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OUTLINE

Local zeta function

Hasse-Weil zeta function

HW zeta of figure 8 knot, two-bridge knot
HW zeta of arithmetic two-bridge link
HW zeta of closed arithmetic 3 manifold
HW zeta of A-polynomials of torus knots
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Local (congruence) zeta function 1

f19"' 9fr € Z[Xh”' aXm]
p : prime number
[Fpn : finite field with p"” elements

V(Fpr) == {(a1,+++ » am) € (Fpr)"|
f1(a1,"' 3am) == fr(ah"' ’am) = 0}
Local (congruence) zeta function of V at p

Z(V,P,T):=exp[z# pr) ] Q[T]

n=1

exp(T) :=i%T", Iog( ) Z_

n=0
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Example 1
f=XeZ[X], #V(Fp)=1

1
Z(V,p, )—eXP(Z T"]_ﬁ.

Example 2
f=X2+1¢€7Z[X]

1/(1-T7), p=

—1

2(v,p, 1) = MO =T P2l =1

1/(1-T%), p#2, % = -1
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Local (congruence) zeta function 2

Theorem (Dwork)
Z(V,p, T) is a rational function.
Therefore

> V(IFpn ,-1—(1’,'7-
Z(V,p, T) =exp[z #V ) 51” )T"] = E§1 ’BT;
i\' T Pj

n=1
#V(Fpr) = Zﬁf = Z a! (ap; € C)
j i

Computation of Z(V, p, T) < computation of
each # V(Fp»)
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Examples of algebraic sets

 Set of SL,(C)-representations of finitely
presented group
o SL,(C)-character variety of f.p. group

Related topics

o Work of Zink (2000)

o Computation of the number of conjugacy
classes of SL,(IF4)-representations of
torus knot groups (Li, Xu 2003,2004)

o Computation of the number of conjugacy
classes of SL,([F,) (surjective)
representations of knots in the Rolfsen’s

table ‘ KitanoiSuzu ki 201 2‘
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Hasse-Weil zeta function

f19”’ 9fr € Z[Xh"' 7Xm]
V(Fpn) := {(a1,-++ @m) € (Fpn)"|
f1(a19"' 9am) == f,_(a1,--- ’am) = 0}

201 = o5 2| o

n=1

((V(R,-o-u8),8) = || 2(v.p.p7™).

p : prime

{(V(f,--- ,f),s) converges absolutely in
Re(s) > dim V(f,--- , f).
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Ex.1 Riemann (Dedekind) zeta function

Example 1
f=X€Z[X]a Z(V,p,T)=1/(1—T)

L(V,s) = I_I (1-p~%)~" = £(s) : Riemann zeta

p: prime

Example 2
K/Q : number field, Ok : ring of integers of K
OK:)Z[XD R Xm]/(fh ) fr)

(V,s) = ¢(K, s) : Dedekind zeta of K
= |] 01=-NE)™®)T", N(®) = #(0«/»)

p: prime
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Ex.2 zeta of cyclotomic polynomial

®4(X) : min. poly. of a prim. d-th root ¢, of 1
D (X)=X-1, Dy(X)=X+1,
D3(X) = X2+ X+ 1, d4(X) = X> 41
Qg := Q(4a) = Q[X]/(®a(X))
Oq = Z[{a] = Z[X]/(Pa(X))
{(d’d(X), S) = g(@d’ S)

For instance

{(X2 +1,8) = £(Q(V-1),s)
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SL,-character variety

M : orientable complete hyperbolic 3 manifold
with finite volume
X(M) := {characters of p : 7;(M) — SLy(C)}

X(M) : (affine) algebraic set over Q (the set of
the common zeros of fy,--- ,f, € Q[Tq,:-+ , Trn])
Xo(M) : a canonical component of M

(an irreducible component containing the
character corr. to the holonomy rep. of M)

Theorem (Thurston)

if M complete hyperbolic 3 manifold with cusp
n then
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Hasse-Weil zeta function of

M : hyperbolic 3 manifold

Hasse-Weil zeta function of M

(m,s):= [ | z(x(m),p,p~).

p:prime

Z(X(M), p, T) := exp (i #X(IIZ)(Fpn) -

n=1

] e QlTl.

