MODULAR AFFINE VERTEX ALGEBRAS AND BABY
WAKIMOTO MODULES

TOMOYUKI ARAKAWA AND WEIQIANG WANG

ABSTRACT. We develop some basic properties such as p-centers of affine vertex
algebras and free field vertex algebras in prime characteristic. We show that the
Wakimoto-Feigin-Frenkel homomorphism preserves the p-centers by providing
explicit formulas. This allows us to formulate the notion of baby Wakimoto
modules, which in particular provides an interpretation in the context of modular
vertex algebras for Mathieu’s irreducible character formula of modular affine Lie
algebras at the critical level.

1. INTRODUCTION

Let K be an algebraically closed field of prime characteristic p. Denote by
U = K®yz Uz, where Uy is the Kostant-Garland Z-form (including divided powers)
of the universal enveloping algebra of g. Mathieu [Ma] established a character
formula for the irreducible highest weight U-module L(—p) at the critical level
(see (5.3))), which can be rephrased as that the Wakimoto module of highest weight
—p over the complex field C remains irreducible over U after reduction modulo p.
Mathieu also gave a character formula for I[(—p) (and also for L((p — 1)p)); see
—. Here I(—p) denotes the irreducible quotient g-module of the Verma
g-module of high weight —p, which can be regarded as an irreducible module over
the restricted enveloping algebra uy(g) (and ug(g) C U). These two irreducible
character formulas are equivalent by the Steinberg tensor product theorem and
noting that (p — 1)p is a restricted weight.

Modular vertex algebras (i.e., vertex algebras in prime characteristic) were first
considered in [BR] by Borcherds and Ryba in their study of modular moonshine.
This paper is motivated by putting Mathieu’s result in a proper context of modular
Lie algebras and modular vertex algebras (where the algebra U plays no role). We
formulate the notion of p-centers for vertex algebras associated to Heisenberg alge-
bras, affine algebras, and some other free fields, and this gives rise to correspond-
ing p-restricted vertex algebras. We show that the p-centers and the state-field
correspondence for these vertex algebras are compatible in a simple manner; cf.
Proposition

Wakimoto modules (over C) were introduced by Wakimoto [Wak] for sl, and
then by Feigin and E. Frenkel for general semisimple Lie algebras [FF]. Wakimoto
modules have played a fundamental role in the affine vertex algebra setting and ap-
plications to the geometric Langlands program, cf. [Er1l [Fr2]. The construction of
Wakimoto modules relies on the Wakimoto-Feigin-Frenkel homomorphism w from
an affine vertex algebra to a bosonic free field vertex algebra. As a main result of
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this note we show that w (over the field K) preserves the p-centers, and indeed we
provide explicit formulas for the restriction of w on the p-center. This allows us
to formulate a notion of baby Wakimoto modules, which is analogous to the more
familiar notion of baby Verma modules for modular Lie algebras. Now Mathieu’s
result can be restated that the baby Wakimoto module of highest weight —p is
irreducible as module over g or over uy(g) (that is, it coincides with [(—p) in the
above notation).

This paper is organized as follows. In Section [2] we prove some basic properties of
the modular affine vertex algebras including the p-centers. In Section[3]| we describe
the p-centers of the Heisenberg vertex algebra and of a symplectic bosonic vertex
algebra. We formulate the main construction of the baby Wakimoto modules. In
Section {4 we establish the formulas for the WFF homomorphism on the p-center of
the affine vertex algebra. In Section b we give a reformulation of Mathieu’s main
result in terms of the irreducibility of the baby Wakimoto module of highest weight
—p. We end with some conjectures and open problems on further development of
modular representation theory of affine Lie algebras.

Acknowledgments. We have been working on this project on and off since
2007. The results were presented in the Taitung Workshop on “Group theory,
VOA and algebraic combinatorics”, Taiwan, in March 2013, organized by C.-H.
Lam. There is some overlap of our work with a recent paper by Li and Mu
[LM], where one can find more references on modular vertex algebras in recent
years. The first author is partially supported by JSPS KAKENHI Grant Numbers
25287004, 26610006. The second author is partially supported by an NSF grant
DMS-1405131.

