pair (X} xgT,D; XgT) with
the pair (X xg T, Dy xg T) is representable by a scheme that is finite
and unramified over S.

Remark 2.6.2. Let [J be an element of {o,e}. Suppose that the
inequality 2 — 290 — rg < 0 holds. Then it follows immediately from
standard limit arguments that there exists a nonnegative integer ng
such that, for each integer n > ng, the regular compactification of
Xn(n) over Kp is smooth over Kp, and, moreover, the complement
of Xg(n) in this regular compactification, equipped with the reduced
scheme structure, is finite and étale over K. In particular, it follows
from [6, Theorem 2.7] that, for each integer n > ng, there exists a
finite extension field Ly € K of Kp such that the smooth curve
Xo(n) X gy Lo over L admits stable reduction over the ring of integers
of LD.
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Definition 2.7. Let O be an element of {o, e}. Then we shall say that
the smooth curve X over K admits good reduction over Rp if the
smooth curve X over Ko admits stable reduction over Rq — which
implies that there exists a uniquely determined pair (X, Dp) as in
Definition 2.6 — and, moreover, the semistable curve X2 over Rg is
smooth.

Remark 2.7.1. Let [J be an element of {o,e}. Suppose that the
inequality 2 — 295 — rg < 0 holds, and that the smooth curve Xy over
K is strictly isotrivial [cf. Definition 1.5, (ii)]. Then one verifies easily
that the smooth curve X over Kp admits good reduction over Rp.

Remark 2.7.2. Let OJ be an element of {o,e}. Suppose that the
smooth curve X over K is isotrivial [cf. Definition 1.5, ()] and admits
good reduction over Ry. Then one verifies easily — by considering
the scheme over Ry of isomorphisms between the pair (X7, Dp) of
Definition 2.7 and the base-change, via the natural inclusion F — R,
of the special fiber of this pair, which is finite and unramified over Ry
[cf. Remark 2.6.1], together with Galois descent — that the smooth
curve X over Kp is strictly isotrivial [cf. Definition 1.5, (ii)].

In the remainder of the present §2, suppose that, for each O € {o, o},
the smooth curve Xg over Ko admits stable reduction over Rg. In
particular, for each OJ € {0, e}, we have a pair (X3, Dg) as in Defini-
tion 2.6.

Definition 2.8. Let [J be an element of {o, e}. Then we shall write
e TI2" for the tame fundamental group of the pair (X7, Dp),
relative to a suitable choice of basepoint, o
° étmm for the tame fundamental group of the pair (X7, Do X g
Kp), relative to a suitable choice of basepoint,

o X} o X3 X p, Fh for the special fiber of the semistable curve
X over Rp,

o X% for the [necessarily fs] log scheme obtained by equipping
X with the log structure determined by the divisor X U Dp
on X7,

o X ¢ for the [necessarily fs] log scheme obtained by equipping
X JDF with the log structure obtained by pulling back the log
structure of X'°¢ by the natural closed immersion X7 < X+,

° ngg for the log fundamental group of X, lgg, relative to a suitable
choice of basepoint, and

o A8 for the kernel of the natural continuous outer homomor-
phism TI[¢ — Gi».
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Remark 2.8.1. Let O be an element of {o, e}. The various results of
[5, §6, §7] are stated for stable curves over complete discrete valuation
rings whose generic fibers are proper and smooth, i.e., for stable curves
without marked points. On the other hand, one verifies easily that
the arguments applied in the proofs of [5, Lemma 6.5], [5, Lemma
6.9], [5, Lemma 6.11], [5, Lemma 7.1}, and [5, Lemma 7.3] remain
valid, without essential modification, in the case of the pair (X2, Dp),
i.e., in the case where marked points are allowed, if we replace the
étale fundamental group of the generic fiber and the log schemes of [5,
Definition 6.1] by II%"* and Xéog, X, IDOg [cf. Definition 2.8|, respectively.
Indeed, the properties of log fundamental groups applied in these proofs
are consequences of [3, Corollary 1] and [3, Proposition B.7], which are
valid for arbitrary log regular log schemes, hence, in particular, for
the log scheme Xélog, whose log structure is determined by the divisor
X& UDg [cf. also the proof of [10, Theorem 2.7]].

Lemma 2.9. Let O be an element of {o,e}. Then the following asser-
tions hold:
(i) The natural strict closed immersion X5 — X% induces a
continuous outer isomorphism of the log fundamental group
IS8 of X8 with the log fundamental group of XX8. In par-
ticular, the natural inclusions Xpo — X3 <« X7 induce a
commutative diagram of topological groups

1 AEI HD GD 1

1 AR e G 1
— g O O

1— A% 1152 Gim 1

— where the horizontal sequences are exact, and the vertical
arrows are surjective.

(ii) The left-hand lower vertical arrow AZ* — ASE of the diagram
of (i) induces a continuous isomorphism between the respective
mazximal pro-prime-to-pn quotients.

PRrROOF. These assertions follow immediately from [3, Corollary 1], [3,
Proposition B.7], [3, Theorem 2], together with the various definitions
involved. 0

Lemma 2.10. The following assertions hold:
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(i) There exists a uniquely determined continuous isomorphism
afm: I 5 TI8 such that the continuous isomorphisms «,
a™ fit into a commutative diagram of topological groups

I, ——1I,

P

Htm ~ Htm
o ot .

— where the vertical arrows are the middle upper vertical ar-
rows of the diagrams of Lemma 2.9, (i), in the cases where we
take the ‘117 of Lemma 2.9 to be o, e, respectively.

(ii) There exists a uniquely determined continuous isomorphism
oo 118 5 18 sych that the continuous isomorphisms o™
[cf. (1)], a'°® fit into a commutative diagram of topological groups

tm tm
I —= 11,

~

.

Hlog _~ Hlog

o s 1le
— where the vertical arrows are the middle lower vertical ar-
rows of the diagrams of Lemma 2.9, (i), in the cases where we
take the 117 of Lemma 2.9 to be o, e, respectively.

(iii) Suppose that the isomorphism « is cyclotomically compatible.
Then the isomorphism o'°8: 116 =TI of (ii) arises from
an isomorphism &Log =5 il,og over the isomorphism Fy, = F,
induced by the isomorphism K, — K, of Definition 2.3.

PROOF. Assertion (i) follows immediately from Lemma 2.2, (ii). Next,
we verify assertion (ii). The desired uniqueness follows from the surjec-
tivity of the natural continuous homomorphism II%™ — I1'°¢. To verify
the desired existence, for each [J € {o, e}, write
e Ng C II for the kernel of the natural continuous surjective
homomorphism TT* —» ngg that appears in the diagram of
Lemma 2.9, (i),
o A" AtDm’(# %) for the maximal pro-prime-to-py quotient of
AP
o Q™ for the quotient of IT™ by the kernel of Al — AMFP0)
which thus implies that we have a natural exact sequence of
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topological groups

1 AtDm:(?épD) QtDm GD 1 ’

° f’g C Q& for the inverse image of P C Gp by the natural
continuous surjective homomorphism Q% — Gp,
e N C QP for the image of Ng C IIF" in QfF, and
o My C II%* for the inverse image of No C Q%" by the natural
surjective homomorphism I — QE°.
Then it follows immediately from the commutativity of the diagram of
Lemma 2.9, (i), that
e the intersection NgNAE® is the kernel of the natural continuous
surjective homomorphism A% — A% and that
e the image of Ny in G coincides with F.
In particular, since the natural continuous surjective homomorphism
AP — AIDOg induces an isomorphism between the respective maximal
pro-prime-to-pg quotients [cf. Lemma 2.9, (ii)], one verifies easily that

e the normal closed subgroup Ng C Q% of Q" is contained in
ﬁg, and that
e the intersection N M A 779 g trivial,
Thus, one concludes that

(a) for each O € {o, e}, the natural surjective homomorphism
QP — G restricts to an isomorphism

NDAPD.

In particular, since [it is immediate that] both Ny and AtDm’#p o) are

normal subgroups of Q%" every element of Ng commutes with every

element of A™ P2 On the other hand, since [we have assumed that]

the invertible sheaf wy: /g (Dn) on XY is ample relative to Rp, it

follows from [21, Proposition 1.11] that the profinite group AtDm’(#) o) i

center-free. In particular, the restriction to the centralizer of Atmm’(;ép o)

in P of the natural continuous surjective homomorphism Pq — P is
injective. Thus, one concludes that

(b) for each O € {o, e}, the closed subgroup N C P coincides

with the centralizer of AtDm’(ipD) in P

Next, observe that it follows from Lemma 2.2, (i), (iv), that the
equalities p, = pe and a(P,) = P, hold. Thus, since [it is immediate
that] the continuous isomorphism o™ of assertion (i) lies over ag, it
follows from (b) that
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(c) the continuous isomorphism o™ maps M, C II'™ onto M, C

It
Next, observe that since, for each O € {o, e}, the closed subgroup
No € Q™ is pro-pg [cf. (a)], and the profinite group AZFPD) is pro-

prime-to-pp, it follows immediately from [12, Remark 1.1.5] that there
exists an open subgroup J, C II"™ of II'"™ that contains M, such that
the stable curve over the residue field that arises from the stable model
of the finite étale covering of X, that corresponds to J, is sturdy [cf.
[12, Definition 1.1]]. Write J, C II¥™ for the image of J, by a™. Then
it follows from (c) that J, contains M,, hence also N,. In particular,
for each O € {o, e}, it follows from [5, Lemma 6.5, (i)] [cf. also Re-
mark 2.8.1] that the finite étale covering of X that corresponds to Jq
admits stable reduction, and that the kernel of the natural continuous
surjective homomorphism from Jg to the log fundamental group of the
log special fiber of the resulting stable model is given by Ng. Thus, it
follows from a similar argument to the argument applied in the proof
of [5, Lemma 7.3, (ii)] [cf. Remark 2.8.1] that o™ maps N, onto N,.
In particular, the continuous isomorphism o™ induces a continuous
isomorphism 116 = T1°¢ as in assertion (ii). This completes the proof
of assertion (ii).

Assertion (iii) follows immediately — by passing to suitable open
subgroups of IT™ that contain N, [cf. [5, Lemma 5.9, (iii)], [5, Lemma
6.9], [5, Lemma 6.11]], together with Galois descent — from a similar
argument to the argument applied in the proof of [10, Theorem 2.7],
where we apply [5, Lemma 7.3, (iv)] [cf. Remark 2.8.1] (respectively,
[21, Theorem 0.5]; [11, Theorem 3.12]) in the case where X or X" is
not smooth (respectively, X7, X" are smooth, and D, is nonempty;
XH, X are smooth, and D, is empty) — where we note that it follows
from Lemma 2.2, (ii), that D, is empty if and only if D, is empty. [Note
that our assumption that « is cyclotomically compatible plays the role
of [10, Lemma 2.6].] This completes the proof of Lemma 2.10. O

Lemma 2.11. Let O be an element of {o, ®}. Suppose that the smooth
curve Xpg over Ko admits good reduction over Rp. Then the following
two conditions are equivalent:
(1) The smooth curve Xp over Kq is isotrivial.
(2) The natural continuous surjective homomorphism AZ* — Agg
1S an isomorphism.

