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This paper contributes a feedback operator, in the form of a monoidal trace , to the
theory of coalgebraic, state-based modelling of components. The feedbak operator on
components is shown to satisfy the trace axioms of Joyal, Street and Verity. We employ
McCurdy's tube diagrams, an extension of standard string diagrams for monoi dal
categories, for representing and manipulating component diagrams. The microcosm
principle then yields a canonical \inner" traced monoidal structure on the category of
resumptions (elements of nal coalgebras / components). This generalises an observation
by Abramsky, Haghverdi and Scott.

1. Introduction

The subject of study in the eld of coalgebra is state-based computation. A computer is a
device that has an internal state, roughly given by the content of all its memogy cells and
registers, that is not directly observable. However, a user can observe and modify pof
this state via I/O devices, such as a screen or keyboard. Very abstractly, such computer
is captured as a coalgebrax ! F(X), where X represents the state, andF captures
the type of operations (for observation and modi cation) that one can perform on these
states. A simple example is a deterministic automaton of the formxX ! (X B)” where
A is a type for input, and B for output.

The coalgebraic view on state-based systems yields a generic view, for instance, on
bisimilarity (indistinguishability of states) and compositionality ( seee.g.(Turi and Plotkin,
1997)), and on modal logic (see.g. (Kurz and Pattinson, 2005)), giving a way to reason
about properties of states with dynamic operators like "nexttime'. Here ve use coalgebras
to (further) develop a calculus of components which describes various ways of combining
components (smaller subsystems) into larger systems. Numerous component cali have
been proposed for the purpose of aiding modular design of complex systems, such as
Reo (Arbab, 2004). The existing component calculi come with di erent sets of (typically
several) component connectors In earlier work (Hasuo et al., 2009; Asada and Hasuo,
2010) we have focused on the very core subset of such calculi, with sequential coagition
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and parallel composition only. In this paper we add a feedback operator to thigalculus,
in the form of a trace.

This calculus may be understood as a many-sorted process algebra that acts directly
on systems; by employing themicrocosm principle we obtain process algebraic operators
on behaviours, too, see (Hasuo et al., 2008; Hasuo et al., 2009).

A categorical approach to system composition has been developed in (Katis et al
1997) based on bicategories. The bicategorical aspect comes up if one uses components
as morphisms, because compaosition of components is associative only upisomorphism,
see Lemma 4.2.3 below. This approach is extended in (Barbosa, 2001; Badag 2003) with
monads, to allow for di erent kinds of computation (Moggi, 1991). Here, like in (Hasuo
et al., 2008; Hasuo et al., 2009) we take a slightly di erent approach ad use components
as objects in a category, with xed input and output. In order to deal with relabelli ng of
input and output, we need to organise the whole as an indexed category. This indexing
however is straightforward and poses no technical obstacles.

A crucial ingredient that is missing so far in these calculi of components is feedback
It makes it possible to include \loops" in diagrams of components, in order b capture
recursive ows. Here we extend coalgebraic component calculi with such a feedback mech-
anism, in the form of a trace operator. Traces as feedback operators have be@rroduced
abstractly in (Joyal et al., 1996). Here we essentially follow this famework, but the re-
quired identities for these traces only hold up to isomorphism (just like for canposition).
The traces that we introduce for coalgebraic components are based on the trace cansc-
tion in Kleisli categories from (Jacobs, 2010). In his thesis Barbosa dusses a \partial
feedback" operator (see (Barbosa, 2001, Ch.851)) but it is not a proper trace operator
(in the sense of (Joyal et al., 1996)) because it does not have the right typeyor the right
behaviour.

For components it is very useful to have a diagrammatic language that maked ipossi-
ble to build a composite system in a picture with lines representing connections between
them. There is a standard language of string diagrams for monoidal categoriesee (Pen-
rose, 1971; Joyal and Street, 1991). Here we employ McCurdy's extension (McCdy,
2010)|which we call tube diagramdfor capturing coalgebraic components and their
connections. This language can be used to reason about coalgebraic components, via
speci ¢ diagrammatic manipulations, see Section 5. The additional (third) dimenson|
obtained by using tubes rather than strings|is needed because in our calculus input can
be structured both multiplicatively (with tensor ) and additively (with coproduct +).
The feedback/trace operator works with respect to this additive structure.

The additional trace operator for components embodiesteration in data processing|a
fundamental concept in computer science. Our theory is generic because it is parametrised
by a monad T: the monad represents the computational e ect that makes an iterated
function \total". The prototypical example of such e ect is partiality ( i.e. T=1+( ),
the lift monad) but non-determinism and probability also ts in. To demonstrate the
versatility of our results, we derive the traced monoidal structure of the cate@ry of
T-resumptions, in a canonical manner. This generalises the observation in (Abramsky
et al., 2002): there the authors focus on the partiality eect (ie. T =1+ ( )) and
the trace operator on resumptions is introduced in concrete terms. Here we, instead,
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derive trace operators on various resumptions uniformly from the trace opeators on
components, in the style of (Krstc et al., 2001). The derived traced monodal category
lives in the \traced monoidal bicategory" of components, providing an instance of the
microcosm principle (Baez and Dolan, 1998; Hasuo et al., 2008; Hasuo et al., 2009).
Another way to look at our construction is that it uniformly transforms the t raced
monoidal category of T-computations (namely the Kleisli category K™ (T)) into the traced
monoidal category of T-strategies (identi ed with T-resumptions). By further applying
the Int-construction (Joyal et al., 1996), one obtains the compact closed categy of
(stateful) T-games as pointed out in (Abramsky and Jagadeesan, 1994).

The paper is organised as follows. After some preliminary material it sarts in Section 3
with the fundamental operator of “state extension' that adds a state object, eiher on the
left or on the right, to a coalgebraic component. It will play an importa nt role in the rest of
the paper, for instance in Section 4 on the various composition operatorsegjuential = |
multiplicative parallel k and additive parallel . Subsequently, Section 5 describes the
tube calculus, with several distributivity results. Section 6 de nes traces for compments
and proves that the trace axioms hold; this is our main contribution. Finally i n Section 7
we identify the category of resumptions as an \inner" traced monoidal category inthat
of components.

2. Preliminaries

The basic setting is described by a categoryC with some structure and a monadT on
C. We assume in the rst place that C is a symmetric monoidal category with tensor
:C C! Candtensorunitl 2 C, together with canonical isomorphisms:

X (Y Z)—(X Y) Z 1 X—>X X Y—=Y X (1

One often writes = X 11T X,

We assume that the monadT = (T; ; ) on C is symmetric monoidal (also known
as commutative), via a natural transformation with components dst: T(X) T(Y) !
T(X Y) interacting appropriately with the monoidal isomorphisms (1) and with the
unit and multiplication  of the monad. For this natural transformation dst we write
st=dst ( id): X  T(Y)! T(X Y)forthe ‘strength’' map of the monad. The
abbreviation “dst stands for “double strength'.

The Kleisli category of the monad T is written as K™ (T). Usually we write a fat dot
for composition in K™ (T), if we wish to distinguish it from ordinary composition in C.
The inclusion functor J: C! K “(T), given by X 7! X and f 7! f is sometimes not
written explicitly, when context allows so.

\We also assume that the categoryC has (distributive) coproducts + ;0, written also
as when indexed over a set. The associated coprojections will be written as; : X; !
X1+ X,, and cotupling of fi: X; ! Y iswritten as [f1;f2]: X1+ X, ! Y. Distributivity
here means that the tensor distributes over coproducts (G +). In the binary case this
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means that the canonical maps:

dis® x A+x Bl 2Ly (A4 B) @)

are isomorphisms. Additionally, the canonical map 0! X 0 is an isomorphism; this is
the nullary case of distributivity. Notice that if the category C is monoidal closed, these
isomorphisms automatically exist, sinceX is then left adjoint to exponentiation

X ()
We list some elementary equations for this distribution mapdis that will be used later.
The proofs are easy and left to the reader.

Lemma 2.1. The distribution map dis de ned in (2) satis es

1 naturality: dis (f g+f h)=(f (g+h)) dis

2 (id dis) dis=dis ( + );

3 dis= + . L]

There are also rules regulating the interaction of this distribution map (2) with the
monoidal isomorphisms associated with coproducts. We shall label them with &, as in
+, in order to distinguish them from the isomorphisms for

Lemma 2.2. The distributivity map dis interacts with the monoidal isomorphisms for
+ as:

1 Interaction with . :

X A+0— X A

id+! |

X A+X O

disl

id +
X (A+0) — " " X A

2 Interaction with . :

X A+X B— X B+X A

dis | Ldis

X (A+ B)id—+>X (B + A)

3 Interaction with ,:

(X A)+((X C)+(X D) —=(X A)+(X CH+(X D)
id+ disl ldis+id
(X A)+(X (C+ D) (X (A+C)+(X D)

dis | ’ | dis

+

X (A+(C+ D)) X ((A+C)+ D) O
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3. Coalgebraic components and state extension

This section describes the basic construction of what we call “state extension' faoalge-
braic components. It serves as an auxiliary operator for the constructionsike composi-
tion and trace in later sections. Formally, state extension is described asn action of a
(monoidal) category on a category of components, see (Janelidze and Kelly, 200TThis
insight is not important for what follows, so it is elaborated separaely in Section 3.1.

Like in (Barbosa, 2001; Barbosa, 2003; Hasuo et al., 2009) we cader coalgebraic
components of the form:

X A—=T(X B) ©)
where X is the state space,A the type/object of inputs and B the type of outputs. In
general we shall use letters likeX;Y;Z;U;V for states and A;B; C for infoutputs. The
monad T captures the type of computation involved, following the standard approach in
monadic computation. For instance, non-deterministic for T =powerset, partial for T =lift,
probabilistic for T=distribution, with side-e ects for T =(S )S with S for states, or
even deterministic for T=identity. Throughout this article T will be used as parameter.
It will be made explicit when certain additional requirements are needed. Often thisT
is invisible, when we are working in the Kleisli categoryK™(T) of T.

Strictly speaking the map cin (3) is not a coalgebra. In case the categonC is closed,
with (as exponent (internal hom), this map ¢ may equivalently be written in coalgebra
foom X ! A ( T(X B). By using the form (3) we can work without the closedness
assumption on the categoryC.

For xed objects A;B 2 C we thus have a category of such coalgebraic components
which we shall write asComp (T; A;B). A morphism

X ASTX B) —— v ALT(Y B) (4)

in Comp (T;A;B)isamapf: X ! Y in Csatisfying T(f idg) c=d (f ida).
There is thus an obvious forgetful functor Comp (T;A;B) ! C that maps a coalgebraic
component to its underlying state.

