RIMS Preprint No. 1239, Kyoto University, June 1999

Relationship of M-/L-convex Functions with Discrete Convex Functions by Miller and by Favati–Tardella

Kazuo MUROTA and Akiyoshi SHIOURA

June 24, 1999

Keywords: discrete optimization, combinatorial optimization, convexity, convex analysis.

Abstract

We clarify the relationship of the concepts of M-convex and L-convex functions due to Murota (1996, 1998) with two other concepts of discrete convex functions over integer lattice points, discretely-convex functions due to Miller (1971), and integrally-convex functions due to Favati–Tardella (1990). We also investigate whether each class of discrete convex functions is closed under fundamental operations such as addition and convolution.

Kazuo MUROTA: Research Institute for Mathematical Sciences, Kyoto University, Kyoto 606-8502, Japan, murota@kurims.kyoto-u.ac.jp.

Akiyoshi SHIOURA: Department of Mechanical Engineering, Sophia University, 7-1 Kioi-cho, Chiyoda-ku, Tokyo 102-8554, Japan, shioura@me.sophia.ac.jp.

1 Introduction

The convexity concept for sets and functions plays a pivotal role in the area of continuous optimization (or nonlinear optimization with continuous variables) [7, 14, 15]. One of the most important properties of convex functions is that the local optimality guarantees the global optimality. This property allows us to find the minimum of a convex function by iteratively moving in descent directions. Namely, the so-called “greedy algorithms” work for convex functions.

In discrete optimization, on the other hand, discrete analogues of convexity, or “discrete convexity” for short, have been considered, with a view to identifying the discrete structure that guarantees the success of greedy algorithms. Consequently, several different types of discrete convexity have been proposed.

Miller [8] investigated a class of discrete functions, called “discretely-convex” functions, such that local optimality implies global optimality (see Theorem 2.2). Favati–Tardella [1] considered a certain special way of extending functions defined over the integer lattice to piecewise-linear functions defined over the real space, and introduced the concept of “integrally-convex” functions.

The concepts of “M-convexity” and “L-convexity”, introduced by Murota [9, 10, 11], afford a nice framework for discrete optimization problems. M-convex/L-convex functions have various desirable properties as discrete convex functions: extendibility to ordinary convex functions, duality theorems, conjugacy between M/L-convex functions, etc.

Variants of M-convex and L-convex functions, called “M^♮-convex” and “L^♮-convex” functions, are introduced by Murota–Shioura [13] and Fujishige–Murota [6], respectively. M^♮-convex (resp. L^♮-convex) functions are essentially equivalent to M-convex (resp. L-convex) functions, whereas the class of M^♮-convex (resp. L^♮-convex) functions properly contains that of M-convex (resp. L-convex) functions. It is shown in [6] that the class of L^♮-convex functions coincides with that of submodular integrally-convex functions considered in [1].

In this paper, we clarify the relationship of M-convexity/L-convexity with discrete convexity by Miller and by Favati–Tardella. Miller’s discrete convexity contains the other classes of discrete convexity (Theorem 3.3), M-convexity/L-convexity are special cases of discrete convexity by Favati–Tardella (Theorems 3.9, 3.12), and the class of separable-convex functions coincides with the intersection of the classes of M^♮-convex/L^♮-convex functions (Theorem 3.17). We also discuss some fundamental operations for discrete convex functions, such as addition, convolution, and the Fenchel-Legendre transformation. We check whether each discrete convexity is closed under each operation, and provide a proof or a counterexample for the statement.

The organization of this paper is as follows. Section 2 explains notation and provides the definitions of discrete convexity. We then show the relationship between various discrete convexity in Section 3, and discuss the operations for discrete convexity in Section 4. Section 5 provides proofs of some theorems.

2 Definitions on Discrete Convex Functions

We give the definitions of discretely-convex, integrally-convex, M-convex, and L-convex functions.

We denote by R the set of reals, and by Z the set of integers. Let V be a nonempty finite set. The characteristic vector of a subset X ⊆ V is denoted by χ_X (∈ {0, 1}^V ), i.e.,

χ_X (w) = 1 (w ∈ X), 0 (w ∈ V − X). In particular, we use the notation 0 = χ_∅ and 1 = χ_V .

For a : V → R ∪ {−∞} and b : V → R ∪ {+∞} with a(v) ≤ b(v) (v ∈ V ), we define the interval [a, b] (⊆ R^V ) by [a, b] = {x ∈ R^V | a ≤ x ≤ b}. For x ∈ R^V , we define the sets N_0(x) = {y ∈ Z^V | ⌊x⌋ ≤ y ≤ ⌈x⌉}, N_1(x) = {y ∈ Z^V | ⌊x⌋ − 1 ≤ y ≤ ⌈x⌉ + 1}, where ⌊x⌋ (resp. ⌈x⌉) denotes the vector obtained by rounding down (resp. up) the components of x to the nearest integers. In particular, N_0(x) denotes the set of integral vectors in the smallest hypercube containing x.

Let f : Z^V → R ∪ {+∞}. We define dom f = {x ∈ Z^V | f(x) < +∞}. A function f is said to be discretely-convex if for any x^′, x^{′′} ∈ dom f and any α ∈ [0, 1], it holds that

min{f(y) | y ∈ N_0(αx^′ + (1 − α)x^{′′})} ≤ αf(x^′) + (1 − α)f(x^{′′}).

Remark 2.1 The definition of discretely-convex functions in this paper is slightly different from the original one by Miller [8], where it is defined for functions over the set of integral vectors in a closed interval. Our definition is based on the “weaker requirement” in [8]. □

The local optimality implies the global optimality for discretely-convex functions.

Theorem 2.2 ([8]) Let f : Z^V → R ∪ {+∞} be discretely-convex and x ∈ dom f. Then, f(x) ≤ f(y) for all y ∈ Z^V if and only if f(x) ≤ f(y) for all y ∈ N_1(x).

We also introduce discrete convexity for sets. For any S ⊆ Z^V , its indicator function δ_S : Z^V → {0, +∞} is defined as

δ_S (x) = 0 (x ∈ S), +∞ (x ∉ S). A set S ⊆ Z^V is called a discretely-convex set if δ_S is a discretely-convex function. Alternatively, a set S ⊆ Z^V is discretely-convex if for any x^′, x^{′′} ∈ S and any α ∈ [0, 1], it holds that N_0(αx^′ + (1 − α)x^{′′}) ∩ S ≠ ∅. In this paper, we do not distinguish a set of integral vectors and its indicator function, and when a concept of “convex” functions is given, we call a set S ⊆ Z^V “convex” if its indicator function δ_S : Z^V → {0, +∞} is a “convex” function.

Let f : Z^V → R ∪ {+∞}. A closed convex function f_R : R^V → R ∪ {+∞} is called a convex extension of f if f_R(x) = f(x) for all x ∈ Z^V . The convex closure f : R^V → R ∪ {±∞} of f is defined by

f(x) = sup p∈R^V ,α∈R {⟨p, x⟩ + α | ⟨p, y⟩ + α ≤ f(y) (∀y ∈ Z^V )} (x ∈ R^V ), (2.1) where ⟨p, y⟩ = ∑ v∈V p(v)y(v). For S ⊆ R^V , the convex closure of S, denoted by S, is the smallest closed convex set containing S.

Lemma 2.3 Let f : Z^V → R ∪ {+∞} be a function. Then, f(x) = f(x) for any x ∈ Z^V if and only if there exists a convex extension of f.

We call a function f : Z^V → R ∪ {+∞} convex-extendible if f(x) = f(x) for any x ∈ Z^V . A set S ⊆ Z^V is said to be convex-extendible if S ∩ Z^V = S.

We next introduce the local convex extension of a function f : Z^V → R ∪ {+∞}. Define ~f : R^V → R ∪ {+∞} by

~f(x) = sup p∈R^V ,α∈R {⟨p, x⟩ + α | ⟨p, y⟩ + α ≤ f(y) (∀y ∈ N_0(x))} (x ∈ R^V ). (2.2) Note that ~f is the convex closure of the restriction of f to the integral points around x. It admits an alternative expression ~f(x) = inf{ ∑ y∈N_0(x) λ_yf(y) | ∑ y∈N_0(x) λ_yy = x, ∑ y∈N_0 (x)

λ_y = 1, λ_y ≥ 0 (y ∈ N_0(x))} (x ∈ R^V ) (2.3)

by the linear programming duality. From the definitions, we have ~f(x) ≥ f(x) (∀x ∈ R^V ), ~f(x) = f(x) (∀x ∈ Z^V ). (2.4) A function f : Z^V → R ∪ {+∞} is said to be integrally-convex if its local convex extension ~f : R^V → R ∪ {+∞} is a convex function, or equivalently, if ~f = f. A set S ⊆ Z^V is integrallyconvex if S ∩ N_0(x) = S ∩ N_0(x) (∀x ∈ R^V ). (2.5) We say a function f : Z → R ∪ {+∞} is convex if f(α − 1) + f(α + 1) ≥ 2f(α) for any α ∈ Z.

