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Abstract  Given a capacitated network with the entrance-vertex set Vy and the exit-vertex set V, on which
polymatroids are defined, an independent flow is a flow in the network such that a vector corresponding to the supplies
in ¥, and a vector corresponding to the demands in ¥, are, respectively, independent vectors of the polymatroids
on V; and V,. The independent-flow problems considered in the present paper are the following two: (1) to find
a maximum independent flow; and (2) to find an optimal independent flow, i.e., a maximum independent flow of the
minimum cost when a cost is given to each arc. We present several theorems which algorithmically characterize optimal

independent flows and we propose algorithms for solving the independent-flow problems based on the theorems.

1. Introduction

Given a capacitated network with the entrance-vertex set Vl and the
exit-vertex set V2 on which polymatroids are, respectively, defined, an
independent flow is a flow in the network such that a vector corresponding to

the supplies in V and a vector corresponding to the demands in V2 are,

respectively, indeiendent vectors of the polymatroids on Vl and V2. We
shall consider the independent-flow problems: (1) to find a maximum independent
flow; and (2) to find an optimal independent flow, i.e., a maximum independent
flow of the minimum cost when a cost is given to each arc.

We first examine some fundamental properties, of a polymatroid, concern-
ing the transformation of independent vectors of a polymatroid. Next, we
define an auxiliary network associated with an independent flow and then, by
using auxiliary networks, we provide several theorems which algorithmically

characterize optimal independent flows (cf. a non~algorithmic characterization

of maximum independent flows made by C. J. H. McDiarmid [101). Based on these

189



190 S. Fujishige

theorems, we propose algorithms for finding a maximum independent flow and an
optimal independent flow.

The independent-flow problems include as special cases those recently
treated in [4]1 ~ [7], {9] and [11]. As the ordinary network-flow algorithms
have played a significant role in solving many combinatorial problems (cf. [3]
and [8]), the present paper will contribute toward solving combinatorial
problems related to matroids and/or polymatroids from the point of view of

flows in networks.

2. Definition of Polymatroid

Let E be a nonempty finite set and (#,%) be a totally ordered
additive group with a total order relation <. We can take as (H,:Q, for
example, the additive group of real numbers, rational numbers or integers with
the ordinary order relation. We occasionally write a > b if and only if
b <a (a,beH). Also, we define a relation < as

a<b if and only if a <b and a #D

and, similarly, a relation >.

Define H as the set of all nonnegative elements of H, i.e.,
2.1 {eleaH 0<el.
We denote by HE (resp. HE) the set of all functions from £ dinto H (resp.
H+). Elements of HE are expressed by X, ¥, Z etc., and for each X ( EHE)
and each e (€E) we denote by «x(e) the image of e with respect to X.
We shall regard functions in HE (resp. HE) as H-(resp. H+—)valued vectors
with coordinates indexed by E.

For X (EHE) and 4 (€ E), let us define

(2.2) xz(4) = ) x(e)
eed
and

(2.3) [x] = x(@®).
A function f from ZE, the set of all subsets of F, into H+ is called a
B-function [2] from 2 into H 1if it satisfies '
(2.4) f@ =o,
(2.5) @) £ r® 4¢BEE),
(2.6) FAUB) + f(ANB) < F(4) + F(B) (4, BGE).
The (2.6) means that f is a submodular function.

We define a polymatroid P as a pair (E,p), where p is a B-function
from ZE into H+, and we also denote the polymatroid by P(E,p). E is
called the ground set and p the ground-set rank function of the polymatroid
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P(E,p). A vector X in H_EF is called an independent vector of P(E,p) if
X satisfies

(2.7) z(4) £ p(4) 4ackK.

(For polymatroids, also see [2], [10], [12] and [13].)

3. Fundamental Properties of a Polymatroid

Let ; be the set of all independent vectors of a polymatroid P(Z,p).
Define the saturation function sat, from ; into ZE, with respect to P(Z,p)
as follows.
"For each X (e E) and u (¢ E), u € sat(x) if and only if
for any d (> 0) the vector Yy (€ Hf} defined by
y =x(w) +d,
y@) =z@) @eE- {ul)

does not belong to P, i.e., Y 1s not an independent vector."