PRrROOF. This assertion follows immediately from [23, Theorem 8.1] [cf.
also Remark 2.7.2]. O

Lemma 2.12. Suppose that the following two conditions are satisfied:
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(1) The continuous isomorphism « is base-geometric.
(2) The smooth curve X, over K, is not isotrivial.

Then there exists a uniquely determined integer n that satisfies the
following two conditions:

(3) If n is nonnegative, then the composite of the continuous iso-
morphism a: 1, = T, with some continuous isomorphism [cf.
Remark 2.5.1] over G4 from the étale fundamental group 11, of
X, to the étale fundamental group of Xe(n) induced by the rela-
tive py -th power Frobenius morphism Frx,  x,(n): Xo = Xo(n)
15 cyclotomically compatible.

(4) If n is negative, then the composite of the inverse of some
continuous isomorphism [cf. Remark 2.5.1] over G, from the
étale fundamental group Il, of X, to the étale fundamental
group of Xo(—n) induced by the relative p;"-th power Frobenius
morphism Fry, /k,(—n): Xo = Xo(—n) with the continuous
isomorphism «: 11, = 11, is cyclotomically compatible.

PrOOF. This assertion follows immediately — in light of Remark 2.4.1,
(ii), and Lemma 2.10, (i) — from a similar argument to the argument
applied in the proof of [5, Lemma 7.7, (ii)]. O

3. ANABELIAN RESULT FOR STRICTLY ISOTRIVIAL SMOOTH
CURVES

In the present §3, we discuss continuous isomorphisms between the
étale fundamental groups of smooth curves that admit stable reduc-
tion in the case where one of the smooth curves is strictly isotrivial. In
particular, we give a characterization of the kernel of the natural con-
tinuous surjective homomorphism from the étale fundamental group of
a strictly isotrivial smooth curve onto the étale fundamental group of
a smooth curve over a finite field from which the given smooth curve
arises by base-change in terms of the intersection of this kernel with
the geometric fundamental group [cf. Lemma 3.1, (ii), below], together
with a characterization of this intersection in terms of finite étale cov-
erings [cf. Lemma 3.2 below]. Next, we prove that the other smooth
curve is also strictly isotrivial [cf. Theorem 3.3 below]. Then, by ap-
plying the above characterizations, we prove that the given continuous
isomorphism induces an isomorphism between the étale fundamental
groups of the smooth curves over finite fields [cf. Theorem 3.4 below].
Thus, by applying the anabelian results for smooth curves over finite
fields, we conclude that the given smooth curves are isomorphic as
schemes [cf. Theorem 3.5 below].
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In the present §3, suppose that we are in the situation at the begin-
ning of the preceding §2; suppose, moreover, that, for each [J € {o, e},
the smooth curve X over Kp [cf. Definition 1.3] admits stable reduc-
tion over Ry [cf. Definition 2.6]. In the present §3, let Jg C Il be an
open normal subgroup of II5. Write

e Y1 — X for the connected finite étale Galois covering of Xn
that corresponds to the open normal subgroup Jg C I,

e Hn C Gp for the image of Jg in G, and

e Lo C Kp for the [necessarily finite Galois] extension field of
Kp that corresponds to the open normal subgroup Hp C G
of G, which thus implies that we may regard Y as a smooth
curve over L.

In the present §3, moreover, for each OJ € {o, e}, if the smooth curve
X over K is strictly isotrivial, then fix a smooth curve X over Fry
and an isomorphism X = Xopo X, Ko over Ki [cf. Definition 1.5,
(ii)] and write

o [l for the étale fundamental group of Xpg, relative to a
suitable choice of basepoint,

e Ap for the étale fundamental group of Xqg X Fr, relative
to a suitable choice of basepoint,

e N&' C Tl for the kernel of the natural continuous outer ho-
momorphism Il — Il induced by the composite of the
fixed isomorphism Xp = Xpo Xp, Kg and the projection
Xno Xy Ko — Xop onto the first factor, and

def
t 2 t
° AES = NE‘S N AEI-

Lemma 3.1. Let O be an element of {o, e}. Suppose that the smooth
curve Xo over Kp is strictly isotrivial. Then the following assertions

hold:
(i) The natural continuous homomorphisms g — Ilno, Ag —
Any are surjective. Moreover, the natural continuous homo-
morphism

HD/ACDSt E—— HD,O XGEr GD

— where we identify G with Gal(Fn/Fh) in the natural way
— is an isomorphism that restricts to an isomorphism of NE* / AE*
with {1} x Ig of subgroups.

(i) The closed subgroup N&* C Ilg of Ilg coincides with the set of
elements v € Tlg such that y0y~ 1571 € ASt for every 6 € Ap.
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PRrOOF. First, we verify assertion (i). Since Fp is algebraically closed,
one verifies immediately that every connected finite étale covering of
Xoo Xy F remains connected after base-changing via Fo— Kp. In
particular, one concludes that the continuous homomorphism An —
Ay is surjective. Moreover, since K = F((t)), the natural continu-
ous homomorphism Go — Gal(Fg/Fp) is a surjective homomorphism
whose kernel is given by Ig. Thus, the remaining portion of asser-
tion (i) follows immediately from the various definitions involved. This
completes the proof of assertion (i).

Next, we verify assertion (ii). It follows immediately from assertion
(i) that the action of every element of IIg on Ap/A& = Apg by
conjugation coincides with the action by conjugation of the image of
this element in Ilg,. Thus, it follows immediately from the various
definitions involved that, to verify assertion (ii), it suffices to verify
that the conjugation action of IIgy on Apy is faithful. Let v be an
element of IIg, that commutes with every element of Apg. Write
o € Gal(Fp/Fn) for the image of v in Gal(Fn/Fp). Now since [we
have assumed that] X5 admits stable reduction over Rp, one verifies
easily that there exists an open subgroup Joo C Il of IIg, such
that the smooth curve over Fij that corresponds to the open subgroup
Joo N Apy € Apgg of Apy is of genus > 1 [cf. Definition 1.4, [12,
Remark 1.1.5]]. Moreover, since Jg is of finite index in I, there
exists a positive integer n such that 4" € Jgo. Since 7" commutes with
every element of JgoNApgy [cf. our choice of 7], the action of v on the
second cohomology group, with coefficients in Z(#D), of the maximal
pro-prime-to-pm quotient of the étale fundamental group of the smooth
compactification of the smooth curve over F that corresponds to the
open subgroup JooNAgo € Ag of Agy is trivial. On the other hand,
it follows from [8, Chapter VI, Theorem 11.1, (a)] [cf. also Remark 2.1.1,
(ii)] that this action is given by the inverse of the cyclotomic character
of ¢™. Thus, since Fp is generated over F by the roots of unity of
order prime to pg, we conclude that ¢™ is trivial, which thus implies [cf.
the well-known torsion-freeness of Gal(Fn/Fp)] that o is trivial, i.e.,
that v € App. In particular, one concludes that v is contained in the
center of Agg. Thus, it follows from [21, Proposition 1.11] that v = 1.
This completes the proof of assertion (ii), hence also of Lemma 3.1. O

Lemma 3.2. Let O be an element of {o,e}. Suppose that the smooth
curve Xp over Ko is strictly isotrivial. Then the following two condi-
tions are equivalent:

(1) The inclusion AS* C Ag N Jg holds.



26 YUICHIRO HOSHI AND SHOTA TSUJIMURA

(2) The smooth curve Yo over L is isotrivial [cf. Definition 1.5,

(1))
PROOF. First, observe that the implication (1) = (2) follows immedi-
ately from Lemma 3.1, (i). Next, we verify the implication (2) = (1).
Suppose that condltlon (2) is satisfied, i.e., that there exist a smooth
curve V over F 0 and an isomorphism Y5 X7 Ko S Voxs i Kq over

Ko, Write I & A /(Ao M Jg). Then since [we have assumed that] Jo
is normal in IIy, the finite étale covering Yo X Ko — Xp X K5 Kp
is Galois with Galois group I'. Now since [we have assumed that]
X5 admits stable reduction over R, it follows from Remark 2.6.1
that the group scheme over F of automorphisms of V| is unrami-
fied over F. Thus, since Fi is algebraically closed, the action of I on
Vo X7y Kno [obtained by transporting the action of I' on Y X Kno
via the above isomorphism] arises, by base-changing via Fg «— K,
from a [necessarily free] action of I' on V. Write W Y, /T Then
we have isomorphisms over K

|74 XFD FD — XD X Ko FD — (XEI,O X Fq FD) XfD FD

— where the first arrow is the isomorphism induced by the isomor-
phisms W Xz_ Ko 5 (Vg XFn Kn)/T = (Yo xp, Ko)/T. Moreover,
since F is algebraically closed, it follows from Remark 2.6.1 that the
composite isomorphism W Xz_ KoS (X0 Xy ) XF K arises, by
base-changing via Fry < K, from an isomorphism W 5 Xp 0 X Fn
over Fg. Thus, the finite étale covering Y X1 Ko — Xp X Koy Kn
arises, by base-changing via F 0= K, from the connected finite étale
covering Vo, — VO/F =W 5 Xoo Xy Fg. In particular, it fol-
lows from Lemma 3.1, (i), that the inclusion AS* C Ap N Jg holds.

This completes the proof of the implication (2) = (1), hence also of
Lemma 3.2. O

Remark 3.2.1. Let [J be an element of {o,e}. Suppose that the
smooth curve X over Kp is strictly isotrivial. Then it follows imme-
diately from Lemma 3.2 that the closed subgroup A&* C Ap of Ag
does not depend on the choice of the smooth curve X5y over F; and
the isomorphism Xp — Xn,0 X, Ko fixed in the discussion at the
beginning of §3. Thus, it follows from Lemma 3.1, (ii), that the closed
subgroup N&*' C Il of IIg also does not depend on these choices.

Theorem 3.3. Suppose that the smooth curve X, over K, is strictly
wsotrivial. Then the smooth curve X, over K, is strictly isotrivial.
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PRrROOF. First, we verify that the smooth curve X, over K, admits
good reduction over R, [cf. Definition 2.7]. Since [we have assumed
that] the smooth curve X, over K, admits stable reduction over R.,
the inequality 2 — 2g, — 7, < 0 holds. Thus, since [we have assumed
that] the smooth curve X, over K, is strictly isotrivial, it follows from
Remark 2.7.1 that the smooth curve X, over K, admits good reduc-
tion over R,. In particular, it follows from [21, Theorem 5.3] [cf. our
assumption that, for each [J € {o, e}, the smooth curve X over Kp
admits stable reduction over Rp]|, together with Lemma 2.2, (i), (iv),
that the smooth curve X, over K, admits good reduction over R,, as
desired.

