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cabling

K K(m,n)

inv. of K(m,n) = inv. of K↑
cabling formula

(paral.) Jones polyn. (J. Murakami; 1989)

Kontsevich inv.
(D. Bar-Natan, T.T.Q. Le, D.P. Thurston; 2003)
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Quandle cocycle invariants (CJKLS; 2003):
3-cocycle

↓⇝ weight

Aim QCI of F (m,ν) = inv. of F

T. Naruse (2015) - I. (2016):

QCI of

cabling

kink

cocycle inv.

RCI

3-CI

2-CI (CSS; 2006){=
(Alex. cases)

eqv.

=
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3-cocycle inv. 2-cocycle inv.

kink cocycle inv.

component-wise ver.shadow cocycle inv.

generalized

cocycle inv.
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2-cocycle inv.

nk cocycle inv.

component-wise ver.

quandle homotopy inv.
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shadow cocycle inv.

generalized

cocycle inv.

quandle homotopy inv.

modified

homotopy inv.
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A surface knot F is the image of

↪→
smooth

R4

F ⊂ R4

↓ ↓

⊂ R3 : a diagram of F
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X = (X, ∗) is a quandle

def⇔


(Q1) x ∗ x = x,

(Q2) the map X ∋ a 7→ a ∗ x ∈ X is a bijection,

(Q3) (x ∗ y) ∗ z = (x ∗ z) ∗ (y ∗ z),
for ∀x, y, z ∈ X.

x y z x zy

y*zz z y*z(x*y)*z (x*z)*(y*z)

    = (x*y)*z

RⅢ

Q3
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Ex.

dihedral quandle Rk = Z/kZ.

x ∗ y = 2y − x.

tetrahedral quandle
Q4 = Z[T ]/(2, T 2 + T + 1).

x ∗ y = Tx+ (1− T )y.

Alexander quandle
X : a Z[T±]-module

x ∗ y = Tx+ (1− T )y.

y

*y

*y
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ϕ : X ×X → A is a quandle 2-cocycle
ab.grp.

def⇔
ϕ(x, x) = 0.

ϕ(x, y)− ϕ(x, z)− ϕ(x ∗ y, z) + ϕ(x ∗ z, y ∗ z) = 0.

ψ : X ×X ×X → A is a quandle 3-cocycle

def⇔
ψ(x, x, y) = ψ(x, y, y) = 0.

ψ(w, y, z)− ψ(w, x, z) + ψ(w, x, y)

−ψ(w ∗ x, y, z) + ψ(w ∗ y, x ∗ y, z)− ψ(w ∗ z, x ∗ z, y ∗ z) = 0.

Ex. ·H2
Q(Rp;Z/pZ) = 0

H3
Q(Rp;Z/pZ) ∼= Z/pZ (Mochizuki 3-cocycle: a gen.)

·H2
Q(Q4;Z/4Z) ∼= Z/2Z

H3
Q(Q4;Z/4Z) ∼= Z/2Z⊕ Z/2Z⊕ Z/4Z.
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X-coloring of a diagram D: {sheets} → X such that

x1

y
x2 x1 ∗ y = x2

quandle cocycle invariant:
ψ : a quandle 3-cocycle of X

fin.qdle.

Ψψ(F ) =
∑
col.

∏
tri. pt.

ψ(x, y, z)± ∈ Z[A].

x

y z

(Ψψ(C) =
∏
ψ(x, y, z)± for C ∈ ColX(D))

= {X-cols.}
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X : a finite quandle ϕ : a quandle 2-cocycle on X
F : a surface knot D : a diagram of F

C : an X-coloring on D

F A
⊂ ∈

a loop γ 7−→
Φϕ(C)

∏
ϕ(x, y)±

x

y
γ

⇝ Φϕ(C) ∈ Hom(H1(F ), A) ∼= H1(F ;A)

The quandle 2-cocycle invariant:

Φϕ(F ) :=
∑
C:col.

Φϕ(C) ∈ Z[H1(F ;A)]
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The quandle space BQX (FRS ’95, Nosaka ’13)

2-cells:

1-skeleton:

3-cells:

(x,y)
x

x*y

y

(x,y,z)
x

(x*y)*z

x

(x,x)

x
y

y

y

z
z

y*z

x

4-cells: (x,y,z,w) (x,y,y) (x,x,y)
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The modified quandle space B′X

0-cells:

2-cells:

1-cells:

3-cells:

x y

x x*y

(x,y)

(x,y,z)
x x*y

x*z (x*y)*z

(x,y,z,w)
x x*y

(x*y)*z

x*w

(x*z)*w ((x*y)*z)*w

x
(x*y)*y

x*y

(x,y,y)

x

(x,x)

x x*y

(x,x,y)

BQ XX

E
is

e
rm

a
n
n
 (2

0
1
4
)
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The modified quandle space B′X

0-cells:

2-cells:

1-cells:

3-cells:

x y

x x*y

(x,y)