A function f : Z^V → R ∪ {+∞} is said to be separable-convex if f(x) = ∑ v∈V f_v(x(v)) (x ∈ Z^V ) for a family of convex functions f_v : Z → R ∪ {+∞} (v ∈ V ). Note that a separable-convex set is nothing but the set of integral vectors in the interval [a, b] for some a : V → R ∪ {−∞} and b : V → R ∪ {+∞}. For any x, y ∈ Z^V , the vectors x ∧ y, x ∨ y ∈ Z^V are such that (x ∧ y)(v) = min{x(v), y(v)}, (x ∨ y)(v) = max{x(v), y(v)} (v ∈ V ). A function f : Z^V → R ∪ {+∞} is said to be submodular ⇐⇒ f(x) + f(y) ≥ f(x ∧ y) + f(x ∨ y) (∀x, y ∈ Z^V ), supermodular ⇐⇒ f(x) + f(y) ≤ f(x ∧ y) + f(x ∨ y) (∀x, y ∈ Z^V ), modular ⇐⇒ f(x) + f(y) = f(x ∧ y) + f(x ∨ y) (∀x, y ∈ Z^V ).

A function f : Z^V → R ∪ {+∞} is called M-convex if it satisfies

(M-EXC) ∀x, y ∈ dom f, ∀u ∈ supp^+(x − y), ∃v ∈ supp^−(x − y) such that

f(x) + f(y) ≥ f(x − χ_u + χ_v) + f(y + χ_u − χ_v),

where supp^+(x − y) = {v ∈ V | x(v) > y(v)}, supp^−(x − y) = {v ∈ V | x(v) < y(v)}. A function is said to be M_2-convex if it is represented as the sum of two M-convex functions. Note that an M-convex set is nothing but the set of integral vectors in an integral base polyhedron [5].

The effective domain of an M-convex function is contained in a hyperplane {x ∈ Z^V | ∑ v∈V x(v) = r} for some r ∈ Z (cf. [11, Theorem 4.3]). Therefore, no information is lost when an M-convex function is projected onto a (|V |−1)-dimensional integer lattice. A function f : Z^V → R ∪ {+∞} is called M^♮-convex if the function f_0 : Z × Z^V → R ∪ {+∞} defined by f_0(x_0, x) = f(x) (x_0 + ∑ v∈V x(v) = 0), +∞ (x_0 + ∑ v∈V x(v) ≠ 0), ((x_0, x) ∈ Z × Z^V ) (2.6)

is an M-convex function. The exchange property (M-EXC) for f_0 is translated as follows [13]:

(M^♮-EXC) ∀x, y ∈ dom_Z f, ∀u ∈ supp^+(x − y), either (i) or (ii) (or both) holds: (i) ∃v ∈ supp^−(x − y) such that f(x) + f(y) ≥ f(x − χ_u + χ_v) + f(y + χ_u − χ_v), (ii) f(x) + f(y) ≥ f(x − χ_u) + f(y + χ_u).

Therefore, a function f : Z^V → R ∪ {+∞} is M^♮-convex if and only if f satisfies (M^♮-EXC). M^♮- convex functions are essentially equivalent to M-convex functions, whereas the class of M^♮-convex functions properly contains that of M-convex functions. A function is said to be M^♮_2-convex if it is represented as the sum of two M^♮-convex functions. An M^♮-convex set is equivalent to an integral generalized polymatroid by Frank [2] (see also Frank–Tardos [3]).

A function f : Z^V → R ∪ {+∞} is called L-convex if it satisfies

(LF1) f is submodular, (LF2) ∃r ∈ R such that f(x + α1) = f(x) + αr (∀x ∈ dom f, ∀α ∈ Z).

For any two functions f_1, f_2 : Z^V → R ∪ {+∞}, the convolution of f_1 and f_2, denoted by f_1□f_2 : Z^V → R ∪ {±∞}, is defined by

(f_1□f_2)(x) = inf{f_1(x_1) + f_2(x_2) | x_1, x_2 ∈ Z^V , x_1 + x_2 = x} (x ∈ Z^V ).

For any two sets S_1, S_2 ⊆ Z^V , the Minkowski-sum of S_1 and S_2, denoted by S_1 + S_2, is defined by

S_1 + S_2 = {x_1 + x_2 | x_1 ∈ S_1, x_2 ∈ S_2} (⊆ Z^V ).

A function is said to be L_2-convex if it is represented as the convolution of two L-convex functions. Accordingly, a set is called L_2-convex if it is represented as the Minkowski-sum of two L-convex sets.

Due to the property (LF2), an L-convex function loses no information when restricted to a hyperplane {x ∈ Z^V | x(v) = 0} for any v ∈ V . We call a function f : Z^V → R ∪ {+∞} L^♮-convex if the function f^0 : Z × Z^V → R ∪ {+∞} defined by

f^0(x_0, x) = f(x − x_01) ((x_0, x) ∈ Z × Z^V ) (2.7)

is L-convex. It is known [6] that L^♮-convex functions are essentially the same as L-convex functions, while the class of L^♮-convex functions properly contains that of L-convex functions. A function is said to be L^♮_2-convex if it is represented as the convolution of two L^♮-convex functions. An L^♮-convex function can be characterized by the discrete mid-point convexity: f(x) + f(x) ≥ f( ⌊ x + y 2 ⌋ ) + f( ⌈ x + y 2 ⌉ ) (∀x, y ∈ Z^V ). (2.8)

Theorem 2.4 ([6]) A function f : Z^V → R ∪ {+∞} is L^♮-convex if and only if f satisfies the mid-point convexity (2.8).

Remark 2.5 The original definitions of M-convex/L-convex functions in [9, 10, 11] assume that the effective domain is nonempty. This paper removes the nonemptyness assumption for convenience. □

3 Relationship among Discrete Convex Functions

In this section, we clarify the relationship among various discrete convexity for functions defined over the integer lattice. The relationship between discrete convexity and submodularity/supermodularity is also discussed. As a special but important case, we also refer to functions defined over {0, 1} vectors, which are equivalent to set functions ρ : 2^V → R ∪ {+∞} under a natural correspondence between X ⊆ V and χ_X ∈ {0, 1}^V . The results in this section are summarized in Figure 1, which shows “M^♮-convex ∩ L^♮-convex = M^♮_2-convex ∩ L^♮_2-convex = separable-convex”, in particular.

First we note that there is no inclusion relationship between the class of discretely convex functions and that of convex-extendible functions.

Example 3.1 (G. Károlyi) This is an example of a discretely-convex set which is not convexextendible. The set

S = {x ∈ Z^3 | x_1 + x_2 + x_3 = 2, x_i ≥ 0 (i = 1, 2, 3)} ∪ {(1, 2, 0), (0, 1, 2), (2, 0, 1)} f : Z^V → R ∪ {+∞} discretely-convex

convex-extendible integrally-convex M^♮_2-convex M^♮-convex

L^♮_2-convex

L^♮-convex separable-convex

Ex. 3.1 Ex. 3.4

Ex. 3.13 Ex. 3.7 Ex. 3.18

Ex. 3.19 Ex. 3.11

Ex. 3.2

Ex. 3.10

Figure 1: Relationship among discrete convex functions (M^♮-convex ∩ L^♮-convex = M^♮_2-convex ∩ L^♮_2-convex = separable-convex)

is discretely-convex. It is not convex-extendible since 1 3 (1, 2, 0) + 1 3 (0, 1, 2) + 1 3 (2, 0, 1) = (1, 1, 1) ∉ S. □

Example 3.2 The set S = {(0, 0), (2, 1)} is an example of a convex-extendible set which is not discretely-convex. □ Favati–Tardella [1] showed that an integrally-convex function is discretely-convex. It is obvious from its definition that an integrally-convex function is also convex-extendible. Theorem 3.3 An integrally-convex function is both discretely-convex and convex-extendible.

The converse of Theorem 3.3 does not hold in general.