2. MODULAR AFFINE ALGEBRAS AND MODULAR VERTEX ALGEBRAS

2.1. Affine Lie algebra in prime characteristic. Let g be a finite-dimensional
semisimple Lie algebra, which is a Lie algebra of a simply connected algebraic
group G over an algebraically closed field K of characteristic p > 0. Then g is a
restricted Lie algebra (also called a p-Lie algebra) with p-power map denoted by
—[Pl; cf. [Jan] for a review of modular Lie algebras. Moreover, g affords a non-
degenerate bilinear form (-, -), which induces a linear isomorphism g — g*. We fix
a Chevalley basis hi(1 <1 < /), eq, fo(a € AT) of g, where A7 is a set of positive
roots for g corresponding to a set of simple roots II = {ay,...,a,}. We further
write €; = €a,, fi = fa;. We denote by B (respectively, B_) the Borel subgroup
of G whose Lie algebra b (respectively, b_) is spanned by root vectors from AT
(respectively, A~ = —A*).
We consider the affine Lie algebra

g= LgdKc

where Lg = K[t,t7!] ® g. We shall write z,, = t" ® z for z € g and n € Z. Then
g is naturally a Lie subalgebra of g by the identification 1 ® g = g. We denote by
hY the dual Coxeter number for the affine Lie algebra g.
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A Cartan subalgebra h of the affine Lie algebra g is
h=b+Ke
and a Borel subalgebra of g is b = Ke+tK[t]®g+b with nilradical n = tK[t]@g-+1,
so that g = n~ @ h @ n. Denote by A, the set of positive roots associated to n,
and by A the subset of real roots in A,. Let g* denote the restricted dual of g
associated to the root space decomposition of g. -
Denote by T' C G the maximal torus with Lie algebra h. Let K* = K — {0} be

the torus corresponding to the derivation d on g, where [d, c] = 0 and [d,t" ® 2] =
—nt" @z forrxegandneZ. Set T =T x K*.

Lemma 2.1 (cf. [Ma], (1.4)). There is a restricted Lie algebra structure on the
affine Lie algebra g as an extension of the one on g, whose p-power map is given
by

P =, (t"®a:)[”] =" P, forneZzeq.

Then as usual one has the p-center Z,(g) in the enveloping algebra U(g) which is
generated by 2 — P! for all # € g. The subalgebra of Zy(g) generated by z? — xlP!
for all z € Lg will be denoted by Z{(g) and referred to as the proper p-center.

Each y € (Lg)* defines a p-character and gives rise to the reduced enveloping

algebra b
i ' u(g) =Ul(g)/1y

where [, is the ideal generated by a? — a?! — x(a)? for all @ € Lg. In particular,
up(g) is called the restricted enveloping algebra of g. Note that according to our
definition ¢? — ¢ is not in the ideal I;.

A distinguished restricted Lie subalgebra of g is the Heisenberg algebra

bs =LhdKe=hs @hdhs™,

where hst = Ppeint” ® . The Lie algebra hs has a large center spanned by
et @b for n € Z.

The p-center Zy(hs) of U(hs) is generated by zP — xlPl for all 2 € hs and the
proper p-center Z(hs) of U(hs) is by definition the subalgebra generated by 27— zl?!
for all z € Lh. The whole center of U(hs) is generated by Zy(hs) and ¢, t*" ® b for
n € Z, though this fact will not be needed below.

2.2. Vertex algebras in prime characteristic. The usual notion of vertex al-
gebras can be readily made sense over the field K of characteristic p > 0 (cf.
Borcherds-Ryba [BR]). All one needs is to use the divided power of the translation
operator T = T%/i! i > 1 and noting that

Y(TWa, 2) = 09Y (a, 2),

where 0% denotes the ith divided power of the derivative with respect to z.
Denote L, g = > t"®g. It is well known that the vacuum g-module of level
keK

neZy

Vi) =U(g) &) K.

U(L+§+KC)



4 T. ARAKAWA AND W. WANG

carries a canonical structure of a vertex algebra (cf.
K, = K trivially and ¢ as scalar k. Denote by |0)

V*(g).
2.3. The p-centers of modular vertex algebras. Let

x(z) = anz_”_l, T E€g.

neL

e.g. [Fr2]), where Lg" acts on
= 1 ® 1 the vacuum vector in

The next lemma on vertex operators is standard (cf. [Er2]), except the divided
power notation.

Lemma 2.2. The following formulas hold in the vertex algebra V"(g):

Y (@ ,]0),2) =00 Va(z) = 3 <_r”__11) P (2.1)

ne”l

Y(:L’,le,m e |0>7 Z) = "a(rlil)w(z) 8(7"271)3/(2) T
forx,y,...€g, and r,ry,re, ... € N.
We shall need some more formulas for vertex operators in characteristic p.