Each\pure"map f : A! B in C gives rise to a coalgebraic component written asirrf
in Comp (T;A;B), with the tensor unit | as trivial state space, as in:

anf &1 ANy B T B) : )

Formapsg:C! A and h:B ! D in C there is an obvious relabelling functor
(g;h) : Comp (T;A;B)! Comp (T;C;D) given by:

| .
X A—2T(X B) —s X c % a—<1tx BY“Ihrx D):

On morphisms of coalgebraic components relabelling is the identity. Componest thus
form a functor Comp (T; ; ): C°%° C! Cat. They can be described asCat -valued
distributors/profunctors/arrows, as shown in (Hasuo et al.,, 2008; Hasio et al., 2009;
Asada and Hasuo, 2010).

With these de nitions in place we can introduce state extension.
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De nition 3.1. For a coalgebraic componentX A !° T(X B) with state space X,
as in (3), and for objectsU;V 2 C we de ne two new coalgebraic componentdJ j c and
cj V, with extended state spacedJ X and X V respectively, namely:

(U X) A vie T((U X) B)

1\L: - :TT()
U (X A)2%Uu T(X B)-%5TWU (X B))

X V) A ichd T(X V) B)
e ' =TT o )
V X A%V TX B)-5T(V (X B))

Clearly, cjV =T( id) (Vjo ( id).

State extension can be de ned more conveniently directly in the Kleisli categoryK™(T),
namely asU j ¢ = (U o LanddjV =( id (Vijd ( id). Also
reasoning about these constructions is easier when done directly in the Kleisli categary
In the proof of the main lemma below we shall use a mix between reasoning i@ and in
K*(T) in order to demonstrate the di erence. Later on in this paper we reason mostly in
the Kleisli category.

State extension satis es some basic properties.

Lemma 3.2. The above operatorsU j c and cj V satisfy the following properties.

1 Uj = and jV=
2 Uj(arrf) = (dw 1y f)and(arrf)jV = (dg yy f), with arr de ned
in (5).

3 For two composable componentX A !1° T(X B)andX B ¢ T(X C) with
the same state space, state extension commutes with Kleisli composition, in the
sense that:

ujd ¢ = (Ujd) (Ujo and (d ojVv = (djV) (cjV):

4 State extension with the tensor unit |, as trivial state space, is isomorphic to the
original component, via maps of components:

T(x 1 B2t )21 Xx) B)
Tc y lec
X 1) A—2sx A2 @ X) A

5 Repeated state extension is isomorphic to tensored state extension:
T( id)
T(U (v X)) B)——=T((U V) X) B)
uitvio T T vie

U (Vv X) A—"5@(U V) X) A
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T( id)
T(X (U V) B)—T((X U) V) B)
gu T Teeuiv

X (U V) A—"5(x U) V) A

6 Left and right extension can be exchanged via an isomorphism of components:

TU (x V) B 91U x) V) B)

VICN _ Twioiv
U (X V) A—25@U X) V) A

7 Forf:U! UPandg:V ! VO%we have:

(U%io ((f id) id) = T(f id) id) (Ujc)
djv9) ((d g id) T((id g id) (djV):

For a map h in C between states we have:

T@d h) id) (Ujo) Uj(T(h id) o
T(h id) id) (djV) = (T(h id) d)jV
(Ujo (Gd hy id) Ujc (h id)
@jVv) (h id) id) = (d (h id)jV:

Consequently, ifh: X I Y is a homomorphism of coalgebraic components the fol-
lowing diagrams commute.

Tu x) B M gy vy B)

_ o
UJCT (f h) id o TU Id
U X) A— 2= @U° vY) A

T(x V) B) 29 ¢y vy B)

djv°
(h g id Tlv
X V) A——— (Y VO A

8 State extension also commutes with relabelling: fog: C! Aandh: B! D we have
(@:h) (Ujog = Uj((g;h) () and (g;h) (cjV) = ((g;h) (9)jV:

Proof. Because left and right state extension are related vicj V = T( id) (V]
c¢) ( id) we generally only consider one case. For instance for the rst point we have:

T() st ( id) 1
T() dst ( ) L= T() b= to=

Uj

The interaction of state extension and Kleisli composition in the third point of the lemma
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is best shown in the Kleisli category itself:

(Ujd) (Ujo u 9 (U o

= (U d (U o
= (U (d o)
= Ujd o:

The validity of the fourth point follows from:

S A—>X A T(X B)

idl / /
a X) A

1|
I (X A)
id c|

I T(X B)— T (X B))*>T((I X) B)FHT((X 1)

cjl
Also for the fth point we only elaborate one case, in the Kleisli category:

( id) (Uj(vio)
= ( id) U ¢ v 9 !
U (v o (U Hooot
(U V)io (U Hoot
(U vijg * ( id
(U V)jog ( id):

Veri cation of the remaining properties proceeds along the same lines, and is left tahe
interested reader. L]

3.1. State extension as action

The state extension operatorsj can be described as functors in a the following diagram:

C Comp (T;A;B) J%Comp (T;A;B) é Comp (T;A;B) C

! | !

c C C CcC C

These functorsC Comp (T;A;B) ! Comp (T;A;B) and Comp (T;A;B) C !
Comp (T; A; B) at the top this diagram can equivalently be described as (two) functors of
theform C  [Comp (T;A;B); Comp (T;A;B)], from C to the category of endofunctors
on the category Comp (T;A;B). These two functors are strong monoidal, where the
category of endofunctors carries composition and identity (of functors) as a mooidal
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structure. This precisely means that the monoidal categoryC acts on Comp (T;A;B),
see (Janelidze and Kelly, 2001), in two ways, namely via left and right sta¢ extension.

Moreover, because (left and right) state extensions commute with relabellinghey form
natural transformations in:

C Comp (T; ; )
+
cor  C Comp (T; ; )—— Cat
*
Comp (T; ; ) C

By combining these two observations we conclude that the monoidal categorZ acts on
the indexed categoryComp (T; ; ): C°° C! Cat, inthe sense that there are strong
monoidal (left and right) state extension functors:

C%i Comp (T; ; );Comp (T; ; ) (6)

from C to the category of endomaps onComp (T; ; ). Objects of the latter cate-
gory are natural transformations : Comp (T; ; )) Comp (T; ; )anda morphism
M: ! between such natural transformations is a so-called modi cation (Kelly and
Street, 1974, Jacobs, 1999): a family of natural transformationdM az ). (aB)! (aB)
commuting with relabelling.

We shall elaborate the left state extension case in (6). EachJ 2 C yields a natural
transformation IsgU): Comp (T; ; )! Comp (T; ; ) between indexed categories,
with componenton (A;B) 2 C°% C given by the functor IsgqU) a5 y: Comp (T;A;B) !
Comp (T; A; B), which was written earlierasc 7! U j c. HencelsgU)ag =(Uj ). This
is functorial by Lemma 3.2.7 and natural in A;B by 3.2.(8). Each mapf:U ! U%in
C yields a modi cation Isg(f): IsqU) ! IsgqU% between these natural transformations,
consisting of a family Isg(f ) a5 ). I1s€U)aB ) ! Ise(UO)(A;B y of natural transformations,
with component for a coalgebraX A !I° T(X B) consisting of the map:

|Se(f )(A;B )ic

IseU)(a )(0) = (U] 0) — = o (U] 0) = IsqU9am ) (O):

We thus have natural transformations:

Ccopr C Comp (T;A;B)
Comp (T; ; ) <13:93U)> Comp (T; ; ) Ise(U)as ) <Se(f:5(A;B > Ise(U% (a5 )
Cat Comp (T;A;B)

It is not hard to check that IsqU) is natural (in A;B) and that these Isgf ) are natural
(in ¢) and commute with relabelling.

Finally, this functor Ise: C ! [Comp (T; ; );Comp (T; ; )] is strong monoidal
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because it preserves the monoidal structure:

Ise(l)(aB y(C)

ljc

= c

(U V)jec

Uj(vio

IsgU)aB ) Is€V)as ()
IsqU)aB) Is€V)@as) (0);

where the category of endomapsGomp (T; ; );Comp (T; ; )] carries the standard
monoidal structure given by composition as tensor, with identity as tensorunit.

IsqgU  V)az)(0)

4. Composition of components

This section describes three basic forms of composition for coalgebraic compents,

namely sequential composition=> , multiplicative parallel composition k, and additive

parallel composition . We start with > | which we can conveniently describe in terms
of state extension.

De nition 4.1.  The sequential composition operator> is de ned for coalgebraic com-
ponents with matching input and output: for

X A—S°5T(X B) and Y B—25T(Y ©)

we getc>»d via composition of Kleisli maps:
Gy Xijd
c»d = X Y) A— X Y) B— (X Y) C:
Thus ¢>d involves rst doing ¢ and then d, on a combined state spaceX Y.

The notation > for composition is as used forarrows, seee.g. (Jacobs et al., 2009).
Composition of components satis es the properties of composition for @ows, but only
up to (canonical) isomorphisms. This will be shown next.

Lemma 4.2. The following equations and isomorphisms (of coalgebraic components)
hold for sequential composition.

1 arr(f)>» arr(g)=C(arr(g f)jl)=(ljarr(g f)) !f arr(g f) in the following
isomorphism of coalgebraic components.
T 1 o 9ra ¢
ar(f)> ar(g)=( ar(g 1)jl)=( ljar(g 1)) | Tarr(g f)

N A g A
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2 c¢c» ar(g)! T(@d g candarr(f)>»d ! d (id f)in:

T( id) T( id)

T(X 1) C)—=T(X C) T Y) C)—=T( ©C)
c> arr(g)T T (id Tg) c arr(f’)}d Td id f)
X 1) A —|d> X A (1Y) A —|d> Y A

In particular, arr(id) is unit for > |, up-to-isomorphism.
3 (c» (d=»e))! ((c»d)=»e), in

T(X (Y 2) D)— 2 LT(X Y) Z) D)
(c> (d>e ))T T((c>d )>e )

X (Y 2) A%id((x Y) Z) A

4  For appropriately typed maps in C between states:

(f 9 id) (c>d)
(c>d) ((f g id)

((f id) o= ((g id d
(c (f id)=> (d (g id)

As a result, sequential composition> of components is a functor of the form
Comp (T;A;B) Comp (T;B;C)! Comp (T;A;C).

The last point suggests the notation used in (Hasuo et al., 2009) for theype of > ,
namely (A;B) (B;C)! (A;C). We shall also use it later on, especially in Section 6.

Proof. All this follows from Lemma 3.2. The numbers labelling the equations below
refer to the items in this lemma. Recall that we use for composition in the Kleisli
category of the monadT and for composition in C.