Example 3.4 The set S = {(0, 0), (1, 0), (2, 1)} is both discretely-convex and convex-extendible, but not integrally-convex. □ Remark 3.5 Recall that any function f : Z^V → R∪{+∞} with dom f ⊆ {0, 1}^V can be extended to a convex function. Therefore, such a function f is integrally-convex, which implies that f is also discretely-convex. Hence, there is no meaning to introduce these concepts for set functions ρ : 2^V → R ∪ {+∞}. □

We review some properties of M-convex/L-convex functions. Let M (resp. M^♮, M_2, M^♮_2) denote the class of M-convex (resp. M^♮-convex, M_2-convex, M^♮_2-convex) functions with nonempty effective domain. Similarly, let L (resp. L^♮, L_2, L^♮_2) be the class of L-convex (resp. L^♮-convex, L_2- convex, L^♮_2-convex) functions with nonempty effective domain. For any class of functions F, we denote by (F)_n (n ≥ 1) the subclass of F consisting of functions defined over the n-dimensional integer lattice, and by F[Z] the subclass of F consisting of integer-valued functions. The correspondence by projection or restriction (cf. (2.6), (2.7)) is indicated by “≃”. For a function f : Z^V → R ∪ {+∞} with dom f ≠ ∅, the conjugate function f^• : Z^V → R ∪ {+∞} of f is defined by f^•(p) = sup_{x∈ZV} {⟨p, x⟩ − f(x)} (p ∈ Z^V ). (3.1)

This operation is called the (discrete) Fenchel-Legendre transformation. Note that f^• = −∞ if dom f = ∅.

Theorem 3.6 (i) M ⊆ M^♮ ≃ M and M_2 ⊆ M^♮_2 ≃ M_2; to be more specific,

(M)_n ⊆ (M^♮)_n ≃ (M)_{n+1} ⊆ (M^♮)_{n+1}, (M_2)_n ⊆ (M^♮_2)_n ≃ (M_2)_{n+1} ⊆ (M^♮_2)_{n+1}.

(ii) L ⊆ L^♮ ≃ L and L_2 ⊆ L^♮_2 ≃ L_2; to be more specific,

(L)_n ⊆ (L^♮)_n ≃ (L)_{n+1} ⊆ (L^♮)_{n+1}, (L_2)_n ⊆ (L^♮_2)_n ≃ (L_2)_{n+1} ⊆ (L^♮_2)_{n+1}.

(iii) The following pairs of function classes are conjugate to each other under the Fenchel-Legendre transformation:

(M[Z])_n ←→ (L[Z])_n, (M_2[Z])_n ←→ (L_2[Z])_n, (M^♮[Z])_n ←→ (L^♮[Z])_n, (M^♮_2[Z])_n ←→ (L^♮_2[Z])_n.

In the following, we mainly consider M^♮/M^♮_2/L^♮/L^♮_2-convex functions instead of M/M_2/L/L_2-convex functions.

The class of M^♮_2-convex functions properly contains that of M^♮-convex functions, which follows from the definition and the following example.

Example 3.7 This is an example of an M^♮_2-convex set which is not M^♮-convex. The set

S = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 0, 1)}

is an M^♮_2-convex set represented as the intersection of M^♮-convex sets S_1 = S ∪ {(0, 1, 1)} and S_2 = S ∪ {(1, 1, 0)}. S is not an M^♮-convex set since the property (M^♮-EXC) does not hold for x = (1, 0, 1), y = (0, 1, 0), and u =“1”. Note that S_1 and S_2 each correspond to the family of independent sets of a matroid. □

The class of M^♮_2-convex functions is properly contained in the intersection of the classes of integrally-convex/supermodular functions, as shown in the following theorems and example.

Theorem 3.8 An M^♮_2-convex function is supermodular. In particular, an M^♮-convex function is supermodular.

Theorem 3.9 An M^♮_2-convex function is integrally-convex. In particular, an M^♮-convex function is integrally-convex.

The proofs of Theorems 3.8 and 3.9 are given in Sections 5.1 and 5.2, respectively.

Example 3.10 This is an example of a set which is both integrally-convex and supermodular, and not M^♮_2-convex. The set S = {(1, 0, 0, 0), (0, 1, 1, 1)} is obviously integrally-convex and supermodular. Suppose that S is an M^♮_2-convex set expressed as S = S_1 ∩ S_2 for some M^♮-convex sets S_1, S_2 ⊆ Z^4. Since (1, 0, 0, 0), (0, 1, 1, 1) ∈ S_1 ∩ S_2, the property (M^♮-EXC) implies the existence of x ∈ S_1 ∩ S_2 with

∑_4

i=1 x_i = 2, a contradiction. □

We next consider the classes of L^♮-convex/L^♮_2-convex functions. It is clear from the definition and the following example that the class of L^♮_2-convex functions properly contains that of L^♮-convex functions.

Example 3.11 This is an example of an L^♮_2-convex set which is not L^♮-convex. The set

{(0, 0, 0), (0, 1, 1), (1, 1, 0), (1, 2, 1)} (= {(0, 0, 0), (1, 1, 0)} + {(0, 0, 0), (0, 1, 1)})

is an L^♮_2-convex set. It is not L^♮-convex, since the mid-point convexity (2.8) does not hold for (1, 1, 0) and (0, 1, 1). □

The class of L^♮_2-convex functions is properly contained in that of integrally-convex functions, which is shown by the following theorem and example.

Theorem 3.12 An L^♮_2-convex function is integrally-convex. In particular, an L^♮-convex function is integrally-convex.

Proof. The proof is given in Section 5.3. □

Example 3.13 This is an example of an integrally-convex set which is neither M^♮_2-convex nor L^♮_2- convex. The set S = {(0, 0, 0), (1, 0, 0), (0, 1, 0), (1, 0, 1)} is an integrally-convex set. It is not an L^♮_2-convex set by Lemma 3.14 below since it contains two maximal vectors. S is not supermodular, and therefore not M^♮_2-convex by Theorem 3.8. □

Lemma 3.14 A bounded L^♮_2-convex set has the unique minimal and maximal vectors. Proof. First note that a bounded L^♮-convex set contains the unique minimal (resp. maximal) vector. A bounded L^♮_2-convex set is represented as the Minkowski-sum of two bounded L^♮-convex sets, and the unique minimal (resp. maximal) vector is the sum of the unique minimal (resp. maximal) vectors of the summands. □

From Theorem 3.12 and its definition we see that any L^♮-convex function is integrally-convex and submodular. In fact, the converse of this statement holds true.

Theorem 3.15 ([6]) A function f : Z^V → R ∪ {+∞} is L^♮-convex if and only if it is integrallyconvex and submodular. In particular, a function f with dom f ⊆ {0, 1}^V , is L^♮-convex if and only if it is submodular.

Finally, we characterize separable-convex functions as those which are at the same time M^♮_2- convex and L^♮_2-convex.

Lemma 3.16 ([6, 13]) A separable-convex function is both M^♮-convex and L^♮-convex.

Therefore, any separable-convex function is both M^♮_2-convex and L^♮_2-convex. In fact, the converse of this statement holds true.

Theorem 3.17 A function f : Z^V → R ∪ {+∞} is separable-convex if and only if it is both M^♮_2-convex and L^♮_2-convex.

Proof. The proof is given in Section 5.4. □

The class of separable-convex functions is properly contained in the classes of M^♮-convex/L^♮- convex functions, respectively.

Example 3.18 The set S = {(1, 0), (0, 1)} is M^♮-convex and not separable-convex. □

Example 3.19 The set S = {(0, 0), (1, 1)} is L^♮-convex and not separable-convex. □

Remark 3.20 None of submodularity, supermodularity, and modularity imply discrete convexity. For example, the set {(0, 0), (2, 0), (0, 2), (2, 2)}, which is modular (hence both submodular and supermodular), is neither discretely-convex nor convex-extendible. □

4 Operations for Discrete Convex Functions

In this section, we discuss some operations for discrete convex functions and the corresponding operations for discrete convex sets. We show proofs and examples to clarify whether each discrete convexity is closed under such operations. We also investigate level sets of discrete convex functions. The results in this section is summarized in Table 1.