Lemma 2.3. The following identities hold for the vertex algebra V*(g): for x € g
and r > 1, we have

Vpl0,9) =07 a) = (T e 22)

r—1
neL
-1
Y(2?,[0),2) = 0" a(2))P: = > ( T”_l )ﬂ; P (2.3)
nez
The special case of Lemma [2.3| for » = 1 reads:
Y (x_,)0),2) = 0P Va(z) = anp 27"PTP (2.4)
ne”Z
Y (2",]0), 2) = :x(2)P: = infl Z7"PTP (2.5)
nez

To prove Lemma [2.3] we shall need the following classical formula.

Lemma 2.4. For a = ag + pa’ € Z>o,b = by + pb' with 0 < ag,bp < p—1 and

a’ >0, we have
/
()= (@) () moar
a a' ) \ao

(All the a’s and b’s involved are integers.)

Proof of Lemma[2.5 By Lemma , we obtain that (777') =0 mod p if p { m,

m
rTp—

and (_sz__ll) = (_r”__ll) mod p for n € Z. Now follows from ([2.1)).
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We write A(z) = 0V Va(z) = 3,0, (") 2az™ " = AL(2) + A_(z), where
Ar(z) =)<, (;’”L__ll)xnz_”_’“. By the definition of normal ordered product and
>
induction on m > 1, we have

A()™ = AL (2): AR 4 A(R)MTHAL(2)
(W)A+(z)iA(z)mi.

]

I
1M:

S
—_

Note that Ay(z)? = > . (7")")ahz""""7 since x, with n < 0 commute and
WP =10 for b € Fp,. Similarly, A_(2)P = > -, (7" N)abz""P7P. Hence, :A(2)P: =

AL (2)P 4+ A_(2)P, whence ({2.3). O

Remark 2.5. Lemmas [2.2) and [2.3] are applicable to other modular vertex algebras,
eg. F.

<
—_

Denote

u(x,) = 2P — zlP)

npr L E G

We also denote t(z) = 2P (the Frobenius morphism). In the next proposition,
which follows directly from Lemmas and [2.3] we formulate a basic property of
modular affine vertex algebras.

Proposition 2.6 (Commutativity of ¢ and Y'). For x € g and r > 1, we have

Y0l )0)2) = ¥ (@, — @)_,)[0).2)
= (8(“1)1:(2))}) — 9P gl () = (0" Va(z)).  (2.6)
When r = 1, we have
Y (ue-1)|0), 2) = Y (2-4]0), 2) = D (2 — (7)) 27777

By definition, the center of a vertex algebra V' consists of all vectors v € V
such that Y(a,z)v € V][z]] for all @ € V. The center of a vertex algebra is a
commutative vertex algebra (cf. [Fr2]).

Definition 2.7. The p-center (or the Frobenius center) 30(V*(g)) of the vertex
algebra V*(g) is defined to be the subspace Z|(g)|0) C V*(g).

Clearly these p-centers (and other p-centers below) are vertex subalgebras of the
centers of the corresponding vertex algebras.

Proposition 2.8. (1) The p-center 30(V*(g)) is a commutative vertex subal-
gebra of V*(g).
(2) U(g) -30(V*(g)) is an ideal of the vertex algebra V*(g), and so the quotient
K def 1 i K
Vo'(g) = V*(9)/(U(g) - 50(V"(g)))

carries an induced vertex algebra structure.
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Proof. Part (2) follows from (1) easily, and we shall prove (1).

Observe that the Fourier components of are of the form x2 — (z[),,, (up to
a scalar multiple), and hence belong to the p-center 30(V*(g)). By definition, the
p-center 3o(V"(g)) is spanned by elements of the form = = ¢(a_, b_, - - -|0)) with
a,b...€gandry,ry,... > 0. By Proposition the vertex operator

Y(,2) = ¥ (ila_s,)|0), 2)Y (u(br,)[0), 2) - -

is a linear combination of operators composed from those of the form 22 — (z?)),,,
and hence clearly preserves 30(V"(g)). O

Following the standard terminology in the theory of modular Lie algebras, we
shall refer to the vertex algebras V{(g) as the restricted (or more precisely p-
restricted) vertex algebras associated to g.

Remark 2.9. Since ?—c ¢ Z[(g) by definition, the central charges for the restricted
vertex algebras V{*(g) can be any scalar in K.

A baby Verma g-module (associated to a weight \ on f of level k) is a g-module

of the form
V) =V = () @ K
up (n+h)
where n acts trivially on the one-dimensional space K, = K and h acts by the

weight A € h*. These baby Verma modules are modules of the restricted vertex
algebra Vi (g).