1 Since:

arr(f)> arr(g) = (arr(@)jl) (I jarr(f))
2 T @ 9) (d f)
T(@d Q) (id f)

(id g (@(d f)

(id (g f)
arr(g f)jl
| jarr(g f)
! arr(g f):

—
=

IS 1
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2 Similarly,

T( id) (c> arr(g) T( id) ((Xjarr(g) (cjl))

s

T( id) T(C (d g) (cjl)
= T( i) T@id g (cjl)
= T@d g T( id) (cjl)
@

T@id g (cjl) ( id):
3 Associativity of > follows from a straightforward calculation that is best done in
the Kleisli category:
( id c>» (d=»>e)
( id (Xjd=e) (cjY 2)
( id Xj(¥ije (djz)) (cjY 2Z)

@ (i) Xi(vie) (XiW@jz) iy 2)
© (x Yie ( id) (Xidiz) iy 2)
@ (x vie Xidjz) ( i iy 2)
g (X Yie (Xidjz) (ciY)jz) ( id)

(X Yje (Xjd (cjy)jz ( id)
(X Yije (c>»djz) ( id)
(c>»d)>e ( id):

4 We only prove functoriality, in a direct way: for two maps of coalgebraic canponents
f:cg! coandg:di! dy,wherec: X; A! T(X; B)anddi:Y; B! T(Y; X)
themapf g: X3 Yi! X, Ysisamorphism of composite coalgebraic components:

((f g idc) (ca>d ) ((f 9 idc) (Xijdi) (c1jYi)
(X2jd2) ((f @ idg)) (c1jY1)
(X2jd2) (c2jY2) ((f @ ida)

(c2>d ) ((f 9) ida): O

—
J
-

.
Sl

The next result captures the interaction between sequential compositiors»> and state
extensionj.

Lemma 4.3. For componentsX A 1° T(X B)toY B 1 T(Y C) there are as-
sociativity isomorphisms:

Uj(c®»d) — (Ujg=>d and c>» (djV) — (c=d)jV :
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Proof. By the properties of Lemma 3.2. We only do the rst one.

( id Uj(Xjd) (ciY))

( id (UjXjd) (UjlcjY))

(U X)jd) ( id) (Uj(ejY))

(U X)jd) ((UjgjY) ( id)
(Ujo>»d ( id): U

( i) Uj(c>d)

—
<
=

—~
ul
—

—~
Call

4.1. Multiplicative parallel composition

Two coalgebraic componentsc;d, with di erent state spaces, and dierent inputs &
outputs, can be put in parallel to form new components. This can be done in di erent
ways. At this stage we brie y discuss the \multiplicative" way of doing so, by taking
the tensor of the inputs & outputs. Later on we also describe the \additive" parallel
composition that involves the coproduct of inputs & outputs. This additive version turns
out to be more important in the current setting. Our discussion of the multipli cative
version will thus be rather brief.

De nition 4.4.  For componentsX A!° T(X B)andY C N T(Y D) the mul-
tiplicative parallel composition ck d is de ned as Kleisli composition:

X Y)Y A —.x v) B D)

b= =To

X A (Y ¢—"%.xx B) (¥ D)
where b is the obvious isomorphism that swaps the inner two objects.
It is easy to see thatk yields a functor
k : Comp(T;A;B) Comp(T;C;D)! Comp(T;A C;B D): @)

In the (multi-sorted) Lawvere theory notation from (Hasuo et al., 2009) this operator
can be described as a maj: (A;B) (C;D)! (A C;B D).

Remark 4.5. The type (7) of the functor k even suggests that the correspondence
Comp (T; ; ) be a (lax) monoidal functor C°®* C! Cat, where the former has an
obvious monoidal structure (inherited from C) and the latter has Cartesian products as
tensor products. This is also true of the additive parallel composition functor  studied
later in Section 4.2. The use of such higher-dimensional structures is however not clear
at this stage; therefore the relevant technical developments are left as future waée

Now that we have this k operator we can describe the equivalents of the " rst' and
“second' operators in the context of Hughes' Arrows (Hughes, 2000). They add andai-
tional input & output, on the left or on the right of the existing input & output, namely
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via
rsty(c) = ckarr(id) and secong(c) = arr(id) kc: (8)
We only mention the following result about k, without proof.

Lemma 4.6. There are isomorphisms of components:

Uj(ckd) — (Ujokd and ck(djV) — (ckd)jV : O

4.2. Additive parallel composition

The next aim is to de ne an additive parallel composition operator  for coalgebraic
components. It is called “external choice' in (Barbosa, 2001; Barbosa,0B3). We need to
assume that our categoryC has binary coproducts +, and that the tensor  distributes
over them, as described in Section 2, via a distribution mapisas in (2). These coproducts
+in C also form coproducts in the Kleisli categoryK™(T) and are preserved byJ : C!
K*(T). Thus in K*(T) one has coprojectionsJ( ;) = it Xi ! T(X1+ X32) with
cotupling as in C. Since the monadT is assumed to be commutative i(e. symmetric
monoidal), is also a tensor inK™(T), and it distributes over + in K'(T), via J(dis) =
dis as distributivity isomorphism.

De nition 4.7.  An additive parallel operator is de ned on coalgebraic components
X AI°T(X B)andY C ¢ T(Y D) as Kleisli composition:

(X Y) (A+C) c d (X Y) (B+D)

dis *|= - = Tdis
X Y) A+(X Y) cX%(x Y) B+(X Y) D

wherecj Y + X j dis the coproduct of maps in the Kleisli category.

This additive composition operator  forms a functor Comp (T;A;B) Comp (T;C;D) !
Comp (T;A + C;B + D), which is de ned on morphisms asf g=f g. It may thus be
writtenasamap :(A;B) (C;D)! (A+ C;B+ D). This will be helpful in Section 6.

Just like we had " rst' and “second' operator for multiplicative parallel composition (8),
we also have them in the additive case:

rst () = ¢ arr(id) and second (¢) = arr(id) c: 9)

These fundamental operators occur frequently in the sequel, for instance in the (di)narality
properties of the trace operator in Section 6.

We make the relation between and state extension explicit. It is very similar to the
relations between>> or k and state extension, see Lemma 4.3 and Lemma 4.6.

Lemma 4.8. For componentsX A!° T(X B)toY C ¢ T(Y D) there are as-
sociativity isomorphisms:

Uj(c d — (Ujo d and ¢ (djV) — (¢ d)jV :
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Proof. This requires a rather elaborate calculation, which for the rst one looks as
follows.

(Ujo d ( id)

= dis ((UjojY)+(U X)jd) dist ( id)
21 odis (UjQjY)+(U X)jd) (( id)+(  id) dis
22 dis ((UiQiY) (iU X)jd) ( id))
(+ ) dist (U dis? !
3:2::6;(5)

dis (( id (Uj(cjY) )+ id (Uj(Xjd) )
dis ! (U dis?h) 1
= dis (  id)+( id)
( (U (cjY)) Lo)y+( (U (Xjdy )
dis? (U dis?h !
U id) dis (+ ) (U (CjY)+(U (X jd)
dis ! (U dis?h 1
22 id) (U dis dis (U (cjY)+(U (X jd)
dis ! (U dis?) 1

2t d) (U diy (U (cjY+Xijd) (U dis? 1
= ( id) (U (c d) !
= ( id) Uj(c d : 0

Many more properties, like associativity, can be proven about . We explicitly state
some of them, leaving the details of the (straightforward) proof to the realer.

Lemma 4.9.

1 Given arrowsf :A! Bandg:C! D in C, we have a canonical isomorphism of

coalgebraic componentsarr(f) arr(g) !~ arr(f + g). That s,
T 1 @+ L D (B+D)

arr(f ) arr(g)T Tarr(f +0)
id= id
(I ) (A+C)———1 (A+C)
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2 Onehase>»c9 @@>»d9%!” (¢ d=>» (¢ d,in:

T(X X9 (Y Y9 (A% B

(> 9 (d>d 9 COT(XY) (X° Y9 (A®+ BOY)
X X9 (Y Y9 (A+B) (c d)> (" d)
(X" Y) (X° Y9 (A+B)
Here : (X X9 (Y Y9!I7 (X Y) (X° Y9isthe canonical isomorphism

in a symmetric monoidal category C; ;I).
3 Onehas¢ (d €)= arr( +)!” arr( +)>» ((c d) e),in:

T((xX (v 2) 1) (B+E)+ F))T(

% id)
(c (d &> ar( .) T (X Y) Z) (D+E)+F))
((X (Y Z)) |) (A+(B + C)) 0 i arr( +)> ((c d) e)

I (X Y) z)) (A+(B+C)

Here %:(X (Y Z)) I F 1 ((X Y) Z)isthe canonical isomorphism inC;
+ Is the associativity isomorphism for +.
4 Onehas¢ dy>» arr( +)!" arr( +)>» (d o©),in:

Tx Y) 1) @+c)y TP T (v x) (©+c)
(c d)> arr( +)T o iy Tarr( +)> (d ¢)

X YY) 1) A+B)—— (1 (¥ X)) (A+B)

Here %= 1 (X YY) 71 (Y X)and . is the symmetry iso-
morphism for +.

Proof. Items 1{2 are easy by direct calculation. Items 3{4 follow essentially fran nat-
urality of . and ., and Lemma 2.2.2{3. L]

4.3. Method combination

The additive parallel composition ¢ d from the previous subsection applies to arbitrary
componentsc;d, which typically have di erence state spaces. In the special case when
c; d share the same state space, there is also a composition operator which wheall write
asfc;dg. It can be seen as a combination of the (Java-like) methods of and d on their
shared state space.
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De nition 4.10. For two componentsX A !° T(X B)toX C ¢ T(X D) with
the same state spaceX we de ne fc;dg as Kleisli composition:

X (A+C)— .x (B+D)
dis 1= o = Tdis

X A+X C———X B+X D

If we understand a coalgebraic component as a mathematical model of a class in
an object oriented programming language, then we can see this method combination
operator as a form of building classes: rst the state spaceX is xed, and subsequently
methodsc : X A;! T(X Bj)are combinedtoaclassc= fcp;:::;¢609: X (A1 +

+Ap)! T(X (Bi+ + Bp)).

Moreover, extension of classes can be described, yielding a form of subclass and in-
heritance, albeit without overriding of methods. Given a class/componentc: X A'!
T(X B) one can form a subclass by rst extending the statetocjY: (X Y) Al
T((X Y) B).Indeed, subclassing involves an extended state, to accommodate for addi-
tional elds/attributes. Additional methods d: (X Y) C! T((X Y) D) maynow
be added to obtain a subclasg®= fcj Y;dg: (X Y) (A+C)! T((X Y) (B+D)).

The proof of the following result is left to the reader.

Lemma 4.11. Method combination commutes with state extension:

Ujfc;dg = fUjc;Ujdg and fc;dgjv = fcjV;djVg L]

5. Tube diagrams for components

Our goal in the next section (which is central in this paper) is: to rst introduce a trace
operator that realises feedback loops for components; and then to prove that thent
troduced operator indeed satis es the expected equational properties from (Joyal etlg
1996)|such as dinaturality, yanking and superposing. It turns out, however, tha t the
composed components occurring in the equations are rather complicated and their struc-
tures at large are best depicted using a certain variant ofstring diagrams.