Table 1: Operations for discrete convex sets and functions

disc.-conv. conv.-ext. int.-conv. sep.-conv. f_1 + f_2 ×(Ex.4.2,4.4) ◯ (Th. 4.1) × (Ex. 4.4) ◯ S_1 ∩ S_2 × (Ex. 4.4) ◯ (Th. 4.1) × (Ex. 4.4) ◯ f+sep.-conv. × (Ex. 4.2) ◯ (Th. 4.1) ◯ (Th. 4.5) ◯ S ∩ [a, b] ◯ (Th. 4.3) ◯ (Th. 4.1) ◯ (Th. 4.5) ◯ f+ affine × (Ex. 4.2) ◯ (Th. 4.1) ◯ (Th. 4.5) ◯ f_1□f_2 × (Ex. 4.12) × (Ex. 4.12) × (Ex. 4.12) ◯ S_1 + S_2 × (Ex. 4.12) × (Ex. 4.12) × (Ex. 4.12) ◯ f^• × (Ex. 4.14) ◯ (Ex. 4.13) × (Ex. 4.15) ◯ L(f, λ) ◯ (Th. 4.16) ◯ (Th. 4.17) × (Ex. 4.18) × (Ex. 4.18) dom f ◯ (Th. 4.16) ◯ (Th. 4.17) ◯ (Th. 4.21) ◯ arg min f ◯ (Th. 4.16) ◯ (Th. 4.17) ◯ (Th. 4.21) ◯

M^♮_2-conv. L^♮_2-conv. M^♮-conv. L^♮-conv. f_1 + f_2 × (Ex. 4.6) × (Ex.4.4,4.8) × (M^♮_2-conv.) ◯ S_1 ∩ S_2 × (Ex. 4.6) × (Ex.4.4,4.8) × (M^♮_2-conv.) ◯ f+sep.-conv. ◯ (Th. 4.7) × (Ex. 4.8) ◯ (Th. 4.7) ◯ S ∩ [a, b] ◯ (Th. 4.7) × (Ex. 4.8) ◯ (Th. 4.7) ◯ f+ affine ◯ (Th. 4.7) ◯ (Th. 4.9) ◯ (Th. 4.7) ◯ f_1□f_2 × (Ex. 4.11) × (Ex. 4.12) ◯ (Th. 4.10) × (L^♮_2-conv.) S_1 + S_2 × (Ex. 4.11) × (Ex. 4.12) ◯ (Th. 4.10) × (L^♮_2-conv.)

f^• × (L^♮_2-conv.) × (M^♮_2-conv.) × (L^♮-conv.) × (M^♮-conv.) L(f, λ) ×(Ex.4.18,4.19) ×(Ex.4.18,4.20) ×(Ex.4.18,4.19) ×(Ex.4.18,4.20) dom f ◯ (Th. 4.25) ◯ (Th. 4.26) ◯ (Th. 4.22) ◯ (Th. 4.23) arg min f ◯ (Th. 4.25) ◯ (Th. 4.26) ◯ (Th. 4.22) ◯ (Th. 4.23)

4.1 Addition of Two Functions

It may be clear from the definitions that the classes of L^♮-convex/separable-convex functions are closed under addition. Also, the class of convex-extendible functions is closed under addition. Theorem 4.1 The sum of two convex-extendible functions is convex-extendible. Proof. Let f_1, f_2 be convex-extendible functions. Since f_1 + f_2 is a convex extension of f_1 + f_2, the function f_1 + f_2 is convex-extendible by Lemma 2.3. □ The class of discretely-convex functions is not closed under addition.

Example 4.2 The sum of a discretely-convex function and an affine function is not necessarily a discretely-convex function. Let f_i : Z^2 → Z ∪ {+∞} (i = 1, 2) be functions defined by

f_1(x_1, x_2) =

0 if (x_1, x_2) ∈ {(0, 0), (1, 0), (2, 1)}, 2 if (x_1, x_2) = (1, 1), +∞ otherwise, f_2(x_1, x_2) = x_1 − 2x_2 ((x_1, x_2) ∈ Z^2), where f_1 is a discretely-convex function. The function f = f_1 + f_2 is given by

f(x_1, x_2) =

0 if (x_1, x_2) ∈ {(0, 0), (2, 1)}, 1 if (x_1, x_2) ∈ {(1, 0), (1, 1)}, +∞ otherwise, which is not discretely-convex since min{f(1, 0), f(1, 1)} = 1 > 0 = {f(0, 0) + f(2, 1)}/2. □ Although the class of discretely-convex functions is not closed under the addition of a separableconvex function, the class of discretely-convex sets is obviously closed under the corresponding operation for sets, i.e., the intersection with a separable-convex set (an interval). Theorem 4.3 The intersection of a discretely-convex set and a separable-convex set is discretelyconvex.

The classes of integrally-convex/L^♮_2-convex functions are not closed under addition, as the following example shows.

Example 4.4 The intersection of two L^♮_2-convex sets is not necessarily discretely-convex. The sets D_1 = {(0, 0, 0), (0, 1, 1), (1, 1, 0), (1, 2, 1)} = {(0, 0, 0), (0, 1, 1)} + {(0, 0, 0), (1, 1, 0)}, D_2 = {(0, 0, 0), (0, 1, 0), (1, 1, 1), (1, 2, 1)} = {(0, 0, 0), (0, 1, 0)} + {(0, 0, 0), (1, 1, 1)} are both L^♮_2-convex. We have D_1 ∩ D_2 = {(0, 0, 0), (1, 2, 1)}, which is not discretely-convex since (D_1 ∩ D_2) ∩ N_0(x) = ∅ for x = (1/2, 1, 1/2). □

Though the class of integrally-convex functions is not closed under addition, it is closed under the addition of a separable-convex function.

Theorem 4.5 The sum of an integrally-convex function and a separable-convex function is integrallyconvex.

Proof. Define f : Z^V → R ∪ {+∞} by f(x) = f_0(x) + ∑ v∈V f_v(x(v)) (x ∈ Z^V ), where f_0 : Z^V → R∪{+∞} is an integrally-convex function and f_v : Z → R∪{+∞} is a one-dimensional convex function for each v ∈ V . As shown below, we have

~f(x) = ~f_0(x) + ∑ v∈V ~f_v(x(v)) (x ∈ R^V ). (4.1)

Since the RHS of (4.1) is equal to f_0(x) + ∑ v∈V f_v(x(v)), the function ~f is convex. Thus, f is integrally-convex by its definition.

We now prove (4.1). Let x ∈ R^V , and λ = (λ_y | y ∈ N_0(x)) be any vector such that ∑ y∈N_0(x) λ_yy = x, ∑ y∈N_0(x)

λ_y = 1, λ_y ≥ 0 (∀y ∈ N_0(x)). (4.2)

We have ∑ y∈N_0(x) λ_yf(y) = ∑ y∈N_0(x)

λ_yf_0(y) + ∑ y∈N_0(x) λ_y ∑ v∈V f_v(y(v)) = ∑ y∈N_0(x)

λ_yf_0(y) + ∑ v∈V ∑ y∈N_0(x)

λ_yf_v(y(v)) = ∑ y∈N_0(x)

λ_yf_0(y) + ∑ v∈V ~f_v(x(v)), where the last equality is due to the fact that a function ~f_v is linear in each interval [α, α + 1] (α ∈ Z). Therefore, it holds that

~f(x) = inf_λ ∑ y∈N_0(x) λ_yf(y) | | | | | λ = (λ_y | y ∈ N_0(x)) satisfies (4.2)

= inf_λ ∑ y∈N_0(x)

λ_yf_0(y) | | | | | λ = (λ_y | y ∈ N_0(x)) satisfies (4.2) + ∑ v∈V ~f_v(x(v)) = ~f_0 + ∑ v∈V ~f_v(x(v)). □ The sum of two M^♮-convex functions is not M^♮-convex in general (see Example 3.7) but M^♮_2- convex by definition. The class of M^♮_2-convex functions is not closed under addition as shown in Example 4.6 below, but closed under the addition of a separable-convex function.

Example 4.6 The intersection of three M^♮-convex sets is not necessarily M^♮_2-convex. For any i, j ∈ {1, 2, 3, 4, 5}, we denote χ_{ij} = χ_{{i,j}} ∈ Z^5. Let

S = {x_{12}, x_{13}, x_{34}, x_{35}, x_{45}}, S_1 = S ∪ {x_{14}, x_{23}, x_{25}}, S_2 = S ∪ {x_{15}, x_{23}, x_{24}}, S_3 = S ∪ {x_{14}, x_{24}, x_{25}}.

Each S_i is M-convex, and therefore M^♮-convex. In fact, each S_i corresponds to the basis family of a certain graphic matroid. As shown below, S = S_1 ∩ S_2 ∩ S_3 is not M_2-convex, which implies that S is not M^♮_2-convex. Note that a set S ⊆ Z^V is M_2-convex if and only if S is M^♮_2-convex and x(V ) = y(V ) for any x, y ∈ S.

Suppose S = S^′_1 ∩ S^′_2 for two M-convex sets S^′_1, S^′_2 ⊆ Z^V . Then, the property (M-EXC) implies that:

each S^′_i must contain either {x_{25}, x_{14}} or {x_{24}, x_{15}} (by (M-EXC) for x_{45}, x_{12}), either {x_{13}, x_{24}} or {x_{14}, x_{23}} (by (M-EXC) for x_{12}, x_{34}), either {x_{13}, x_{25}} or {x_{23}, x_{15}} (by (M-EXC) for x_{35}, x_{12}), either {x_{35}, x_{14}} or {x_{34}, x_{15}} (by (M-EXC) for x_{45}, x_{13}).