(x,y,z)
x x*y

x*z (x*y)*z

(x,y,z,w)
x x*y

(x*y)*z

x*w

(x*z)*w ((x*y)*z)*w

x
(x*y)*y

x*y

(x,y,y)

x

(x,x)

x x*y

(x,x,y)

BQ XX

E
is

e
rm

a
n
n
 (2

0
1
4
)
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0

1

colored diagram

⇝
1

1

0

2

lower graph

F ⊃

y
z

x

x
x

−→
Ξ′
X(C)

x*z

(x,y,z)

x (x,y)

(x,z)

x*y*z

x*y

x (x,x)(x,x)

⊂ B′X

The modified homotopy invariant:

Ξ′X : ColX(D)→ [F ;B′X]
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generalized link diagram (CKS; 2001):

shadow coloring on gen. link diag.

y

x

x*y

x

y

x*y
x

x
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Another definition:

Π′F (X)
def
=gen. diag.

on F

w/color


/

x

y y
y

y

x

y
x

x

x x

x

x
x

x

y

x

x
y

Reidemeister moves ⅠⅡⅢ

.

Ξ̄′X : ColX(D)→ Π′F (X)
bij.∼= [F ;B′X]
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n-cells of BQX ↔ (n− 1)-cells of B′X

⇝ HQ
n (X,A) = Hn(B

QX,A) ∼= Hn−1(B
′X,A),

Hn
Q(X;A) = Hn(BQX;A) ∼= Hn−1(B′X;A).

If X is connected (⇔ B′X is connected),

π1(B
′X) ∼= the “fundamental group” of X.

π2(B
′X) ∼= π2(B

QX).

⇝ #X <∞⇒ #[F ;B′X] <∞
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Universality among 2- and 3-cocycle invariants

ϕ : a quandle 2-cocycle ← a 1-cocycle on B′X
ψ : a quandle 3-cocycle ← a 2-cocycle on B′X
C : an X-coloring of a surface link diagram D

rem Ξ′X(C) : F → B′X

universality among 2-cocycle invariants:

Φϕ(C) = (Ξ′X(C))∗ϕ ∈ H1(F ;A)

universality among 3-cocycle invariants:

Ψψ(C) = ⟨(Ξ′X(C))∗ψ, [F ]⟩ ∈ A
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Ex.

dihedral quandle Rk (k: odd)

π1(B
′Rk) = 0, π2(B

′Rk) ∼= Z/kZ.

⇝ ΞRk

eqv.←→ a 3-cocycle inv.

tetrahedral quandle Q4

π1(B
′Q4) ∼= Z/2Z, π2(B′Q4) ∼= Z/2Z⊕ Z/8Z.

H2(B
′Q4) ∼= Z/2Z⊕ Z/4Z.

⇝ ΞQ4
is stronger than 2- and 3 cocycle invs.
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K

(m,n)-

cabling

7→
}n twists

m strands

K(m,n)

γ

F

(m, ν)-
cabling
7→

}ν(   )

twists

γ

m sheets

F (m,ν)

(ν ∈ H1(F ;Z))
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QCI of cabled surface knots — idea

x1

xm

X-coloring on D(m,ν)

↔
x = (x1,…, xm)

Xm-coloring on D

x y

x*y

⇝ Xm is a quandle.

x τx

⇝ τ is a “kink map”.
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QCI of cabled surface knots

X : a finite quandle ψ : a 3-cocycle on X

Xm
τ

def
= Xm/x ∼ τ kx : the quotient quandle

.
Theorem..

......

There exists a map f
(m,ν)
ψ : [F ;B′Xm

τ ]→ Z[A] such that

Ψψ(F
(m,ν)) =

∑
C

f
(m,ν)
ψ (Ξ′Xm

τ
(C)) ∈ Z[A],

where C is taken over the Xm
τ -colorings on F .
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Proof Xm : quandle
+

τ : kink map
←→

B̃′Xm
τ ↶ τ ≓ B′Xm

←
− : cyclic cov.

B′Xm
τ

Xm
τ −col on F

[π1(F )→ Z/NZ] = −ν
lift⇝ X-col. on F (m,ν)

monodromy rep.
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Proof
ν ⇝ lift Ξ̃ν(C):

Y (⊃ B̃′Xm
τ ) : pr. U(1)-b’dle

Ξ̃ν
(C)

−→ ↓
F −→

Ξ′
Xm
τ
(C)

B′Xm
τ

· Ξ̃ν(C) ∈ [F ;Y ] is determined by Ξ′Xm
τ
(C) ∈ [F,B′Xm

τ ]

claim ∃ψ̃ ∈ H2(Y ;A) s.t. Ψψ(C̃) = ⟨Ξ̃ν(C)∗ψ̃, [F ]⟩.

· 2-cells of Y :

{
2− cells of B̃′Xm

τ

(1− cells of B̃′Xm
τ )× [0, 1] (fiber)
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Proof

ψ̃(x,y,z) “ = ” Ψψ

 x

y

z



ψ̃(x,y) “ = ” Ψψ


x

x y

τx


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