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M: a closed oriented 3 -manifold.
P = { ¢ };telR © @ non- singular flow on M
( 9enemieo{ by & non- singular vector field X on M ).
A compact oriented surface Y ¢ M is a normal section for P
3‘;7 (i) 2 X (P""'I'"’"—'y transverse )
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® Pc M: a branched Fol//neo{mn.

@ M-P = Int2 x (0.1),
In Parficu{a.r, Z T Dz = M ._P T Tnt Ds.

~ P is a ‘How'Sff"e Df (M, ¢) . P is carried b)’ P .




Definition
PcM: a flow-spine of (M, &)

<> (i) Pisa spine , ie. M-P 2 I D i
def

(ii) VP €P, 3a rosii’.’ve chark (U; x,9,2) of M around P s.t.

: d- t/yc vertex r- £ype vertex

w.vap) 3 5' .

where @ on U s generated b/ 72 ; and

/
------------------ where
(i) M- P = x
\ / % ® on M-P is
2

generatea( b] 22




Frogosi'h'on AR

v M : a closed oriented 3 -manifold , e
v § : A& non- Singu’ar 'Flow on M , | R
P B
’ a Flow- spine Pof (M.2). P [ocal normal
Section zf

Vertices o'f' a 'How - SFin&

1‘1'}'?6 V—'l'ype

- P has ax least 1| vertex ; and
A 'How-spine P is Eas;t.'ve, if g veriex i a
-V vertex of P is of 4-ype.



M : a closed oriented 3 -manifolol

® = {Pip : @ non-singular flow on M
> (= D*) ¢ M : @ normal section for $
> P M aflow-spine of (M,3).

P‘ (2, T (3Z))
|

v’ 3 - regular graph
/

(X, T(2X))




Example

Positive abalone P ¢ 53

1-%ype
Nbol ( S(P); P)

3

Pis a flow- spine of the flow on S

whose orbits form the Seifert fibration
with a rEju.'ar fiber a positve trefoil .
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M : an orienkted 3 - manifold
Definition
(1) d&: G 1-form on M.

A (s a (FDSifiV&) Contack ‘Form on M &
olef

(2) ‘g :a 2-flame field on M .

g is & (F"s;t"""—) contact Structure

<=—f 30( Ca (Fos;t]ve) conlack farm on M
ole
St. % = kero,

Ardd >0,
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Definition (Mn. £.). (Mz, 5:) : confact 3 -manifolds

(MI, $5,) = (M:,%2) contactomorphic

= af : M, = M, a.of:‘ffeomorf{ism s.t. f:r (;l) = gﬂ-
def ~
Coniaci'om::rrﬂism

Theorem ( Darboux 18282 )

Vo : a contact form on an oriented 3 -manifold M , 4 pe M,
3 coordinates =, 4,2 on an open nei;hborhood UcsM of P sk.
p= (0,00) and o]y = dz + xdj.

In Farficular,

(v, kerdlv) x (V, gmlv) , where VR’ : an open Sek

v
| > 0




Theorem (6”'”‘7 1959 )

M : a closed oriented 3-manifolol
{de} a smooth family of contact forms on M
£ € [on]

= Jan isotopy (Y2 3peroy st. (¥2),(%:) = §¢ Vrelon]

Theorem [ Martinet 1971, Thurston ‘W.‘nl:elnlzemfer 1975 )

Every closed orienteod 3-manifold admits @& contact SAructure.

[raHem M : a closed oriented 3-manifold
Class'o'f/ {contaci’ structures on M } / isutopy or Confacfamarfhmm'
1]

Cont (M)

Tight (M) v OT (M)



Theorem {Eh’as‘hber; 1989 )
M : & closed orientes| 3-manifold .

LTT ) [y < Leooric 2o plunehelden M

Theorem Tight (M) /,'safo” is classified when
® M = 5* (Eliaskbers 1929)
e M = T® (Kanda 1997)
® M =LI(p3g) (Giroux 2000, Honda 2000 )
®© M= -2(2,3,5) (Etnyre- Honda 2001) ete.

)

Theorem ( Giroux 2°002)
M : & closed oriented 3-manifold .

Cont (M) /' —> {open book 0‘260"‘]?.’3 of M } Fas;xive

501'0}9/ I=1 Hurf lenbin; _




Definition

(1) o : acontact form on a closed oriented 3-manifold .
R« : the Reeb vector field on M

& (i) dL [Re,-) = 0 i and

o o (R

(2) The Reeb flow id o-f A (s @& ‘F'DN j’enerai‘eo{ b}' Ro(.