Hence, S^′_1 and S^′_2 must contain a common vector which is not in S, a contradiction. □

Theorem 4.7 (i) The sum of an M^♮-convex function and a separable-convex function is M^♮-convex. (ii) The sum of an M^♮_2-convex function and a separable-convex function is M^♮_2-convex. Proof. (i) is shown in [12, Example 4.2], and (ii) is immediate from (i). □

The class of L^♮_2-convex functions is not closed under addition.

Example 4.8 This example shows that the intersection of an L^♮_2-convex set and a separableconvex set (an interval) is not L^♮_2-convex. The set

S = {(0, 0, 0), (1, 1, 0), (0, 1, 1), (1, 2, 1)} (= {(0, 0, 0), (1, 1, 0)} + {(0, 0, 0), (0, 1, 1)})

is L^♮_2-convex. We have S ∩ {0, 1}^3 = {(0, 0, 0), (1, 1, 0), (0, 1, 1)}, which is not L^♮_2-convex by Lemma 3.14. □

As shown in the example above, the class of L^♮_2-convex functions is not closed under the addition of a separable-convex function. It is closed, however, under the addition of an affine function.

Theorem 4.9 The sum of an L^♮_2-convex function and an affine function is L^♮_2-convex. Proof. Let f_i : Z^V → R ∪ {+∞} (i = 1, 2) be L^♮-convex functions, p ∈ R^V , and α ∈ R. Put f(x) = (f_1□f_2)(x) + (⟨p, x⟩ + α) (x ∈ Z^V ). Then, we have

f(x) = inf_{x1,x2∈ZV} {f_1(x_1) + f_2(x_2) | x_1 + x_2 = x} + (⟨p, x⟩ + α)

= inf_{x1,x2∈ZV} {(f_1(x_1) + ⟨p, x_1⟩ + α) + (f_2(x_2) + ⟨p, x_2⟩) | x_1 + x_2 = x}.

Since the functions f_1 + ⟨p, ·⟩ + α and f_2 + ⟨p, ·⟩ are L^♮-convex, the function f is L^♮_2-convex. □

4.2 Convolution

The convolution of two M^♮-convex functions is known to be M^♮-convex.

Theorem 4.10 ([10, Theorem 6.10], [11, Theorem 5.8]) For two M^♮-convex functions f_1, f_2 : Z^V → R ∪ {+∞}, the convolution f_1□f_2 is also M^♮-convex provided that f_1□f_2 > −∞.

Obviously, the class of separable-convex functions is closed under convolution. The following two examples show that the classes of discretely-convex/convex-extendible/integrallyconvex/M^♮_2-convex/L^♮_2-convex functions are not closed under convolution. Recall that the convolution of two indicator functions of sets corresponds to the Minkowski-sum of the two sets.

Example 4.11 The Minkowski-sum of an M^♮_2-convex set and an M^♮-convex set is not necessarily M^♮_2-convex. The set S_1 = {(0, 0, 1, 1), (1, 1, 0, 0), (1, 0, 1, 0)} is an M_2-convex set expressed as the intersection of two M-convex sets S_1 ∪ {(0, 1, 0, 1)} and S_1 ∪ {(0, 1, 1, 0), (1, 0, 0, 1)}, and S_2 = {(1, 0, 0, 1), (0, 1, 0, 1)} is an M-convex set. The Minkowski-sum S = S_1 + S_2 is given by

S = {(0, 1, 1, 2), (1, 1, 1, 1), (2, 1, 0, 1), (1, 0, 1, 2), (2, 0, 1, 1), (1, 2, 0, 1)}.

Suppose S = S^′_1 ∩ S^′_2 for two M-convex sets S^′_1, S^′_2 ⊆ Z^V . Since x = (1, 0, 1, 2) and y = (1, 2, 0, 1) are contained in S^′_1 ∩ S^′_2, (M-EXC) implies that (1, 1, 0, 2) ∈ S^′_1 ∩ S^′_2 = S, a contradiction. Hence, S is not M_2-convex, and therefore it is not M^♮_2-convex since

∑_4

i=1 x_i = 4 for x ∈ S. □

Example 4.12 The Minkowski-sum of three L^♮-convex sets is neither discretely-convex nor convexextendible in general. Each of

S_1 = {(0, 0, 0), (1, 1, 0)}, S_2 = {(0, 0, 0), (0, 1, 1)}, S_3 = {(0, 0, 0), (1, 0, 1)}

is L^♮-convex. The Minkowski-sum S = S_1 + S_2 + S_3 given by

S = {(0, 0, 0), (0, 1, 1), (1, 1, 0), (1, 0, 1), (2, 1, 1), (1, 1, 2), (1, 2, 1), (2, 2, 2)}

is not convex-extendible since (1, 1, 1) ∈ S −S, nor discretely-convex since (x_1 +x_2)/2 = (1, 1, 1) ∉ S for x_1 = (1, 1, 0) ∈ S and x_2 = (1, 1, 2) ∈ S. □

The convolution of two L^♮-convex functions, which is called L^♮_2-convex by definition, is not necessarily L^♮-convex, as shown in Example 3.11.

4.3 Fenchel–Legendre Transformation

In this section, we consider only functions f : Z^V → R∪{+∞} with dom f ≠ ∅, since if dom f = ∅ then f^• = −∞.

It is clear that the class of separable-convex functions is closed under the Fenchel-Legendre transformation. This is also the case with the class of convex-extendible functions. Moreover, the conjugate of any function is convex-extendible.

Theorem 4.13 For any function f : Z^V → R ∪ {+∞} with dom f ≠ ∅, its conjugate f^• : Z^V → R ∪ {+∞} is a convex-extendible function.

Proof. Define a function f^•_R : R^V → R ∪ {+∞} by (3.1), where p ∈ R^V . Then, it is easy to see that the function f^•_R is a convex extension of f^•. □

As shown in Theorem 3.6 (iii), the classes of integer-valued M^♮-convex/L^♮-convex functions are conjugate to each other, and the classes of integer-valued M^♮_2-convex/L^♮_2-convex functions are conjugate to each other. Therefore, the classes of (real-valued) M^♮-convex/L^♮-convex/M^♮_2- convex/L^♮_2-convex functions are not closed under the Fenchel-Legendre transformation.

The classes of discretely-convex/integrally-convex functions are not closed under the Fenchel- Legendre transformation.

Example 4.14 The conjugate of a discretely-convex function is not necessarily discretely-convex. The set S = {(0, 0), (−1, 0), (1, 1)} is a discretely-convex set and therefore its indicator function δ_S : Z^2 → {0, +∞} is discretely-convex. The conjugate of δ_S is given by

δ^•_S (p_1, p_2) = max{0, −p_1, p_1 + p_2} ((p_1, p_2) ∈ Z^2),

which is not discretely-convex since

min{δ^•_S(−1, 1), δ^•_S (0, 1)} = 1 > 1 2 = 1 2 δ^•_S (−1, 2) + 1 2 δ^•_S (0, 0). □ Example 4.15 The conjugate of an integrally-convex function is not necessarily integrally-convex. The set S = {(1, 1, 0, 0), (0, 1, 1, 0), (1, 0, 1, 0), (0, 0, 0, 1)} is an integrally-convex set and therefore its indicator function δ_S : Z^4 → {0, +∞} is integrally-convex. The conjugate of δ_S is given by

δ^•_S (p_1, p_2, p_3, p_4) = max{p_1 + p_2, p_2 + p_3, p_1 + p_3, p_4} (p ∈ Z^4).

The convex closure g of g = δ^•_S is given by the same expression for p ∈ R^4. Since g(1/2, 1/2, 1/2, 1) = 1 < 3/2 = ~g(1/2, 1/2, 1/2, 1), g is not integrally-convex. □

4.4 Level Sets

For a function f : Z^V → R ∪ {+∞} and a value λ ∈ R ∪ {+∞}, the level set L(f, λ) is defined by L(f, λ) = {x ∈ Z^V | f(x) ≤ λ}. The effective domain dom f and the set of minimizers arg min f can be seen as special cases of level sets with λ = +∞ and λ = min f, respectively.

Level sets of a discretely-convex (resp. convex-extendible) function are discretely-convex (resp. convex-extendible) sets.

Theorem 4.16 For a discretely-convex function f : Z^V → R∪{+∞} and a value λ ∈ R∪{+∞}, the level set L(f, λ) is a discretely-convex set. Proof. Let x^′, x^{′′} ∈ L(f, λ) and α ∈ [0, 1]. Then, we have min{f(y) | y ∈ N_0(αx^′ + (1 − α)x^{′′})} ≤ αf(x^′) + (1 − α)f(x^{′′}) ≤ λ. This implies that N_0(αx^′ + (1 − α)x^{′′}) ∩ L(f, λ) ≠ ∅. Hence, L(f, λ) is a discretely-convex set. □

Theorem 4.17 For a convex-extendible function f : Z^V → R∪{+∞} and a value λ ∈ R∪{+∞}, the level set L(f, λ) is a convex-extendible set.