Next, we verify that the smooth curve X, over K, is isotrivial. Since
the smooth curve X, over K, is isotrivial [cf. our assumption that
the smooth curve X, over K, is strictly isotrivial] and admits good
reduction over R, [cf. the argument of the first paragraph of the present
proof], it follows from the implication (1) = (2) of Lemma 2.11 that
the natural continuous surjective homomorphism A™ — Al® is an
isomorphism. Thus, since the continuous isomorphisms a'™, a'¢ of
Lemma 2.10, (i), (ii), lie over the continuous isomorphisms G, — G,
G'™ = G determined by ag, respectively [cf. Lemma 2.2, (iv)], one
verifies easily that the natural continuous surjective homomorphism
A — Alg g an isomorphism. In particular, since the smooth curve
X, over K, admits good reduction over R, [cf. the argument of the first
paragraph of the present proof], it follows from the implication (2) =
(1) of Lemma 2.11 that the smooth curve X, over K, is isotrivial, as
desired.

Finally, since the smooth curve X, over K, is isotrivial and admits
good reduction over R, [cf. the arguments of the first and second para-
graphs of the present proof], it follows from Remark 2.7.2 that the
smooth curve X, over K, is strictly isotrivial, as desired. This com-
pletes the proof of Theorem 3.3. O

Theorem 3.4. Suppose that the smooth curve X, over K, is strictly
isotrivial [which thus implies that the smooth curve X, over K, is
strictly isotrivial — cf. Theorem 3.3]. Then there exists a continu-
ous isomorphism ag: oo — e [which is uniquely determined up to
composition with inner automorphisms of Il, o determined by elements
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of Aep| such that the continuous isomorphisms «, g fit into a com-
mutative diagram of topological groups

HO%>H.

b

Ho,o T(]) Ho,o

— where the vertical arrows are the Agp-, Aeg-conjugacy classes of
continuous surjective homomorphisms induced by the natural morphisms
Xo = Xop, Xe = Xop, respectively.

PROOF. Since the smooth curve X, over K, is strictly isotrivial [cf.
Theorem 3.3], it follows immediately from Lemma 3.1, (i), that, to
verify Theorem 3.4, it suffices to verify the equality a(NS') = N
Moreover, since a(A,) = A,, it follows from Lemma 3.1, (ii), that,
to verify the equality a(NS') = N it suffices to verify the equality
a(A%") = AP, Thus, it follows immediately from Lemma 3.2 [cf. also
Remark 3.2.1], together with a similar argument applied to the inverse
of «, that, to verify Theorem 3.4, it suffices to verify the following

assertion:

(a) If Jo = a(J,), and the smooth curve Y, over L, is isotrivial,
then the smooth curve Y, over L, is isotrivial.

Suppose that J, = a(J,), and that the smooth curve Y, over L, is
isotrivial. Then one verifies easily that there exists a finite extension
field L' C K, of L, such that the smooth curve Y, x_ L’ over L’ is
strictly isotrivial. Write L], C K, for the finite extension field of L, that
corresponds, relative to ag, to L. Now since [we have assumed that]
the smooth curve X, over K, admits stable reduction over R,, we may
assume without loss of generality, by replacing L. by a suitable finite
extension field of L/ [cf. Remark 2.6.2], that there exists a nonnegative
integer n such that the smooth curve Y,(n) x, L, over L, admits sta-
ble reduction over the ring of integers of L,. On the other hand, since
the smooth curve Y, x_ L. over L is strictly isotrivial, and [we have
assumed that] the smooth curve X, over K, admits stable reduction
over R, it follows from Remark 2.7.1 that the smooth curve Y, x_ L.
over L. admits good reduction over the ring of integers of L.. Thus,
by applying Theorem 3.3 — where we take the “(K,, Ko, X, Xo)” of
Theorem 3.3 to be (LL, L,,Y o x, L., Y4(n)xr, L)) and the “a” of The-
orem 3.3 to be the continuous isomorphism from the étale fundamental
group of Y, X, L. to the étale fundamental group of Y4(n) x, L,
obtained by composing the restriction of a to the open subgroup of J,
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that corresponds to Y, X L/ with a continuous isomorphism as in Re-
mark 2.5.1 [in the case where we take the “(K,, X,)” of Remark 2.5.1 to
be (L,,Y ¢ X1, L,)] — one concludes that the smooth curve Y4(n)xp, L,
over L) is strictly isotrivial, hence that the smooth curve Y4(n) over
L, is isotrivial. Next, write

e X.o(n) for the smooth curve over F, obtained by pulling back
the smooth curve X, over F, by the absolute p-th power
Frobenius endomorphism of Spec(F,) and

e J,(n) for the image of .J, by a continuous isomorphism from II,
to the étale fundamental group of X,(n) as in Remark 2.5.1.

Then one verifies easily that the isomorphism X, — Xeo Xp, K, fixed
in the discussion at the beginning of the present §3 determines an iso-
morphism X,(n) = X,0(n) X g, K, over K, that is compatible with the
relative pg-th power Frobenius morphisms of X, over K, and X, o over
F,, which thus implies that the smooth curve X,(n) over K, is strictly
isotrivial and admits good reduction over R,, and that the above con-
tinuous isomorphism maps A% onto the closed subgroup of the étale
fundamental group of X(n) obtained by applying the construction
of A% in the discussion at the beginning of the present §3 to X.(n)
and this isomorphism [cf. Remark 3.2.1]. Moreover, one verifies easily
that the connected finite étale covering of X,(n) that corresponds to
Jo(n) is naturally isomorphic to Y4(n). Thus, since the smooth curve
Y.(n) over L, is isotrivial, it follows from the implication (2) = (1)
of Lemma 3.2 — where we take the “(X,, X4, Js)” of Lemma 3.2 to
be (X¢(n), Xeo(n), Jo(n)) — that this closed subgroup is contained in
Jo(n), which thus implies that the inclusion A®* C A, N J, holds. In
particular, it follows from the implication (1) = (2) of Lemma 3.2 that
the smooth curve Y, over L, is isotrivial, as desired. This completes
the proof of (a), hence also of Theorem 3.4. O

Theorem 3.5. Suppose that the smooth curve X, over K, is strictly
1sotrivial. Then the following assertions hold:

(i) There exists a uniquely determined isomorphism of schemes
Oo: Xoo — Xeo such that the continuous isomorphism oy of
Theorem 3.4 belongs to the continuous outer isomorphism 11, —
Il induced by 0y. In particular, the scheme X, is isomorphic
to the scheme X,.

(ii) Suppose that the continuous isomorphism « is cyclotomically
compatible [cf. Definition 2.4]. Then the isomorphism 6y of (i)
lies over the isomorphism Spec(F,) = Spec(F,) of schemes
determined by the isomorphism F, = F, of fields obtained
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by restricting the isomorphism K. = Ko of fields of Defini-
tion 2.3. Moreover, the continuous isomorphism g of The-
orem 3.4 is contained in the A, o-conjugacy class of contin-
uous isomorphisms Wy — Ileq induced by the isomorphism
Xopo XF, Fo 5 Xeo XF, F, of schemes determined by 0, and
the isomorphism Fy = F. of fields obtained by restricting the
isomorphism Ko = K, of fields of Definition 2.3.

(iii) Suppose that the continuous isomorphism « is cyclotomically
compatible. Then there exists an isomorphism X, — X, of
schemes that lies over the isomorphism Spec(K,) — Spec(K,)

of schemes determined by the isomorphism K, = K, of fields
of Definition 2.3.

PROOF. First, we verify assertion (i). Since the smooth curve X, over
K, is strictly isotrivial [cf. Theorem 3.3], for each O € {o,e}, the
smooth curve X over Fp is defined [cf. the discussion at the beginning
of the present §3]. Moreover, since [we have assumed that], for each
[0 € {o, e}, the smooth curve X over K admits stable reduction over
Rn, the existence and uniqueness of the isomorphism 6 of assertion (i)
follow from Theorem 3.4, together with [21, Theorem 0.6] (respectively,
[11, Theorem 3.12]), in the case where the smooth curve X, over K,
is not proper (respectively, is proper) [cf. also Lemma 2.2, (i)]. In
particular, since [one verifies easily that], for each [J € {o, e}, the field
Fis the algebraic closure of the prime field in the function field of X,
and the equality Kp = F((t)) holds, the scheme X, is isomorphic to
the scheme X,, as desired. This completes the proof of assertion (i).
Assertion (ii) follows immediately — in light of Lemma 3.1, (i), and
Definition 2.4 — from a similar argument to the argument applied
in the proof of [24, Theorem 2.6]. Assertion (iii) follows immediately
from assertion (ii), together with the fact that, for each O € {o, e}, the
smooth curve Xp over Kp is isomorphic over Kn to X X g Ko [cf.
the discussion at the beginning of the present §3]. This completes the
proof of Theorem 3.5. 0

4. PRESERVATION OF SUITABLE ARTIN-SCHREIER COVERINGS

In the present §4, we consider the case where the smooth curves under
consideration are obtained by removing four rational points from the
projective line, and the given continuous isomorphism is cyclotomically
compatible and satisfies a certain compatibility condition concerning
the cusps. In this situation, we prove that the continuous isomorphism
between the étale fundamental groups of the projective lines minus the
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three points 0, 1, oo induced by the given continuous isomorphism pre-
serves, after a suitable purely inseparable extension of the base field,
the Artin—Schreier coverings determined by the nonzero scalar multi-
ples of the standard coordinate [cf. Lemma 4.4 below]. This result plays
an essential role in §5.

In the present §4, suppose that we are in the situation at the begin-
ning of §2. In particular, we have a continuous isomorphism

a: I, —==TI,.

In the present §4, suppose, moreover, that this continuous isomor-
phism « is cyclotomically compatible [which thus implies that « is
base-geometric — cf. Definition 2.3, Definition 2.4]. In the present §4,
for each [0 € {0, e}, let ag be an element of Ky \ {0, 1}; write

e Th for the spectrum of the Kg-algebra

o )

— where x is an indeterminate — and
o I, Ap, for the respective étale fundamental groups of T,
Th X gy Ko, relative to suitable choices of basepoints.

In the present §4, suppose, moreover, that the following two conditions
are satisfied:

(1) For each O € {o, e}, the equality Xg = Ty \ {an} holds, i.e.,
the smooth curve Xp over K [cf. Definition 1.3] is the open
subscheme of T obtained by removing the Kg-rational point
[that corresponds to] an € Kpn.

(2) The continuous isomorphism « maps each decomposition sub-
group of I, associated to the cusp 0 (respectively, 1; co; a.)
of X, onto a decomposition subgroup of 11, associated to the
cusp 0 (respectively, 1; 00; ae) of X,.

Thus, it follows immediately from conditions (1), (2), together with the
various definitions involved, that there exists a uniquely determined
continuous isomorphism

(073l HTO —_— HT.

that satisfies the following three conditions:
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(3) The continuous isomorphisms «, ar fit into a commutative
diagram of topological groups

Ho‘i>no

o

Uy, ——1Ilz,

— where the vertical arrows are the natural continuous surjec-
tive homomorphisms induced by the natural open immersions
Xo = T,, Xo¢ — T,, respectively.

