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1 Introduction

In this note, we consider the Cauchy problem of the quadratic nonlinear Klein-Gordon
equation in two space dimensions:

Ou—Au+u=F(u,0u), (tz)eRxR? (1.1)
u(0,z) = eug(z), Bu(0,z) = euy(z), = € R? (1.2)

where 0 = (8,01, 0), € > 0 is a small parameter, and F' is a smooth function of (u,w) €
R x R? satisfying

F(u,w) = O(|u)* + |w|*) near (u,w) = (0,0).

There are many studies concerning the global existence and asymptotic behavior
of solutions to the nonlinear Klein-Gordon equation. When spatial dimension n > 5,
Klainerman-Ponce [6] and Shatah [10] showed that the Cauchy problem (1.1)-(1.2) has
unique global solutions for small initial data and that the solutions asymptotically ap-
proach to the corresponding free solutions of the linear Klein-Gordon equation as t — co.
The proofs in [6] and [10] are based on the LP-L? decay estimate of solutions to the linear
Klein-Gordon equation.

When n < 4, the LP-L? decay estimate does not provide us a sufficient time decay
to construct global solutions. To overcome this difficulty, Klainerman [5] introduced the
invariant Sobolev space with respect to the generators of the Lorentz group and showed
the existence of global solution to (1.1)-(1.2) when n = 3, 4. Independently, Shatah
[11] introduced the method of the normal forms, which is the extension of the Poincaré’s
theory of normal forms for the ordinary differential equations to the nonlinear Klein-
Gordon equations, and showed the existence of global solution to (1.1)-(1.2) when n = 3,
4.
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When n = 2, Georgiev-Popivanov [2] and Kosecki [4] showed the existence of global
solution provided that the nonlinearity in (1.1) has the special form, which is called the
null condition and the unit condition. Then, the general nonlinearities are treated by
Simon-Taflin [12] and Ozawa-Tsutaya-Tsutsumi [8]. They showed that the existence of
global solutions for small data without any special structure of the nonlinearity. The proof
in [8] is based on the method of normal forms and the decay estimate due to Georgiev
[1]. See also [9)].

Above results require much regularity and decay on the initial data other than the
smallness, which is due to the use of vector fields such as

Qij = xz@j - x]@i Lj = $j(")t + tﬁj.

The purpose of this note is to give another proof and to relax the condition on the initial
data for the existence of global solutions to (1.1)-(1.2), when the nonlinearity takes a
special form. Especially, no decay assumption on the data is required. Our method is
based on the use of the normal forms and the endpoint Strichartz estimates in mixed
norms on the polar coordinates, which is proved in [3].

2 Main Result

In what follows, we focus on the following problem:

Ru—Au+u=Q(u,du), (t,z)€R<R? (2.1)
u(0,z) = eug(x), Bu(0,z) = eus(z), =z €R? (2.2)

where @ is given by
Q(u, 0u) = (8yu)? — |Vul* — u?/2. (2.3)

This Q is the simplest quadratic nonlinearity according to the method of normal form.
In fact, if we set
v=1u—u’/2, (2.4)

then v satisfies
020 — Av +v = —uQ(u, du) = C(u,Ou). (2.5)

Note that C(u,du) is cubic in u and du. The integral equation associated with (2.5) is
t
o(t) = U)o + Ult)os + / Ut — ¢)C(u(t), Bu(t)) dt, (2.6)
0

where

U(t) = cos[t(V)], U(t) = (V) *sin[t{V)], (V) = (1= 4),
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and v = ug — u2/2, v = u; — ugu;. From (2.4) we derive the integral equation in u as
¢
u(t) = U(t)vo + U(t)v; + / Ut —t)C(u(t), u(t)) dt’ + u(t)?/2. (2.7)
0

By using the transformation (2.4), we reduce the problem (2.1)-(2.2) to (2.7) which has
the cubic nonlinearity in the integrand. Such nonlinearity is easily handled by using
endpoint Strichartz estimates which will be introduced in the next section.

Remark 2.1. General quadratic nonlinearities are also canceled out if we choose a special
quadratic transformation

v =u— [u, K1,u] — [Ou, Ka,u] — [u, K3, Opu] — [Ou, Ky, Oyu),

where K1, ..., K4 are kernel functions on R? x R? and

fKsl@) = [

R2x

- fWK(z —y,z — 2)g(z) dydz

is a quadratic integral transformation with kernel function K. We notice that such method
also works well for the quasilinear case. For the details, see [8, 9.

