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Analytic-Liouville-nonintegrable Hamiltonian
systems

By

Masafumi YOSHINO *

Abstract

This paper deals with analytic-Liouville-nonintegrable and formally Liouville-integrable
Hamiltonian systems. In the study of the integrability in a sectorial subset of a neighborhood
of a singular point we will show that so-called hyperasymptotic expansions naturally enter in
the analysis.

§1. Introduction

A Hamiltonian system in n degrees of freedom is said to be C'°°-Liouville-integrable
if there are n smooth first integrals in involution which are functionally independent on
an open dense set. If the first integrals are analytic, then we say that it is analytic-
Liouville-integrable. In the paper [1], Gorni and Zampieri showed the existence of
a Hamiltonian system with two degrees of freedom which is not analytic-Liouville-
integrable, while it is C°°-Liouville-integrable. Their example shows a new phenomenon
which was not studied in the preceeding works. (cf. [2] and [3]). The proof of analytic-
nonintegrability relies on the power series expansion of a first integral. On the other
hand, the C°°- integrability was proved by constructing concretely a smooth first in-
tegral. In order to prove the theorem they assumed that the Hamiltonian vector field
has a special subsystem depending on fewer variables. (cf. Remark after Corollary 2.2.)
We are interested in the analytical structures which yield nonintegrability and we are
also interested in whether similar phenoma occur for more general Hamiltonians. In
this note we extend the analytic-nonintegrable Hamiltonian in [1] to a certain class of
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Hamiltonians (2.2) where r depends on p; and ps. For these Hamiltonians, we cannot
construct a nonanalytic first integral concretely, and instead we make use of a hyper-
asymptotic expansion in order to construct such an integral. Hyperasymptotic series
in the above situation is closely related with the characteristic structure of a certain
vector field obtained by restricting a given Hamiltonian vector field to an invariant
manifold. The introduction of hyperasymptotic series is also convenient in constructing
nonanalytic first integrals at least formally although there still remains a problem of
convergence for general Hamiltonians. We will discuss the problem in a future.

§2. Analytic nonintegrability

Let 0 > 1 be an integer and let ¢; > 0 and co > 0 be positive numbers. Let
7(q1, g2, p1,p2) be an analytic function of (q1, g2, p1,p2) € R* in some neighborhood of
the origin 0 € R* such that

(2.1) r =7(q1, 2,1, p2) = €147 + c2qs + 7(q1, g2, D1, P2) G5,

where 7(q1, g2, p1, p2) is analytic at the origin. We are interested in the following analytic
Hamiltonian in R* with two degrees of freedom

(2.2) H = _QZPQaqlr + (TQ + QQafhr) P1,

where 9,, = aiql and 9y, = 8%2. The associated Hamiltonian system is given by

(4 = OH/(Op1) =12+ @204 + (2r0p, 7 + q204,0p, 7)P1 — q2p20p, 0y 7,
Go = OH/(0p2) = —q20q, 7 — @20204, Op,7 + P1(270p,7 + q204,0p,7),
p1=—OH/(0q1) = qop20;,1 — (2rg, T + 204, 04, 7) D1,

| P2 = —OM/(9g2) = P204, + q2p20y, Dy, — (270g,7 + Oy + 4203, 7) P1.-

Then we have

Theorem 2.1.  The Hamiltonian system (2.3) is not analytic-Liouville-integrable
in any neighborhood of the origin. More precisely, for any analytic first integral u =
u(qy, q2,p1,p2) of (2.8) in R*, there exists a function ¢ of one-variable, being analytic
at 0 € R such that u = ¢ o H.

We have the following

Corollary 2.2.  Suppose that 0 =1, ¢; = co = 2 and r = 2(¢% + q3) in (2.1).
Then the Hamiltonian system (2.3) is not analytic-Liouville-integrable in any neighbor-
hood of the origin.
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Remark. Theorem 2.1 is a generalization of [4, Theorem 1], where the function r
in (2.1) was supposed to be independent of p; and py. Corollary 2.2 was proved in [1]. In
this case, it is not difficult to see that (2.3) in Corollary 2.2 is C'*°-Liouville-integrable,
because it has a smooth first integral

(2.4) u— {QQ exp (—3) if (q1,q2) # (0,0),
0 if (q1,92) = (0,0).