Remark
(M, s) is defined up to rational functions in
Q(p~*) for finitely many prime numbers p
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J((L-1)(1 + LMB),S) —

£(s —1)22(s)™" x £(Q4, 8)1¢(Q12,8) ' x (1 -
2—3)—2(1 _ 3—s)—1

Z((L-1)(1 + LM1°),S) —

£(s = 1)24(s)™" x £(Qa, 8)7'¢(Q20,8)™ x (1 -
2—43)2(1 _ 5—8)(1 _ 2—8)—2

Qn := Q(&n)s ¢n : primitive n-th root of unity

£(Qp, s) : Dedekind zeta function
£(s) : Riemann zeta function
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Hasse-Weil zeta of figure 8 knot

Theorem (H.)
Ms := S3 \ K : fig. 8 knot complement in S3

{(E, s)
£(s)¢(Q(V5), 5)
{(E, s) : Hasse-Weil zeta of the elliptic curve /Q

{(Mg, s) =

E:Y>?=X3-2X+1
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Hasse-Weil zeta of figure 8 knot 2

» functional equation
47T(3s/2)+1
&(Mg, s) := X §(Ms, s)
(10 V2)sr(s/2)3
£(Ms, 2 - s)é(2 - )6(Q( V5),2 - s) =
_‘f(MS’ s)§(s)§(@( ‘/5)9 S).

» special value
§(Ms,s)  AGM(p,p —1)

lim

=1 51 Vi0log(y)

o= (V5+1)/2
AGM(p, ¢ — 1) : arith. geom. mean
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Hasse-Weil zeta of figure 8 knot 3

Remark

log(¢?) = m(Ax(T)), Ax(T) : Alexander poly.
of K
1

AGM(p,p —1) = 2 (d%m(Pk)( ‘/5))_

1 1
P, :=x+ X +y+ ; — 4k: elliptic curve for

4k £ 0,1. P = P(t;,--- ,t,) € @[tf,--- ,t’;—“1],
Mahler measure of P
m(P) :=

1 1
f "'f log IP(ezﬂl‘1 ‘/:9'" sezntnm)ldh .-+ ditp
0 0
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Hasse-Weil zeta of figure 8 knot 4

remark
Valueat s = 2

75
2 V5712 L(E,2)
L(E,2) = m(P,,) (Mellit), ESE(P.,)

L(E,s) : L-series of E/Q
L(E, s)$(E,s) = {(s)¢(s - 1),
L(E, s) := (40)5/2(2n)~°T(s)L(E, s)

lim (s — 2)¢(Ms, ) =
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Two-bridge knots case

The genus of SL,(C)-character curves of
certain family of hyperbolic two-bridge knots
(containing twist knots) are studied (Macasieb,
Petersen, Van Luijk, 2011)

Two of them have genus 1, elliptic curves
Example

Up to (a,b) (a, b < 50) (5,2) = 44,(15,4) =
74, (21, 8) = 77, (27, 8) - 811, (45, 14) = 1021
are elliptic curves

Question
Are there finitely many elliptic curves appeared
as canonlcal comp of SLZ(C) -char. varieties of
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Expectation

Dehn filling
SENK — SENKUK

wv

X(S]\K) ——  X(SP\KUK)

wv

H(SENK,s) —— ((SPNKUK,S)
Describe the relation between £(S3 \ K, s) and
L(SENKUK',s)

— relation between {(S3 \ K, s) and

S3\K'.s
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arithmetic two-bridge link case

In what follows, we use the notation
‘arithmetic’ for

M : arithmetic 3 manifold < up to isom.

the image of the holonomy representation

p : m(M) - SL2(C) is in SL2(0O), where O is
the ring of integers of some K/Q

Theorem (Gehring, Maclachlan, Martin)
Arithmetic two-bridge links in the 3-sphere are
figure 8 knot, Whitehead link 57 = (8, 3),

6> = (10,3), 62 = (12,5)
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Hasse-Weil zeta function of arithmetic

two-bridge links

Theorem (H.)

Xo, X1, X2 : canonical components of Whitehead
link 5% = (8,3), 6> = (10,3), 62 = (12,5)

{( X, 8) = £(Q(V2),s - 1)¢(s)%¢(s - 1)%¢(s - 2).
{(Xy, 8) = £(Q(V5), s — 1)%¢(s)%¢(s - 2).
{(Xa, ) = £(5)%¢(s - 2).
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{(Xo, 8) = £(Q(¥2), 5 - 1)£(5)%¢(s - 1)%¢(s - 2).

{(Xi, 8) = {(Q(V5),s = 1)%(s)%(s - 2).
{(X2, 8) = £(8)’4(s - 2).

remark

Q( V2), Q( ¥5), Q for {(X;, s)

_ all the P'-coordinates

=Q ( of the degenerate fibers of X,)

Remark
trace fields (= invariant trace fields) of 52 62

and 62 = Q( V-1), @(V-3), Q(V-7)
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Character varieties of arith. two-bridge links

Defining polys of Whitehead link, 62, 62 in C*

fy := 28 — xy2> + (X* + y* - 2)z - xy,
fi =2 —xyz + (X* + y* - 3)22 — xyz + 1,
=2 —xyz2 + (X* + y> - 1)z - xy
X(f;)) c C3 are smooth affine surfaces
Compactification of these surfaces in P? x P!
Fo := U*Z® — xyZ2w 4 (X* 4+ y? - 2u%)zw? — xyw?,
Fy := u*Z" — xyZ2w + (x* + y? - 3017)2*w? — xyzw®
Fo := P2 — xyZ?w + (X + y? — UP)zw? — xyw?®.
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Fo := P22 — xyZ2w + (X + y? - 2uP)zw? — xyw?,
Fi := *Z* — xyzZ2w + (X* + y? - 3u%) 22W? — xyzw®
Fo := U*Z° — xyZ?w + (x* + y? — 1P)zw? — xyw>.