String diagrams were introduced in (Penrose, 1971) for succinctly depicting morphiss
in a monoidal category; see also (Joyal and Street, 1991). The trouble here ikat we need
to deal with two di erent kinds of monoidal structure and +; this calls for a carefully
devised pictorial convention. Following (McCurdy, 2010), we employ the versbn of string
diagrams that are augmented by tubes|we refer to them as tube diagrams Tubes enhance
a slightly more common pictorial convention offunctorial boxes (Cockett and Seely, 1999;
Melles, 2006). In the current paper, tubes capture applications of functors of theform
X .

We now present tube diagrams (based on (McCurdy, 2010)) for some of the compb
tion operators introduced previously in Section 4. We start with drawing same diagrams;
explanations follow shortly. First consider the sequential composition ogrator in De ni-
tion 4.1. Given two components

X A—%%X B and Y B—25Y C inK(T)
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with matching input and output, each of these shall be depicted as follows.

— =3¢
Their composition (X Y) A epd (X Y) C isthen depicted as follows.

e - (I
NAGNE

The conventions are as follows.

(10)

| Diagrams are read from left to right.

| Each tube designates an object inK™(T); more precisely it designates the identity
morphism on the object. In the last diagram (10), the (red) tube that is shrunk and
plugged into the c-box, as well as the one that comes out ot and is expanded to
enclose thed-box, are of type X. Other two (blue) tubes|the one that encloses c
and the one that comes out ofd|are of type Y. The three thick lines (in black) are
of type A, B or C. These \lines" are tubes in fact; they are depicted as lines solely
for the purpose of simplicity of the picture.

| Nested tubes designate the tensor in K'(T), calculated from the outermost one
towards inside. For example, the left endpoint of the last diagram (a red tube, a blie
one and then a black one, going inwards) designates the obje¢t Y A.

| Symmetry of the tensor is depicted as a \waist", i.e. the exchange of the outer
tube and the inner tube. This occurs twice in the last diagram where the \waists"
are marked with (pink) circles.

| Associativity isomorphisms are left implicit. That is, when dealing with tube diagrams
we assumestrict monoidal structures where we do not distinguish X Y) A from
X (Y A),nor(X+Y)+AfromX+(Y+ A). For this reason our later use of tube
diagrams is as \guidelines" for rigorous calculational proofs, rather than & proofs by
themselves. We will come back to this point later in Remark 5.2.

To summarise, the last tube diagram (10) is \parsed" into the following composition of
morphisms in K™ (T).

X Y A—Sy X AT Sy x B—2x v BXUx v C
waist box in a tube waist box in a tube

This composition is therefore the same thing as in De nition 4.1, modulo the uge of
associativity isomorphisms . It is implicit in this correspondence that left- and right-
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state extensions (De nition 3.1) can be depicted as follows.

The \waist" diagram that represents symmetry :X Y F Y X might seem strange
at the rst sight. In fact, one recovers the usual \crossing" representation of symmetry
(seee.g. (Joyal and Street, 1991)) by looking at a certain section of the three-dimensionia
pictureY, as in:

X Y

Y
1

As opposed to the multiplicative tensor , the additive tensor + is depicted by putting
two tubes in parallel (rather than nested). That is for example:

for A+ B; ° forY ((X A)+ B).

Relating the two tensors and + is the distributivity isomorphism dis from (2). It has
a nice graphical representation as a pair of \pants":

dis: X A+X B! X (A+B) as : (12)

Furthermore, dis being an isomorphism means that the following equalities hold. The
right hand sides are identity maps on suitable objects.

2. = (=) (1)

We shall establish another couple of lemmas for manipulating such distributiviy
\pants".

Y This observation is due to Shin-ya Katsumata.
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Lemma 5.1 (Mr. Bean's Pants Exchange Z). The following diagram commutes:

X (Y A)+X (Y B)Ex (v A+Y B %X (v (A+B)

= l

X Y) A+(X Y) B (X Y) (A+B)
A+ B GEE:-))

(Y X) A+(Y X) B (Y X) (A+B)
- ll dis Y dis ‘L '

Y (X A)+Y (X B)—Y (X A+X B)—Y (X (A+B))
which, in a strict monoidal category, is reduced to the following one:

X Y A+X Y B-%,x (v A+Yy B)X®x Y (A+B)
A+ B L ((n+B)

Y X A+Y X B-%,y x A+x B)YX M|y x (A+B)

Recall that denotes symmetry isomorphisms for . This is in terms of tube diagrams:

(14)

Proof. By drawing two horizontal maps labelled with dis in the above diagram in the
lemma, using Lemma 2.2.3 twice, and naturality fordis from Lemma 2.1.1. ]

Next we note that the interaction between distribution dis and the coproduct asso-
ciativity . from Lemma 2.2.3 is equivalent to the following one, in a strict monoidal
setting.

X A+X (B+C— % X (A+B+C)
X A+dis 1] Jdis * (15)

The latter is in terms of tube diagrams:

4y =

This equality of tubes can be found in (McCurdy, 2010).

Z Mr. Bean , Episode 1, Act 2. 1990.
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Another operator which will be heavily used in Section 6 is the additive parallelcompo-
sition . Following De nition 4.7, one composes the diagrams in (11) and (12) to btain
the following tube diagram for ¢ d.

17

Remark 5.2. To turn our tube-diagram reasoning into mathematically rigorous proofs,
one needs a coherence result of one form or another. It can be a statement that any
non-strict such category is equivalent to a strict one; or a statement that the catgory of
string/tube diagrams is the free such category. Currently we do not have anyof these.
This is not a total anomaly: among dozens of well-known graphical languages foravious
kinds of (monoidal) categories collected in (Selinger, 2010), some are ladg coherence
results. Still they o er useful guidelines for rigorous calculational proofs, muchlike the
tube diagrams do in this paper.

Remark 5.3. We emphasise that all tube diagrams represent morphisms in the Kleisli
category K'(T). We shall be also employing a di erent kind of string diagrams later,

mostly for describing the trace axioms. The latter kind of diagrams are two-dimensional

and are essentially \pictorial shorthands" for composition of components For example,

sequential compositionc > d of components is represented by

— — —_

additive parallel composition ¢ d is represented by

-_

s

and the \identity component" arr(id) is represented simply by a wire/line. Hence the
diagram

—_
—_— ]

represents the composition ¢ €)> (d arr(id)), which is equal to (c>d ) eup-toa
canonical isomorphism (this follows from the results in (Asada and Hasuo, @10; Hasuo
et al., 2009)).

In the latter kind of string diagrams wires represent input/output interfaces; st ate
spaces of components are not explicit. To distinguish the two kinds of string diatams
should be easy. In particular, in tube diagrams a component is represented by alCB
shadowed cube, while in the latter a component is a 2D box.
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6. A monoidal trace for coalgebraic components

In (Jacobs, 2010) it is shown how for certain monadd the Kleisli category K™ (T) is traced
monoidal wrt. coproducts + as monoidal structure. Concretely, this means that for maps
of the form f : X + U1 T(Y + U) there is a trace map TrK (f): X I T(Y) satisfying
standard properties, see (Joyal et al., 1996). This trace operatorTrK\ on the Kleisli
category will be used to construct a similar trace operator for coalgebraicomponents.
The main task in this section is to show that the trace properties from (Joyal et al., 1996)
also hold for these components, but only up to (canonical) isomorphism.

The precise properties that T must satisfy to obtain this (Kleisli) trace operator <
are listed in (Jacobs, 2010, Requirements 4.7). The main ones are that the tegory C
should have (countable) coproducts, the Kleisli category should be enriched over the
category of dcpo's with bottom, and the monad should be “semi-additive'. In his section
we shall simply assume that these properties hold fofT. Examples of a such monad
T include: the lift monad T = 1+ ( ) for partiality; the powerset monad P for non-
determinism as well as its bounded variantP< with > @; and the (discrete, countable)
subdistribution monad D for probabilistic non-determinism where

P
DX = fd: X! [0;1]] ,ox d(X) 1o

Such ad is a \sub"distribution since its sum is 1, rather than = 1 (see e.g. (Hasuo
et al., 2007)).

De nition 6.1.  The trace operator Tr: (A+ C;B + C) ! (A;B) is de ned on a coal-
gebraic componentc: X (A+ C)! T(X (B + C)) via the Kleisli trace operator
T

. T(dis * di
T LK X A+x Cc— L2 Ty Bix ) :

Notice that this composition inside Tr* () is really a Kleisli composition.

Using the tube diagram scheme that we described in Section 5, the trace operatos i
depicted in the following way. First, the composite inside the trace operato Tr¥ is

ds! ¢ dis : X A+X B! X B+X C in K*(T),

hence is depicted as follows.

Applying the trace operator Tr¥ yields

Tr(c) = (18)

Functoriality of the operator Tr is essential.
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Lemma 6.2. The trace operator Tr extends to a functor
Tr : Comp(T;A+C;B+C)! Comp (T;A;B):
That is, given two components
c.X (A+C)! T(X (B+C)), d'Y (A+C)! T(Yy (B+CQC))
and a morphismf from cto d (see (4)),f is again a component morphism
from Tr(c): X Al T(X B) to Tr(d):Y A! T(Y B):
Proof. The result makes essential use ofiniformity of the trace operator Tr¥ :
(id+ h) f=g (d+ h) implies Tr* (f)= Tr¥ (g); (19)

that is, pictorially,

This notion of uniformity for traced monoidal categories is formulated in (Hasegawa,
1999); the name is due to its correspondence to Plotkin'siniformity principle in domain
theory (seee.g. (Simpson and Plotkin, 2000)). See (Hasegawa, 2004) for more recent
developments as well as more about the historical background.

It is typical that in a traced monoidal category C, uniformity like (19) does not hold for
every h but holds only for \strict" h. However, when the trace structure ofC arises from
C's structure as apartially additive category, uniformity is true for every h (Haghverdi,
2000). This is our current setting; see (Jacobs, 2010).