3.1

Informally, sat(X) is the "saturated" subset of ground set F with respect
to X in %. Note that the saturation function is a generalization of the
closure function of a matroid. We can easily see from (2.7) that, for X (€
E) and u (e E), u belongs to sat(X) if and only if
(3.2) x(4) = pd)
for some A (€ F) such that u € 4.
For X (g E) and u (¢ F - sat(X)), denote by c+(x,u) the maximu?
value of d (> 0) for which the vector y defined by (3.1) belongs to P.
c+(x,u) is given in terms of the ground-set rank function p by
(3.3) T x,u) = minlp(@) - x(4) |[ACE,ued} ¢ 0).
For X (e g) and u (€ E) such that u € sat(X), let us define
dep(X,u) (€ E) as follows.
v g dep(X,u) if and only if
(1) v =u
or
(i1) v € sat(X) ~ {u} and there exists d (> 0) such that
the vector Y defined by
y@) =x@) +d, y@) =x@) -d,
yw) =z@w)  (weE - {u,v})
belongs to ;," .
Define dep(X,u) = @ if u ¢ sat(X). The function dep from P x E into
2 s called the dependence function with respect to P(E,p). When v €
dep(X,u) ~ {u}, we denote by g(x,u,v) the maximum value of d (> 0) for

(3.4)
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which the vector y defined by (3.4) belongs to E. We can easily show that
%(x,u,v) is given in terms of p by
(3.5) S,u,0) = midlp(d) - x(4) [AC E,ued,ved} (< x()).

Now, we show several lemmas which:are fundamental in the theory of

polymatroid and will be used in the subsequent sections.

Lemma 1. 1If, for X (¢ P) and 4, B (CE),

(3.6) z(4) = p(d), z(B) = p(B),
then we also have
(3.7) x(AUB) = p(AVB), x(AnB) = p(ANB).
Proof: The lemma follows from the submodularity of p, i.e.,
(3.8) p(4) —x(4) + p(B) - x(B)

> p(AUB) - x(AUB) + p(ANB) - z(ANB) > 0.
Q.E.D.

Lemma 2. Suppose X € P and define

(3.9 A = 4lagEa@=p@)}.
Then, we have
(3.10) sat(X) e Al’ sat(X) D 4 4 e Al).

Proof: The lemma follows from the definition of the saturation function

and Lemma 1 (also see (3.2)). Q.E.D.

~

Lemma 3. Suppose X € P and u € sat(X). Define
(3.11) A, =14 |AC B, ued,z(A)=p(4) }.
Then, we have
(3.12) dep(X,u) € A2, dep(X,u) € 4 4 e AZ).

Proof: The lemma follows from the definition of the dependence function

and Lemma 1. Q.E.D.

It should be noted that from Lemmas 2 and 3 there holds

dep(X,u) € sat(X).
It should be also noted that Al (resp. A2) in Lemma 2 (resp. Lemma 3) forms
a distributive lattice with respect to set inclusion and that sat(X) (resp.
dep(X,u)) is the maximum elemént (resp. the minimum element) of Al (resp.
A2).

Lemma 4. Suppose X € g, u € sat(X) and v € dep(X,u) - {u}.

For an arbitrary d satisfying
(3.13) 0 <d < cX,u,p),
let ¥y be a vector (in Hi) defined by
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i

x(u) +d, yw) = a@) - d,
z@w) (WekE - {u,v}).

y(u)
y ()
Then, we have
(3.15) y e %,
(3.16) sat(y) = sat(X):

Proof: The fact that y € P follows from (3.13), (3.14) and the

o
definition of c(X,u,v).

(3.14)

It

Moreover, since for B0 = sat(X)
y(By) = z(By = p(By)
and since for any A4 (2 sat(X))
y) = xz(4),

(3.16) follows from Lemma 2. Q.E.D.

Lemma 5. Under the assumption of Lemma 4, there holds
3.17)  cFyw = txw)  w e E - sat)).
Proof: By Lemma 2 and the definition of X and Y, we have for BO =
sat (X)
(3.18) y(BO) = x(BO) = D(BO),
(3.19) y) =z 42 BO).
Moreover, for any independent vector 2z, if. 2(B) = p(B) for some B (CE),
then
(3.20) 0(4) - 2(4) > p(AUB) - 2(AUB) ACE.
(See (3.8).) Therefore, from (3.18) v (3.20) and (3.3) we get (3.17).
Q.E.D.

U and v be three distinct

Lemma 6. - Suppose X € P and let Uy Uy 9

elements of F such that
u; € sat(X) (=1, 2),

v, € dep(X,uz), vy i3 dep(X,ul).