3. THE BABY WAKIMOTO MODULES

3.1. A vertex algebra M. Let A9 be the Weyl algebra over K with generators
Aony Qg With o € Ay n € Z, and relations

(Ao agjm] = 0080n—m> |Gan,@sm) = [a;n, a27m] =0.
A restricted Lie algebra structure on A? is given as follows:
af}n = (azyn)[”] =0, nelZ.
Introduce the fields

ao(z) = Zaa,nz’"’l, ar(z) = Za;nz’”, a€ AL

neZ neL
Let M be the Fock representation of A? generated by |0) such that
Uanl0) =0, n>0; a5 n|0) =0, n>0.

As a vector space, M = Klaan-1,0} ,]aca, n<o- It is well known that M carries a
vertex algebra structure with state-field correspondence

Y(a’al,*Tl T aa}m*ﬂcagl,fsl T agm,fsmm))
= ;a(n—l)aal(z) .. -3(”_1)&%(:5)8(81)&21(2) . .a(sm)azm(z):
and with the translation operator 7" such that

T10) =0, [T, aan] = —naan-, [T)ay,] = —(n—1)a , ;.

» Ya,n
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Proposition 3.1. (1) The p-center Zy(A®) is equal to K[a?, ., (a, ) |aca, nezs

and moTeover, ZU(M) = K[ag,nflu (az,n>p}aeﬁ+,n§0'
(2) The space U(A?)-30(M) is an ideal of the vertex algebra M, so the quotient

My := M/(U(A?) - 30(M))
carries an induced vertex algebra structure.

3.2. Realization of the contragredient Verma modules. We first recall (cf.
e.g. [Fr2, pp.135]) that the contragredient Verma module of g can be realized
via its identification with the space of regular functions O, on the unipotent
subgroup N, of the algebraic group G; equivalently, this is described as follows:
let U = N, B_/B_ be the open cell of the flag variety B := G/B_. Let

¢:U(g) — Ds(U) (3.1)

denote the composition of the restriction to the open cell T'(B,Dg) — Dg(U)
with an algebra homomorphism U(g) — I'(B, Dg) where Dy denotes the sheaf of
crystalline differential operators on the flag variety B (i.e. no divided powers of
differential operators, cf. e.g., [BMR]). Then the contragredient Verma module

of g is the pullback of the Dg(U)-module Oy via the algebra homomorphism ¢.
The restriction ¢|5 : § — Vecty is a Lie algebra homomorphism, where Vecty the
vector fields over U.

Let us fix some coordinates y, (and 0, := %) for the open cell U. The following

lemma is standard.
Lemma 3.2. We have Zo(Dg(U)) = K[y, O] ca. -
The following is known (cf., e.g., [BMR], §1.3]).

Lemma 3.3. The restriction ¢ : § — Vectg is a homomorphism of restricted Lie

algebras, and the homomorphism ¢ : U(g) — Dg(U) maps the p-center of U(g)
to the p-center of Dg(U).

In some cases, we can make this fairly explicit as follows. For € n @ b, one can
write
d(x) = Y coma(y)0s (3.2)

eA
where ¢z € K and mg(y,) denotes soxﬁne r+nonomials in the variables y,, for v € A,
Lemma 3.4. Let v € n ® b and retain the above notation . Then we have
O(u(@) = D hma(yl)d5,
BeA
Proof. We know that
(@) = o) — d(a) = (D _ cams(y,)95)" — o)

lies in the p-center Z3(Dg(U)) and ¢(zP)) is a sum of differential operators of
order one (plus some possible constants). We expand this pth power and move the
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differential operator ds to the right by using commutators. Lemma ensures all
the commutators will cancel out with each other as they would produce differential
operators of order between 1 and p — 1. O

Remark 3.5. Let pn : T*B — N be the Springer resolution, p : T*BM — N
be the induced map between the corresponding Frobenius twists. Then the same
argument as in proof of Lemma shows that ¢(u(x)) = (uM)*(7)|y ([BMR]
1.3.3]), where 7 is the image of x € g by the projection K[g*] — K[N]

3.3. Heisenberg vertex algebra 7. Let B? be a copy of Heisenberg algebra
(of the affine Lie algebra g), with generators 1 and b;,, (i = 1,...,¢,n € Z) and
subject to the relations

[bi,na bj,m] = n/a'(h,-, hj)én,_ml.

Denote by 7" the vertex algebra K(b; ,]1<i<sn<o (Where 1 acts as the identity
map), with

Y(bio1,2) = bi(z) = Y binz ",

n<0

and the translation T given by
T : bil,n1 t zm N, Z nj i1,my zj n;—1"° bim,nm-

A restricted Lie algebra structure on BY is given by
W =bip 1M =1 1<i<lnel

The proper p-center of the vertex algebra 7" (which excludes 17 — 1) is then equal
to

36(7TK) = K[bﬁn - bi,np]lgigf;n<0'

Denote by mfj the quotient vertex algebra of 7" by the ideal (in the sense of vertex
algebras) generated by 3;(7").
For k = 0, 7 is naturally a commutative vertex algebra.