(4) The continuous isomorphism ar lies over ag.

(5) Let ¢ be an element of {0,1,00}. Then the continuous isomor-
phism a7 maps each decomposition subgroup of Il associated
to the cusp ( of T, onto a decomposition subgroup of Il as-
sociated to the cusp ¢ of T,.

In the remainder of the present §4, we identify K2 with K28 by
means of the [necessarily uniquely determined]| isomorphism K28 =
K& of fields that restricts to the isomorphism K, = K, of fields
that induces ag [cf. Definition 2.3]. Thus, we identify K,, K,, F,
F., R., Go, Ty, Uy, Ap, with K, K., F,, Fo, Ro, Go, T>, Ur,, Ap,,
respectively, in the natural way. In particular, we regard a, as an
element of K, \ {0,1}, the continuous isomorphism g is the identity
automorphism of G, = G,, and the continuous isomorphism aq is an
automorphism of Iy, = Il7,. In the remainder of the present §4, write

o ' = F,=F,,
cFET _T,
o K ¥ K, =K, [which thus implies that K = F((t))],
e RY R, =R,
o Folg def K¢ = als,
KYFK, =K.,
G= G, =G,
TYT =T,
o Iy ¥ 11, =1y, and

o Ar AL = Ay,

Definition 4.1. Let n be a nonnegative integer.

(i) We shall write K,, C K®# for the subfield of K®# generated
over K by the [necessarily uniquely determined] p™-th root of ¢
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ANABELIAN GEOMETRY IN POSITIVE CHARACTERISTIC 33
in K¢ and K, R K, C K*&._ Observe that K, is a purely
inseparable extension field of K of degree p”, and that K, is a
separable closure of K,,. Moreover, since the natural morphism
T x i K, — T is a universal homeomorphism, we identify 11,
Ar, G with the étale fundamental groups of T'x x K,,, T X K .,
relative to suitable choices of basepoints, and Gal(K,/K,),
respectively, in the natural way.

Let h be an element of Or(T) @k K,,. Then we shall write
Nh € HI(HT’ Fp)

for the class of h relative to the isomorphism of Lemma 1.7, (i),
in the case where we take the “(A,V,q)” of Lemma 1.7 to be
(K, T X Kp,p) [cf. (1)]. Observe that one verifies easily that,
for each integer n’ > n, the class 7, coincides with the class
obtained by applying the above construction to the image of h
in Or(T) ®k K, [in the case where we take the “n” to be n'].
Let ¢ be an element of K. Then we shall write

JCQHT

for the kernel of the continuous homomorphism Il — F,, de-
termined by 7.,

Remark 4.1.1. Let n be a nonnegative integer.

(i)

Let h be an element of Op(T) ®k K, such that the class n,
is nontrivial. Then one verifies immediately from the various
definitions involved that the connected finite étale covering of
T x g K,, that corresponds to the kernel of the continuous homo-
morphism Il — [, determined by 7, is naturally isomorphic
over T x g K,, to the affine scheme

Spec((OT(T) Qi Kp)[z]/ (2P — 2z — h))

— where z is an indeterminate.

Let ¢ be an element of K. Then it follows immediately from
[18, Proposition 3.7.8, (c)] — applied to the Artin—Schreier
extension of the function field of T x x K*# determined by c-x
— that the restriction of the class 7., to each cuspidal inertia
subgroup of Il; associated to the cusp oo of T"is nontrivial. In
particular, the restriction of the class 7., to Ar is nontrivial,
which thus implies that the image of J. in G coincides with G.

Lemma 4.2. Let n be a nonnegative integer, ¢ an element of {0, 1},
® C Iy a decomposition subgroup of Ilp associated to the cusp C
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of T, and h an element of Or(T) ®k K, whose image in the field
K,((x = ()) of formal Laurent series in x — ¢ with coefficients in K,
is contained in K,[[x — C]]. Write h(¢) € K, for the image of h in
K,[[x—l]/(x — ) = K. Then the restriction of the class n, to ® co-
incides with the image, by the homomorphism H'(G,F,) — H'(D,F,)
induced by the composite © — Ily — G, of the class of h(C) relative
to the isomorphism of Lemma 1.7, (i), in the case where we take the
“A,V,q)” of Lemma 1.7 to be (K, Spec(K,),p).

PRrOOF. First, observe that one verifies easily that the assertion un-
der consideration is invariant under replacing ® by a Ilr-conjugate of
®. Thus, we may assume without loss of generality, by replacing ®
by a suitable IIp-conjugate of ©, that ® is the image of the continu-
ous homomorphism to Il from the absolute Galois group of the field
K,((x —()), relative to a suitable choice of separable closure, induced
by the natural morphism Spec(K,((z — ())) = T xx K, [cf. Defini-
tion 4.1, (i)]. In particular, it follows from the [easily verified] functori-
ality of Artin—Schreier classes that the image of the restriction of 7, to
D by the [necessarily injective] homomorphism from H*(D,TF,) to the
first cohomology group of the absolute Galois group of K, ((z —()) in-
duced by the continuous surjective homomorphism from this absolute
Galois group onto ® determined by the above continuous homomor-
phism coincides with the class of the image of h in K, ((x—()) relative
to the isomorphism of Lemma 1.7, (i), in the case where we take the
“(A,V,q)” of Lemma 1.7 to be (K, ((x — ()), Spec(K,((x — ())), p).
Next, observe that since [one verifies easily that] h —h(¢) € (x — () -
K, [[z — (]], it follows from Hensel’s lemma [applied to the polynomial
2P — z — (h — h(()) in the indeterminate z with coefficients in the
complete local ring K, [[z — (]], whose derivative with respect to z is
the unit —1] that h — h(¢) € @, (K,[[x — (]]). Thus, the image of h
in K,,((z — ())/ep(Kn((x — ())) coincides with the image of h(() €
K,,. In particular, the desired equality follows immediately from the
[easily verified] functoriality of Artin—Schreier classes with respect to
the natural morphism Spec(K,((x —())) — Spec(K,,). This completes
the proof of Lemma 4.2. O

Lemma 4.3. Let ¢ be an element of K*. Write f € H'(Ily,F,) for
the image of 1., by the automorphism of H'(Ip,F,) induced by ag'.
Then the following assertions hold:
(i) The restriction of ' to Ar is nontrivial.
(ii) For each ¢ € {0, 1}, the restriction of ' to each cuspidal inertia
subgroup of Il associated to the cusp ¢ of T is trivial.
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(iii) There exist a nonnegative integer n and an element h € K, [z]
such that the equality ' = ny, holds, and, moreover, the degree
N of the polynomial h is positive and prime to p.

(iv) Letn, h € K, [x], and N be as in (iii). Then the equality N = 1
holds.

PROOF. First, we verify assertion (i). Observe that since the contin-
uous automorphism «ar lies over the identity automorphism of G [cf.
(4)], the equality ar(Az) = Ap holds. Thus, assertion (i) follows from
Remark 4.1.1, (ii). This completes the proof of assertion (i).

Next, we verify assertion (ii). Let ¢ be an element of {0,1}, and let
® C IIr be a decomposition subgroup of I17 associated to the cusp ¢ of
T. Then it follows from (5) that a;'(®) is a decomposition subgroup
of Il associated to the cusp ( of T'. Thus, it follows from Lemma 4.2 —
where we take the “(n,(, D, h)” of Lemma 4.2 to be (0,¢, a;' (D), c-z)
— that the restriction of 7., to a;' (D)NAr = a;' (DN Ag) is trivial,
which thus implies that the restriction of 7 to ©® N Ar is trivial. In
particular, since the cuspidal inertia subgroups of II; associated to the
cusp ¢ of T are the subgroups of the form “® N Ap”, assertion (ii)
holds. This completes the proof of assertion (ii).

Next, we verify assertion (iii). First, observe that it follows from
Lemma 1.7, (i) — where we take the “(A,V,q)” of Lemma 1.7 to be
(K, T,p) — that there exists an element h of Op(T) = K[z, 27", (1 —
x)~!] such that the equality ’ = n;, holds. Write h = hy + ho + hy —
where ho, € K[z], ho € x7'- K[z7!], and hy € (1 —2)7!- K[(1—2)7!].
Now it follows immediately from assertion (ii) that the Artin-Schreier
extension of the function field K®8(x) of T x r K*# determined by h is
unramified over the place z = 0. Thus, it follows from [18, Proposition
3.7.8, (b)] that there exists an element u € K*8(x) such that the image
of h — ¢,(u) in the field K&((x)) of formal Laurent series in = with
coefficients in K8 is contained in K*8[[z]]. Write ug € 27! - K*8[z71]
for the principal part at x = 0 of u. Then since the images of h,, h,
and u—ug in K*#&((x)) are contained in K*8[[z]], one verifies easily that
the equality ho = ¢,(ug) holds. Moreover, by comparing the coefficients
of the various powers of 271, one verifies easily that uy € 27! - K[z7!].
Observe that it follows immediately from a similar argument to this
argument that there exists an element u; € (1—xz)~!- K[(1—z)~!] such
that the equality h; = ¢,(u1) holds. Thus, since ug, u; € Or(T'), the
equalities ' = n, = 1y, hold. In particular, we may assume without
loss of generality, by replacing h by he, that h € K[z]. Next, observe
that, for each nonnegative integer n, each element g € K,,, and each
positive integer k, the equality 3 - 2P* — g1/P. 2k = o (8P . 2¥) holds,
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and BYP € K, 1. Thus, by repeatedly replacing, whenever the degree
of the polynomial under consideration is positive and divisible by p, its
leading monomial 3 - zP* by SY/P . ¥ one verifies easily — in light of
Lemma 1.7, (i), and Definition 4.1, (ii) — that we may assume without
loss of generality, by replacing h by a suitable element of K, [z] for a
suitable nonnegative integer n, that the polynomial A is either constant
or of degree prime to p. On the other hand, if h is constant, i.e., h € K,,,
then it follows from Lemma 1.7, (ii) — where we take the “(A,V,q)” of
Lemma 1.7 to be (K,,T X i K,,, p) — that the class ' = 1, is contained
in the image of the homomorphism H'(G,F,) — H'(IIy,F,) induced
by the natural continuous surjective homomorphism Il — G, which
thus implies that the restriction of 7’ to Ar is trivial — in contradiction
to assertion (i). This completes the proof of assertion (iii).