(3.21)

For an arbitrary d satisfying
(3.22)  0<d<cXu,v.),

= 2’72
let Yy be a vector (in P) defined by
y(uz) = x(uz) + d, y(vz) = m(vz)k~ d,
yw) =x(w) (wWekE - {uz,vz}).

Then, we have

(3.23)

(3.24) Uy € sat(y),
(3.25) dep(y,ul) = dep(x,ul).

Proof: The relation (3.24) follows from (3.21) and Lemma 4.
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Furthermore, by the assumption and Lemmas 1 and 3,

(3.26) Uys U, ¢ dep(x,ul).

Set

(3.27) GO = dep(x,ul).

From (3.26), (3.27) and Lemma 3, we have
(3.28) (€ A{ = (4]4SEu ed,y@=0 )],

(3.29) y@) =z @AC C'O)-
From (3.28) and (3.29), the set CO
thus have (3.25). Q.E.D.

must be the minimum element of Aé. We

~

Lemma 7. Suppose X € P and let Ups Uy Vg and v, be four distinct
elements of F satisfying (3.21) and (3.30):
(3.30) v, € dep(x,ul).
Also, let y be a vector given by (3.23) for d satisfying (3.22). Then, we
have
(3.31) rE'(_y,ul,vl) = rc‘f(x,ul,vl).
Proof: For any independent vector 2z, if z(B) = p(B) for some B (€ E),
then there holds
(3.32) p(4) - 2(4) > p(AnB) - 2(ANnB) 4 cE.
(See (3.8).) Set CO = dep(X,ul). Then, from (3.26) and Lemma 3,
(3.33) y(Cy) =x(Cy) = p(Cy).
Furthermore, from (3.26) we have
(3.34) y) =z (AECy.
Lemma 7 follows from.(3.32) ~ (3.34) and (3.5). Q.E.D.

Lemma 8. Suppose X € P and let uss Uy (=1, 2, ***, q) be 2q

distinct elements of Z such that
Uy € sat(X), v £ dep(x,ui) (=1, 2, ***, @),

vj ¢ dep(X,ui) QPz2i<jLq.
For arbitrary di (i =1, 2, ¢+, q) satisfying
" .
(3.36) 0 <d, < cXu,v,) (=1, 2 > 4

let Yy be a vector (in Hf) defined by
youy) =) +d; } ;
(3.37) y(vi) = x(vi) - di

= ]_’ 2’ e, g,

yw) =x@ Wek - {ul,uz,---,uq,vl,vz,---,uq}).

Then, we have
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(3.38) y e Z,;,
(3.39) sat(y) -= sat(x),
(3.40) <ty = xw) e E - sat(x)).
Proof: Lemma 8 can be easily.shown by induction on ¢ using Lemmas 4 "
7. Q.E.D.

Lemma 8 will play an important role in developing algorithms for
solving the independent-flow problems. It should be noted that (3.38) v (3.40)
hold if the assumption of Lemma 8 is valid by appropriately numbering ui's

and v.'s.
i

Lemma 9. Suppose X, Yy € % and sat(Xx) = FE. Consider a bipartite graph

G*(X,Y;C*) with end-vertex sets

3.4y x=E, Y=E"z= {e|ecE}

and an arc set

(3.42) ek = {(u,v") |u,veE, uedep{X,v)} CE x E'.

Here, the prime denotes a copy. The capacities of the arcs in (% are assumed

to be infinity. Then, there exists a flow ¢ (& Hi*) in G%* such that

g6t <aw) wen,

g8 v =y @'eD),

where &'u = {@w,v") |v'eY, @,v")eC*} and §v! = {(u,v') |ueX, u,v")eC*}.
Proof: For any subset B of E, let A4 be given by

(3.44) A = {u|uex,v'eB’, w,v"NeC*} (€ X).

It follows from (3.42), (3.44) and Lemmas 1 and 3 that

(3.45)  x() = p),

(3.46) B cA.

Therefore, we see from (3.45) and (3.46) that

(3.47) y(B) Lyl < pl) =x@).

Consequently, from (3.44) and (3.47), the existence of a flow ¢ in G*

(3.43)

satisfying (3.43) is shown by the supply-demand theorem for bipartite
networks [1, p.84]. Q.E.D.