3.4. The Wakimoto-Feigin-Frenkel (WFF) homomorphism. Let k. denote
the critical level for g. There exists a homomorphism of vertex algebras
w=w,:V"(g) > Mer""

which is roughly speaking an affinization of ¢ defined in (3.1); see [Fr2, Theo-
rem 6.1.6]. We shall call w the WFF homomorphism, since this was introduced by
Wakimoto [Wak] in the sly case and by Feigin-Frenkel [FE] for general semisimple
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Lie algebras g. On generating fields, the formulas for w read as follows:

ei(2) —rag, (2) + Z 1Py (al(2))as(z):, (3.3)

i #EBEA Y
hi(z) = Y B(h):ah(2)ag(2): + bi(2), (3.4)
BeAy
fi(z) — Z :Qiﬁ (GZ(Z))CL5<Z)Z + (CZ' + (k — Ke) (e, fi>)8za;(z) + a;, (2)bi(2).
BeAy

(3.5)

We shall take for granted that ¢; are integers. The polynomial QZﬁ (aj;(z)) for 8 =
can be determined explicitly as follows; cf. [Fr2].

Lemma 3.6. We have Q' (a%(2)) = —:a},(2)%.

€7

Example 3.7. For g = sl,, the formulas for w are greatly simplified (where we
drop the indices of the Chevalley generators and of the free fields) as follows:

e(z) —a(z), h(z) — —2:a"(2)a(z): + b(2),
f(2) = —a*(2)%a(2): + KO.a*(2) + a*(2)b(2).

The following is a main result of this paper, which will be proved in Section [4]

(3.6)

Theorem 3.8. The homomorphism w: V"(g) — M ® m"" sends the p-center
30(V"(g)) to the p-center 3o(M) & 3o(m" ).

We have the following immediate consequence.

Corollary 3.9. The homomorphism w induces naturally a homomorphism of vertex
algebras wy : V¥ (g) — Mo @ m;~ ",

3.5. The baby Wakimoto modules. We define baby Wakimoto modules (asso-
ciated to p-characters) at the critical level k. as follows.
Let £ be a p-character on the Lie algebra A% such that

£((ar,,)") =0=¢(ak, 1), forn > 0,0 € Ay, (3.7)
Let £ be a p-character on the Lie algebra BY. Take aweight A(t) =Y, ., At ™" 7! €

h*((¢)) which is compatible with the p-character €™ in the sense that
N = Nipp = E(bin)?,  forall 1<i<lneZ,

where \;,, = A,(h;). Such a weight gives rise to the one-dimensional m-module
Kx@ on which b;, acts by multiplication by A;,. This defines a g-module at
the critical level on M (which is identified with M ® K()). Identifying M as
the polynomial algebra Klaa,,—1,a;, ,laca, n<o, We let I¢ be the subalgebra of M
Spanned by (a:;,n)p - 5((a2,n)p)7 ag,n—l - f(ag,n—1)7 where n < 0 and a € AJr' Since
all the generators of I; are central in U(g), I¢ is clearly a g-submodule of M, and
this gives rise to a quotient g-module

1’05()\) = M/[g.
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We refer to the g-module tog(\) as the baby Wakimoto module of high weight A
(and p-character §).

Now assume k # k.. Given A € h*, let 75~ "(A\) be the Fock representation of
A generated by a vector |A) such that

balh) =0 (n>0), bl = AR, 1) =N,

Any module over the vertex algebra M ® 7"~" becomes a module over V*(g) via
the pullback of homomorphism w: V*(g) — M ® 7" "<. In particular,

W) = M @5 (\)

becomes a module over g of level k. This is the Wakimoto module of high weight
A and level x defined in [FEF].

Let £ be a p-character on the Lie algebra A9 satisfying . Let £ be a p-
character on the Lie algebra BY such that

§"(by,, — bimp) =0, for n > 0.
Assume that A € h* is compatible with the p-character £™ in the sense that
A(hi)? — N(h;) = E7(hy)P, forall 1 <i </

Identifying 7%~ "<(\) as the polynomial algebra K[b;,]n<01<i<s, We let Iex be the
subalgebra of 7%7%¢(\) spanned by b}, —b; np =& (bs,n)P, where n < O and 1 < < /.
Since all the generators of I¢» are central in U(g), I~ is clearly a g-submodule of
%< (\), and this gives rise to a quotient g-module

WEer(A) i= (M @7 (V) /(Ie @ ler) = (M 1) © (7777 (A)/Ler).