Proof. Since f is a convex function, the level set {x ∈ R^V | f(x) ≤ λ} is a convex set. Since L(f, λ) = {x ∈ R^V | f(x) ≤ λ} ∩ Z^V , the level set L(f, λ) is a convex-extendible set. □

For an integrally-convex/separable-convex/M^♮-convex/M^♮_2-convex/L^♮-convex/L^♮_2-convex function, a level set does not necessarily have the corresponding discrete convexity.

Example 4.18 A level set of a linear function is not necessarily integrally-convex. For a linear function f : Z^2 → Z defined by f(x_1, x_2) = x_1 + 2x_2 ((x_1, x_2) ∈ Z^2), we have L(f, 0) = {(x_1, x_2) ∈ Z^2 | x_1 + 2x_2 ≤ 0}, which is not an integrally-convex set. □

Example 4.19 A level set of a linear function defined over {0, 1}^V is neither M^♮-convex nor M^♮_2-convex in general. For a linear function f : Z^2 → Z defined by

f(x_1, x_2) =

−x_1 + x_2 ((x_1, x_2) ∈ {0, 1}^2), +∞ (otherwise),

we have L(f, 0) = {(0, 0), (1, 0), (1, 1)}, which is not M^♮_2-convex since it is not a supermodular set. □ Example 4.20 A level set of a linear function defined over {0, 1}^V is neither L^♮-convex nor L^♮_2- convex in general. For a linear function f : Z^2 → Z defined by

f(x_1, x_2) = x_1 + x_2 ((x_1, x_2) ∈ {0, 1}^2), +∞ (otherwise),

we have L(f, 1) = {(0, 0), (1, 0), (0, 1)}, which is not L^♮_2-convex since it is not a submodular set. □

The effective domain and the set of minimizers have the corresponding discrete convexity for an integrally-convex/separable-convex/M^♮-convex/M^♮_2-convex/L^♮-convex/L^♮_2-convex function.

Theorem 4.21 Let f : Z^V → R ∪ {+∞} be an integrally-convex function. (i) dom f is an integrally-convex set. (ii) arg min f is an integrally-convex set. Proof. (i): It suffices to show (2.5) for S = dom f. Since f = ~f, we have

dom f ∩ N_0(x) = dom f ∩ N_0(x) = dom ~f ∩ N_0(x) = dom f ∩ N_0(x),

where the last equality is by the definition of ~f.

(ii): It suffices to show (2.5) for S = arg min f. The inclusion S ∩ N_0(x) ⊆ S ∩ N_0(x) holds obviously. For x^′ ∈ S ∩ N_0(x), we have inf f = f(x^′) = ~f(x^′). Therefore, x^′ ∈ S ∩ N_0(x). □

Theorem 4.22 ([11, Theorem 4.3, 4.10]) Let f : Z^V → R∪{+∞} be an M^♮-convex function. (i) dom f is an M^♮-convex set. (ii) arg min f is an M^♮-convex set.

Theorem 4.23 ([11, Theorem 4.16, 4.17]) Let f : Z^V → R∪{+∞} be an L^♮-convex function. (i) dom f is an L^♮-convex set. (ii) arg min f is an L^♮-convex set.

Theorem 4.24 ([9, Theorem 4.1]) Let f_1, f_2 : Z^V → R ∪ {+∞} be M^♮-convex functions and x_∗ ∈ dom f_1 ∩ dom f_2. Then,

f_1(x_∗) + f_2(x_∗) ≤ f_1(x) + f_2(x) (∀x ∈ Z^V )

if and only if there exist p_∗ ∈ R^V such that

f_1[−p_∗](x_∗) ≤ f_1[−p_∗](x) (∀x ∈ Z^V ), f_2[p_∗](x_∗) ≤ f_2[p_∗](x) (∀x ∈ Z^V ). (4.3)

Theorem 4.25 Let f : Z^V → R ∪ {+∞} be an M^♮_2-convex function. (i) dom f is an M^♮_2-convex set. (ii) arg min f is an M^♮_2-convex set.

Proof. We show (ii) only, since (i) is obvious. Let f_1, f_2 : Z^V → R ∪ {+∞} be M^♮-convex functions such that f = f_1 + f_2, and x_∗ ∈ arg min f. By Theorem 4.24, there exists p_∗ ∈ R^V satisfying (4.3). We have arg min f = arg min f_1[−p_∗] ∩ arg min f_2[p_∗], which is M^♮_2-convex. □

Theorem 4.26 Let f : Z^V → R ∪ {+∞} be an L^♮_2-convex function. (i) dom f is an L^♮_2-convex set. (ii) arg min f is an L^♮_2-convex set.

Proof. We show (ii) only, since (i) can be shown similarly. Suppose that f is expressed as f = f_1□f_2 for two L^♮-convex functions f_1 and f_2. Since inf f = inf f_1 + inf f_2, we have arg min f = arg min f_1 + arg min f_2, which implies the L^♮_2-convexity of arg min f by Theorem 4.23. □

5 Proofs

5.1 Proof of Theorem 3.8

We show the supermodularity of M^♮-convex functions only. Then, the supermodularity of M^♮_2- convex functions follows immediately since the supermodularity is closed under addition. Lemma 5.1 Let f : Z^V → R ∪ {+∞} be an M^♮-convex function. Then, we have f(x + χ_u) + f(x + χ_v) ≤ f(x) + f(x + χ_u + χ_v) (∀u, v ∈ V, u ≠ v). (5.1) Proof. The claim follows immediately by applying (M^♮-EXC) to x + χ_u + χ_v, x and u. □ Lemma 5.2 For any M^♮-convex set S ⊆ Z^V and any x, y ∈ S with x ≤ y, we have [x, y] ⊆ S. In particular, an M^♮-convex set is a supermodular set.

Proof. This follows from the polyhedral description of S (see [4, 5]). □ Let f : Z^V → R ∪ {+∞} be an M^♮-convex function. We show the supermodular inequality f(x) + f(y) ≤ f(x ∧ y) + f(x ∨ y) (x, y ∈ Z^V ) (5.2) by induction on the numbers α(x, y) = ∑ {x(v) − y(v) | v ∈ supp^+(x − y)}, β(x, y) = ∑ {y(v) − x(v) | v ∈ supp^−(x − y)}. If α(x, y) = 0 or β(x, y) = 0, then we have either x ≤ y or x ≥ y, and therefore the inequality (5.2) holds obviously. If α(x, y) = β(x, y) = 1, then (5.2) also holds by Lemma 5.1. Hence, we may assume that α(x, y) ≥ 2 and β(x, y) ≥ 1. We may also assume that x ∧ y, x ∨ y ∈ dom f, which implies [x ∧ y, x ∨ y] ⊆ dom f by Theorem 4.22 and Lemma 5.2. Let u ∈ supp^+(x − y). Then, the inductive hypothesis implies f(y) − f(x ∧ y) ≤ f(y + χ_u) − f(x ∧ y + χ_u) ≤ f(x ∨ y) − f(x). 5.2 Proof of Theorem 3.9

From the definition of M^♮_2-convex functions, it suffices to show that any M_2-convex function is integrally-convex. First, we consider the special cases of M_2-convex sets and M-convex functions. Lemma 5.3 An M_2-convex set is integrally-convex.

Proof. For an M_2-convex set S ⊆ Z^V and any vectors a, b ∈ Z^V with a ≤ b, the set S ∩ [a, b] is an integral polyhedron (see, e.g., [5]). This implies (2.5), i.e, S is an integrally-convex set. □

Lemma 5.4 An M-convex function f : Z^V → R ∪ {+∞} is integrally-convex. Proof. For x ∉ dom f, we have f(x) = +∞, which, combined with (2.4), implies that ~f(x) = f(x) = +∞.

To show f(x) = ~f(x) for x ∈ dom f, we consider the following dual pair of linear programming problems:

(LP1) Maximize ⟨p, x⟩ + α subject to ⟨p, y⟩ + α ≤ f(y) (y ∈ N_1(x)), p ∈ R^V , α ∈ R, (LP2) Minimize ∑ y∈N_1(x) λ_yf(y) subject to ∑ y∈N_1(x) λ_yy = x, ∑ y∈N_1(x)

λ_y = 1, λ_y ≥ 0 (y ∈ N_1(x)).