4. The Independent-Flow Problems

Now, we shall formulate the independent-flow problems. Let G(V,4%;
Vl’VZ) be a finite directed graph with a vertex set V, an arc set A% and
two distinguished vertex subsets Vl and V2 of V, where incidence functions
3+ and 9 from A* into V are defined. If 8+a =4 and da=v for

a (e A*%) and u, v (¢ V), then u and v are, respectively, called the
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initial vertex and the terminal vertex of a. For simplifying the presentation,
we assume that Vlr\V2 = @ and that for each u, v (¢ V) there is at most
one arc with its initial vertex wu and ‘the terminal vertex v.
Suppose that for each < (=1, 2) a polymatroid Pi(Vi’pi) is defined
on the vertex set Vs and that to each arc a (e 4%) a capacity’ cla) (e H
-~ {0}) and a cost +vy(a) (¢ H) are given. Let N be a network represented
by an ordered quintuple:
(4.1) N = (GW,A%:V ,V,),P 5P, C7),

% *
where ¢ (resp. y) is the vector in Hi (resp. HA ) with its components

cla) (aed*) (resp. v(a) (aed®)).
We call an ordered triple (s,f,t) an independent flow in N if

(4.2) S is an independent vector of Pl(Vl,pl),
(4.3) t dis an independent vector of Pz(Vz,pz),
(4.4) 0< fla) ela) (aced¥),

4.5 s@) +FEW) = F8TY) @V,

(4.6) F870) = £8) +t@) @ eV,

(4.7) £ = £ wev-vur,),

where, for v (¢ V), 6+ and & are defined. by

sty = {a13+a=v,a€A*},

§v = {a]|d a=v,aed*}.

Is| (= |t]) is the flow value of (s,f,t). A maximum independent flow is an
independent flow of the maximum flow-value. The cost C(f) of an independent
flow (s,f,t) 4dis defined by

(4.9) c(f) = ] flay.
aed*
Here, we assume that H is a totally-ordered commutative ring so that the

(4.8)

multiplication in (4.9) is defined. A maximum independent flow of the minimum
cost is called an optimal independent flow.
We shall consider the following two problems (called the independent-
flow problems):
(1) to find a maximum independent flow in N (regardless of the cost);
(I1) to find an optimal independent flow in N.
We assume that, considering vy{(a) (aed*) as the length of a, there is no
directed cycle of negative length in G(V,A*;Vl,Vz). Also, we shall occasion-

ally express an independent flow (s,f,t) in N by f alone.
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5. Auxiliary Network Associated with an Independent Flow

Given an independent flow (§,f,1t) ’ in N = (G(V’A*;Vl"VZ)’Pl’PZ’C’Y)
we define the auxiliary network Nf = (Gf(V,A),c,Y) associated with (s,f,t)
as follows. The Gf(V,A) is a directed graph, called the auxiliary graph
assoctated with (s,f,t), with a vertex set V and an arc set 4, where
(5.1) V = VU {s*, t*}

and A 1is composed of the following six disjoint parts:

(5.2) 44 = {a|aes*, fla)<e(a)},

(5.3) B% = {a*la&:A*,0<f(a),8+a*=8—a,3_a*=8+a},
(5.4). 4, = {(u,v)lvesatl(s),uedepl(s,v)—{v}},

(5.5) 4, = {(u,v)1u5sat2(t),usdepz(t,u)—{u}},

(5.6) 5, = {(s*,u)1uevl-satl(s)}tl{(v,s*)|s(v)>o},‘
(5.7) 5, = {(v,t*)|v€Vé-sat2(t)}\/{(t*,v)lt(v)>0}.

Here, for each 7 (=1, 2), sati and depi are, respectively, the saturation
function and the dependence function defined with respect to the polymatroid
Pi(Vi’pi)' Furthermore, C is a vector (€ Hf) given by

(5.8) c@a) =cela) - f(a) if ac A

0’
= f(&) if a e B* and & is the arc in 4% such that
2'a = 072 amd 97a = 372, '
= gi(s,v,u) if a= (u,v) € Al’
= O(tu,w)  if a= (@) e Ay
= ¢i(s,0) if a= (s%,0) € 5,
= g(v) if a = (v,8%) € Sl
= c;(t,v) i a= () €5,
= t(v) if a= (t*,v) ¢ Sz.
Here, for each ¢ (=1, 2), 211/ and CZ are, respectively, rc\' and c:+

defined with respect to the polymatroid Pi(Vi’pi)' Also, Y is a vector

(in HZ) given by

(5.9) Y(@) =@ if ace A4

-y¥(@ 4if a € B%* and & is the arc in 4% such that
3ta =974 and 37q = B+&,

=0 otherwise.