On the other hand, it is not known whether (2.3) in a general case has a nonanalytic
first integral because one cannot construct the first integral of (2.3) concretely since r
also depends on p; and py. In §4 we will study the integrability from the viewpoint of
hyperasymptotic expansions.

§3. Proof of theorem

The proof of Theorem 2.1 is done by the argument in [4]. For the sake of complete-
ness we give the proof.

Proof of Theorem 2.1. By the suitable change of the variables ¢; and ¢ one may
assume that ¢; = 1 and ¢ = 1. Let u = u(qy, g2, p1, p2) be any analytic first integral of
(2.3). We note that u is the first integral of the Hamiltonian system (2.3) if and only if
u is a solution of the following first order equation

ou

{Ha U} = ((Dp28§17' (27’8(]17“ + Q28q1 8Q2r) pl) 3]91

ou
+ (p28q17’ + QQp2aq18q2T - (2T8Q2T + 8Q2T + Q28§2T) pl) 9.

Op2
5 ou
+ (7’ + Q28Q2T + (2T8p17’ + QQ&Iz 8p17’) QQp28p1 8(117’) 8q
ou
(3.1) + (_Q28q1r q2p204, Op,7 + p1 (27’31327' + q23q28p27°)) EXS =0.
We define
(3.2) v =v(q1,p1,p2) = u(q1,0,p1, p2).

By setting g2 = 0 in (3.1) and noting that 9,,7(q1,0) = 0 and r(q1,0) = ¢} by (2.1)
with ¢; = 1, we obtain

ov ov ov
3.3 20py— — 4 — g ——=0.
(3.3) 7P O 70D op1 ra g1
We expand v into the power series of ps, v = Z?io v (ql,pl)pg. Then we see that
vj(Qlapl) (.] = 07 17 .. ) Sa’tiSfy

Ov; ov;
3.4 207 4 2041270 — 0, j=0,1,2,...
(3.4) ojvj — 40¢; p1 1 L+ g7 90, J
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We want to show that v; = 0if j # 0, and v = ¢(p1¢{?) for some analytic function ¢(t)
of one variable. Indeed, we expand v;(q1,p1) = >, vj.v(q1)py. Then, by substituting
the expansion of v; in (3.4) we obtain

O
(3.5) 20jv;,, — dovgiv;, + q%f’“% =0, j=0,1,2,...
a1
If we expand v;, into the power series of ¢;, then we can easily see that v;, = 0 for
all v =0,1,...,if j # 0. Hence we have v; = 0 if j # 0. It follows that v = vo(q1,p1).
Moreover, by (3.4) v satisfies the equation
ov ov

—4op1— +q1— =
P1 q1 a0,

0.
op1

If we substitute the expansion of v into the equation, then, by simple computations, we
easily see that v = ¢(p1¢;°) for some analytic function ¢(t) of one variable. This proves

the assertion.
It follows from (2.2) that v = vg = ¢(p1qi°) = ¢(H|g=0). We define

(3.6) 9(q1, g2, 1, p2) = u(q1, g2, p1,p2) — O(H).

By (3.2) and by recalling that H is a first integral we see that g is an analytic solution
of (3.1) such that ¢g(¢1,0,p1,p2) = 0. In order to prove Theorem 2.1 we shall show
9(q1,q2,p1,p2) = 0 in some neighborhood of the origin. First we will show that

(3-7) Q(QL qQ,p1,p2) = ¢ (p1Qila)p2qQ + hz(ql,pl,pz)qS + E3(Q1a Q2,p1,p2)qg’,

for some analytic function ¢; of one variable and analytic functions ho and 53. Because
g is analytic we have the expansion