By Lemma 5.3, we have x ∈ N_1(x) ∩ dom f. Hence, (LP2) has a feasible solution. Let (p^∗, α^∗) (∈ R^V × R) and λ^∗ = (λ^∗_y | y ∈ N_1(x)) be optimal solutions of (LP1) and (LP2), respectively. Then, it holds that f(x) ≤ ⟨p^∗, x⟩ + α^∗ = ∑ y∈N_1(x) λ^∗_yf(y) ≤ ~f(x). (5.3) We will show that both of the inequalities hold with equality. Put B = {y ∈ N_1(x) | ⟨p^∗, y⟩ + α^∗ = f(y)} = arg min_{y∈N1(x)} f[−p^∗](y),

which is an M-convex set. The complementary slackness condition yields that {y ∈ N_1(x) | λ^∗_y > 0} ⊆ B, which implies x ∈ B. In particular, we have x ∈ B ∩ N_0(x) by Lemma 5.3. Hence, there is another optimal solution ~λ = (~λ_y | y ∈ N_1(x)) of (LP2) such that if ~λ_y > 0 then y ∈ B ∩ N_0(x). Since ∑ y∈N_1(x) λ^∗_yf(y) = ∑ y∈N_1(x) ~λ_yf(y) = ∑ y∈N_0(x) ~λ_yf(y) ≥ ~f(x), the second inequality in (5.3) holds with equality.

Let y_0 ∈ B ∩ N_0(x). Then, we have f[−p^∗](y_0 − χ_u + χ_v) ≥ f[−p^∗](y_0) for any u, v ∈ V . Since local optimality means global optimality for M-convex functions [11, Theorem 4.6], we have α^∗ = f[−p^∗](y_0) ≤ f[−p^∗](y) = −⟨p^∗, y⟩+f(y) (∀y ∈ dom f), i.e., ⟨p^∗, y⟩+α^∗ ≤ f(y) (∀y ∈ dom f). By the equation (2.1) for f, the first inequality in (5.3) holds with equality. □

The following theorem claims that we can choose a common optimal λ in (2.3) for two M-convex functions.

Lemma 5.5 For two M-convex functions f, g : Z^V → R ∪ {+∞} and a vector x ∈ R^V , there exists λ = (λ_y | y ∈ N_0(x)) such that ∑ y∈N_0(x) λ_yy = x, ∑ y∈N_0(x)

λ_y = 1, λ_y ≥ 0 (y ∈ N_0(x)), (5.4) and f(x) = ~f(x) = ∑ y∈N_0(x) λ_yf(y), g(x) = ~g(x) = ∑ y∈N_0(x)

λ_yg(y). (5.5)

Proof. We may assume x ∈ dom f ∩ dom g, which implies that both ~f(x) and ~g(x) are finite. By (2.2), there exist (p, α), (q, β) ∈ R^V × R such that ⟨p, y⟩ + α ≤ f(y) (y ∈ N_0(x)), ⟨p, x⟩ + α = ~f(x), ⟨q, y⟩ + β ≤ g(y) (y ∈ N_0(x)), ⟨q, x⟩ + β = ~g(x). Put B_f = {y ∈ N_0(x) | ⟨p, y⟩ + α = f(y)}, B_g = {y ∈ N_0(x) | ⟨q, y⟩ + β = g(y)}, where both sets are M-convex. Then, we have x ∈ B_f ∩ B_g = B_f ∩ B_g. Since B_f ∩ B_g is integrallyconvex by Lemma 5.3, there exists λ = (λ_y | y ∈ N_0(x)) satisfying (5.4) and λ_y = 0 (y ∉ B_f ∩ B_g). Such λ satisfies (5.5) by the linear programming duality. □

We are now ready to prove that an M_2-convex function is integrally-convex. Let f = f_1 + f_2 be an M_2-convex function given as a sum of two M-convex functions f_1, f_2 : Z^V → R ∪ {+∞}. From Lemma 5.5 we have ~f(x) = ~f_1(x) + ~f_2(x) = f_1(x) + f_2(x) (x ∈ R^V ). Hence, ~f is convex, i.e., f is integrally-convex.

5.3 Proof of Theorem 3.12

From the definition of L^♮_2-convex functions, it suffices to show that an L_2-convex function is integrally-convex. First of all, we consider the special case of L-convex functions. The convex closure of an L-convex function can be expressed explicitly as follows.

Theorem 5.6 ([11]) An L-convex function f : Z^V → R ∪ {+∞} is integrally-convex; more specifically, for any y ∈ dom f and a ∈ [0, 1]^V , we have

f(y + a) = (1 − α_1)f(y) + k−1∑ j=1 (α_j − α_{j+1})f(y + χ_{Vj} ) + α_kf(y + χ_{Vk} ), (5.6)

f(y − a) = (1 − α_1)f(y) + k−1∑ j=1 (α_j − α_{j+1})f(y − χ_{Vj} ) + α_kf(y − χ_{Vk} ), (5.7)

where α_1 > α_2 > · · · > α_k (≥ 0) are distinct values in {a(v)}_{v∈V} , and V_j = {v ∈ V | a(v) ≥ α_j } (j = 1, · · · , k). Proof. The equation (5.6) is shown in [11, Theorem 4.18], whereas (5.7) follows immediately from (5.6) since the function f(−x) is L-convex in x ∈ Z^V . □

We now prove that an L_2-convex function is integrally-convex. Let f_1, f_2 : Z^V → R ∪ {+∞} be L-convex functions. Since f_1□f_2 is a convex function, it suffices to show ~f = f_1□f_2, which follows from the two claims below.

Claim 1 (f_1□f_2)(x) ≤ ~f(x) for any x ∈ R^V .

Proof. If ~f(x) = +∞ then the inequality holds immediately. Hence, we assume ~f(x) < +∞. Let ε be any positive real number. Then, there exist vectors y_{ij} ∈ Z^V (i = 1, 2; j = 1, 2, · · · , m) and positive real values λ_j (j = 1, · · · , m) such that

y_{1j} + y_{2j} ∈ N_0(x) (j = 1, · · · , m), m∑ j=1 λ_j = 1, m∑ j=1 λ_j {y_{1j} + y_{2j}} = x,

(0 ≤) m∑ j=1 λ_j{f_1(y_{1j} ) + f_2(y_{2j} )} − ~f(x) ≤ ε. (5.8)

For i = 1, 2, put x_i = ∑_m j=1 λ_j y_{ij}. Then,

f_i(x_i) ≤ m∑ j=1 λ_jf_i(y_{ij}) (i = 1, 2). (5.9)

Since x_1 + x_2 = x, we have (f_1□f_2)(x) ≤ f_1(x_1) + f_2(x_2). (5.10) Combining the inequalities (5.8), (5.9), and (5.10), we have (f_1□f_2)(x) − ~f(x) ≤ ε, from which the claim follows since ε can be chosen arbitrarily. □ Claim 2 ~f(x) ≤ (f_1□f_2)(x) for any x ∈ R^V . Proof. It suffices to show that ~f(x) ≤ f_1(x_1) + f_2(x_2) (5.11) holds for any x_i ∈ dom f_i (i = 1, 2) with x_1 + x_2 = x.

Put a_1 = x_1 − ⌊x_1⌋, a_2 = ⌈x_2⌉ − x_2. Note that 0 ≤ a_i(v) < 1 (i = 1, 2; v ∈ V ). Let α_1 > α_2 > · · · > α_k (≥ 0) be the distinct values in {a_1(v), a_2(v) | v ∈ V }, and put V_{ij} = {v ∈ V | a_i(v) ≥ α_j } (i = 1, 2; j = 1, · · · , k). Then, we have

a_i = k−1∑ j=1 (α_j − α_{j+1})χ_{Vij} + α_kχ_{Vik} (i = 1, 2). (5.12)

Theorem 5.6 implies that

f_1(x_1) = (1 − α_1)f_1(⌊x_1⌋) + k−1∑ j=1 (α_j − α_{j+1})f_1(⌊x_1⌋ + χ_{V1j} ) + α_kf_1(⌊x_1⌋ + χ_{V1k} ), (5.13)

f_2(x_2) = (1 − α_1)f_2(⌈x_2⌉) + k−1∑ j=1 (α_j − α_{j+1})f_2(⌈x_2⌉ − χ_{V2j} ) + α_kf_2(⌈x_2⌉ − χ_{V2k} ). (5.14)

It follows from (5.12), (5.13) and (5.14) that

x_1 + x_2 = (1 − α_1){⌊x_1⌋ + ⌈x_2⌉} + k−1∑ j=1 (α_j − α_{j+1}){⌊x_1⌋ + χ_{V1j} + ⌈x_2⌉ − χ_{V2j} } + α_k{⌊x_1⌋ + χ_{V1k} + ⌈x_2⌉ − χ_{V2k} }, (5.15) f_1(x_1) + f_2(x_2) = (1 − α_1){f_1(⌊x_1⌋) + f_2(⌈x_2⌉)} + k−1∑ j=1 (α_j − α_{j+1}){f_1(⌊x_1⌋ + χ_{V1j} ) + f_2(⌈x_2⌉ − χ_{V2j} )} + α_k{f_1(⌊x_1⌋ + χ_{V1k} ) + f_2(⌈x_2⌉ − χ_{V2k} )} ≥ (1 − α_1)f(⌊x_1⌋ + ⌈x_2⌉) + k−1∑ j=1 (α_j − α_{j+1})f(⌊x_1⌋ + χ_{V1j} + ⌈x_2⌉ − χ_{V2j} ) + α_kf(⌊x_1⌋ + χ_{V1k} + ⌈x_2⌉ − χ_{V2k} ). (5.16) As shown below, we have ⌊x_1⌋ + ⌈x_2⌉ ∈ N_0(x), (5.17) ⌊x_1⌋ + χ_{V1j} + ⌈x_2⌉ − χ_{V2j} ∈ N_0(x) (j = 1, 2, · · · , k), (5.18) which, together with (5.15) and (5.16), imply the desired inequality (5.11).