Next, we verify assertion (iv). Write Y — T, Y' — T for the con-
nected finite étale coverings of T that correspond to the open subgroups
Jey ap(J.) C Iy, respectively. Then it follows from Remark 4.1.1, (i)
— where we take the “n” of Remark 4.1.1 to be 0, n, respectively —
that Y is naturally isomorphic over T" to the affine scheme

Spec(Or(T)[2]/(z" — z — ¢ - x))

and that Y’ x i K, is naturally isomorphic over T X K,, to the affine
scheme

Spec((Or(T) @k Ka)[2]/ (2 — z — h))

— where z is an indeterminate. Moreover, it follows from assertion
(i) and Remark 4.1.1, (ii), that the images of J., az(J.) in G coin-
cide with G, which thus implies that we may regard each of Y, Y’ as
a smooth curve over K. Now it follows from [18, Proposition 3.7.8,
(d)] — applied to the Artin—Schreier extensions of the function field
K*&(z) of T xy K*#& determined by ¢ -z, h — that the genus [cf.
Definition 1.4] of the smooth curve Y (respectively, Y') over K is 0 (re-
spectively, (p —1)(N —1)/2). On the other hand, since the continuous
automorphism ar lies over the identity automorphism of G [cf. (4)], it
follows from Lemma 2.2, (i) — where we take the “(K,, Ko, Xo, X, )"
of Lemma 2.2 to be (K, K,Y, Y’ ar|;,) — that the genus of Y coincides
with the genus of Y. Thus, the equality (p — 1)(N —1)/2 = 0, i.e.,
the equality N = 1, holds. This completes the proof of assertion (iv),
hence also of Lemma 4.3. O

Lemma 4.4. Let ¢ be an element of K*. Then there exist a non-

negative integer n and an element ¢ € K such that the equality
ar(J.) = Jo holds.
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PrOOF. First, observe that one verifies easily that, to verify Lemma 4.4,
it suffices to verify that there exist a nonnegative integer n and an ele-
ment ¢ € K¢ such that, in the case where we take the “c¢” of Lemma 4.3
to be ¢, the element 1’ of Lemma 4.3 coincides with 7..,. Next, to this
end, let n, h € K,[z] be as in Lemma 4.3, (iii). Then it follows from
Lemma 4.3, (iv), that there exist elements ¢ € K*, e € K,, such that
the equality h = ¢ - x + e holds. Let ® C Ily be a decomposition sub-
group of I1 associated to the cusp 0 of 7. Then it follows from (5) that
a;l(Q) is a decomposition subgroup of I1 associated to the cusp 0 of
T. Thus, it follows from Lemma 4.2 — where we take the “(n,(, D, h)”
of Lemma 4.2 to be (0,0, a;' (D), c- ) — that the restriction of 7., to
a;! (D) is trivial, which thus implies that the restriction of 7’ to ® is
trivial. On the other hand, since ' = 7, [cf. Lemma 4.3, (iii)], it fol-
lows from Lemma 4.2 — where we take the “(n,(,®,h)” of Lemma 4.2
to be (n,0,0,h) — that the restriction of 7’ to ® coincides with the
image of the class of e by the homomorphism H'(G,F,) — H*(D,F,)
induced by the composite ©® < Il — G. Thus, since [one verifies
easily that] this composite is surjective, the class of e is trivial, i.e.,
e € p,(K,). In particular, the equalities ' = n, = 71y, hold, as
desired. This completes the proof of Lemma 4.4. O

5. PRESERVATION OF COORDINATES OF CUSPS

In the present §5, we continue our discussion of the situation of
the preceding §4. In particular, we prove a variant of Theorem 1.8
for a suitable open subscheme of the projective line [cf. Lemma 5.2
below|. Next, by observing that the cusp 1 and the fourth cusp of
each of the smooth curves, i.e., the cusp other than 0, 1, oo, determine
rational points of the Artin—Schreier coverings discussed in §4, we prove
that the given continuous isomorphism induces an automorphism of
the étale fundamental group of this open subscheme that maps the
Galois section-classes determined by these rational points compatibly
[cf. Lemma 5.4 below|. Thus, by applying Lemma 5.2, we conclude
that the isomorphism between the base fields that arises from the given
continuous isomorphism [cf. Definition 2.3] maps the coordinate of the
fourth cusp of one of the smooth curves to the coordinate of the fourth
cusp of the other [cf. Lemma 5.5 below]. This result plays an essential
role in §6.

In the present §5, suppose that we are in the situation at the begin-

ning of the preceding §4. In the present §5, write
o Uy Y Spec(F[z, (27 — z)7']) — where z is an indeterminate —

o U Uy xr K,
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e U, Ut for the smooth compactifications of Uy, U over F, K,
respectively [which thus may be identified with the projective
lines over F', K with standard coordinate z, respectively],

o I, IIy, for the respective étale fundamental groups of U, U,
relative to suitable choices of basepoints, and

o Ay, Ay, for the respective étale fundamental groups of U x g K,
Uy xp F, relative to suitable choices of basepoints.

Write, moreover, for each positive integer d,

e [, C F for the [necessarily uniquely determined] extension
field of F of degree d [so we have a natural identification K -
Fd:Fd((t))]’ .

e G, C G for the open subgroup Gal(K /K - Fy) of G, and

o [Iyq C Iy, Iy, 4 C Iy, for the respective inverse images of
the open subgroups Gy C G, Gal(F/F;) C Gal(F/F) in I,
[Ty, [which thus may be identified with the étale fundamental
groups of U x g Fy((t)) = Uy X r Fy((t)), Uy X i Fy, respectively].

Lemma 5.1. The following assertions hold:

(i) Let d be a positive integer, w an element of Fy, and l, j integers
such thatl > 0 and j > 0. Then the element w-t=P 1 —1/P .4~
of Fy((t)) is contained in p,(Fa((t))).

(ii) Let d be a positive integer, and let y be an element of Fy((t)) of
the form Zl>0,pﬂ Y-t — where y; € Fy, and y; = 0 for all but
finitely many 1. Suppose that y is contained in ¢,(Fa((t))) +
Fy[t]]. Then the equality y = 0 holds.

(iii) Let y be an element of K. Suppose that, for each positive
integer d and each element w € Fy, the element w-y of Fy((t))
is contained in the subset p,(Fu((t))) + Ful[t]] € Fa((t)) of
Fy((t)). Then the element y is contained in R.

PROOF. Assertion (i) follows immediately, by induction on j, from the
equality w - 7P — WP . t7 = (WP - t7Y), together with the fact
that the finite field Fy is perfect. Next, we verify assertion (ii). Write
ord; for the discrete valuation of Fy((t)) normalized by the equality
ord(t) = 1. Assume that y # 0. Write [y for the maximal positive
integer | such that y; # 0, which thus implies that ord(y) = —ly. Let
u € Fy((t)), 0 € Fy[[t]] be elements such that the equality y = ¢, (u)+0
holds. If ordi(u) > 0, then ¢,(u) € Fy[[t]], which thus implies that
y € Fy[t]] — in contradiction to the inequality ord:(y) = —lp < 0. If
ord;(u) < 0, then ord;(¢,(u)) = p - ord,(u), which thus implies that
—lp = ord;(y — ) = p-ord;(u) — in contradiction to the fact that [ is
prime to p. This completes the proof of assertion (ii).
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Next, we verify assertion (iii). Assume that y ¢ R. Let N be a
positive integer, and let yi,...,yny be elements of F' such that y —

Zi]\il y; -t~ € R. For each integer i > N, write y; L0, Let E be
a nonnegative integer such that p®** > N. Then, for each positive
integer d and each element w € Fy, it follows from assertion (i) that

woy— 3 (Z y '”W) e gy (Ful(1))) + Fullt).

1>0,pfl \j=0

Thus, it follows from the assumption on y that appears in the statement

W,

of assertion (iii), together with assertion (ii) — where we take the “y
. .. E 1/p j _

of assertion (ii) to be 32, o (3o oS - w?') - #7" — that, for each

positive integer [ prime to p, each positive integer d, and each element

w € Fy, the equality
E .
1/pi j
Zyp]/_li LWoP —
5=0

holds. Now let d be a positive integer such that d > E. Then since
the extension degree of Fy over the prime field is > d > FE, the auto-
morphisms of the field F,; given by w + w!/?" — where j ranges over
the integers such that 0 < j < F — are distinct. Thus, it follows from
the well-known linear independence of distinct characters that, for each
positive integer | prime to p and each 0 < j < E, the equality y,;, = 0
holds. In particular, since each positive integer ¢ < N may be written
as p/ - [ for some 0 < j < E and some positive integer | prime to p, it
follows that 3; = 0 for each 1 <7 < N, i.e., y € R — in contradiction
to our assumption that y € R. This completes the proof of assertion
(iii), hence also of Lemma 5.1. O

Lemma 5.2. Let p be an element of ¥, and let A be an element of
F,. Write 0y for the automorphism of Uy over F' given by z +— j1-2+ .
Let 1 be a continuous automorphism of Iy that lies over the identity
automorphism of G, and let v, w € U(K) be K-rational points of U.
Suppose that the following three conditions are satisfied:
(1) The continuous automorphism v fits into a commutative dia-
gram of topological groups

HU*ﬁ>HU

o

Iy, — Iy,
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— where the vertical arrows are the Ay,-conjugacy class of
continuous surjective homomorphisms induced by the projec-
tion morphism U = Uy xp K — Uy onto the first factor, and
the lower horizontal arrow is the Ay,-conjugacy class of con-
tinuous automorphisms of Iy, induced by the automorphism
of Uy xr F determined by 0y and the identity automorphism of
F.

(2) The element z(v) € K is not contained in R.

(3) The composite of b with the Galois section-class determined
by v [cf. Definition 1.6] coincides with the Galois section-class
determined by w.

Then the equality z(w) = p - z(v) + X holds.

PROOF. Let d be a positive integer. For each h € Fy[z, (z¥ — 2)71],
write

o nuy € H 1(l_IU,d,IFp) for the class of h, relative to the isomor-
phism of Lemma 1.7, (i) — in the case where we take the
“(A,V,q)” of Lemma 1.7 to be (Fy((t)),Us xr Fy((t)),p) —

o nu,n € H'(Iy, 4,F,) for the class of h, relative to the iso-
morphism of Lemma 1.7, (i) — in the case where we take the
“(A,V,q)” of Lemma 1.7 to be (Fy, Uy X Fy,p) — and

e hobly € Fylz, (2P —2)7!] for the image of h by the automorphism
of Fy[z, (2P — z)7!| that maps 2 to p -z + \.