We turn to the proof of the lemma. The following diagram in K*(T) commutes: it is
the assumption that f is a component morphism, combined with naturality of dis.

f B+f C
X B+X C————Y B+Y C

dis 11\
f (B+C)
X B+C)——Y (B+C0C)

CT f (A+C) Td

X (A+C)— Y (A+0C)

disT Tdis
X A+X C— Y A+Y C
f A+f C
Thus we have

(id+f C) (f B+id) dis' c dis = dis® d dis (f A+id) (d+f C);
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from which we derive, by uniformity (19),
™ (f B+id) dis! ¢ dis =Tk dis® d dis (f A+id) : (20)
This is used in the following calculation. It concludes the proof.
(f B) Tr(c
=(f B) T(dis?! c di
=Tk (f B+id) dis?! c¢ dis

by the tightening axiom for the trace operator e, seee.g. (Joyal et al., 1996)

=Tk dis? d dis (f A+id) by (20)
=Trf(dis* d dis (f A) by tightening
=Tr(d) (f A): O

We make the following special case explicit.
Lemma 6.3. For an isomorphism' in C of the appropriate type one has:
¢ id Tr(cc) (Y id = Tr( id c ( ! id):

Equivalently: if ' is an isomorphism of coalgebraic components as on the left (below)
then it is also an isomorphism on the right between the corresponding traces:

TX (A+C)—2T(v (A+C)) TX ATy A)
cT o Td Tr(c)T o TTr(d)
X (A+C)—25Y (A+C) X A—"5v A 0O

In the remainder of this section we rst establish how the component traceTr interacts
with state extension j and with additive parallel composition , before proving the stan-
dard trace properties of (Joyal et al., 1996). The trace properties as welhs the preceding
lemmas are often accompanied by the intended equalities of tube diagrams. Such tube
diagrams hopefully convey some intuition behind rather complicated calculations

6.1. Trace and state extension

In Section 4.2 we have assumed that functorsX preserve binary coproducts, for
instance becauseX has a right adjoint (given by exponents( ).

Proposition 6.4. Let T be a (commutative) monad on a symmetric monoidal category
C with (countable) coproducts, for which the Kleisli category K'(T) has a monoidal
trace operatorTrK\ wrt. coproducts. If functors U : C! C preserve coproducts, then
U : K3(T) 'K °(T) preserves the trace operator, in the sense that:

U TrK X+C—ST(Y+C) : U X —TU Y)
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is the same as:

dis

N e 1
™ U x+Uu cBu x+olTu v+o)Bru v+u o

In terms of tube diagrams, what is asserted is the following equality.

Proof. The result follows from the way the monoidal trace is constructed via the coal-
gebraic trace in (Jacobs, 2010): rst, the functorY +( ): C! C has an initial algebra in
C given by the copowerN Y with algebramap v =[ o;[ n+1lnon: Y+N Y !IT N Y.
The functor U : C! C preserves coproducts by assumption, so the canonical map
d = [id nlhan: N (U YY)D U (N Y) is an isomorphism. It is then also an
isomorphism of initial algebras.

The general trace theory from (Hasuo et al., 2007) now says thalN Y is the nal
coalgebra in the Kleisli categoryK™ (T) of the functor T(Y +( )). Foramapf: X +C!
T(Y + C)we rsttake 0= T(id+ ,) f:X +C! Y +(X + C). Ityields a unique
map bek(ib): X+ C! T(N Y)tothe nal coalgebra, and nally the trace map itself
asTr (f)= T(r) ben) 1:X ! T(Y).

We can similarly obtain a trace map Tr (fy): U X | U Y for the morphism
fu=T(is?! (U f) dissU X+U C! T(U Y+U X)usedin Proposition
that we are proving. We are done if the following diagram commutes.

™ (fy)
4 N
/UX+U c beh(€y ) TN v) T)
1 e (V] \I‘
Uu X dis | = = |T(d) TU YY)
M U beh() /(id/)
U (X+0C) TU N YY)
\_ %
U T (f)

It is obvious that the two triangles commute. Commutation of the inner rectangle follows
by a nality argument, in the Kleisli category:

U Y+(U X+U Y)—/———=U Y+U NY
e ] = Tais 1

U Y+U C U (Y+NY)
fUT (U beh(®) dis =Tu ?
U X+U C cU N Y
T(d) beh(Fy)

Remaining details are left to the reader. L]
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We now return to our framework of coalgebraic components, and wish to show how
trace and state extension interact.
Lemma 6.5. Trace commutes with state extension:
UjTr(c) = Tr(Ujc) and Tr(c)jVvV = Tr(cjV):

Proof. We use several standard properties of the tracelr® in the Kleisli category
K*(T), such as (di)naturality, but we mainly depend on Proposition 6.4. We calculte in
this Kleisli category:

UjTr(c)

(U Tr(c) !

(U Tr(dis ! c dig) dig) 1

T (is? U (dis* c dis dis 1

by Proposition 6.4

= T +id) dis! (U disl) (U ¢ (U ds dis ( !+id))
by naturality of dis, see Lemma 2.1.1

= TR(@d+ Y (d+ ) ( +id)

ds! (U dis?) (U ¢ (U dis dis ( +id))

= TR + ) dis* (U dis?) (U ¢ (U dig dis ( 1+ 1)
by dinaturality of Tr<

= Tr¥(dis * (U o 1 dig)
by Lemma 2.1.2

= T¥@is! (Ujo dis

= Tr(Ujo:

We immediately use this property in:

( id) (VjTr(e) ( id)

( id Tr(Vjo ( id) as just proved

Tr(( id (Vjo ( id)) by Lemma 6.3

Tr(cjV): ]

Tr(c)jV

6.2. Trace and additive parallel composition

The following lemma describes the interaction of trace and additive parallel coposition.
It will be crucial for proving the (di)naturality properties for Tr in the next subsection,
which involve composition > of components instead of Kleisli composition .

Lemma 6.6. For appropriately typed components c; d one has:
1 Tr((d arr(id) c)y=(djl) Tr(c);
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2 Tr(c (d arr(id))= Tr(c) (djl).
3 Tr((arr(id) d) c¢)= Tr(c (arr(id) d)).

Proof. We shall do the rst and third point; the second works like the rst.

Tr((d arr(id)) c) T (dis * dis (djI +Yjarr(d) dis® c dis
T ((dj1 +id) dis? c dis
(dj1) Tr*(dis! ¢ dis by naturality of TrK

(dj1) Tro):

And:
Tr((arr(id) d) c)
= T (dis?! dis (arr(id) jY+1jd) dis? ¢ dis?)
= T (@d+ 1jd) dis' c dis?)
= TK(@is! ¢ dis? (d+1jd) by dinaturality of Tr¥
= TK(@is' c dis? (arr(id)jY +1jd) dis?* dis
= Tr(c (arr(id) d)): ]

6.3. Trace axioms

In the remainder of this section the trace axioms from (Joyal et al., 1996) formulated in

a component setting (with explicit isomorphisms), are veri ed. For each axiam, drawing

a pictorial (pseudo-)proof with tube diagrams is helpful in coming up with a rigorous,
calculational proof. We will present such a pictorial proof for an exemplary cae, namely
the Post-Composition Naturality property.

Yanking

In the language of components the Yanking property can be formulated as a diagm of
the form:

arr( +)

1— " 5 (A+AJA + A)

arr(id) lTr
(A;A)

where ;. : A+ A!~ A+ Ais the monoidal swap map associated with coproducts +, see
Lemma 2.2.2. Pictorially:

é _

It has to be shown that the Kleisli trace of the following map

. e 1
oA+ A asAT T arA) S Ta A1 A)
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is the (Kleisli) identity

Kleisli trace operator Tr

TrK
TrX
TrX

Tr(arr( ))

TNl

2:2:2

Post-composition natural

(A+C;B+C)

!

(A+CB+C)
id
(A+C;B+C)

]

K

((B;D)

(B+C;D+C)

28

) arr(id). This, together with the yanking property for the
, will be used in:

S T(dis 1) arr( 4) dis

S T(dis 1) (id +) dig
© dis ! dis
e

+
— K*
+ - +

A arr(ida):

ity / tightening

Tr id

(B;D) ———(A;B) (B;D) ———(A;D)

(C:C))

Tr

(A+C;D+C)

The usual string representation of this axiom is

C

(21)

The aim is to prove for

X

(A+C) —5T(X

(B+C) and Y B —4-T(Y D)

that the following diagram commutes.

T(x v 1) )~ 2% 71(x v) D)
Tr(c> (d arr(id)))T TTr(cpd
X (Y 1) AT (X Y) A

( ) id
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We shall make crucial use of Lemma 6.6; the rest is mainly bookkeeping.

T@d ) id) Tr(c® (d arr(id))
= ( id)y ( id) Tr((Xj(d arr(id)) (cj(Y 1))

Eo( i (i X amid) iy 1) (' id
( id)

o i (X jd arid) (id) (cj(Y 1) (  id)
(id)

O i) T (X jd) an(id) (ciY)il) ( id)

(i (Xidi) T il id

Lo i) (Xjdjl) (@i (i)

::jj( id  (Xjd) (Tr@©@jY)jl ( id)

(X jd)y (Tr(jY)) ( id) ( id)
(Tr(9=>d ) ((d ) id):

A pictorial (pseudo-)proof of the property is found in Figure 1. Although Lemmas 6.3, 6.5
and 6.6 are useful in the above calculational proof, more basic properties sh@as Lemma 5.1|
on which Lemmas 6.3, 6.5 and 6.6 rely|have clearer pictorial meanings. Therefoe the
latter are used in the pictorial proof.

Pre-composition naturality / tightening

(D;A) (A+CB+C)— 2" .(D;A) (AB) > +(D;B)
1
(D;A) (CC)) (A+C;B+C) Tr
id |
(D+C;A+C) (A+C;B+C) > (D + C;B + C)

The aim is to prove for

X (A+C)—°-T(X (B+C) and Y D —2-T(Y A)

that the following diagram commutes.

Ty 1 x) B2 01y x) B)
Tr((d arr(id)) >c )T Td> Tr(c)

This is left to the interested reader.
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Tr c¢c>» (d arr(id))

= by Lemma 5.1

= by (13)

= naturality of dis

= by Lemma 5.1

- \waist" symmetries
are isomorphisms

= post-composition naturality of T,
and Proposition 6.4

= Tr(c) »d

Figure 1. A pictorial proof of post-composition naturality. The pointers d esignate where
transformation is going to occur.

30
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Dinaturality
(A+C;B+D) (B+D;B+0C)
id >
(A+C;B+D) ((B;B) (D;C)) (A+C;B+C)
T \LTr
(A+C;B+D) (D;C) (A;B)
lo I
(D;C) (A+C;B+D) (A;B)
! (i
((A;A) (D;C)) (A+cC;B+ D) (A+D;B + D)

\id) /

(A+D;A+C) (A+C;B+D)

In terms of string diagrams:

<

_C*—bzd—b

For coalgebras

X (A+C)—°5T(X (B+D) and Y D—4-T(Y ©)

we show that the following diagram commutes.

T(X vy B 2T Y) X) B)
Tr(c> (arr(ids) d))T i TTr((arr(idA) dy>c )
X Y) A—rmpy @ Y) X) A
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The essence is again in Lemma 6.6, but with quite some bookkeeping this time.

