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K ¢ mon)

inv. of K(mn) = inv. of K

/l\

cabling formula

@ (paral.) Jones polyn. (J. Murakami; 1989)

e Kontsevich inv.
(D. Bar-Natan, T.T.Q. Le, D.P. Thurston; 2003)



Quandle cocycle invariants (CJKLS; 2003):

3-cocycle

!

~—> weight

Aim QCIof F™) = inv.of F

T. Naruse (2015) - I. (2016):

QCI of _ kink _§ 3-d
cabling =~ cocycle inv. 2-CI (CSS; 2006)

¢ eav. (Alex. cases)

RCI
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generalized
cocycle inv.

shadow cocycle inv.

kink cocycle inv.

3-cocycle inv. 2-cocycle inv.

component-wise ver.
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quandle homotopy inv.

'

kink cocycle inv.
generalized

cocycle inv.
2-cocycle inv.

shadow cocycle inv. component-wise ver.



modified
quandle homotopy inv. homotopy inv.

' '

kink cocycle inv.

generalized
cocycle inv.

2-cocycle inv.

shadow cocycle inv. component-wise ver.
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A surface knot F'is the image of

Co....o S R4

smooth

C R? :adiagram of F
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X = (X, %) is a quandle
( Q) z *xx = x,
(Q2) the map X > a+ axx € X is a bijection,
(Q3) (zxy)*xz=(x*2)*(y*z),
for "z, y, z € X.

i
o\

X Yy VA X y A

\ N
N %1,\\
<N \

2 Y (ery)kz 2 Y (ez)k(yz)
= (xry)*z



Ex.

e dihedral quandle R, = Z/kZ.

T*kY =2y — .
3,
@ tetrahedral quandle
Qi =7Z[T]/(2, T>+ T +1).
l’*y:Tl’+(1—T)y LJ*y

e Alexander quandle
X : a Z[T*]-module

rxy=Tr+ (1-T)y.



¢: X x X — A is aquandle 2-cocycle

def ¢(z,x) = 0. e

T dx,y) — d(w,2) — Glwxy,2) + Px * 2,y % 2) = 0.

Y : X XX xX — Aisaquandle 3-cocycle
(@, z,y) =¥(z,y,y) = 0.

g w(wv Y, Z) - 7/1(?1% €, Z) + ¢<w7 €T, y)

—¢(w*x,y,z)+¢(w*y,x*y,z)—w(w*z,x*z,y*z)ZO.

Ex. -Hé(Rp;Z/pZ) =0
H%(Rp; Z.]pZ) = 7./ pZ (Mochizuki 3-cocycle: a gen.)

-H{(Qu; ZJAL) = 1) 2
HY(QuZJAL) = 7/27 © L) 27 ® L[4



X-coloring of a diagram D: {sheets} — X such that

X, X, J]l*y:,ﬁl}Q

quandle cocycle invariant:
v : a quandle 3-cocycle of X

fin.qdle.

v (F) =3 I ey, 2)* € zlA]

col. tri. pt.

(U, (C) = [[9(x,y,2)* for C € Colx(D))

= {X-cols.}
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X : afinite quandle ¢ : a quandle 2-cocycle on X
F : a surface knot D : a diagram of F

C : an X-coloring on D

F A
U W
aloop 7 1 [[o(x.0)*

~— ®y(C) € Hom(H,(F), A) = H'(F; A)

The quandle 2- cocycle invariant:

=Y ®4(C) € Z[H'(F; A)]
C:col.
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The quandle space BYX (FRS '95, Nosaka '13)

y
1-skeleton: x&

X*y
2-cells: y y
X
(x,y)
(xxy)*z
"y _
i Z
3-cells: dpeasn
X Yy
(x,y,2) (x,%)

4-cells: (X,y,Z,w) (x:y)y) (X,X,y)
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The modified quandle space B'X

O-cells:

1-cells:

2-cells:

3-cells:

xX*z

[ ]
X

X

°
Y

x*y

*—>—20

(x,y)

(xxy)*z

X
(x,y,

(x*z)*w

xX*w

xX*ky

z)

(Oexy)*z)*w

Aoy

X .