(3.8) 9(q1, 2, p1,2) = 91(q1, 1, 02)q2 + ha(q1, p1, p2)a5 + h3(q1, g2, p1,2) G-

We substitute (3.8) with u = ¢ into (3.1) and compare the coefficients of ¢2. By (2.1)
we have

g1 dg1 2041 091
3.9 —40¢2°p1=— + 20 (pz— - 1) +¢7 —=0.
(3.9 ! P1 Ip2 g ! Iq1
By substituting the expansion g1(q1,p1,P2) = >.poeo 91,m(q1,p1)py" into (3.9) and by
comparing the coefficients of p5' we obtain

6gl,m

20+1991,m -0
Op1

+20(m —1)g1,m + @4 o0

(3.10) —40q37p,

If m # 1, then we obtain a similar equation as for v; in (3.4). Hence we have g ,, = 0 if

9911 9911 __
Op1 Ta oq1

m # 1. It follows that g; = g1 1p2, and g; 1 satisfies the equation —4op;
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0. By the same argument as in the above, we see that g1 = g1,1p2 = ¢1 (pl(ﬁa)lb for
some analytic function ¢; of one variable. This proves the assertion.
Let us now suppose that

n—1 n—1

(3.11) 9(q1, 92, p1,2) = bn—1(p11° )P~ "5
+ hn(q1,01,02)05 +hn+1(ql,Q2,p1,p2)qg+l,

for some n > 2, some analytic function ¢,_; of one variable and analytic functions
hn(q1,p1,p2) and iznﬂ(ql,q%pl,pg). Then we substitute (3.11) into (3.1) with u = ¢
and we compare the coefficients of ¢§. By (2.1) we have

2pho (20 — 1)¢}7 3¢, — dogy 1291—1 —4(g3” + 1)(n — D)p1ph 2bn1

op
oh oh
3.12 +20q17 ! ( — —nhn) + == =0
(3.12) h Py Y o0
By substituting the expansion hy,(q1,p1,p2) = D rero Pn,m(q1, p1)p5* into (3.12) and by
comparing the coefficients of pj~ 2 we obtain
6hn n— o
(3.13) —dogio- 1p1TQ —4(g? + 1)(n — Dp1opn_1
1
6hn n—
- 4O-Q%G_lhn n—2 + ila 2 =0.
Iq1
We will show that
(314) hn,n—2 = 0; ¢n—1 =0.

If we can prove ¢,_1 = 0, then it follows from (3.13) that v := h,, ,_o satisfies a
similar equation as (3.4). Hence, by the same argument as for (3.4) we have h,, ,_2 = 0.
In order to show ¢, 1 = 0 we insert the expansions

o0
(315) ¢n 1 plQl Z¢n 1 kpllcqiloka hnn 2 QIapl Zhnn 2,k ql
into (3.13) and compare the coefficients of p¥. Then we obtain, for k > 0

O n—
(316) 4O-Qila 1khnn 2k_40-q20 lhnn 2k+q£110 6 28
q1

— 4@+ 1) (n— D1 1q17 Y,

where we set ¢,—1,-1 = 0. If we set ¢ = 0 and £ = 1 in (3.16), then we obtain
0=4(n — 1)¢p_1,0, which implies ¢,,_1,0 = 0.
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Suppose that ¢n_1 -1 # 0 for some k£ > 2. We divide both sides of (3.16) by
¢3!, Then the right-hand side of (3.16) is divisible by ¢i¥, N = 4o(k —1) +1 — 20 >
20 + 1. Because the operator —4okq?? + q%”“(d/dql) in the left-hand side of the
equation increases the power of gy, it follows that h,, 2 is divisible by ¢¥. We set
hon—2(q1) = 4 W(q1). Then we have q1(d/dgi)hnn—2k = ¢1' (N + q1(d/dq1))W. Tt
follows from (3.16) that W satisfies

(3.17) (N —40k)?°W — doW + q%f’“%
1

=4(n—1)¢n-14-1(¢7° +1).

We set W = Z?ial q{ W;(q?°). Because the right-hand side of (3.17) is a function of
g%, W; (1 < j < 20) satisfy

, S AW
(3.18) ¢ (N — 4ok + )W, — 4oW; + ¢} “Wf =

0.