( id) Tr c>» (arr(idg) d)

Lo (i) (Xjards) d) (1 Y)io ( id) ( id)

= (i) ( ' id) Tr ((arGdg) d)jX) (cj( Y) ( id)

o id T (' oid) (arids) d)jX) (cj( Y) ( id)
(' id ( id)

£ id) T (ar(ds) (djXx) (' id) (cj( Y) ( id)
(' i ( id)

o i) ™ roid (cj( Y) ( id) (ar(ids) (djX))
( ' oid)y ( id)

L i T i €0 Y) (arids) dix) ( id)
( ' oid ( id)

o id (Y oid) Tr(ci( YY) ((arids) d)jX))
( id)

= Tr (arr(idg) d)>c ( id):

Unit vanishing
The relevant component diagram is:

(A+0;B +0) T (A;B)

harr( , 1):id;arr( +)il T>
(A;JA+0) (A+0;B+0) (B+O;B)ﬂ>(A;B+O) (B +0;B)

where we have to keep in mind that the . : C+0 !~ C refers to the monoidal isomor-
phism wrt. the coproducts + on C.
Pictorially, the axiom asserts

C—) o ::

We will prove that there is an isomorphism of components:

T ) id)

T((I X) 1) B) = T(X B)
(arr( , Y)>c )> ar( +)T TTr(c)
@ X) 1) A - X A

() d
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The heart of the matter is:

Tr(c)
= T dis?! ¢ di with dis: (X A)+(X 0)F X (A+0)
= , dis! ¢ dis ,' byvanishing for Tr, sinceX 0 is initial

= (d .Y ¢ (d +) bylemma2.2.1.
Hence we obtain the required isomorphism of components:
) id (&, H=c)> ar(.)
2P i) (L) (@ Hwce) (0 id)
= (id ) id) (arr( LYH=>c) (0 id)

£ G +) ¢ (d N ( id) (id)
= Tr(e) (( ) id); as shown above.

Tensor vanishing

Again we have to distinguish carefully between the monoidal associativity somorphisms
+ and , for coproduct + and tensor , respectively. The component diagram is:

(A+(C+D);(A+C)+ D)
harr( 4 ):id;arr( ,1)i ((A+ C)+ D;(B+ C)+ D)

(A+C)+ D;L(B+C)+ D) (B+ C)+ D;B +(C+ D))
Tr
(A+C;B+C) (> id) >
Trl
(A;B) L (A+(C+D);B+(C+ D))

Pictorially,

Our aim is to prove, for a componentX ((A+ C)+ D) !° X ((B + C)+ D), that
we have an isomorphism of components:

id
T x) 1 AL 29T x A
Tr((arr( +)>c )> arr( +1))T TTr(Tr(c))

@ X) 1 A#X A
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This is done as follows.
(( ) id) Tr((arr( +)>c )= arr( 1)

€ o ) i (ar()=c)® an( Y (1Y id)
(( ) id)
2w id) (d LY (a( )®c) (Fodd) () id)
= Tr@d LY ( id (ar( +)=»c) ( * id ( ) id)
22 d LY ¢ (d L) () id)
= 7K dis® @(d .Y c @(d L) dis (( ) id)
223 Ko dis ! Gd .Y c dis (distid) . (d+ dis b
(( ) id)
= TK @(d+dis?) dis' @(d .Y c dis (distd)
(( ) id) by dinaturality for Tr'
283 K 1 (dis L4id) dis ¢ dis (dis+id) . () id)
= T 7K (dis *+id) dis c dis (dis+id) « ) id)
by vanishing for Tr
= TK dis? TK dis ¢ dis dis () id)
by naturality for Tr€
= Tr(Tr(c)) (( ) id):
Superposing

The relevant diagram for components is:

(D;E) (A+C;B+C)—— (D+(A+C);E+(B+C))

harr( , Y)id;arr( 4 )i
‘d Tfl (D+A)+ C;D+(A+C))
(D+(A+C),E+(B+ Q)
(D;E) (AiB) (E+(B+C);(E+B)+C)
l | o>
(D+ AE +B) - (D+A)+ C;(E+B)+ C)
Pictorially,

For coalgebraic components

Yy E—%5Y D and X (A+C)—°5X (B+C)
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this involves an isomorphism of components:

T (v Xy 1 E+BY 2Ty x) (E+BY)
Tr(arr( L, Y)> (d ¢)> ar( +))T Td Tr(c)
@ (v X)) n (E+B)ﬁ>(v X) (E+B)

One proceeds along by now familiar lines.

7. Traced monoidal category of resumptions

In this section we use the previous results|about operators and equations on compnents|
to prove that the category of T-resumptions is traced symmetric monoidal. This general
result holds for a large class of monads with suitable assumptions, hence generalises the
result in (Abramsky et al., 2002) that focuses on the lift monadT = 1+( ). Although we
do not fully expose it, the technical development is an instance of the theory|developed
previously in (Hasuo et al., 2008; Hasuo et al., 2009)|on the microcosm principle (Baez
and Dolan, 1998). Application of this general theory exploits characterisaton of resump-
tions as elements of a nal component.

Throughout the current section the base categoryC is xed to be Set, the category of
sets and functions. It is a symmetric monoidal closed category with Cartesia product
as tensor and the singleton 1 as monoidal unitl ; it is also equipped with distributive
coproducts +; 0. All the results in the previous sections are valid in this base category.

7.1. Resumptions

The notion of resumption has been introduced in (Milner, 1975) for the purpose of
providing denotational semantics for interactive computing agents. A historical account
is found in (Abramsky et al., 2002, Section 5.4.1); our recap here of the notiois adapted
for the current context.

First let us think of a component X A 1° X B, amap in Set. It is a component (3)
whereT =id is the trivial monad and  is chosen to be Cartesian product . It belongs
to the category Comp (id; A; B); with T =id this component does not exhibit any e ect
in its execution. In the theory of automata, such a machine is called aviealy maching;
it can also be thought of as a (simple version of ajransducer. The task that such a
machine is expected to perform is transformation of (in nite) A-streams into B -streams;
the transformation should be performed in a letter-by-letter manner.

A resumption is an extensional view of the behaviour of such a machine. Speci cally,
the above machinec induces a resumption formalised as a stream functiom : A' | B'
which is causal meaning that the n-th letter of the output stream only depends on the
rst n letters of the input.*

X This is how they are formalised in (Rutten, 2006). Equivalen t formulations are: as string functions
A ! B that are length-preserving and pre x-closed (Pattinson, 2  003); and as functions A* ! B
where A* is the set of (nite-length) strings of length 1.
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Let us now take a coalgebraic view on components and resumptions. A component
X A!° X B isthesamethingasamapX ! (X B)” hence is a coalgebra for the
functor ( B)A. Asis noted in (Abramsky et al., 2002), the \behaviours by coinduction”
paradigm in the theory of coalgebra (Jacobs and Rutten, 1997; Rutten, 2000) is ab valid
in this setting. Namely, the set Z,.g of resumptions (.e. causal stream functions) carries
a canonical ( B)A-coalgebra structure:

AB

ZaB = (Zag B)A

| |
r:A' | B':causal — s a  a%tail(r(a a%) : headr(a’ a))

Herea' a is a letter a2 A followed by an arbitrary stream a ; the value ofheac(r(a! a))
does not depend o!na sincer is causal. Moreover, it is standard that this coalgebra ag

is a nal one. Given an arbitrary component c: X A ! X B (i.e. a coalgebra
c:X ! (X B)*) nalityof ap induces thebehaviour map

(X B)*---+(Zas B)*
¢ nal =
X === -~ +ZaB

which carries a statex 2 X to the behaviour beh(c)(x) of c, in case of execution withx
as the initial state, represented by a resumption. To summarise: the set of resumns
from A to B carries a nal ( B)” coalgebra.

We have restricted ourselves to the trivial monadT = id for the purpose of illustration
of resumptions. However this choice of a monadl' does not satisfy the assumption in
Section 6 for K’'(T) to be traced: an iteration of a total function can fail to be total
because of an in nite loop. For monadsT in generallespecially for those which satisfy
the assumption in Section 6|we generalise the above characterisation of resurptions as
follows. The same has been done in (Abramsky et al., 2002).

De nition 7.1 ( T-resumption). Let T be a monad onSet such that, for any setsA
and B, a nal ( T( B))” -coalgebra

Ae 1 Zis T T(ZEs B) " inset
exists. A T-resumption from A to B is an element of the carrierZ [ .
Morphisms of T ( B)”-coalgebras are precisely morphisms of components: there is an

isomorphism of categoriesCoalg (T ( B)A) = Comp (T;A;B). HenceT-resumptions
form the state space of anal component.

Assumption 7.2.  In the remainder of this section we assume that a monadl on Set
satis es both the assumption in Section 6 (namely (Jacobs, 2010, Requirement$.7)) as
well as the one in De nition 7.1. The former consists ofK™(T) being Dcpo -, -enriched,
T being \semi-additive", etc.; it ensures that we have a trace operatorTrK\. The latter
enables us to capture resumptions by a nal coalgebra.

Such monads include: the lift monad 1+ ( ); the -bounded powerset monadP< with
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an uncountable weakly inaccessible cardinal ; and the (discrete) subdistribution monad
D. Regarding the monadP < , the cardinal must be larger than @ so that an increasing

! -sequence in the seP = (X) has its supremum insideP< (X); this is needed for the
trace assumption in Section 6. At the same time is assumed to be weakly inaccessible
so that Barr's nal coalgebra theorem (Barr, 1993) ensures existence of nal coalgelas.
Such expll'git size restriction is not needed for the subdistribution monadD, since the
condition , d(x) 1 implies that the support fx 2 X j d(x) 6 0gis at most countable.
Seee.g. (Sokolova, 2005, Proposition 2.1.2).

It is generally hard to concretely describe what aT -resumption looks like. It is a tree|
much like a synchronisation tree (Milner, 1980)|but its depth and branching degree are
very often larger than @. A tractable description is possible for the lift monad: much
like for the identity monad, it is represented by a function r : A' 1 B + B' with a
suitably generalised causality requirement.

7.2. The microcosm principle

One can form the category of T-resumptions by arranging T-resumptions as morphisms
in the category.

De nition 7.3 (The category T-Res). ForamonadT satisfying Assumption 7.2, we
de ne the category of T-resumptions, denoted by T-Res, by the following data.

| An object A of T-Res is a setA 2 Set.
| Anarrowr :A! B in T-Res is a T-resumption from A to B (cf. De nition 7.1).
Thus we have: Hony .ges (A;B) = Zig .

Its actual structure as a category|composition and identity|shall be described in short.

The main point of (Abramsky et al., 2002, Section 5.4) is that the categoy of resump-
tions (1 +( ))-Res for the lift monad is symmetric traced monoidal, and that it gives
rise to a compact closed category of (stateful) games (Abramsky and Jagadeesal994)
after applying the Int-construction (Joyal et al., 1996). Its generalisation to a wider class
of monadsT (other than T =1+ ( )) is one of our main technical contribution.

