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procedure euclid(a, b) {
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if (r ==0)
return b;
else
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1936.] ON COMPUTABLE NUMBERS. 249

9. The extent of the computable numbers.

No attempt has yet been made to show that the “computable ”” numbers
include all numbers which would naturally be regarded as computable. All
arguments which can be given are bound to be, fundamentally, appeals
to intuition, and for this reason rather unsatisfactory mathematically.
The real question at issue is *“ What are the possible processes which can he
carried out in computing a number?”

The arguments which I shall use are of three kinds.

(@) A direct appeal to intuition.

(b) A proof of the equivalence of two definitions (in case the new
definition has a greater intuitive appeal).

(¢) Giving examples of large classes of numbers which arve
computable.

Once it is granted that computable numbers are all ““computable .
several other propositions of the same character follow. In particular, it
follows that, if there is a general process for determining whether a formula
of the Hilbert function calculus is provable, then the determination can he
carried out by a machine.
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17 or 999999999999999 is normally treated as a single symbol. Similarly
in any European language words are treated as single symbols (Chinese,
however, attempts to have an enumerable infinity of symbols). The
differences from our point of view between the single and compound symbols
is that the compound symbols, if they are too lengthy, cannot be observed
at one glance. This is in accordance with experience. We cannot tell at
a glance whether 9999999999999999 and 999999999999999 are the same.

The behaviour of the computer at any moment is determined by the
symbols which(he is observing, and his ¢ state of mind”’ at that moment.
We may suppose that there is a bound B to the number of symbols or
squares which the computer can observe at one moment. If he wishes to
observe more, he must use successive observations. We will also suppose
that the number of states of mind which need be taken into account is finite.
The reasons for this are of the same character as those which restrict the
number of symbols. If we admitted an infinity of states of mind, some of
them will be ‘“ arbitrarily close ’’ and will be confused. Again, the restriction
is not one which seriously affects computation, since the use of more compli-

cated states of mind can be avoided by writing more symbols on the tape.
Let us imagine the operations performed bv the computer to be split up
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As soon as an Analytic Engine exists, it will necessarily

guide the future course of the science. Whenever any result
is sought by its aid, the question will arise—By what course
of calculation can these results be arrived at by the machine
in the shortest time? — Charles Babbage (1864)

5%@]‘)?1‘5‘5%55 (Analytic Engine)
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