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Preliminaries

§1. Preliminaries

D : avirtual knot diagram

d@EfD ; a knot diagram With/\v, ‘/\ and
+1 -1

real

X

virtual



Preliminaries

K :favirtual knot
e . .
& K ;an eq. class of virtual knot diagrams under GRM

) = ) =T X=X

) o D~ X Ix=x{
X=X



Preliminaries

A Gauss daigram : a preimage of a virtual knot diagram with
info. of real crossings
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Preliminaries

Forbidden movesH)

. F or GRM
Us(K) = mln{the number of s.tK =

F or GRM O}



Invariants for virtual knots

K : avirtual knot Q &(y)

G : a Gauss diagram &f arc(y)

P, Q: points on the circl§?! of G
- .

v =PQ: achord oriented fron®

into Q Y e(y)

&(y) : the sign ofy

&(P) = —&(y)

e(Q) = &(y)

arc(y) : the arc formP to Q along

the ori. inS?!

P -&(y)

i)= > &R :theindexofy

R : points onarc(y)



Preliminaries

Definition 1
([Satoh-Taniguchi]Pn(K) = 3i¢)=n &(¥) : n-writhe
([Henrich]) p«(K) = 3, e(y)(t"®) — 1) : index polynomial
([Cheng])fk () = Zig)0da ()X : odd writhe poly.

Proposition 2 (Satoh-Taniguchi)
p:(K) is induced from JK).

Pu(K) = D 3(K) + In(K)H(E" - 1).

n>0

fk (t) is induced from JK).

fi(t) = Z Jlfzn(K)tzn-

nez




Definition 3

a(K) = > J(K)(t" - 1)

nez

=2, st - 1)

p:(K) is induced fromg(K).
a(K) = > ant"+ Y oot = p(K) = > ant"+ Y ant™ (1)
n>0 n<0 n>0 n<0

fk (t) is induced from(K).

() = ) aont™ + i (1).

nez
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~_________forbiddenmovesanci(K) |
§2. forbidden moves ang;(K)

Theorem 4
F
K,K's.t. K& K’

Ge(K) — au(K’) = (t - D)(t" £ t7) (¢, meZ).

Corollary 5
0i(K) = (t = 1) Zez ant"
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Sketch Proof

&(v,) &(y,) e(v,) &(v,)

1 2

{ i(y) =i(y1) - (r2)
i(v2) = 1(r2) + (1)

e(v) = e(v)) (i=12).
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forbidden moves and,(K)

0t(K1)—0a:(K2)
—e(y) (£ 1) + () ({09 - 1)
- (A 1) - s - 1)
(- 1)E0I1 - 109) (e = 1)
_ (t - 1)(_1:?(71) + tl(y_Z)) (8()/1) = 1’ ‘9(72) = _1) (2)
T (- D0+ 669 (o) = —1, e(r) = 1)
(t- DECD 1097 " (el = -1)
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forbidden moves and(K)

From Thm.4,

0:(Ky) — ai(K2)
= g(y )tV 4+ gy )02 — gy )t10D=202) _ g(y,)ti02+=00 (3)

If 2 terms clear im(Ky) — qi(K>),

- g(yl)ti(yl) + g(yz)ti(yz) =0
= &(y1) = —&(y2), i(y1) = i(y2)

= £(y1) = —&(y2), i(r2) — &(y2) = i(y2) + (1)
= —g(yt0V7#02) — g(y,)t02+01) = 0

. Gi(Ka) — gu(K2) =0
m Otherwise (K1) — gi(K3) = 0.
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forbidden moves and(K)

Since ” the cofficient oft" ” = J,, (n # 0),

D n(Ka) = Jn(Ko)]

n+0

4 (Any term isn’t constant i (K1) — q:(K>))

3 (Only 1 termis constant ig:(K1) — g:(K>))

2 (Only 2 terms are constant (a(K) — g¢(K>)) (4)
0 (All terms are constant iq:(K;) — g:(Ky) or

(K1) — qu(K2) = 0)
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forbidden moves and(K)

Since ” the cofficient oft" ” = J,, (n # 0),

D n(Ka) = Jn(Ko)]

n+0

4 (Any term isn’t constant i (K1) — q:(K>))

3 (Only 1 termis constant ig:(K1) — g:(K>))

2 (Only 2 terms are constant (a(K) — g¢(K>)) (4)
0 (All terms are constant iq:(K;) — g:(Ky) or

(K1) — qu(K2) = 0)

UF(K) > w
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forbidden moves and(K)

Theorem 6
(S)))
Pe(K) := (t = 1) Yoo bnt"
>0 |On
UF(K) > %

([Crans, Ganzell, Mellor])

fic(t) == Znzo Cnl"

Ue(K) > —Z”*f;'c”'.
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Proposition 7

UF(K) >

Zn¢0|an| > anolbnl Zn¢0|0n| Zn¢0 |‘Jn(K)|

2 - 2 2 -
g: VS pe
In g,
t"—1=(t-1A+t+---+t"D,
- 1=(t-1) (-t —t2 - =t
From (1),
bn = dp — adp-1-

Ibnl = |an — a_n-1| < lan| + lan-1l.