Theorem 7.4. For a monad T satisfying Assumption 7.2, the categoryT-Res of T-
resumptions is symmetric traced monoidal.

This result, in fact, is an immediate corollary of what we have observed: the taced
monoidal structure of T-Res follows from the composition and trace operators for com-
ponents introduced in Section 4 and Section 6.

In order to illustrate the situation, let us think of arranging components|inst ead of
resumptions|as morphisms from A to B. Between such components and d with the
same input/output types we possibly have a morphism of components, see (4). Thiatter
\morphism" f can be drawn between components, as follows.

;¥
A\é}f/B
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This motivates a 2-categorical approach to components. The envisaged 2-categohas
sets as 0-cells, components as 1-cells and morphisms of components as 2-cells uhly
one would introduce (horizontal) composition of 1-cells by the sequential composition >
of components (Section 4); and the identity 1-cellA ! A by the one-state component
arr(id ) from (5).

However, Lemma 4.2.2{3 indicates that such horizontal composition of 1-cedl satis-
es the unit law and associativity only up-to canonical isomorphisms. This makes te
envisaged structure not a 2-category, but abicategory, seee.g. (Borceux, 1994). The re-
sulting bicategory is much like the one in the bicategorical approach to processg¥atis
et al., 1997). Let us denote the bicategory byComp (T). This extends our previous no-
tation, since its hom-category from A to B is given by the categoryComp (T;A;B) of
components.

What we have shown in Section 6 is essentially that the bicategoryComp (T) is
equipped with traced monoidal structure! Its underlying monoidal structure is given
by additive parallel composition  (Section 4.2); in particular it is binary coproduct +
on objects.

The way we look at the categoryT-Res of resumptions is as a \thin slice" of the bicat-
egory Comp (T) of components. The two have the same family of objects; the former's
homset T-Res(A; B) resides in the latter's Comp (T;A;B) as (the carrier of) a 1-cell,
still T-Res(A;B) is \behaviourally universal” via its nality.

We then derive the structure of T-Res as a traced monoidal category, from the cor-
responding \outer" structure of Comp (T); it follows from the general theory developed
previously in (Hasuo et al., 2008; Hasuo et al., 2009). The general theory idéres the
situation as an instance of themicrocosm principle (Baez and Dolan, 1998). The latter
refers to a situation where \an algebra resides in another algebra, both for thesame
algebraic speci cation”, a prototypical example of which is a monoid in a monadal
category (Mac Lane, 1998). As a result, the homsets of -Res form a traced monoidal
category, residing in the hom-categories o€omp (T) that form a \traced monoidal bicat-
egory"; see (Hasuo et al., 2009) for the details of the generic situation. Rher than fully
laying out the general theory, however, we shall now describe its concrete instantieon
adapted to the current setting.

{' Axiomatisation of the notion of \traced monoidal bicategor  y" would involve delicate coherence con-
ditions. We do not aim at such general Axiomatisation but foc  us on one speci ¢ instance.
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7.3. Resumptions form a category

Notation 7.5. The functor T( B) A|for which a coalgebra is a component with
A-input and B-output|is denoted by Fag . The monad T is xed throughout the rest,
and so it is suppressed. Therefore we writeZ g rather than Z,I;B for the homset of
T-resumptions.

We rst derive the sequential composition operator T-Rés that acts on resumptions;
it is obtained from how we compose arrows ifT -Res. The following coinduction diagram
in Set de nes the operator:

Fac (Zag  Zc) - — — — »Fac (Zac)
AB *®> Bc | nal | ac (22)
Zag  Zec —— g~ 7 4Ac
A;B;C

Recall that ap isa nal Fap -coalgebra (De nition 7.1). The sequential composition of
g.c after ap yields the component shown on the left, which is arFa.c -coalgebra with
a state spaceZag Zg.c . It then induces a uniqgue map into the nal Fa.c -coalgebra,
as in the above diagram. Thus we have obtained a function

Res .

T-
aBc - Zae  Zegc !

Zca; thatis
Homy res (A;B)  HOMt res (B;C) ! HOMy Res (A;C):
Similarly, the identity morphism id AR
one-state componentarr(id 4 ).

in T-Res is derived by coinduction, from the

Faa (1) — — ——>Faa (Zaa)
arr(ida) | nal T aa 23)
L= s T AR
1dp

Let us prove associativity of TR®S_ The emphasis here is on the fact that, via coin-
duction, the goal is essentially reduced to associativity (Lemma 4.2.3) of> |the cor-
responding \outer" operator.

Speci cally, by diagram (22), the map 5% :Zag  Zsc ! Zca is a component
morphism from ag > pg.c t0 ac . Hence by the functoriality of > (Lemma 4.2.4)
we obtain a component morphism

T-Res

aBc  dze, (A > Bc)® cp !

AC ® cp:

This means that the left square in the following diagram commutes. The right ;e com-
mutes, too, since it is the diagram (22) de ning 18 .

Fap ((Zag Zec) Zcpo) —Fap (Zac Zcp)— - Fap (Zap)

(A > Bc)> col ac > cp | nal | ap
: : b v7Zpc  Zop — —— — 5 Za
(Zas  Zec) Zcp e Z 2 2nc o) s 7 ZAD
AB;C C,D A:C:D
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The next diagram in Set commutes for the same reasons, in which the top square com-
mutes by associativity of 3 (Lemma 4.2.3).

(A >» Bc)>® cop

(Zag Zec) Zcp Fap (Zag Zec) Zcp)
= |
A;B > ( B;C > CD )
Zpg  (Zec  Zcp) Fap (Zag (Zc  Zcp))
Zwe 35T | |
AB *® BpD
Zas  Zep Fap (Zag Zsp)
T-Res } |
ABD | I B
na
Zabp Fap (Zap)
A;D

(In the last diagram we wrote coalgebrasX ! FX horizontally instead of vertically,
unlike our convention elsewhere. This is purely for the typesetting reason.)

We conclude that the following diagram commutes, since the last two diagrams shw
that the two composites are both coalgebra morphisms from (a5 > gc)>»® cp 10
a nal coalgebra ap .

(Zas  ZBc) Zcp = ' Zac  Zep

1| | R
Zpg  (Zec  Zcg Dg ——las  Zep ————ZAD
B D A;B;D

This is associativity of T-Res
The left- and right-unit laws for T-Res amount to the following diagram:

IdT -Res ZAB

Zpg ————1 Zpg ——"Zpan  Zag
_ \L \ \L T -Res
AAB
. % . .
ZA'B 1 T -Res ZAB ZB'B T -Res ZA'B
Zas  idg ABB

The diagram commutes essentially due to the unit laws (Lemma 4.2.2) for the owdr
operators > and arr(id), much like for the associativity.
We summarise what we have so far.

Proposition 7.6. The data T-Res in De nition 7.3 indeed forms a category, with com-
position of arrows given by T'Res in (22) and identity arrows by id T R® in (23). L]

In fact the last proposition is a special case of (Krstc et al., 2001, Theorem 1). The
latter result is more general because it works for an axiomatically intoduced class of
functors f Fa.s ga.s [which roughly corresponds to the notion of lax L-functor in (Hasuo
et al., 2008; Hasuo et al., 2009)|instead of our concrete descriptionFag = T(B ) A
(Notation 7.5). From now on, however, we go beyond (Krstt et al., 2007 by introducing
a symmetric monoidal structure on T-Res and a trace operator on top of it.
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7.4. Resumptions carry symmetric monoidal structure

Endowing the categoryT-Res with traced monoidal structure goes pretty much the same
way; in what follows the structure is described in some detail.

The monoidal structure is given by additive parallel composition T-ReS of resump-
tions, which is derived from  on components (Section 4.2), the corresponding outer
structure. It acts on objects as sum of sets:

A TRes B = A+B: (24)
On arrows, its action
T-Res . Z . Z . | Z . . that
ACB.D - £AB cD - A+CB +D IS

Homy Res (A; B) HoMT Res (C; D) ! Homt _Res (A +C/B+ D)

is induced via the following diagram similar to (22).

Fa+ce+p(Zag Zcp)————-+>Farce+p(Za+cB+D)
AB cD T nal T A+CB +D (25)
Zpg Zep —————— — — — +ZA+CB +D
T-Res
A;C;B;D

Lemma 7.7. The mapping T-ReS yields a functor T-ReS :T-Res T-Res! T-Res.

Proof. Let us rst prove preservation of identities. We have the following successive
morphisms of coalgebraic components, where coalgebras ! FX are written horizon-
tally.

arr(ida+s)

FA+ BA +B (1)

l:

Fa+ga+s(l 1)

idX—Res idg—Res l l

Zan Zsg ——— " Fpipa+e(Zaa  Zes)

T -Res
AB;AB

nal
ZA+B;A+B FA+B;A+B(ZA+B;A+B)

1
]t i 1 arr(id o) arr(dg )

A+BA +B

The rst square commutes because of the compatibility of and arr (Lemma 4.9.1);
the second does because of the de nition of iti'*® (23) and functoriality of (right
after De nition 4.7); and the third one is the de nition of ~ T-Res (25). This proves that
the following diagram commutes, since the two composites are both morphismfrom the
componentarr(ida+g) tothe nal A+pa+5-

iqT-Res 4T -Res
id 5 idg

l——1 1—————Zpan IZpp

T -Res

x l ABAB
A+B

ZA+BA +B

Hence T-Res :T-Res T-Res! T-Res preserves identities.
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We turn to preservation of composition; the arguments proceed in a similar vay. We
have the following two (parallel) series of morphisms of coalgebraic compents. They
are all arrows in the categoryComp (T;A + B; A%+ B9,

( AA 0 > Ao;Aoo) ( B:B © > BO:B oo)

(Aaao  BBo)>» (acanw  popo)

( T -Res ) ( T -Res )
ABA 0B O A0 04 00g 00

T -Res A+BA0+B0 =  A04BO:A 00 B OO
A+ BA O+ g 0O 004 g 00

A+ B;A 004+ B 00,

( %A 00 ( L%5 00 ( AR O AO:AOO) ( 5B 0F BB 00)
AA YA BB VB

T -Res A;A o0 B;B 00
ABA 00 00

A+ B;A 00+ B 00

The rstisomorphism is due to Lemma 4.9.2; the second one is a morphism of compents
due to the de nition of  T-ReS and functoriality of > (Lemma 4.2.4); and the third one
is the de nition of T-ReS The other two are component morphisms for similar reasons.
Since the coalgebraic componenta+g:a oo goo IS @ nal coalgebra, we conclude that the
two composites above are identical. In particular, by taking their underlying functions,
we have a commuting diagram

(Zppno Zpopw) (Zppo Zgogw) — (Zaao Zppo) (Zaoaw Zgopgo)
T -Res T -Res l l T -Res T -Res
AA O0A 00 pgp 0p 00 ABA 0B O A 0B 0;a 00g 00
Zppoo Zppg oo Zp+BA0+BO  ZA0L BOA 00 B OO

m %
;B;A 00 00 A+BA 0O+ B0 00, g 00

. Za+ B;A 004 B 00
in Set. Hence TR :T-Res T-Res! T-Res preserves composition of arrows. [

The monoidal unit for (T-Res; T-Res) is the empty set 0. It remains to describe
associativity, unit and symmetry isomorphisms; they appear in the proof ofthe following
result.