]

For each arc a (e Z), e(a) is considered as the capacity of a and V(a)

as the length of a in £ -
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6. Algorithmic Characterization of Optimal Independent Flows

We 'shall provide theorems which algorithmically characterize optimal
independent flows and give a basis for obtaining algorithms for finding an
optimal independent flow and a maximum independent flow. We shall only outline
the proofs of the theorems since the theorems can be proven in a manner similar

to those in [4] and [5].

Theorem 1. Let (s,f,t) be an independent flow in N. The independent
flow (s,f,t) is of the minimum cost among all independent flows, in N,
having flow values equal to |s| (= 1t[) if and only if there exists no
negative directed cycle in the auxiliary graph 5% associated with (s,f,1).
(Here, a negative directed cycle is a directed cycle of negative length.)

Proof: The "only if" part: Suppose there exists at least one negative
directed cycle in -%. Then, change the flow' f along a negative directed
cycle of ‘the fewest arcs in £ The resultant flow is an independent flow
due to Lemma 8 (the end-vertices of the arcs, in Al (or Az) of Gf’ lying on
the negative directed cycle satisfy the assumption of Lemma 8 because the
negative directed cycle is composed of the fewest arcs) and has a less cost
than that of f. This contadicts the assumption.

The "{f" part: Let T be an arbigrary independent flow, in N,

having the flow value equal to IS!. Construct a circulation in N% which
corresponds to the differemce T - f as follows. Let § be a vector (in +)
given by
g@ = f(a) - f@ if acd; and F(a) > f(a),
= f@) - f@ if a € B* and & 4is an afc in 4% such
that 3'a = 972, 97a = 3'a and (@) > 7@,
= 0 otherwise.

Then, by appropriately assigning a flow to each arc of Sl\JAl&ISZ\JAZ and
by adding it to ¢, we get a circulation in Nf. (Here, we neglect the
capacities in Nf. Assigning a flow to each arc of Al and A2 in an
appropriate manner is slightly involved but the existence of such a way of
assignment can be shown by employing Lemma 9.) Since the difference F-f

is thus realized as a circulation in ﬁ% and since there exists no negative

directed cycle in £ the cost of T must be greater than or equal to that
of f. Q.E.D.

Theorem 2. Suppose that (s,f,t) is an independent flow, in N, of
the minimum cost among all independent flows having flow values equal to ISl

and that there exists at least one directed path from s* to ©* in the
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auxiliary graph 5% associated with (s,f,t). Let P* be a shortest directed
path from g% to t% in 5%. (When there exists more than one such path,

let us take as P* such a shortest path of the fewest arcs.) Moteover, define

d by

(6.1) d = min{c(a) Ia is an arc lying on P*} > 0

and a vector ? (in HA*) by

(6.2) ?(a) =d if a is an arc in Ao lying on P%,

=~d if a is an arc in A% such that & is an arc, in B¥%,
lying on P* and that e =07, 9a-= ata,
=0 otherwise.
Then, f* = f + % is an independent flow in N having the flow value equal
to |s] +d ¢ |s]).
Proof: Because of the assumption and Theorem 1, a shortest directed path
P%, from 8% to T% in 5%, of the fewest arcs exists. That the flow f#

is an independent flow in N can be shown by the use of Lemma 8. Q.E.D.

Here, it may be noted that, for f and f% in Theorem 2,
(6.3) C(f%) - C(f) = de(the length of P%* in E;'f).

Corollary. Suppose that (s,f,t) is an independent flow in N and that
there exists at least one directed path from 8% to ©% in _%. Let P*
be a directed path, from 8% to ©* in Gf, of the fewest arcs and define
a vector ? (in HA*) by (6.1) and (6.2). Then, T + ? is an independent
flow having the flow value equal to |s| +d(> |s]) in N.

Proof: Suppose the cost vector Y of N is a zero vector. The

corollary then follows from Theorem 2. Q.E.D.

Theorem 3. % (= f + ?) of Theorem 2 is an independent flow of the
minimum cost among all independent flows, in N, having flow values equal
to |s| +d.