We refer to the g-module 1§ .- () as the baby Wakimoto module of high weight A
(and p-character (&,£7)).

Assume for now that 7%7"(\)/I¢~ is a module over the restricted vertex algebra

7y~ . Since ¢(b;—1)|0) =0 € w5 ", we have
0 =Y (e(bi1)]0),2) = > (W, = bimp)z ™"
ne”Z

when acting on 7775 (\)/I¢=. Hence ™ = 0, and A(h;) € F, for 1 < i < ¢. The
converse is also true: if £ = 0 and A(h;) € F), for 1 < i < ¢, then 7% 7"%¢(\)/I¢x
is a module over the restricted vertex algebra 7~ ". Similarly, M /I, is a module
over the restricted vertex algebra M, if and only if £ = 0. Summarizing, we have

proved the following.

Proposition 3.10. Let k # k.. If A € b* satisfies A(h;) € F,, for each 1 < i </

and N(c) = K, then 1§ y()) is a module over the verter algebra My @ 75", and
hence a module over the vertex algebra V"(g).
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4. PROOF OF THEOREM [3.8]

4.1. Restriction of w to the p-center. Theorem follows readily from the
explicit description of the restriction map of w to 30(V"(g)) given in the following
theorem. Recall that

Wei(2)) = ei(2)’, u(hi(2)) = hi(2)" = hiz),  u(fi(2)) = fi(2)P. (4.1)

Theorem 4.1. The restriction of w to 30(V"(g)) is given in terms of fields as
follows:

dei(2)” =aa, () + Y Pi(ay(2)) as(=)", (4.2)

iABEA
L(hi(2))" ==Y Bh)az(z)Pas(z)? + bi(2)? — 9P Vb(2), (4.3)
BeAy
(fi(2)" = Qb(an(2)) as(2) + (- — k) (e, f:)(0:0,(2))"
BeEAL
+a;, (2)” (bz-(z)p — 8(7’_1)@(2)). (4.4)

Actually Pj(az(2))" and Q5 (a%,(2))" are simply polynomials in the commuting
vertex operators a’,(z)?, for a € A, . Note that the normal orderings are no longer
needed in the above formulas.

Example 4.2. The formulas above read in the case of g[g as follows:

v(e(2))" = a(2)",

W(h(2))" = —2a*(2)Pa(2)? + b(2)? — 9P~ Vb(2),

W(f(2)" = —a*(2)*a(2)P + (k" — K)D.a"(2) + a*(2)? (b(2)" — a(p_l)b(z)) :
The remainder of this section is devoted to the proof of Theorem [4.1]

4.2. Proof of Theorem [4.1]. Let
A = K{G’Z,O]QGA_'.J

which can be identified with K[N,] = K[U]. The space V := >ach, Ada,1 18
identified with 7z(U), where Tz is the tangent sheaf of the flag variety B. Set

:=TA, where T is the translation operator in the vertex algebra M. Note that
(Moo = A and (Mp); = V@ Q. An element D € V acts on A as a derivation by
the correspondence D — D), where we denote a(,) = Y (a, 2)») = Res.2"Y (a, 2).
One has

[Dimy, f)] = (Df)many for D€V and f € A. (4.5)

Recall ¢ : U(g) — Di(U), x — D*. The algebra Dz(U) can be identified with
the A-algebra generated by V such that D - f = f- D + D f, and thus we have
D* € V for each z € g. It follows by (3.3)-(3.5) that the image of x_1|0) under
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the vertex algebra homomorphism w : V*(g) — M ® 7" "<, denoted by z¥,|0), is
of the form
ZL"11|O> = D?‘—l) + f(m_Q) + b?—l) (46)

for x € g, some f* € A and some conformal weight one vector b* € 7%~ " depending
on .

Lemma 4.3. Let v € § and m € Z. Then («(z_1)"|0))
allao € AL andn € 7Z.