X*Y

(x,y,z,w)

x*y)*y
X

xX*y

(x,y,y)
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The modified quandle space B'X

0-cells: Yy

b'e x*y
1-cells: o

(x,y)
xX*z (cky)*z
2-cells:
X xX*ky
(x,y,2)

(exz)*w  (Oeky)*z)*w

xX*w

3‘Ce||S: —‘,i- ..... LA (xcky )z xx*y)*y

X xX*kY x*y

(x,y,z,w) (x,y,y)

BYX

(#T02) uuewJss|y
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colored diagram

x*z
Z

(x,2)

x

[}

1

[}

=lo | Nn |-

lower graph

xX*y*z

(x,y,2)

(y) X*Y

Cc B'X

=4 (C)
X X(
— 4 x(x,x)

The modified homotopy invariant:

= : Colx(D) — [F; B'X]
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generalized link diagram (CKS; 2001):

i

shadow coloring on gen. link diag.

y ’
X
X xX*kYy
X
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Another definition:
H/ X def
Reldemelster moves [ I

gen. diag.
on F / 3 C - y -

w/color

_ J.
=/ : Coly(D) — Ip(X) = [F; B'X]
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e n-cells of BYX <« (n — 1)-cells of B'’X

HO(X, A) = H,(B°X,A) >~ H, |(B'X,A),
7 HB(X;A) = HY(BOX; A) 2 H™Y(B'X; A).

If X is connected (< B’X is connected),

e 7 (B'X) = the “fundamental group” of X.
o WQ(B/X) = WQ(BQX)

~ #X < 0o = #[F; B'X] <
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Universality among 2- and 3-cocycle invariants

¢ : a quandle 2-cocycle < a 1-cocycle on B’X
1 : a quandle 3-cocycle < a 2-cocycle on B’X
C : an X-coloring of a surface link diagram D

rem = (C): F — B'X
@ universality among 2-cocycle invariants:
©4(C) = (Ex(C))'¢ € H(F;A)

@ universality among 3-cocycle invariants:
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Ex.
@ dihedral quandle Ry (k: odd)

7T1(B/Rk) = 0, WQ(B/Rk) = Z/k}Z

—_ eqyv. )
~ Ep, < a 3-cocycle inv.

@ tetrahedral quandle ),

m(B'Q4) = Z/2Z, 1(B'Qy) = 7.)27 & 7./87.
Ho(B'Qy) = 7.)27 & 7,/47.

~ 2q, Is stronger than 2- and 3 cocycle invs.
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—>

(cat;lin)g @ } 1 twists
K (min)

(m, V)- m sheets
cabling }VQ/)S



QCI of cabled surface knots — idea

~— X" is a quandle.

x = (2,0, Xp)

X"™-coloring on D

xT_K— >

~— 7 is a "kink map".
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QCI of cabled surface knots

X : a finite quandle Y : a 3-cocycle on X

def

XM= X™/x ~ 7%z : the quotient quandle

Theorem
There exists a map fé}m’y) . [F; B’ X™] — Z[A] such that

Ty (Fm)) = 37 £ (2,(0)) € Z[A],
C

where C is taken over the X"-colorings on F'.
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Proof  xm . quandle m AT =BX™

T I l : cyclic cov.
7 : kink map BX™

'} v " > lift?

X"—colon F Lift

_ (m,v)
[m(F) = Z/NZ] = —v ~  X-col. on F

monodromy rep.
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Proof

v~ lift =,(C):
Y (O BX™):pr. U(l)-bdle
- Q)
oA 1l
F — BXm"
= (€)

Z,(C) € [F;Y] is determined by Z,.(C) € [F, B'X}"]

claim 7 € H*(Y; A) s.t. U,(C) = (Z,(C)*, [F)).
{ 2 — cells of E’}(E?

- 2-cells of Y : T
(1 — cells of B’X™) x [0,1] (fiber)



Proof

w(a’;, y) z) 43 — 2
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