A2
Example ﬂ
() (R?, dyyy =dz +xdj ). ﬂ/\;ﬁ
' ;
Ro(std= 7z . \S\§;\
L
g




[2) (,S;' 0‘5’0‘) N
The orbits of é“:ﬂ form — |-

the Hopf fibration of s,

Lemma
M : @& closed orientesd 3-manifold .
do, d, : contact forms on M,

Rdo = R.c, =  kerdo x ker o,

;Snforic

( Proof ) Gym/ S‘tabili‘ty. a
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M : a closed oriented 3-manifold
Definition
A contact structure § on M is supported by & flow - spine P e M
it 3 a contact form & on M st
(i) % = kero i and
(i) Pisa flow-spine of (M, 3,) .
the Reeb flow of o

M We consider § modulo :'sol’of)r .



Example

Positive abalone P < N

1-%ype
Nbol ( SCP); P)

P IS a ‘flow—sfine. O‘f -H|€ -Flgw on 53

whose orbits form the Seifert Fibration
with a re;ulm fiber a trefoil .

~— P Surforxs gstd.



Theorem [ Ishii- Ishikawa - K. = Naoe )

|, V positive flow spine P c M,

3 A Contoct structure g Supparteaf b] P.

s P cM: a Posil‘in ‘How- spine .
%o, §, ° contact Structures on M supporte by P.
@ Eo = gl .

isetopic
3, VConi'acI Skructures g on M.
3 positive £ low - spine PeM Suffartin; 5.

o~ M : & closed orientes 3-manifold .

{Posi‘tive -flow-srines of M} —»  Cont (M) /I'Sofof/



Theorem ( Ishii- Ishikawa - K. - Naoe )

|V positive flow spine P c M,

3 A Contoct structure 1 ,Sur’)orted b) P .

(1dea)
Constructive . ( Simidor £o Thurston - Winkeln kemper s arjument. )
P c M:a positive flow spine .
* Using the stratification V(P) ¢ S(P) ¢ P <M,
we define a 1-form 7 on M st. ] ad] 20.

- [ We use the foﬁi‘ivii] of P here.)
7 %= dz m

2/3: a”l-‘formnon P w/ dF>0 on P



~> iz P + R /AR ] rezuireo( contact 'farm on M |

/ \
extension of Sﬂfficienﬂy
F to H ,ar’e

Wh/ Fasii«'ve -Haw—Sfine (,[—iyfe) ?

vertex

Ye’mn
“ @

: dw




Theorem ( Ishii- [shikawa - K. = Nace )
2 PeM: a Posil‘iw flow - Spine .
$,. §, : contact Structures on M supported by P.

> 5. = §,.
|Sn1'orit.
(1dea)
'§0= kero(a, ?|=kerd1 ‘
Usinj 7' we find a I'Para.mefer ‘famiﬁ] {O‘t }7(‘6[0,:] of

contact forms on M .
The conclusion follows from @my Sia.bil:t/_ a



Theorem ( Ishii- Ishikawa - K. - Naoe )

3. Veontact structures 3 on M,
3 o positive flow-spine Pe M supporting § .

(1dea)
t e an open book o(ecomr, of M supporting &

[Giroux ZOUOJ

~> @ positive flow - spine Supporfing 5. o



The positivity condition for Hlow - spines is reallj essentiad 7

Yes !

Theorem [ Ishii- Ishikawa - K. - Naoe)
M :a 3—mam‘+‘a'0( adm;ttl'ﬂj Qa fn?‘f contact structure .
> 3 A non - positive Flow - spine P ot M s.t.

(i) P does not Sufpori‘ an/ Contact structure ; or

(i) P suFFori‘s Awo non- isotopic Contact sikructures .
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M : a closed orientesd 3-manifold
g : a4 contact structure on M
Definition

Pisa Fos«‘x.'ue, flow-spine}

c(M,%) a(ff min {-ﬁ of vertices of P Supporting g

Recall

c(M.§) =1 <& (M. §) = (5% %)



c(M,%) = 1 (M. %) =2
(5% $5ea)

doubu br. cover
a,on’ Qa S‘in’ultr

-f.'Ler ( unkno"')

o

(=, 7'(935)) (2, T(a2))

double br. cover
alon’ a n’ular

) fiber (trefoil)

(S;- gs,td )
(L“' 2), gfi;(t)

Y

>

(2, 7'095)) (2, T(2%))

I 3 fiberwise
Seifert fibration of S “cois” surgery
with a rezular fiber a trefoil.

(2, 7'(033)) (2, T(a2))

>

(2, 77'033)) (2, T(22))



c(M.%)
! (5% $saa)
(RP? Stz

2
(L(3.2), Stght )
(L13.1), $epue )
] (L(%.3), Stz ) r to be corfimed

(L (5.2), %tpe )
(2 (2.3.3) .Stz )

Remark
# of #ight contact structures on [ens spaces (ur Ko isotopy ) -
53 ‘IRFB L(3.1)| L(3.2)|L(41) L(‘I;B)‘LlS,l) L(s.2) L(s.q.)‘

T T



Theorem ( Ishii- Ishikawa - K. - NMG)
The wmplexit/ of the fink of Sl'n;wlun't/ of
flry,2) = x"+ 72"

with the contact structure given by the Complef }fan;enc/ is at most n .
It is exacﬂ/ nif nss