Dol < > {laal + lanal) = ) lawl

n>0 n>0 nezZ
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forbidden moves and(K)

The equationX),
qi(K) = Z ant" + Z ant" = p(K) = Z ant”" + Z ant™
n>0 n<0 n>0 n<0
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forbidden moves and(K)

g: VS Jy
F
Ki =K,
Assumingg; (K1) — qu(Kz) = (t — 1)(xt +tM) (£t £ t™ £ 0)

Zn¢0|an| _ Zn;to |Jn(K)| _ 31
> = 1 but ) =1, 77 0 from (4).
. Zn;to |an| > Zn;to |Jn(K)|
B 2 4

19/32



forbidden moves and(K)

The equation4),

Z 19n(K1) — In(K2)l

n+0

4 (Any term isn’t constant i (K1) — g:(K>))

3 (Only 1 termis constant ig:(K1) — g:(K>))

2 (Only 2 terms are constant qa(K,) — q:(K2))
0 (All terms are constant ig:(K;) — g:(Ky) or

(K1) — qi(K2) = 0)
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forbidden moves and(K)

In (3),
i(y1) is 0odd= i(y1) — &(y2) Is even.
i(y2) is odd= i(y2) + &(yy) Is even.

fic, (8 = fic, (1)

s(y)t0) — g(y)tH10?) (i(y)
s(y)tH00) — g(yp)t! 10270 (i(y1) :
e(y2)t'02) — g(yy)tt 10002 (itra) :
—g(y 100+ _ g(y,)t2102-200)  (i(y) :

odd)
odd i(y,) : even)
eveni(y,) : odd)
even)
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forbidden moves and(K)

The equationgd),

0i(K1) — au(K2)
= g(yl)ti()’l) + 8(72)ti(72) _ 8(71)ti(71)_8(72) _ g(yz)ti(y2)+g(yl)
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Ae(Ky) — Ge(Kz) = (t = 1) (=t =t™)
From @),
+Ht+t"=0¢&

If £(yi) = 1,i(y1) - 1 = i(y2).

If e(y1) = 1, e(y2) = -1,i(y1) = i(y2).

If e(y1) = -1, e(y2) = 1,i(y1) -1 =i(y2) - L.
If e(yi) = -1,i(y2) = i(y2) - 1.

fi, (1) = f, () = 0in1,2 3,4

. Zn;éolanl > Zn¢0|0n|
a 2 - 2
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The equationZ),

0:(K1)—0:(K2)
=e(y)(t" - 1) + e(y2) (2 - 1)
— e(y))(t0V — 1) — e(yp)(t0?) - 1)
(t— 1)Vt —1102) (e(vi) = 1)
(t— 1)(-t02 + t102) (e(y1) = 1, &(y2) = -1)
(t = DO+ t027) (g(y) = -1, &(y2) = 1)
(t - D)(EOr) — 021 (e(yi) = -1)
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§3. Examples

"k € N, K s.t. "ug(K) can not be determined tpy(Ky), fx, (t)

Example 8
Jn(Ky)”, it can be determined by (Ky)”. J

m : even(> 0)

§
Qnﬂ 3 2 M2 mi3 o1 12m2
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i(1)=-m



i(1)=-m
i2)=—1

im+1)=-1




i(1) = - m
i(2)=-1
Km+n;-1

im+2)=-1

i@m+n;—1
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i(1) = - m

i(2)=-1
Km+n;—1
im+2)=-1
i@m+n;—1

i(2m+2) =m
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Examples

Pt(Km)
p:(Km) = 2m(t — 1).
N Z by = 2m.
n>0
fiea(t)
fi (t) = 2mf
- Z |Cn| = 2m.
nez.
In(Km)

Jom(Ke) = =1, J_1(Km) = 2M, Jn(Km) = 1
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Examples

Pe(Kmn)
Pe(Km) = 2m(t — 1).
> ) ll=2m (K 2 m
n>0
fra(t)
fi (t) = 2me
= > leal = 2m
nez
In(Kem)

Jom(Ke) = =1, J_1(Km) = 2M, Jn(Km) = 1
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Examples