Then it follows from the [easily verified] functoriality of Artin-Schreier
classes that

(a) the class ny,, coincides with the image of 7y, , by the homo-
morphism H'(Ily, 4,F,) — H'(Ily4,F,) induced by [the re-
striction to Iy 4 of] a vertical arrow of the diagram of condition
(1), and that

(b) the homomorphism H*'(Ily, 4, F,) — H'(Ily,.q, F,) induced by
[the restriction to Ily, 4 of] the lower horizontal arrow of the
diagram of condition (1) maps ny,.n t0 Nuy.hos, -

Thus, since an inner automorphism of the profinite group Il 4 induces
the identity automorphism on the cohomology of 11, 4, it follows from
the commutativity of the diagram of condition (1), together with (a),
(b), that

(c) the homomorphism H'(Ily4,F,) — H'(Iy4,F,) induced by
the restriction to Il 4 of ¢ — which is an automorphism of
I1y 4 since 9 lies over the identity automorphism of G — maps
MU,k $0 MU kot -
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Next, write s,: G — Ily for the Galois section-class determined by v
and s, & ¥ o s,: G — Iy, which thus [cf. condition (3)] is the Galois

section-class determined by w. Write, moreover, § o pez(v)+ A e K.
Then one verifies easily that the restriction of s, (respectively, s, ) to G4
determines the Galois section-class determined by the Fy((t))-rational
point of U X i Fy((t)) determined by v (respectively, w). Thus, it follows
from the commutativity of the right-hand square of the diagram of
Lemma 1.7, (ii), in the case where we take the “(A,V,q)” of Lemma 1.7
to be (Fy((t)),Us xr Fy((t)),p), together with (c), that, for each h €
Fylz, (27—2)71], the images in Fy((t))/¢,(Fa((t))) of the values h(z(w)),
h(§) = (hoby)(z(v)) at z(w), £ of h [regarded as a rational function
in 2] coincide. By applying this observation to the elements h = w - 2*
— where w is an element of Fjy, and k is a positive integer — one
concludes that, for each positive integer d, each element w € Fy, and
each positive integer k, the element w - (2(w)* — £¥) is contained in
©p(F4((t))). Thus, it follows from Lemma 5.1, (iii) — where we take
the “y” of Lemma 5.1, (iii), to be z(w)* — &¥ — that,

(d) for each positive integer k, the element z(w)* — £* is contained

in R.

Next, observe that since z(v) ¢ R [cf. condition (2)], u € F) € R*,
and A € F, C R, the element ¢ is not contained in R. Write ord; for
the discrete valuation of K normalized by the equality ord,(t) = 1 and
e z(w) — & Then the inequality ord.(§) < 0 holds, and it follows
from (d) in the case where k£ = 1 that € € R.

Assume that € # 0. Let k be a positive integer prime to p. Then

since
k

sw) ¢ =" (’“) gl

and ord(e¢) > 0 > ord,(€), one verifies easily that ord;(k - £F1 - ¢) =
(k — 1) - ordy(&) + ords(e), and that, for each integer 2 < i < k such
that (%) - €577 € # 0, the inequalities

ord, ((k) e ) > (k — 1) - ordy(€) + i - ordy(e),

(k—1i)-ordy(&) +i-ordi(e) > (k—1)-ordy(€) + ordy(e)

hold. In particular, the equality ord;(z(w)* — &%) = (k — 1) - ord,(§) +
ord;(€) holds. Thus, since ord;(£) < 0, for each sufficiently large pos-
itive integer k prime to p, the element z(w)* — &* is not contained in
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R — in contradiction to (d). This completes the proof of the equality
e = 0, i.e., the equality z(w) = p-2z(v)+A, hence also of Lemma 5.2. O

In the remainder of the present §5, let

e m be a positive integer such that a, is not contained in t” - R
[cf. the fact that a, # 0];

write

cym e Kk *
which thus implies that neither ¢ nor c¢ - a, is contained in R. In the
remainder of the present §5, moreover, let

e 1 be a nonnegative integer and ¢ € K an element of KX such
that the equality ar(J.) = Jo holds [cf. Lemma 4.4],

e K' C K, a finite extension field of K,, that contains a root of
each of the four polynomials z? —z—e¢, 2P —2z—c-a,, 2P —2—(/,
2P — 2z — ' - a, In the indeterminate z with coefficients in K,
[cf. the fact that these four polynomials are separable], and

® 0., Opays Ou, Owa, € K’ To0Ots of these four polynomials, respec-
tively;

write

e R C K’ for the valuation ring of K’,

e /' C K’ for the algebraic closure in K’ of the prime field of
K’,

e F' C K, for the algebraic closure of F’ in K, and

o 'Y Gal(K,,/K') for the absolute Galois group of K’ deter-
mined by the separable closure K, which we regard as an

open subgroup of the profinite group G = Gal(K,/K,) [cf.
Definition 4.1, (i)].
Thus, the field K’ is a complete discrete valuation field of characteristic
p whose residue field is finite, and the field K, is a separable closure
of K’. Moreover, one verifies easily that the field F’ is finite, and
that there exists an isomorphism K’ = F'((t')) of fields — where #/
is an indeterminate — that restricts to the identity automorphism of
F’. In the remainder of the present §5, we fix such an isomorphism
K' = F'((t')), by means of which we regard K’ as a field of the form
“Kn” of §2. In the remainder of the present §5, write, moreover,
o Uy, U, Uys, UT, Iy, Uy, Ay, Ay, for the objects of the dis-
cussion at the beginning of the present §5 in the case where
we take the “(F, K, K)” to be (F', K', K,,) [relative to the iso-

morphism K’ = F'((t')) fixed above],
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o I}, C Ilyp, IIL C 1L, I, C 11, for the inverse images of G' C G
in Iy, I1,, I1,, respectively, which thus may be identified with
the étale fundamental groups of T'x g K', Xo X K', X¢ X g K/,
relative to suitable choices of basepoints, respectively,

e JI CII (respectively, J] C II.) for the inverse image of J.NII}.
(respectively, J. N 1I%.) by the natural continuous surjective
homomorphism II, — IIy (respectively, I, — II7) of condition
(3) in the discussion at the beginning of §4, and

e 7, C U (respectively, Z, C U) for the open subscheme of U
obtained by forming the complement in U of the closed subset
[of U that corresponds to the subset of U(K')] that consists of
the 2p K'-rational points z = o.+ A, 2 = 0.4, + A (respectively,
z2=0u+A\ 2= 0pq +A) — where X ranges over the elements
of F,,.

Lemma 5.3. The following assertions hold:

(i) Neither o. nor g, is contained in R'.

(ii) The equality o(J}) = JI holds.

(iii) The connected finite étale covering of X, X K' that corre-
sponds to the open subgroup JI C 1II. is naturally isomor-
phic over K' to Z, in such a way that the covering morphism
Z, = X, xg K' extends to the finite morphism Z+ = Ut —
Xt xg K given by x = ¢ '+ (2P — 2) — where we regard z, x
as the standard coordinates on the source, target, respectively.
Moreover, this finite morphism is étale over (X x i K')\ {00}
and totally ramified over oo. The assertions obtained by replac-
ing (Xo, X5, JI I, Z,, ZF, c) in the above two sentences by
(Xo, X, JI 1L, Zy, ZF, ) also hold. In particular, for each
O € {o,e}, we may identify Jg with the étale fundamental
group of Zn, relative to a suitable choice of basepoint.

PROOF. Since [it is immediate that] R = R' N K, and ¢,(0.) = ¢,
©p(Cca,) = € ao, assertion (i) follows immediately from the fact that
neither ¢ nor c-a, is contained in R. Next, we verify assertion (ii). Since
the continuous automorphism ar lies over the identity automorphism of
G [cf. condition (4) in the discussion at the beginning of §4], the equality
ar(Il%) = II%. holds. Thus, assertion (ii) follows immediately from the
commutativity of the diagram of condition (3) in the discussion at the
beginning of §4, together with the equality ar(J.) = Ju.

Next, we verify assertion (iii). It follows from Remark 4.1.1, (i), (ii),
that the connected finite étale covering of T' X v K’ that corresponds
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to J. N II7. is naturally isomorphic over 7' x g K’ to the affine scheme
Spec(K'[z,z7 ", (1 —2)7",2]/(2" — 2 — ¢ x)),

which is naturally isomorphic, by means of the equality x = ¢!+ (2P —2),
to the affine scheme

Spec(K'[z, (¥ — 2) 7, (2" — 2z — ¢)7']).

Thus, one verifies easily that the connected finite étale covering of
X, xg K" = (T \ {a.}) xx K' that corresponds to J! is naturally
isomorphic to the affine scheme Spec(K’'[z, (2P —2z) 7!, (2P—z—c) 7}, (2P —
z—c-a,)"']) = Z, in such a way that the covering morphism is given
by z = ¢!+ (2# — z). Moreover, since the derivative with respect to z
of 22 —z—c-z is —1, and the pole of ¢™!+ (27 — 2) at z = oo is of order
p, one verifies easily that the finite morphism Z} = Ut — X xx K’
given by x = ¢!+ (2P — 2) is étale over (X xx K')\ {oo} and totally
ramified over co. A similar argument implies the assertion of (iii)
concerning JI, Z,. This completes the proof of assertion (iii), hence
also of Lemma 5.3. U

Lemma 5.4. The following assertions hold:

(i) There exists a continuous automorphism ¢ of Iy that lies over
the identity automorphism of G' and fits into a commutative
diagram of topological groups

— where the vertical arrows are the continuous surjective ho-
momorphisms induced by the natural open immersions Z, —
U, Zs — U, respectively [cf. Lemma 5.3, (ii), (iii)].
(i) Let v be as in (i). Then the continuous automorphism v maps
e cach cuspidal inertia subgroup of Iy associated to a cusp
of U contained in F, C UT(K') onto a cuspidal inertia
subgroup of 1y associated to a cusp of U contained in
F, CU*(K') and
e cach cuspidal inertia subgroup of Il associated to the cusp
oo of U onto a cuspidal inertia subgroup of Il associated
to the cusp oo of U.
(i) Let ¢ be as in (i). Then the continuous automorphism 1 is
cyclotomically compatible [cf. Definition 2.4].
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(iv) Let ¥ be as in (i). Then there exist elements p € F, Ao €
F, that satisfy condition (1) of Lemma 5.2 in the case where
we take the “(u, A\,v)” of Lemma 5.2 to be (u, Ao, ¥) and the
“F,K,K)” of Lemma 5.2 to be (F',K', K,) [relative to the
isomorphism K' = F'((t')) fived in the discussion preceding
Lemma 5.3].

(v) Let ¢ be as in (i), (¢, Ce) an element of {(1,1), (ao,as)}, and
v € U(K') a K'-rational point of U such that the equality
z(v)? — z(v) = ¢+ (, holds. Then there exists a K'-rational
point w € U(K') of U such that the equality z(w)P — z(w) =
c - (o holds, and, moreover, the composite of 1 with the Galois
section-class determined by v coincides with the Galois section-
class determined by w.

PRrROOF. First, we verify assertion (i). Observe that one verifies easily
that, for each O € {o, o}, the kernel of the natural continuous surjective
homomorphism Jg — Il is topologically normally generated by the
cuspidal inertia subgroups of Jg associated to the cusps of Z that lie
over the cusps 1, ap of Xg. Moreover, since [it follows from Lemma 5.3,
(iii), that] the finite morphism U™ — X7 xx K’ of Lemma 5.3, (iii),
is étale over (XZ xx K')\ {00}, one verifies easily that these cuspidal
inertia subgroups of Jé are precisely the cuspidal inertia subgroups of
15 associated to the cusps 1, an of Xp. Thus, since [it is immediate
that] the equality a(A,) = A, holds, it follows from condition (2) in
the discussion at the beginning of §4, together with Lemma 5.3, (ii),
that a maps the kernel of JI — II;; onto the kernel of JJ — IIy. In
particular, since the continuous isomorphism « lies over the identity
automorphism of G, assertion (i) holds. This completes the proof of
assertion (i).