By a similar argument as for (3.4) we have W; = 0 for 1 < j < 20. Hence we have
W(q) = Wo(qi?) =: V(t) (t = ¢39). Because q1(d/dq)V = 20t(d/dt)V, it follows from
(3.17) that

(1 —60)tV — 4oV + 207526;—‘; =4(n—1)¢p_1 -1t +1).

We expand V = Z;io Vit7, and set ¢ = 4(n — 1)¢p—1,,—1. Then we can easily see that

c c 6c—1 c 20— 1
Vo—— 20, v =-2 e _2-1
e T P TP
20(j—1)+1—60

4o

#0,

Vi=Via

It follows that V; grows like j! when j tends to infinity. Therefore V' (¢) does not converge
in any neighborhood of the origin. This is a contradiction. Hence we have ¢,,_1 —1 = 0.
Because k is arbitrary we have ¢,,_; = 0.

Next we set ¢,—1 = 0 in (3.12) and consider the coefficients of p§* (m # n). Then
we see that hy,,, satisfies a similar equation as for (3.4). Hence we have h, ,, = 0
if n # m, and hy,, = ¢,(p1gi°) for some analytic function ¢, of one variable. It
follows that hy,(q1,p1,p2) = hnn(q1,01)P5 = én(p19i?)ph. Hence we have (3.11) with
n replaced by n 4 1. By induction we obtain (3.11) for an arbitrary integer n > 2.

It follows from (3.11) with n replaced by n + 2 that, for every n > 0 we have
94,9(q1,0, p1,p2) = 0, where (g1, p1, p2) is in some neighborhood of the origin which may
depend on n. On the other hand 8(’;29(ql, 0, p1,p2) is analytic in some neighborhood of
the origin independent of n. By analytic continuation, we have 9p, 9(q1,0,p1,p2) =0
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in some neighborhood of the origin independent of n. By the partial Taylor expansion
9=72,04,9(q1,0,p1,p2)q3 /n!, we have g = 0. This ends the proof. O

8§4. Formal integrability

In this section, we will study the integrability of (2.3) from the viewpoint of hy-
perasymptotic expansions. First we study the formal integrability. Without loss of
generality we may assume that ¢; = co = 1 by a suitable change of the coordinates.
The terms in (3.1) which preserve the order of ¢y are given by

ou ou ou ou
4.1 Lu:=g 12 — — (o= 20 (g1 — — dop1—1) ) .
(4.1) ui=q ( o(p2g ~ — @p )t ol @y -~ domg ))
Then the equation (3.1) can be written in the form
(4.2) Lu+{H,u} — Lu=Lu+ Ru=0, Ru:={H,u}— Lu.

The Lagrange-Charpit system corresponding to £ is given by

dgy dqo B dp: dp2
“do do—1 20—1

(4.3)

s —20q7" g B —40q,” ", B 20q7° 'pa’

We integrate (4.3) by taking ¢; as an independent variable. By simple computations we
can easily see that the solution of (4.3) is given by

(4.4) a2 =q3exp (¢7°7), p2 = phexp (—q; %), p1 =pia; ™,

where qJ, p§ and pY are certain constants.
Because the solution of the homogeneous equation Lv = 0 is given by

(4.5) v = ¢(p1qi”, p2exp (q7°7) , g2 exp (—q; >7)),
with ¢ being an arbitrary function, we first construct a solution of Lv = 0 in the form
up = uo(py, p3) = uo(p1qi”, p2 exp (q; >7))

such that dug/0p9 # 0, where ug is an arbitrary function. We then construct a solution
u of (4.2) in the form

(4.6) w=""u;(qr,p1ai”, prexp (¢727)) (exp (—¢7*7) q2)
5=0

where uo (g1, 1417, p2 exp (g7 >7)) = uo(p14i?, p2 exp (g1 >%)).
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We note that R in (4.2) has analytic coefficients and R raises the power of g2 at
least by one. On the other hand we have

(4.7) c (Uj (exp (—q17) Q2)j) = (L) (exp (—4727) )

Hence, if we substitute (4.6) into (4.2) and compare the coefficients of ¢} of both sides,
then we have

(4.8) Lu; = ( linear functions of uj and their derivatives (k < j), j=1,2,...