Proof: Let (s,¥,{) be an arbitrary independent flow, in N, having
the flow value equal to |S| + d. Similarly as in the proof of the "if" part
of Theorem 1, we can construct a flow, from 8% to *©%*  in ﬁ%, which
corresponds to the difference f - f and has the flow value equal to d.
Decompose the constructed flow into flows fi (¢ € I) along directed paths
Pi from 8% to t* (whose flow values sum up to d) and circulations gj
(§j € J) along directed cycles Qj' Note that the lengths of paths Pi éi €
I) are less than or equal to that of P#% and that by the assumption the

lengths of cycles Qj (j € J) are nonnegative. Therefore, the cost of f

must be greater than or equal to that of f#%* because of (6.3). Q.E.D.
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Theorem 4. Suppose that (s,f,t) is an independent flow in N. If
there is no directed path from g* to ¢* in the auxiliary graph 5%
associated with (s,f,t), then (s,f,t) is a maximum independent flow in N.

Proof: 1If there exists an independent flow (5,f,©), in N, having the
flow value greater than [Sl, then as in the proof of Theorem 3 we can
construct a flow, from 8% to % in N%, having the flow value equal to
Igw - |s| (> 0). Consequently, there must exist a directed path from s* to

t* in E%, which contradicts the assumption. Q.E.D.

For every independent flow (s,f,£) in N and every vertex subset U
(€ V) there holds
(6.4) Is] < o (V-0) + c@kN@X(V-0))) + 0,(V,ND).
On the other hand, when the assumption of Theorem 4 holds, let U* be the set
of veftices (in V) which are reachable from 8% along a directed path in
5%. Then, by the definition of the auxiliary network we can easily show that

(s,f,t) of Theorem 4 satisfies

(6.5) [s] = Py (V =U) + ek U= (V-UR))) + 0, (V,NU%) .
Consequently, from (6.4) and (6.5) we have
(6.6) max{|s| | (s,f,t) is an independent flow in N}

= min{p, (V) -U)+e ¥ (U< (V-0)))+p,(V,ND) | UCTV}.

7. Algorithms

Based on the theorems and the corollary in the preceeding section, we
can propose algorithms for finding an optimal independent flow (and a maximum
independent flow) in N. The theorems and the corollary may not, however, be
sufficient to guarantee the finite termination of the algorithms described
below. We thus assume that pi(A) (AgVi, i=1, 2) and c¢(a) (a € A*) are
integral multiples of a common element of H. We also assume that auxiliary

networks can be efficiently constructed.

(1) Primal-dual algorithm for finding an optimal independent flow
1° set f = 0.
2° Comnstruct the auxiliary network ﬂ% = (5%(?:2),E;§§ associated with
the independent flow f. If there is no directed path from &* to
t* in  5f’ then the algorithm terminates and f 4is a solution; or
else go to 3°.
3° Find a shortest directed path P*, from s* to ¢t*, of the fewest

- v *
arcs in Ge. Let f be a vector (in HA ) given by (6.1) and (6.2).
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Then set
f+f+?
and go back to 2°.

(1') Algorithm for finding a maximum independent flow ,

Algorithm (I) described above is employed as an algorithm for finding
a maximum independent flow in N by assuming that the cost vector Y 1is a
zero vector. In this case, we should take as P* in 3° a path, from s8* to
t*, of the fewest arcs in E%. Also, the initial independent flow f in 1°
can be arbitrarily chosen instead of f =0 as far as f(a) (a € 4%), picA)

4 cC Vi, 2 =1, 2) and ec(a) (a € A*) are commensurable.

(11) Primal algorithm for finding an optimal independent flow

1° Find a maximum independent flow f in N (using Algorithm‘(I')
described above).

2° Construct the auxiliary network N% associated with the independent
flow f. 1If there is no negative directed cycle in Gf, then the
algorithm terminates and f 1is a solution; or else go to 3°.

3° Find a negative directed cycle &% of the fewest arcs in _%. Then,
change the flow f along the cycle Q% by as great a flow value as
possible (similarly as described in Step 3° of Algorithm (I)). Set the

resultant flow as f again and go back to 2°.

The validity of Algorithms (I), (II) and (I') is clear because of the
theorems, the corollary and their proofs in the preceeding section. The
algorithms terminate in a finite number of steps due to the integrality of the
data pi(A) - Vi, 2 =1, 2) and c(a) (a € A*). Since in the course of
carrying out the algorithms we get only integral independent flows, we have

the following.