P? x P! :={(x:y:u,z:w)

(x:y:u)eIPz}
(z:w)eP!

X(F):={(x:y:u, z: w)| Fi(x,y,u,z,w) = 0}

X(F;) : (singular) conic bundles over P! by
(x:y:u, z: w) (z: w) (Landes, H. 2011)
possible to compute the number of [F4-rational
points of F;



Other examples

Theorem (Tran, 2014)

e The char. var. of the two-bridge link
(2m, 3) (m # 3) have 2 irr. components.
Canonical components are defined in
terms of Chebyshev polynomials.

Their compactification have conic bundle
structure.

o Determination of the number of irreducible
components of the character varieties of
(-2,2m + 1, 2n)-pretzel links and
k-twisted Whitehead links.

Shinya Harada Hasse-Weil zeta of 3 manifolds



remark

In general, canonical components of the SL,
char. var. of a hyperbolic two-bridge link does
not have a conic bundle structure over P'.

question

Does the canonical component of the SL,
character variety of a hyperbolic two-bridge
link have a fibered structure over P'?
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Examples in arith. closed 3 mfd.

M | def.poly. of X(M)(C) | £(M,s)
Weeks T°-T-1 ¢(Kus, S)
Meyerhoff | T* =3T3 + T2+ 3T -1 | {(Ku, S)
mO010 (-1,2) T"-2T%2 + 4 (K, S)

mo003 (-4,3) | T* = T3 —=2T2 + 2T + 1 | {(Ku, S)
mo04 (6,1) | Té—7T*+14T2 -4 | {(Ku,S)
m003 (-3,4) TS 4+ T4 -1 ¢(Ku, S)

pwm - holonomy representation of M

K : trace field of M (Ky = Q(Tr pm(m1(M))
X(M)1+(C) : open subset of X(M) consisting
of irreducible characters
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Questions in arith. closed mfd. case

Questions
M : (arith.) closed 3 mfd, K, : trace field of M

{(M, s) = {(Ku,s)?
{(M, S) = {(M’, S) = Ky=>Ky?

Theorem (Chinburg, Hamilton, Long,
Reid)
K, K’ : number field having only one complex

place
KS5K < {(K,s) = {(K',s)
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A-polynomial (1/2)

%K : knot in S®

A, n € m1(S3 \ K) : canonical longitude,
meridian of K

R(K) = {p : m1(S® \ K) - SLy(C)}
Ry = {p(2), p(u) € R(K) : upper triangular }

p(2) =(ap((,)‘) aff%L)’ p(n) =(a”((,” ) affl(f)‘L)

E:Ry - C*xC*
p - (ap(1), a,(u))
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(1) by(2 _(a,(n) b,
p(2) = (a(() ) ap(g)L), plu) = (a (()” ) ap(l(f)‘L)
£:Ry > C*xC*%, p (a,(1),a(n))
c? > | J£(c) = v(Ax(L, m)),
(o

C : irr. component of Ry s.t. £(C) : curve in C?
A‘K(L9 M) € C[La IV’]

V(Ax(L, M) = {(x,y) € C* | Ax(x,y) = 0}
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Ax (L, M) : A-polynomial of K (defined up to
constant, multiplicity)

Properties

o Ax(L,M) € Z[L, M]

« Ao(L,M) =L -1

o L—1]Ax(L, M)

e K : non-trivial = Ag (L, M) # L —1

A-polynomial detects boundary slopes of
incompressible surfaces in S® \ K attached to
ideal points of V(Ax (L, M))
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A-polynomials of torus knots

a, b : positive integers, (a, b) = 1
A-polynomials of (a, b)-torus knots T(a, b)
Aa,b(l_, M) = AT(a,b)(La M) =

(L=1) (=1 + (LM**)?), ifa,b > 2,
(L —1)(1 + LM?Cm+)) | if (a,b) = (2,2m + 1).
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Hasse-Weil zeta functions of A-polynomials

of torus knots

Theorem(H.-Terashima)

Up to rational functions in Q({p~%}p2ab)
the zeta function {(A, (L, M), s) is equal to

_ 3
ﬂ g(@1 )]{(S 1) , ifa, b>2,
ds S

d|2ab {(s)?

| 1 {(s-1)? _ (a,b) =
, |f .
d|2all:!ﬂ(ab {(Qa, s)] £(s) | (2,2m + 1)
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{(Ao(L, M)) = 4(s—1)

{(A2,3(L, M)9 S) —

€G- sy -1
205) 2,S)7'§(Q12, 8)

{(A2,5(L, M)9 S) —
{(s—1)2
X £(Qa,8)71Z(Q20, 8)!