We note that the right-hand side is a known quantity if we determine u; recursively.
We will solve Lv = f, where

V=" (Ch,pl(ﬁw,pz exp (‘h_%)) '

By making the change of variables (q1,p1, p2) — (q1,pY,pY) given by (4.4), the equation
Lv = f(q1,p1,p2) can be written in the form

(4.9) 417 (0v/0q1) = g(q1,p}, p3),

where
9= 9(q1,0%,0%) = fla1,pa: *7, s exp (—q; >7)).

Hence the solution of (4.9) is given by

q1
(4.10) o= / 17 g(s, 0, pY)ds,
a

where a # 0 is an arbitrary complex constant. If we go back to the original variables
q1, p1 and po, then we obtain a solution of Lv = f. Therefore we have a solution u of
(4.2) given by (4.6).

Finally, we will show that u is a formal integral of (2.3) functionally independent
of H. Hence our Hamiltonian system is formally Liouville-integrable. Indeed, if this is
not the case, then we have u = ¢(H) for some smooth function ¢ of one variable. If we
set g2 = 0, then we obtain

uo (p14i”, p2exp (¢,>7)) = ¢(H)| gm0 = D(P1017)-

This is a contradiction to the assumption that Oug/dp) # 0. Summing up the above we
obtain

Proposition 4.1.  Let ug(p,pY) be an arbitrary analytic function of p} and pY
such that Oug/0py # 0. Then (2.3) is formally Liouville-integrable in the sense that
(4.6) is a formal integral of (2.3) which is functionally independent of H.
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In the rest of this section we give an example for which the hyperasymptotic ex-
pansion (4.6) converges in some subset of a neighborhood of the origin. We consider
the following Hamiltonian corresponding to r = ¢i7 + ¢3

(4.11) H=—20q7""qop2 + p1 ((6}7 + 3)* +243) .

Clearly, the integral u is the solution of (4.2), where £ and R are given, respectively, by
(4.1) and

_ o ou
Ru= (20(20 — 1)(]21926]%or 2_ 40q% 1(]%]71) E
P1
ou ou
(4.12) —4p12(q)” + @ + 1) 5 — +a3(g3 + 2017 +2) 5~
Op2 oq
For simplicity we write (4.6) in the form
m -

=0

where ug = uo(p{,pY) can be chosen arbitrarily. In the following we take ug as a linear
function of p and p9

(4.14) uo(p?,p9) = c1pl + copY, c1,co, constants.

It is easy to see, from the construction of the formal solution that all u;’s are linear
functions of p? and p9. Namely we have

(4.15) u = Z (¢ja(a)pi + ¢j2(q1)pd) (42’
=0

for some functions ¢;1(q1) and ¢;2(q1). Let €9 be a small positive constant. Then we
define

(4.16) So:={q1 € C; 1] <eo} N {ql EC;RNE < 0} ,

where R ¢3° denotes the real part of ¢3°.
Then we have

Proposition 4.2.  Let the Hamiltonian H be given by (4.11). Then there exist
ad >0, an g9 > 0, neighborhoods V1, Vo of the origin in C and the formal integral u,
(4.15) such that u converges when

{(q1,92,p1,p2); 1 € So,p1 € Vi, p2 € Vo, |exp (—q7>7) 2| < 3}
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§ 5. Discussions and future problems

In the preceeding section we gave an example of a Hamiltonian system for which
(4.6) converges when ¢J is in some neighborhood of the origin and ¢; is in a sectorial
domain Sp. It is an open question whether (4.6) converges on the set of ¢;-plane which
contains a positive real axis. As to general Hamiltonians, it seems that the formal
integral (4.6) diverges because R in (4.2) has a loss of derivative. It is also an interesting
question whether (4.6) is summable with respect to ¢9. We will study these problems
in a future.
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