(m) COMMULEs with a,,, for

Proof. Since the algebra homomorphism ¢ : U(g) — Dg(U) is compatible with the
restricted Lie algebra structures (see Lemma , we have, for f € A, that

[D:c’ Dy]f _ D[azy}f’ (Dx)pf _ Dg;[P] f. (4'7)
Recall from Proposition [2.6] that
Y (e(w_1)10), 2) = D ((af,)r — (@)z,) 2 m 7.

mEZ

By , and , one has, for f € A,
[(25,)", fo] = (ad 23,)P (fm)) = (ad D) )P (f(m))
= (DY Fntmp) = (D™ ) nmp)

21p] v
- [ (mp)? f(")] - [(x[p])mp’f(n)]'
Now the lemma follows by taking f = a;O, 0

Lemma 4.4. Let v € g and m € Z. Then ((x-1)"[0))m) commutes with a,,, for
alla € Ay and n € Z.

Proof. Recall from [Ex1] that, for « € A, €, _; is of the form

€1 = Qa1+ Z Pgag 1, (4.8)

geA,
B>a

where Pg is a polynomial in A = K[CL;O]QE A, of weight a— . Indeed, the weight of
the right-hand-side of equals « (see for example the first line of [Frll §1.3]),
and hence the coefficient P§ € A must be zero unless 8 > « in the standard
dominance order of the root lattice of g. It follows that each a, 1 can be written
as

o1 =€t 1+ Y Qe (4.9)

BeAL
B>a

for some polynomials Qf € A.
Since (¢(2-1)|0)) my = 28, —(z)),, is central in U(g) and w is a g-homomorphism,
(¢(x-1)"]0))(m) commutes with e = for any n and any v € A, (in particular for

H

v > «). By Lemma , (e(x-1)7|0)) (m) also commutes with (QF) ) for any n. Now
by applying Y (—, 2)m) to (4.9), (¢(x-1)¥|0))m) commutes with aq,. O
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Remark 4.5. 1t is elementary to show by induction on k that for any k,n,m,, 8

one has
k
(32, a3.m] = 2() ) - e ()
d=1

It follows that [(Af, )P — hY,,,
Proposition 4.6. Formulas (| -— hold.

Proof. Let us fix i. The strategy is similar to the proof of Lemma We extend
the notation to write P (a%(z)) = aq,(2). Then by (L1)) and (3.3), we can write

«

agm) = 0. Similarly, [(h},)? — h¥

i,mp’

(ei(2)P)" = > Pi(anl Py Z Y (ar(2))ag(2)", (4.10)

BeAL

for some differential polynomials Y;, where the last summand arises from contrac-

tions in Wick’s formula. Lemma can be rephrased by saying that (e;(2)P)"

commutes with aj3(z). The first summand on the right-hand side of com-

mute with aj(z2), but as(2)’, for 1 <t < p—1, do not commute with aj(z). Hence

we must have Y; = 0 for all ¢ by a downward induction on ¢. This proves .
Similarly, noting £(h;) is integral and using and (3.4)), we have

(ha(2)P =hi(2))" = = Y B(ha) [Caj(2)ap(2))P —:af(2)ap(2):] +bi(2)" = 0P Vby(2).
BeAL
(4.11)
Now write (0 (=)as(2)) — :a3(=)as(2): = a3(2VPas(2)? + S0 Xu(ay())as(2)",
for some differential polynomials X; (Here g is fixed). But by considering the
commutation of with aj(2) and applying Lemma {.3, we conclude that
Xy = 0 for each t. This proves .

To complete the proof of Theorem it remains to prove . Denote by
gz the Z-lattice generated by the Chevalley generators e, fo and h;, for a € AT
and i = 1,...,¢. Denote by V7 the Z-lattice of V*(g) spanned by all possible
a_ib_i,c_iy...|0), where a,b,c... € gz and iy,19,13,... > 1. Writing a general
vertex operator Y(a,z) = Y., amz "', we recall a general formula from the

theory of vertex algebras (cf. [Er2]):

(@) Yo = D (T) @0W) pgnyy 120 (4.12)

>0

From a similar consideration as in the proof of Proposition [4.6labove, we conclude
that ¢(f;(2))" is of the form

=Y Qsai(2) as(=) + 0(0.05,(2)" + i, ()" R(bi(2)),  (4.13)
BeAy
where 77 € K and
R(bi(2)) =Y (ri,z) = bi(2)P + ... (4.14)
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is a (normal ordered) polynomial in b;(z) and its derivatives and r; € 7" ". For-
mula (4.4) now follows from the proposition below.

Proposition 4.7. We have

(1) R(bi(2)) = bi(2)? — 0P~ Dby(2);

(2) n = (s = r){ei, fi).
Sketch of a proof. It is possible to realize Wakimoto modules over Z as limits of
twisting Verma modules, denoted by Wz(X), on which e;,, hin, fin act. Then
the formulas (3.3)-(3.5) are understood as a congruence equation modulo pWz(\)
when acting on any v € Wz(A); moreover (e2,(0))f v € pWz(A), (f21]0))7, v €
pWyz(X), thanks to Lemmas and .4, From weight consideration, we have
(€”410)) o1 f*110) = =p(h”y — h—,) mod p*Vz.