In the remainder of the present proof, let ¢ be as in assertion (i).
Then since the continuous automorphism ¢ lies over the identity au-
tomorphism of G’, it is immediate that 1 is base-geometric [cf. Defi-
nition 2.3|, and that the isomorphism of fields of Definition 2.3 in the
case of 1 is the identity automorphism of K.

Next, we verify assertions (ii), (iii). First, observe that it follows
from Lemma 5.3, (iii), that, for each O € {o, e}, the cusps of U con-
tained in IF, lie over the cusp 0 of Xp, and that the cusp oo of U lies
over the cusp oo of Xp. Thus, since [it follows from Lemma 5.3, (iii),
that] the finite morphism U — X x ;¢ K’ of Lemma 5.3, (iii), is étale
over (X xx K')\ {00} and totally ramified over oo, one verifies easily
that, for each O € {o, o}, the cuspidal inertia subgroups of Il associ-
ated to the cusps of U contained in F, (respectively, to the cusp oo of
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U) are precisely the images by the natural continuous surjective homo-
morphism Jé —» Il of the cuspidal inertia subgroups of Il associated
to the cusp 0 of X (respectively, of the intersections with Jé of the
cuspidal inertia subgroups of 11 associated to the cusp oo of Xp). In
particular, assertion (ii) follows immediately from condition (2) in the
discussion at the beginning of §4 and assertion (i), together with the
equality a(A,) = A,.

Next, let J C IIy be an open subgroup of II;. Write J' C JJ for the
inverse image of J by the natural continuous surjective homomorphism
JI — IIy. Then it follows from the commutativity of the diagram of
assertion (i) that a(J") C JJ is the inverse image of ¢)(J) by the natural
continuous surjective homomorphism J§ — II;;. Moreover, one verifies
easily that the connected finite étale covering of X, x x K’ (respectively,
Xe X K') that corresponds to J' (respectively, a(J’)) is an open sub-
scheme of the connected finite étale covering of U that corresponds to J
(respectively, ¥(J)), which thus implies that these two finite étale cov-
erings have the same regular compactification. In particular, it follows
from [1, Exposé IX, Théoreme 4.10] and footnote 5 of [1, Exposé IX,
§4] that the cyclotome [cf. Definition 2.1, (iii)] associated to the con-
nected finite étale covering of X, (respectively, X,) that corresponds to
J' (respectively, a(J')) may be naturally identified with the cyclotome
associated to the connected finite étale covering of U that corresponds
to J (respectively, ¥(J)). Thus, since the continuous isomorphism «
is cyclotomically compatible, and the isomorphisms of fields of Defi-
nition 2.3 in the case of «, v are the identity automorphisms of K,
K, respectively, assertion (iii) follows immediately. This completes
the proof of assertions (ii), (iii).

Next, we verify assertion (iv). Observe that one verifies easily that
the smooth curve U = Uy x g K" over K’ [cf. Definition 1.3] is strictly
isotrivial [cf. Definition 1.5, (ii)] and admits good reduction over R’ [cf.
Definition 2.7]. Thus, it follows from assertion (iii), together with Theo-
rem 3.4 and Theorem 3.5, (i), (ii) — where we take the “(K,, Ko, Xo, X, )"
of §3 to be (K', K',U,U, 1) [relative to the isomorphism K’ = F'((t'))
fixed in the discussion preceding Lemma 5.3] and, for each [J € {o, e},
the isomorphism “Xp — Xm0 Xr, Ko” fixed in the discussion at the
beginning of §3 to be the identity automorphism of U = Uy x g K/ —
that there exist a continuous automorphism v, of IIy, and an auto-
morphism 6y of Uy over F’ such that

e the continuous automorphisms 1, 1y fit into a commutative
diagram of topological groups as in condition (1) of Lemma 5.2,
and, moreover,
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e the continuous automorphism vy of 1y, is contained in the
Ay,-conjugacy class of continuous automorphisms of I, in-
duced by the automorphism of Uy x g F’ determined by 6, and
the identity automorphism of F”.

Moreover, one verifies easily that a cuspidal inertia subgroup of Iy,
associated to a cusp of Uy is not a cuspidal inertia subgroup of 1l
associated to any other cusp of Uy [cf. [22, Corollary 2.2]]. Thus, since
[one verifies easily that| the image in Iy, of a cuspidal inertia subgroup
of Iy associated to a cusp of U is a cuspidal inertia subgroup of Iy,
associated to the corresponding cusp of Uy, it follows from assertion
(ii), together with the commutativity of the diagram of condition (1)
of Lemma 5.2, that the automorphism of U, over F’ that extends
6o maps oo to oo and the subset F, C U (F’) onto F, C U (F").
In particular, since the cardinality of I, is > 2, there exist elements
p € F), A € F, such that 0y is given by z +— -2+ Ag. This completes
the proof of assertion (iv).

Finally, we verify assertion (v). First, observe that it follows from
Lemma 5.3, (iii), that v is a cusp of Z, that lies over the cusp (, of
X,. Let ®, C J;f be a decomposition subgroup of Jj associated to the
cusp v of Z,. Then since [it follows from Lemma 5.3, (iii), that] the
finite morphism Ut — X xx K’ of Lemma 5.3, (iii), is étale over
(X xg K')\ {o0}, and v is K'-rational, one verifies easily that there
exists a decomposition subgroup ® C II, of II, associated to the cusp
(, of X, such that the equality ®, = ® NII, holds. Thus, it follows
from condition (2) in the discussion at the beginning of §4, together
with Lemma 5.3, (ii), that a(®,) = «(®) N 1II, is a decomposition
subgroup of I, associated to the cusp (, of X, X K’ that is contained
in JJ, which thus implies that «(®,) is a decomposition subgroup of
J,T associated to a K'-rational cusp of Z, that lies over the cusp (, of
X,. Write w € U(K’) for this cusp. Then it follows from Lemma 5.3,
(iii), that the equality z(w)? — z(w) = ¢ - (s holds. On the other
hand, one verifies easily that the image of ©, (respectively, a(9,))
in II;; by the natural continuous surjective homomorphism JI — II;
(respectively, JI — IIy) is the image of a member of the Galois section-
class determined by v (respectively, w). Thus, assertion (v) follows
immediately from the commutativity of the diagram of assertion (i).
This completes the proof of assertion (v), hence also of Lemma 5.4. [

Lemma 5.5. The equality ac = ae holds, i.e., the isomorphism Ko =
K, of fields obtained by restricting the isomorphism Ko — K, of fields
of Definition 2.3 maps as € K, to a, € K.
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PROOF. Let ¢ be as in Lemma 5.4, (i), and let u € FX, Ao € F, be
as in Lemma 5.4, (iv). Write vy, vy € U(K') for the K’-rational points
Z = Oc 2 = Ocq, Of U, respectively [cf. the fact that ¢ # 0, ¢ - a, # 0].
Then it follows from Lemma 5.4, (v) — where we take the “((, (o, v)”
of Lemma 5.4, (v), to be (1,1,v;) (respectively, (ao, @e,v2)) — that
e there exists a K’-rational point w; (respectively, ws) of U such
that the equality z(w;)? — z(w;y) = ¢ (respectively, z(wy)? —
z(wy) = ¢ - a.) holds, and, moreover,
e the composite of 1 with the Galois section-class determined
by vy (respectively, vq) coincides with the Galois section-class
determined by w; (respectively, wy).

Thus, it follows from Lemma 5.3, (i), and Lemma 5.4, (iv), together
with Lemma 5.2 — where we take the “(u, A\, ¥, v, w)” of Lemma 5.2 to
be (11, Ao, ¥, v1,w1) (respectively, (1, Ao, 1, v, w3)) and the “(F, K, K)”
of Lemma 5.2 to be (F', K', K,) [relative to the isomorphism K’ =
F'((t")) fixed in the discussion preceding Lemma 5.3] — that the equal-
ity z(wy) = p - 0. + Ao (respectively, z(wy) = p - 0cq, + Ag) holds. In
particular, since the Artin-Schreier endomorphism ¢, of K’ [cf. Defi-
nition 1.1] is Fp-linear and vanishes on F,, the equalities

= pp(2(w1)) = p-pploe) = p-c,
¢ ae = y(z(w2)) = p1- Pp(0ca,) = p1- ¢+ aq
hold. Thus, since p - ¢ # 0, the equality a, = a, holds, as desired. This
completes the proof of Lemma 5.5. O

6. ANABELIAN RESULT FOR SMOOTH CURVES OF GENUS ZERO

In the present §6, we prove the main theorem of the present paper,
i.e., the assertion that a smooth curve obtained by removing at least
three rational points from the projective line over a field of formal
Laurent series with coefficients in a finite field is determined, up to
pulling back by a power of the Frobenius endomorphism of the base
field, by its étale fundamental group equipped with the structure of
a “base-geometric extension” of the absolute Galois group of the base
field [cf. Theorem 6.1 below].

Theorem 6.1. For each O € {o, e}, let

e po be a prime number,
e I a finite field of characteristic po, and
e o > 3 an integer.
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Write Ko % Fo((t)) — where t is an indeterminate — for the field
of formal Laurent series with coefficients in Frn. For each O € {o, e},
moreover, let Sg C Pr._(Kn) be a subset of Py (Kn) of cardinality ro.
Wrrite
o Xy M Pr._ \ So for the open subscheme of Pp_ obtained by
forming the complement in Py of the closed subset [of Pp._
that corresponds to] So C Pr (Ko) and
e [l for the étale fundamental group of Xp, relative to a suitable
choice of basepoint.

Then the following two conditions are equivalent:

(1) There exists a nonnegative integer n such that the scheme X,
is isomorphic to the scheme Xq(n), or the scheme X, is iso-
morphic to the scheme X,(n) — where, for each O € {o, o}, we
write Xp(n) for the scheme over Kn obtained by pulling back
the scheme X over Kg by the absolute pty-th power Frobenius
endomorphism of Spec(Kn) [c¢f. Definition 2.5, (ii)].

(2) There exists a base-geometric [cf. Definition 2.3] continuous
isomorphism 11, S I, — i.e., a continuous isomorphism 11, 5
I, that lies over a continuous isomorphism between the abso-
lute Galois groups of Ko, Ko which arises from an isomorphism
between separable closures of Ko, K, that restricts to an iso-
morphism K, = K, of subfields.