Pe(Kin)
Pe(Km) = 2m(t — 1).
> ) ll=2m (K 2 m
n>0
0
i, (t) = 2mE
- ) lel=2m 2 Ue(Kp) 2 m
nez
3n(Kn)

Jom(Ke) = =1, J_1(Km) = 2M, Jn(Km) = 1
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Examples

Pe(Kin)
Pe(Km) = 2m(t — 1).
- Il=2m - ue(Ky) 2 m
n>0
0
i, (t) = 2mE
- ) lel=2m 2 Ue(Kp) 2 m
nez
3n(Kn)

Jom(Ke) = =1, J_1(Km) = 2M, Jn(Km) = 1

m+1
L UF(Km) 2 2 .
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Examples

t(Km

GKm) = = Dt™ 4+ 1+ (2m+ D+t

—>Z|ak|:4m—2.

nez
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Examples

t(Km

GKm) = = Dt™ 4+ 1+ (2m+ D+t
- > lad=4m-2.
nNezZ
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Ur(Kn) = 2m— 1.



Unknotting numbers for virtual knots with with up to 4 real crossing
points

K u(K) K Us(K) K Ug(K) K Us(K) K Ug (K)

0.1 0 4.6 1-2 420 1 4.34 1 4.48 3
2.1 1 4.7 2 421 2 4.35 1 4.49 1
3.1 1 4.8 1-2 422 1 4.36 2 4.50 1
3.2 1 4.9 1-2 4.23 1 4.37 3 451 1
3.3 2 410 1-2 424 2-3 438 1 4.52 1
3.4 1 411 2 4.25 2 4.39 1 4.53 2
35 23 412 12 426 2 4.40 1 454 1
36 14 413 1-2 427 12 441 1 4.55 1
3.7 2-3 414 12 428 2 4.42 1 4.56 1
4.1 2 4.15 2 4.29 2 4.43 2 4.57 1
42 12 416 1 430 1-2 444 1-2 458 1
4.3 2 4.17 1 431 1 4.45 2 4.59 1
4.4 1 4.18 1 4.32 1 446 1-2 4.60 1
4.5 1 419 1-2 433 1 4.47 2 461 14
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K uw(K) K u(K) K ur(K) K U (K)
462 3-4 476 1 4.90 1-2 4104 35
4.63 2 4.77 1 491 4-5 4105 15
464 1-2 478 34 492 3-5 4106 2-3
465 24 479 1 4.93 2 4107 14
466 2-3 4.80 3 4.94 1-5 4108 1-4
467 1-2 481 2 4.95 3-5

468 1-3 4.82 3 4.96 2-3

469 1-2 4383 2 4.97 1-2

470 1-2 484 1-2 498 1-3

471 1-2 4.85 2 4.99 1-3

472 1-2 486 2-3 4100 2-7

4.73 2 487 45 4101 34

4.74 1 4.88 1 4102 24

475 1-2 4.89 4 4103 3-6

31/32



References

[1] A.Crans, S. Ganzell, B. Mellor, The forbidden number of a knot, preprint.
[2] Z.Cheng. A polynomial invariant of virtual knotBroc. Amer. Math. Soq2013)

[3] S.Chmutov, S. Duzhin and J. Mostovoy, Introduction to Vassiliev knot invari@ats\bridge
University Pres$2012).

[4] M. Goussarov, M. Polyak and O. Viro, Finite type invariants of classical and virtual knots,
Topology39 (2000), no. 5, 1045-1068.

[5] J. Green, A table of virtual knots, httpwww.math.toronto.eddrorbryStudents
GreenJ

[6] A. Henrich, A sequence of degree one Vassiliev invariants for virtual kdoksjot Theory
Ramificationsl9 (2010), no. 4, 461-487.

[7] T. Kanenobu, Forbidden moves unknot a virtual kdoKnot Theory Ramificatiorsd (2001),
no. 1, 89-96.

[8] L.H. Kauffman, Virtual knot theoryieurop. J. Combin20(1999), no. 7, 663-691.

[9] S. Nelson, Unknotting virtual knots with Gauss diagram forbidden mavé& ot Theory
Ramificationsl0(2001), no.6, 931-935.

[10] S. Satoh and K. Taniguchi, The writhe of a virtual knot, to appe&uindamenta Mathematicae
(Proceedings of Knots in Polaritl conferencg

[11] S. Satoh (private communication).
[12] M. Sakurai, An estimate of the unknotting numbers for virtual knots by forbidden mavi€apt
Theory Ramification&2 (2013), no. 3, 1350009, 10 pp.

32/32



	Preliminaries
	forbidden moves and qt(K)
	Examples