To conclude the proof, we show (5.17) and (5.18). It follows from

⌊x_1⌋ + ⌈x_2⌉ = x − a_1 + a_2 ∈ Z^V , ⌊x(v)⌋ ≤ x(v) < ⌊x(v)⌋ + 1, −1 < −a_1(v) + a_2(v) < 1 (v ∈ V ), that for any v ∈ V the value ⌊x_1(v)⌋ + ⌈x_2(v)⌉ is equal to x(v) if x(v) ∈ Z, and equal to either ⌊x(v)⌋ or ⌊x(v)⌋ + 1 if x(v) ∉ Z. Hence, we have (5.17). Put W = {v ∈ V | ⌊x_1(v)⌋ + ⌈x_2(v)⌉ = ⌊x(v)⌋ + 1}. It holds that x(v) ∉ Z for v ∈ W and ⌊x_1⌋ + χ_{V1j} + ⌈x_2⌉ − χ_{V2j} = ⌊x⌋ + χ_W + χ_{V1j} − χ_{V2j} .

To prove (5.18), it suffices to show that

(i) if x(v) ∈ Z then v ∈ V_{1j} ∩ V_{2j} or v ∈ V − (V_{1j} ∪ V_{2j} ), (ii) if v ∈ W ∩ V_{1j} , then v ∈ V_{2j} , (iii) if v ∈ V_{2j} − W , then v ∈ V_{1j}.

(i) If x(v) ∈ Z, then we have a_1(v) = a_2(v) = α_j for some j, from which (i) follows. (ii) If v ∈ W ∩ V_{1j} , then v ∈ V_{2j} since

a_2(v) = ⌊x_1(v)⌋ + ⌈x_2(v)⌉ − x(v) + a_1(v) = ⌊x(v)⌋ + 1 − x(v) + a_1(v) ≥ a_1(v) ≥ α_j . (iii) If v ∈ V_{2j} − W , then v ∈ V_{1j} since

a_1(v) = −⌊x_1(v)⌋ − ⌈x_2(v)⌉ + x(v) + a_2(v) = −⌊x(v)⌋ + x(v) + a_2(v) ≥ a_2(v) ≥ α_j . □

5.4 Proof of Theorem 3.17

The proof is based on the following fact.

Lemma 5.7 A set S ⊆ Z^V is separable-convex if and only if S is both M^♮_2-convex and L^♮_2-convex. Proof. We show the “if” part only. For each v ∈ V , put a(v) = inf_{x∈S} x(v) and b(v) = sup_{x∈S} x(v). Obviously, S ⊆ [a, b] holds. In the following, we prove [a, b] ⊆ S.

Let S_1, S_2 ⊆ Z^V be L^♮-convex sets such that S = S_1 + S_2. Let x ∈ [a, b]. Then, for each v ∈ V there exist vectors p_v, q_v ∈ S such that p_v(v) ≤ x(v) ≤ q_v(v). Moreover, there exist vectors p_{vi}, q_{vi} ∈ S_i (i = 1, 2) such that p_{v1} + p_{v2} = p_v, q_{v1} + q_{v2} = q_v. Put p_i = ⋀ v∈V p_{vi} ∈ S_i (i = 1, 2), p = p_1 + p_2 ∈ S,

q_i = ⋁ v∈V q_{vi} ∈ S_i (i = 1, 2), q = q_1 + q_2 ∈ S.

Then, we have p(v) = p_1(v) + p_2(v) ≤ p_{v1}(v) + p_{v2}(v) = p_v(v) ≤ x(v) (v ∈ V ), q(v) = q_1(v) + q_2(v) ≥ q_{v1}(v) + q_{v2}(v) = q_v(v) ≥ x(v) (v ∈ V ),

i.e., x ∈ [p, q]. Hence, we have x ∈ [p, q] ⊆ S by Lemma 5.2 and the M^♮_2-convexity of S. This shows that [a, b] ⊆ S. □

We now prove the “if” part of Theorem 3.17. The “only if” part is obvious from Lemma 3.16. Assume that f : Z^V → R ∪ {+∞} is both M^♮_2-convex and L^♮_2-convex. Then, f satisfies the following properties:

(i) f is integrally convex (by Theorems 3.9, 3.12), (ii) dom f is a separable convex set (by Theorems 4.25 (i), 4.26 (i), Lemma 5.7), (iii) for any p ∈ R^V , arg min f[−p] is a separable-convex set (by Theorems 4.25 (ii), 4.26 (ii), Lemma 5.7).

Due to the property (iii), the function f is linear over each hypercube [x^′, x^′ + 1] (x^′ ∈ Z^V ), which implies that f(x + χ_v) − f(x) = f(y + χ_v) − f(y) for any x, y ∈ dom f with x(v) = y(v). For all v ∈ V , put f_v(α) = f(x_0 + (α − x_0(v))χ_v) − f(x_0) (α ∈ Z), where x_0 ∈ dom f. Then, we have f(x) = ∑ v∈V f_v(x(v)) + f(x_0) (x ∈ Z^V ). Moreover, each f_v is convex since f is integrally-convex. Therefore, f is a separable-convex function.

Acknowledgement

This work is supported by Grant-in-Aid of the Ministry of Education, Science, Sports and Culture of Japan. The authors thank Gyula Károlyi for Example 3.1, and Satoru Fujishige and Takashi Takabatake for stimulating comments.

References

[1] P. Favati and F. Tardella, “Convexity in nonlinear integer programming,” Ricerca Operativa 53, 3–44 (1990).

[2] A. Frank, “Generalized polymatroids,” in: A. Hajnal, L. Lovász and V. T. Sós (eds.), Finite and Infinite Sets, North-Holland, Amsterdam, 285–294 (1984).

[3] A. Frank and É. Tardos, “Generalized polymatroids and submodular flows,” Mathematical Programming 42, 489–563 (1988).

[4] S. Fujishige, “A note on Frank’s generalized polymatroids,” Discrete Applied Mathematics 7, 105–109 (1984).

[5] S. Fujishige, Submodular Functions and Optimization, Annals of Discrete Mathematics 47, North-Holland, Amsterdam (1991).

[6] S. Fujishige and K. Murota, “Notes on L-/M-convex functions and the separation theorems,” Mathematical Programming, to appear.

[7] D. G. Luenberger, Introduction to Linear and Nonlinear Programming, Addison-Wesley, Reading, MA (1984).

[8] B. L. Miller, “On minimizing nonseparable functions defined on the integers with an inventory application,” SIAM Journal on Applied Mathematics 21, 166–185 (1971).

[9] K. Murota, “Submodular flow problem with a nonseparable cost function,” Combinatorica 19, 87–109 (1999).

[10] K. Murota, “Convexity and Steinitz’s exchange property,” Advances in Mathematics 124, 272–311 (1996).

[11] K. Murota, “Discrete convex analysis,” Mathematical Programming 83, 313–371 (1998). [12] K. Murota, “Discrete convex analysis — Exposition on conjugacy and duality,” in: L. Lovász et al. (eds.), Graph Theory and Combinatorial Biology, The János Bolyai Mathematical Society, Budapest, 253–278 (1999).

[13] K. Murota and A. Shioura, “M-convex function on generalized polymatroid,” Mathematics of Operations Research 24, 95–105 (1999).

[14] R. T. Rockafellar, Convex Analysis, Princeton University Press, Princeton (1970). [15] J. Stoer and C. Witzgall, Convexity and Optimization in Finite Dimension I, Springer-Verlag, Berlin (1970).