PROOF. Observe that, for each O € {o, e}, since rg > 3, the smooth
curve Xp over Kp [cf. Definition 1.3] is not proper over Kn. Thus, for
each O € {o, e}, by fixing an algebraic closure of Kp, we may regard
the data (po, Fo, Xp) as data as in the discussion at the beginning of
§2. In the remainder of the present proof, we apply the notational
conventions introduced in §2 to the data (pg, F, Xp). Next, observe
that one verifies easily that, for each [J € {o, e},
(a) for each nonnegative integer n, the smooth curve Xn(n) over
Kp [cf. Definition 2.5, (ii)] is the open subscheme of Pj._ ob-
tained by forming the complement in P}(D of the closed subset
[of Pk that corresponds to] the subset of P, (Kp) obtained
by applying the pf-th power map to the homogeneous coordi-
nates of the elements of Sp C Py (Kn),

and, moreover,

(b) the smooth curve Xy over K admits stable reduction over Rp
[cf. Definition 2.6,
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(c) the smooth curve X over Kp is isotrivial [cf. Definition 1.5,
(i)] if and only if the smooth curve Xy over Kp is strictly
isotrivial [cf. Definition 1.5, (ii)], and
(d) every subfield of the ring Ox_(Xn) is contained in the subfield
Kp.
In particular, it follows from (a) that, for each O € {o, e} and each
nonnegative integer n, assertions (b), (c), (d) also hold for the smooth
curve Xp(n) over Kn.

First, we verify the implication (1) = (2). Since the inverse of a
base-geometric continuous isomorphism II, — II, is base-geometric,
we may assume without loss of generality that there exist a nonneg-
ative integer n and an isomorphism X, — X,(n) of schemes. Then
it follows from (d) that this isomorphism lies over an isomorphism
Spec(K,) = Spec(K,) of schemes, which thus implies that this iso-
morphism induces a continuous isomorphism from II, to the étale fun-
damental group of X,(n) that lies over the continuous isomorphism
G. = G, induced by an isomorphism K, = K, of fields that restricts
to an isomorphism K, — K, of subfields. Thus, by composing this con-
tinuous isomorphism with the inverse of a continuous isomorphism as in
Remark 2.5.1 in the case where we take the “(0J,n)” of Remark 2.5.1
to be (e,n) [which thus lies over the identity automorphism of G,
one obtains a base-geometric continuous isomorphism I, = II,. This
completes the proof of the implication (1) = (2).

Next, we verify the implication (2) = (1). Suppose that condition
(2) is satisfied. Let a: II, = II, be a base-geometric continuous iso-
morphism. In the remainder of the present proof, we regard « as the
“a” of the discussion at the beginning of §2. Then it follows from (b)
that we are in the situation at the beginning of §3.

Suppose that the smooth curve X, over K, is isotrivial. Then it
follows from (c) that the smooth curve X, over K is strictly isotrivial.
Thus, it follows from Theorem 3.5, (i), that the scheme X, is isomorphic
to the scheme X, = X,(0), as desired.

Next, suppose that the smooth curve X, over K, is not isotrivial.
Then it follows from Lemma 2.12 that there exists an integer n as in
Lemma 2.12. Thus, we may assume without loss of generality — by
replacing X, by X,(n) and a by the composite of o with a continuous
isomorphism as in Lemma 2.12 if n is nonnegative (respectively, X,
by X.(—n) and « by the composite of the inverse of a continuous
isomorphism as in Lemma 2.12 with « if n is negative) [cf. (a)] —
that the continuous isomorphism « is cyclotomically compatible [cf.
Definition 2.4].
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Next, observe that it follows from Lemma 2.2, (ii), together with [22,
Corollary 2.2], that there exists a bijective map 3: S, — S, such that,
for each z € S,, the continuous isomorphism « maps each cuspidal
inertia subgroup of II, associated to the cusp x of X, onto a cuspidal
inertia subgroup of I, associated to the cusp 3(z) of X,. Moreover, one
verifies easily from [22, Corollary 2.2] [cf. also [1, Exposé IX, Théoreme
4.10] and footnote 5 of [1, Exposé IX, §4]] that, for each [0 € {o, e},
the decomposition subgroups of 1l associated to a cusp of X5 are
precisely the normalizers in Il of the cuspidal inertia subgroups of 1l
associated to the cusp. Thus, one concludes that

(e) for each x € S,, the continuous isomorphism « maps each
decomposition subgroup of II, associated to the cusp x of X,
onto a decomposition subgroup of II, associated to the cusp
B(x) of X,.

Let 1, 9, x3 € S, be three distinct elements of S, [cf. our assumption
that 7, > 3]. Then since there exists an automorphism of IP’}(O over K,
(respectively, P, over K,) that maps 1, z2, x3 (respectively, 5(z1),
B(x3), B(x3)) to 0, 1, oo, respectively, one verifies easily that we may
assume without loss of generality, by replacing S,, S,, «, and (3 suitably,
that, for each O € {o, e}, {0,1,00} C S, and that 5(¢) = ¢ for each
¢ € {0,1,00}. Since S is bijective, to verify that the scheme X, is
isomorphic to the scheme X,, it suffices to verify the following assertion:

(%) For each z € S,\ {0, 1,00}, the isomorphism K, =+ K, of fields
obtained by restricting the isomorphism K, > K, of fields of
Definition 2.3 maps f(z) € K, to = € K.

In particular, it is immediate that, to verify assertion (%), we may
assume without loss of generality, by replacing Sp by a suitable subset
of Sp for each OO0 € {o,e}, that Sy is of cardinality four. For each
O € {o, e}, write an € Sp for the unique element of Sy \ {0, 1, 00}.
Then, for each [0 € {o, e}, the equality Sp = {0,1,00,an} holds,
which thus implies that the smooth curve Xp over K is the open sub-
scheme T \ {ag} of the smooth curve T over Kp [cf. the discussion
at the beginning of §4]. Moreover, since S is bijective, and §(¢) = ¢
for each ¢ € {0, 1, 00}, the equality B(a,) = a, holds. Thus, it follows
from (e) that the continuous isomorphism a maps each decomposition
subgroup of II, associated to the cusp 0 (respectively, 1; oo; a,) of X,
onto a decomposition subgroup of II, associated to the cusp 0 (respec-
tively, 1; 0o; ae) of X,. In particular, since the continuous isomorphism
a is cyclotomically compatible, we are in the situation at the begin-
ning of §4 [cf. conditions (1), (2) in the discussion at the beginning of
§4]. Thus, it follows from Lemma 5.5 that the isomorphism K, = K,
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of fields obtained by restricting the isomorphism K, — K, of fields
of Definition 2.3 maps as = [3(as) to a.. This completes the proof of

assertion (x), hence also of Theorem 6.1. O
REFERENCES
[1] A. Grothendieck, Revétements étales et groupe fondamental (SGA 1),

2]

3]

[4]

[5]

Séminaire de géométrie algébrique du Bois Marie 1960-61, with two papers
by M. Raynaud, updated and annotated reprint of the 1971 original, Docu-
ments Mathématiques (Paris) 3, Societe Mathematique de France, Paris, 2003.
A. Grothendieck, Brief an G. Faltings, Geometric Galois actions, 1, 49-58,
London Math. Soc. Lecture Note Ser. 242, Cambridge University Press, Cam-
bridge, 1997.

Y. Hoshi, The exactness of the log homotopy sequence, Hiroshima Math. J.
39 (2009), no. 1, 61-121.

Y. Hoshi and S. Tsujimura, On the injectivity of the homomorphisms from
the automorphism groups of fields to the outer automorphism groups of the
absolute Galois groups, Res. Number Theory 9 (2023), no. 2, Paper No. 44, 13
pp-

Y. Hoshi and Y. Yang, The arithmetic fundamental groups of curves over local
fields, RIMS Preprint 1989 (October 2025).

F. F. Knudsen, The projectivity of the moduli space of stable curves. II. The
stacks M, ,,, Math. Scand. 52 (1983), no. 2, 161-199.

J. Koenigsmann, On the ‘section conjecture’ in anabelian geometry, J. Reine
Angew. Math. 588 (2005), 221-235.

J. S. Milne, Etale cohomology, Princeton Math. Ser. 33, Princeton University
Press, 1980.

S. Mochizuki, The local pro-p anabelian geometry of curves, Invent. Math. 138
(1999), no. 2, 319-423.

S. Mochizuki, The absolute anabelian geometry of hyperbolic curves, Galois
theory and modular forms, 77—122, Dev. Math. 11, Kluwer Academic Publish-
ers, Boston, MA, 2004.

S. Mochizuki, Absolute anabelian cuspidalizations of proper hyperbolic curves,
J. Math. Kyoto Univ. 47 (2007), no. 3, 451-539.

S. Mochizuki, A combinatorial version of the Grothendieck conjecture, Tohoku
Math. J. (2) 59 (2007), no. 3, 455-479.

S. Mochizuki, Topics in absolute anabelian geometry I1I: global reconstruction
algorithms, J. Math. Sci. Univ. Tokyo 22 (2015), no. 4, 939-1156.

H. Nakamura, Rigidity of the arithmetic fundamental group of a punctured
projective line, J. Reine Angew. Math. 405 (1990), 117-130.

H. Nakamura, Galois rigidity of the étale fundamental groups of punctured
projective lines, J. Reine Angew. Math. 411 (1990), 205-216.

J. Neukirch, A. Schmidt, and K. Wingberg, Cohomology of number fields, Sec-
ond edition, Grundlehren der mathematischen Wissenschaften 323, Springer-
Verlag, Berlin, 2008.

K. Sawada, Algorithmic approach to Uchida’s theorem for one-dimensional
function fields over finite fields, Inter-universal Teichmdiller Theory Summit



ANABELIAN GEOMETRY IN POSITIVE CHARACTERISTIC 53

2016, 1-21, RIMS Kokytroku Bessatsu B84, Research Institute for Mathe-
matical Sciences (RIMS), Kyoto, 2021.

[18] H. Stichtenoth, Algebraic function fields and codes, Second edition, Grad. Texts
in Math. 254, Springer-Verlag, Berlin, 2009.

[19] J. Stix, Affine anabelian curves in positive characteristic, Compositio Math.
134 (2002), no. 1, 75-85.

[20] J. Stix, Projective anabelian curves in positive characteristic and descent theory
for log-étale covers, Dissertation, Bonner Math. Schriften 354, Universitét
Bonn, 2002.

[21] A. Tamagawa, The Grothendieck conjecture for affine curves, Compositio
Math. 109 (1997), no. 2, 135-194.

[22] A. Tamagawa, On the fundamental groups of curves over algebraically closed
fields of characteristic > 0, Internat. Math. Res. Notices 1999, no. 16, 853—-873.

[23] A. Tamagawa, Finiteness of isomorphism classes of curves in positive charac-
teristic with prescribed fundamental groups, J. Algebraic Geom. 13 (2004), no.
4, 675-724.

[24] S. Tsujimura, Grothendieck conjecture for hyperbolic curves over finitely gen-
erated fields of positive characteristic via compatibility of cyclotomes, RIMS
Preprint 1975 (July 2023). The latest version is available at https://www.
kurims.kyoto-u.ac. jp/~stsuji/.

(Yuichiro Hoshi) RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES, Ky-
oTO UNIVERSITY, KyoTo 606-8502, JAPAN
Email address: yuichiro@kurims.kyoto-u.ac. jp

(Shota Tsujimura) RESEARCH INSTITUTE FOR MATHEMATICAL SCIENCES, K-
oTO UNIVERSITY, KyoTo 606-8502, JAPAN
Email address: stsuji@kurims.kyoto-u.ac.jp