Proposition 7.8. (T-Res; T-Res:0)is a symmetric monoidal category.

Proof. We shall rst describe the de nition of the structural isomorphisms. Then we
prove that: 1) they are indeed isomorphisms; 2) they are natural; and 3) they are coerent
as in (Mac Lane, 1998).

An associativity isomorphism T-Res :A+(B+ C)F (A+ B)+ C in T-Res|recall
that T-ReS is + on objects, see (24)]is induced by the following diagram.

Farg+c)(a+Byrc(l) — — — = > Faxg+c)(a+B)r c(Zas(B+C):(A+B) C)
arr( +)T nal T A+(B+C);(A+B)+ C
1—- — — — — — TR T +ZA+(B+C);(A+B)+ C
A;B;C

Here . onthe left, in arr( ), is the isomorphismA+(B + C) F (A+ B)+ C in Set.
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In exactly the same way we obtain unit isomorphisms T-Res — T-Res gnd symmetry
isomorphisms T-Res  from the corresponding isomorphisms for + inSet.

It is easy to see that all these are indeed isomorphisms. Let us write down the pod
for T-Res Let *};‘BR;?;S be the following resumption induced by the isomorphism ,?! :

(A+B)+C!~ A+(B+C)in Set:

Fargyca+s+c)() — — — — > Fassyw cave+c)(Za+B) cA+(B+C))
arr( +1)T naIT (A+B)+ CA+(B+C)
-~ —r e~ +Z(A+B)+ GA+(B+C)

A;B;C

We claim that this —A5& is the inverse of [ F&, that is,

1 1 1 = 1 1
—T -Res T -Res J/ l T -Res —T -Res
AB;,C AB;C AB;C AB;C
Za+B)y+ CA+(B+C) ZAa+(B+C)i(A+B)}+C | \ZA+(B+C);(A+B)+C Z(A+B)+ CA+(B+C)

T -Res J/ l T -Res

Z(a+B)r C:(A+B)+ C (B c AANS.c)  Zas(B+C)AH(B+C)
— —

We prove commutativity of the triangle on the right; the other is simila r. As before, this
is by proving that the following arrows are all component morphisms leadingto a nal
coalgebra a+(s+c)a+(B+C)-

(arr(ida+(B+c)))

arr(( +)agc )> ar(( 4 Dagsc )

A+(B+C);(A+B)+C * (A+B)+ CA+(B+C)

T -Res —T -Res
AB;C AB.C

T -Res
A+ B+C);(A+B)+ CA +( B+C)

A+(B+C)A+(B+C);

(arr(ida+( B+ )))

idT-Res
A+( B+C) .
A+(B+C)A+(B+C)-

The rst isomorphism is because of Lemma 4.2.1; the second one is due to the de nition
of T-Res.—T-Res gnd functoriality of > (Lemma 4.2.4); the third one is the de nition
of T-Res: and the last is the de nition of id ' "®°. Thus we have proved that L5& is
indeed an isomorphism.

We turn to the naturality of ~T-Res; T-Res. T-Res gnq T-Res: again we present only
the proof for T-ReS |t means commutativity of

T -Res
A+(B+C)— = L (A+B)+C
r T-Res (s T -Res t)l l(r T -Res s) T-Res ¢ in T'Res,

A%+ (B%+ CY) ——— (A°+ B9+ C°
A0B 0c 0
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for any resumptionsr;s and t of suitable types. This amounts to, in Set

1 ((Zaao Zgpo) Zcco) ———————(Zano (Zeso Zcco) 1
\ \

T -Res T -Res ( T -Res ZC;C 0) T -Res (ZA;A o T—ReS) T -Res

ABC A0B 0c 0
B
ZA+(B+C):(A+B)+ C ZA+(B+C):A%(BO+CO)
Z(A+B)+ C;(A0+ B+ CO ZA0+( B O+ CO);(AO+ B O+ CO

N /T -Res

ZA+(B+C);(A% BO+ CO

Once again, this is by showing that the two above composites are parallel cogébra
morphisms leading to a nal coalgebra. Namely

arr(( +)asc )® (aao BBO ccoO

aao (BBo cco) > ar(( +)aopoco)

T -Res (Za T-Res T -Res

A O AOB 0. 0

—— A+(B+C)A0( B0+ CO > A0 B0+ CO);(A0+ BO)+ CO
A+(B+C);(A0+BO+ cOA 0+ B O+ CO)

A+(B+C);(A% B0+ CO;

arr(( +)asc )® (aao BBO ccoO

T -Res T -Res T -Res
AB;C ( Zcc 0)
A+(B+C);(A+B)+ C =  (A+B)+ C;(A% B+ CO

T -Res
A+(B+C);(A+B)+ C; (A0+B O+ cO

A+(B+C);(A%+ B+ CO:

The rst one is an isomorphism of components due to Lemma 4.9.3; the others argimilar
to the ones earlier in this section. This concludes the proof of naturality of T-Res

Finally, we need to check the standard coherence conditions forT-Res; T-Res. T-Res
and T-Res in a symmetric monoidal category, as described ire.g. (Mac Lane, 1998). Let
us prove

T -Res
A+(0+ B) A+O+B R (26)
= in T-Res;
idT.Res T -Res m % T -Res idT-Res
A B A + B A B
the others are similar. The above diagram amounts to the following diagam in Set.
1 = 1 1
_ l l'd; -Res E-Res
1 1 1) Zan  Zo+sB
LEs (LR iapte|
Zpso+ B):(A+0)+ B (Za+oa  ZBB) i
Za+o+ B);(A+0+ B AsoTBAB l

ZA+(O+ B);(A+0)+ B Z(A+O)+ BA +B TZA+(O+ B)A+B
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Yet once again, this diagram commutes because the two composites are (paralledpal-
gebra morphisms from the coalgebra

ar A+©0+ B)Y "A+B Y ar A+(0+ B)!

+

(A+0)+ B " A+ B
1! Fa+o+ B)ya+8(1)
to the nal a+o+ B)a+8. The equality ( ) is due to the same coherence condition

as (26) for the monoidal category Get;+;0); the other details can be easily lled in.
This concludes the proof. L]

7.5. Trace structure for resumptions

A trace/feedback operator Tr' R® for resumptions is induced by the \outer" operator
Tr for components; this is exactly in the same way as we derived.g. the tensor T-Res
from the outer . Let us nevertheless spell out how it is done concretely.

For arbitrary sets A;B;C 2 T-Res, the trace operator

Tr;;_BR;eCS i Zasce+c ! Zap; thatis
Homr res (A+ C;B + C) ! HOMy_Rres (A;B)

is introduced by the following coinduction diagram:

F/_\;B (ZA+ CB +C) - - = = FA;B (ZA;B )
Tr( a+cB +C)T nal T AB
Zp+ CB+C — — — - - — — - ZA;B
TrABC

Here the operatorTr on the left, acting on a+c:s + ¢, iS the trace operator for components
from De nition 6.1.

It is again straightforward to prove that Tr satis es the trace axioms: each axiom
is essentially reduced to the corresponding axiom oflr for components. Let us prove
the post-composition/tightening axiom (21) for example. It amounts to t he following
commutative diagram.

T-Res

- T -Res
TrA;B:C Zs;

D AB:D
Zpa+ce+c  ZBD Zpns  Zgp ———— Zap
Zpsce+c (Zep 1)
Zavcs vo (Zeo ML) | TR (27)
Zpice+c (Zep  Zcc)
zZ T -Res l
A+CB +C B;C;D;C

Za+cB+c  ZB+cD+cC

Za+cD +C

T -Res
A+CB +CD +C
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The composite on the top row is a coalgebra morphism

Tr( A+cB+C)>® BD

T ABC:
AB = BpD

Zgp

T -Res
AB;D

AD

T-Res and

where the rst arrow is a coalgebra morphism due to the de nition of Tr
functoriality of > (Lemma 4.2.4); the latter is due to the de nition of T-Res,

The other composite in (27) is a morphism between the same coalgebras:

Tr( A+cB+c) > BpD
()

Zp+ce +c (Zep idE’ReS )

Tr a+cg+c>® pgp ar(idc)

Tr a+ce+c>® (BD cc)

z T -Res
A+CB +C B;C;D;C

Tr( A+cB+Cc ™ B+cD+C)

T -Res
A+CB +CD +C

Tr( a+cp+c)

T -Res
Trapic

AD -

Here the isomorphism () is due to the post-composition naturality for Tr, see Section 6.3.
The last morphism is the de nition of Tr' R® . The other arrows are also component
morphisms; here the functoriality of Tr (Lemma 6.2) is crucial. Recall that the functor
Tr : Comp (T;A+ C;B+C) ! Comp (T;A;B) acts on arrows as the identity. We
conclude, by the nality of a.p , that the diagram (27) commute.

The other axioms can be veri ed in the same manner. This concludes the proof of
Theorem 7.4.

8. Concluding remarks

This paper is part of an ongoing line of research into the mathematical (coalgbraic)
foundations of components as basic building blocks in computing (see (Szyperski, 98)
for a wider perspective). Obviously, connections to existing component languagesk
Reo (Arbab, 2004; Baier et al., 2006) need to be explored. There are also sevedaections
for further, more mathematically oriented, research about coalgebraic compeents. We
brie y mention two such avenues, involving duality and dynamic logic.

For speci c monads, like for powerset on the category of sets or for the identy on
the category of Hilbert spaces, the associated Kleisli category carries a daggeperator
y that commutes with the tensor and biproduct. Via this dagger one can de ne a duality
operator:

Comp (T;A;B)°P % Comp (T;B;A)

X A°X B r+—— v x BEfX A

It satis es, for instance (ck d)? = (¢’ kd®). Such a duality introduces a form of re-
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versible computation that may be useful in capturing aspects of quantum computing
coalgebraically, see also (Abramsky, 2009).

Another interesting topic for further research is how to extend modal logic for calge-
bras to a dynamic logic (seee.g. (Goldblatt, 1992)) for coalgebraic components. In such
a logic one expects basic compositionality properties (see also (Klin, 20)), so that for
instance >q ; ¢ 4 etc. can be expressed in terms of . and .
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