Theorem 5. 1If pi(A) 4 < Vi’ 7 =1, 2) and c(a) (a € A*) are
integral multiples of a common element (say, eo) of H, then there is an
optimal (or maximum) independent flow f in N with fo(a) (a € A*) being
integral multiples of g In fact, such an integral optimal (or maximum)
independent flow can be found by using Algorithm:(I) or (II) (or (1')).

It should be noted that, if the-integrality of the data is not assumed,

Algorithms (I), (II) and (I') may not terminate in a finite number of steps
but that, when we truncate the calculation, the flow then obtained bf/Algorithm
(I) is an independent flow of the minimum cost among all independent flows of

the same flow-value, while the flow then obtained by Algorithm (II) is a
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maximum independent flow having an improved cost less than the initial one
(though for Algorithm (II) a maximum independent flow may not be easily
found) .

The author has not been able to succeed in determining whether
Algorithms (I), (II) and (I') terminate in a finite number of steps for
network N with general polymatroids and capacities.

Finally, it should be noted that with a slight modification the argument
through the present paper is also valid for nonnegative submodular functions

instead of PB-functions.

Acknowledgments

The author would like to express his sincere thanks to Professor Masao
Iri of the University of Tokyo for his valuable suggestions and discussions
on the present paper.

This paper was supported by the Grant in Aid for Scientific Research
of the Ministry of Education, Science and Culture of Japan under Grant:
Cooperative Research (4) 135017 (1976 1977).

The author is also supported by the Sakkokai Foundation.

References

[1] Berge, C.: Graphs and Hypergraphs. North Holland, Amsterdam, 1973.

[2] Edmonds, J.: Submodular Functions, Matroids, and Certain Polyhedra.

. Proceedings of the Calgary International Conference on Combinatorial
Structures and Their Appltcatmons Gordon and Breach, New York, 1970,
pp. 67 - 87.

{31 Ford, L. R., Jr., and Fulkersom, D. R.: Flows in Networks. Princeton
University Press, Princeton, 1962.

[4] Fujishige, S.: A Primal Approach to the Independent Assignment Problem.
Journal of the Operations Research Society of Japan, Vol. 20 (1977),
pp. 1-15.

[5] Fujishige, S.: An Algorithm for Finding an Optimal Independent Linkage.
Journal of the Operations Research Society of Japan, Vol. 20 (1977),
pp. 59 ~75.

[6] Iri, M., and Tomizawa, N.: An Algorithm for Finding an Optimal "Independ-
ent Assigmment". Journal of the Operations Research Society of Japan,
Vol. 19 (1976), pp. 32-57.



(7]

(8]

{10]

[11]

[12]
[13]

The Independent-Flow Problems 203

Iri, M.: A Practical Algorithm for the Menger-Type Generalization of the
Independent Assignment Problem. Mathematical Programming (to appear in
1978). .

Iri, M.: Network Flow, Transportation and Scheduling: Theory and
Algorithms. Academic Press, New York, 1969.

Lawler, E. L.: Matroid Intersection Algorithm. Mathematical Programming,
Vol. 9 (1975), pp. 31-56. ’
McDiarmid, C. J. H.: Rado's Theorem for Polymatroids. Mathematical
Proceedings of the Cambridge Philosophical Society, Vol. 78 (1975),

pp. 263~ 281.

Tomizawa, N., and Iri, M.: An Algorithm for Determining the Rank of a
Triple Matrix Product AXB with Application to the Problem of Decerning
the Existence of the Unique Solution on a Network. Transactions of the
Ingtitute of Electronics and Commnication Engineers of Japan, Vol. 57A
(1974), pp. 834 - 841 (in Japanese); (English Translation in Electronics -
and Communications in Japan, Vol. 57A (1974), pp. 50-57).-

Welsh, D. J. A,: Matroid Theory. Academic Press, Londom, 1976.

Woodall, D. R.: Applications of Polymatroids and Linear Programming to
Transversals and Graphs (presented at the 1973 British Combinato;ial

Conference) .

Satoru FUJISHIGE: Department of
Mathematical Engineering and
Instrumentation Physics,
Faculty of Engineering,
University of Tokyo,

Hongo, Bunkyo-ku,
Tokyo 113, Japan