On the other hand, for n > 0 and v € Wy(\), we have
w p_l J—
(a100-700)" 0= S0 (77 ) (a0t o (710D

— (1P PO a2 ODE). (415)

But if we compute (4.15)) by applying (3.3)—(3.5)), the only term involving b;,, is

given by —r;v, which by (4.14) must be equal to —(b; _; — b; —,)v modulo pWz(X).

Part (1) now follows from this together with (4.14)).
3.6l

Part (2) reduces to the sl case by Lemma O

5. IRREDUCIBLE BABY WAKIMOTO MODULES tv(—p)

5.1. Mathieu’s character formula reformulated. For an integral weight A\ €
bh*, denote by [(\) the irreducible quotient g-module of the Verma g-module of high
weight A. Recall the torus 7" from Then [(A) is naturally an g-7-module in
the sense of Jantzen [Jan], and this allows one to makes sense its (formal) character
ch[(\) in the usual sense.

Mathieu [Ma] proved the following character formula

hi(—p) = ] L) (5.1)

a€EAT? ( _€_a>

Note that —p is a weight at the critical level k.. We have the following reformu-
lation of a main result of Mathieu, which has the advantage that the irreducible
g-module [(—p) is realized explicitly as the baby Wakimoto module to(—p) in terms
of (restricted) free fields.

Theorem 5.1. The baby Wakimoto module vw(—p) is the irreducible high weight
g-module of high weight —p.

Proof. By construction of the baby Wakimoto module, we have the following char-

acter formula: . e
() =t ] (L—em)

a€ALE ( o e—a)
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The (obvious) surjective homomorphism t(—p) — [(—p) must be an isomorphism
by a character comparison. ([l

As modules over g, we have [(—p) = [((p — 1)p). (More general [(A\) = [(u)
if A — p is a p-multiple of an integral weight of g.) Denote by U = K ®z Uy,
where Uy is the Kostant-Garland Z-form of the universal enveloping algebra of g.
Denote by L(\) (the notation [(A) was used in [Mal) the irreducible highest weight
U-module of highest weight A (which is assumed to be integral). Note that the
restricted enveloping algebra is a subalgebra of U, i.e., ug(g) C U. Since (p—1)p is
a restricted weight, it follows by Mathieu [Mal Lemma 1.7] that L((p — 1)p) when
restricted to uy(g) remains to be irreducible, and hence L((p — 1)p) = I((p — 1)p)
as g-modules. Therefore Theorem [5.1] and have the following implication.

Corollary 5.2 ([Ma]). We have the following character formulas:
(I—e™)

chi((p—1)p) =P Vr : 5.2
((p—1)p) ag[rf e (5.2)
chi(—p)=e" ] - _1€_a. (5.3)

re
Q€EATE

The above two formulas are equivalent by Steinberg tensor product theorem.

5.2. Conjectures and further problems. Recall the vertex algebra V"(gc) over
C has trivial center at a non-critical level k; at the critical level, V**(gc) has a
large center, which is explicitly described in [Frll, [Fr2]. This center continues to
make sense for V*¢(g) over K in characteristic p; we shall refer to this as the
Harish-Chandra center of V"¢(g) and denote it by 3uc(V"*(g)).

Conjecture 5.3. (1) For k # K., the center of the vertex algebra V*(g) coin-
cides with the p-center 3o(V"(g)).
(2) The center of the vertex algebra V"<(g) is generated by the Harish-Chandra
center 3uc(V"(g)) and the p-center 30(V"<(g)).

A p-character £ of A? is called graded if €M (aq,,) = 0 = £ (a,,) for all n # 0.
A p-character ™ of B? is graded if €™(b;,) = 0 for all n # 0 and 1 < i < /.
Similarly, a graded p-character for g can be defined.

The modular representation theory of (finite-dimensional) Lie algebras has been
well developed; cf. the review of Jantzen [Jan|. It will be of great interest to develop
modular representation theory for an affine Lie algebra g, say when the p-character
is (graded) semisimple or nilpotent. In particular, one may ask if the baby Waki-
moto modules are irreducible for generic (graded) semisimple p-characters. The
modular representation theory of the algebra U (or the corresponding algebraic
group of g) has been very challenging; we refer to [Lai] and the references therein
for results in this direction. The modular representation theory of g should be some-
what more accessible and flexible by imposing various conditions on p-characters.
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