{(s)




(L=1) (=1 + (LM**)?), ifa,b > 2,
(L —1)(1 + LM?PCm+D)) | if (a,b) = (2,2m + 1).

{(s-1)
{(s)?

{(1 + LMPR™H) s) = £(s = 1)/{(s)

We have to consider the intersection of two
components of A-polynomial to retrieve

essential information!

{(L-1,8) = {(s-1), g(_1+(LMab)29 s) =



Characters of the minimal model

A min. model Ma’ = an irr. highest wt. rep. of
the Virasoro alg. W|th some conformal wt. and
centralcharge(1<n<a-1,1<m<b-1)

K2
®28 (1) = 3 1™ (k).
k=0

The ‘character’ X( '™ . 7 — Cis defined by

1, k =x(nb- ma) (mod 2ab),
X" (k) ={-1, k=zx(nb+ma) (mod 2ab),
0, otherwise.

Note : ‘"”")(0) = 0.



Consider the normalized Alexander polynomial
of the torus knot T(a, b)

(Tab - T—ab)(T_ T—1)

AeslT) = (T2 = T-3)(T6 - T-b)

T-T _ (T -TO)(T°-T)
Bap(T?) (T - T-2)

1,1 _
= Z/\/é:b )(k)T -
k>0
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Relation with Quantum invariant

(pab - 2 Z k (n’m)(k)q4ab
When (n,m) = (a - 1,1),

Theorem (Hikami-Kirillov)

(T(a9 b))N =
TN (ab-a-b)>
LN 11( /N) x exp 28BN i

(T(a, b))y : Kashaev invariant of T(a, b)
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. - 2 a,b
asymptotic expansion of ® ' (1/N)

Asymptotic expansion for N - oo:

o Tnm( [ T k
o+ -mbom - 5 T ()

1
(k) = 5(=1)*'L(=2k = 1,x,7").
(n,m)( )

X
,m) 2ab
L) = 3,
=
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> = T
k>1 Kaab A,5(T?)

Consider s = log T for L (s,,\((" '"))

Z (n,m)(k) T-logk — | (Iog T,X(n,m))
k>1

When (n,m) = (a — 1,1), essentially
L ( , )(; ’b )) corresponds to Alexander poly.
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(mm) 2nd Dirichlet char.

Relation between y

(nm) _ 1
X Y. cla b,n,my,

a ¢(2ab) X . even

X runs through all the even Dirichlet characters
modulo 2ab (that is, y(-1) = 1)

c,(a, b,n,m) = 2(x(nb — ma) — xy(nb + ma)).

(n,m) 1
L{s, = c.(a,b,n,m)L(s,y).
(s:xp”) ¢(23b)x:§eve,n  ( )L(s,x)

#(2ab) = # (Z/2abZ)*



{(Aa’b(l_, M), S)( = )3
1 {(s—1
) dl|2_a|b {(@d, S) é‘(s)2
1 {(s-1)*  (ab)=
d|2all:!l)(ab {(@d’ S)] {(S) ’ " (2’ 2m + 1).
£(Qa,8) = | | L(s:x)

X
X : (Z/dZ) — C : Dirichlet character

, ifa, b > 2,

(n,m) 1
L{s, = — c.(a,b,n,m)L(s,y).
( X2ab ) ¢(23b)X§en X( ) ( /\/)
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In particular, for (2, 3)-torus knot, there is only
one character

X?z’” — X?z’z) = Dirichlet character modulo 12

which is the unique even Dirichlet character
modulo 12

{(s—1)2 L ,
$(A23(L, M), s) = ——————x4(Q4, 5)™ 4 (Q12, S)
{(s)
{(@12:8) = L(S)L(S: x5 )L (S, x2) L (S: X3)

X2 X3 : the other (odd) Dirichlet char. of
(Zz/12z2)*
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question
. . . T ab
Is there a topological interpretation for d)n’m(r)

and L (s,,\/;';’;")) for (n,m) £ (a—1,1)?

question

Is there a direct relation between (T(a, b))y (or
colored Jones polynomial of T(a, b)) and

L (s, X;’;’l:")) (or othere components of
g(Aa,b(L’ M)9 s))')
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