Before stating our main result, we prepare some notation. Throughout this note we
denote the polar coordinates z = rw, r = |z| and w € S*. We denote by Ag the Laplace-
Beltrami operator on S and we set (V,,)* = (I — Ag1)¥?. For m € N and s > 0, we
define the space

H™H) = {f € S'®) || flzmes) = (V) fllap < oo},

where H™ is the usual Sobolev space on R%. We also use the following type of norm

szas = ([ 1rlerar) ™,

where LI = L(S").
Our main result is the following.

Theorem 2.2. Let ug € H?(HS), uy € HY(H?) for § > 0. If & > 0 is sufficiently small,
then there exists a unique solution u € C(R; H*(H?))NC*(R; H(HY)) to (2.7) satisfying

0ull Lgo rimrzreore, + lullLgomrimrzzeery < Ce,

for some C' > 0, where 6 > 1/q > 0.
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3 Endpoint Strichartz estimates

In this section, we describe endpoint Strichartz estimates for the Klein-Gordon equation
in two space dimensions without proof. For the proof, we refer to [3]. In the following,
we denote

U(t) = cos[t(V)], U(t) = (V) sin[t(V)],

which are the fundamental solution of the Klein-Gordon equation and its derivative in ¢.

The endpoint Strichartz estimates which we use for the proof of Theorem 2.2 is the
following. Such type of estimates for the wave and the Klein-Gordon equation in three
space dimensions have been introduced by Machihara-Nakamura-Nakanishi-Ozawa. in [7].

Theorem 3.1. Let n =2 and let 1 < g < co. Then, the following estimates hold.
||U(t)f||L§Lg°LZ, S Vallflle, (3.1)

IU@®allzzrers < valgllee- (3.2)

Moreover, we have

t
| [oe-tree, . $valFlm (33)
0 LI L, L
t
_ ! / / < 5. .
| [ ve-ncwra,, ., < Vi lGluz (34

For the proof of Theorem 3.1 we refer to [3].

4 Proof of Theorem 2.2

In this section, we give a proof of Theorem 2.2. For simplicity we consider the case ¢ > 0
since the other case is treated similarly. We construct the solution in the space

X = {u € C([0,00); H*(HJ)) N C*([0,00); H(H)) | llullx < oo},
where
llullx = [|0ull oo 1 (mgy + Il oo rrr a5y + ||3(Vw>6u||LgLsoLfL + ”(Vw)éu“LfL;mLZ,»
with 6 > 1/¢ > 0. To prove Theorem 2.2 we set the right hand side of (2.7) as
Blu)(t) = U(t)vy + U(t)vy + /Ot U(t —tC(u(t), du(t)) dt’ + u(t)?/2,

and show that ® is a contraction map on a small closed ball in X. Then, we are able to
find a unique solution u to (2.7) as a fixed point of ®.
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Since
N0f | ez + 1 f e casy S N lazeas) + 10ef | s,

we first estimate

@] )| 2z
<NU®@)vollgzagy + 1U @)1l m2as)

*° 1
+/0 Ut —t)C(u(t'), du(t) || sy dt’ + §I|U(t)2||H2(H3)
S IVe)vollzz + (Vu) vl + (VW) Clu, 0w rrm + (Vo) 0 || o 2
Similarly, we obtain

110:@ (] () | 2 (a3
<NU@)vollgragy + 1U @) vl mras)

o0 . 1
+/0 U —t)C(u(t'), 0wt )|l sy dt’ + §||at(u(t)2)||H1(Hg)
S V) vollmz + (Vo) 01l + (V) C lu, 80) |y + (V) ubeull ooy
Moreover, applying Theorem 3.1 we obtain

||V<Vw>5¢[u]||L§LgoLg
< “U(t)v<vw>6v0”L§Lﬁ<’LE, + ||U(t)v<vw>%1”L§LgoLg

1
+ 5||V<Vw>6uzl|L3LgoL3,

t
¢ ) ! / /
+ /0 Ut - )V Clule), dule )|,
SIVVY vl + IV(Ve)uillzz + IV(VL)°Clu, 0u) iz + IV(VL) u? | 22eorg
and
18:(V)° @] | 2o 1,
S NUE(Vo)vollzzsors + 1T (V) 01|l 2ree g
1
+|| / Ut — ) (V) Clult), 0u)) dt|| ,  + 3510Vl zzrens

S (V) vollzz + (V) o1l g + IIV(Vw>5C(u, Ou)ll sy + 10:(Vu)*u? |z eors,

Since the estimate on [|(V,,)°®[u]||21e1g is similar as above, we conclude that

1@fllx S V) vollzz + (V) vl g + (V) C 1w, 0) | 1y
+ (Vo) @l mz + (Vo) udpull o my + V(Vo) WPl 2rgere, (41)
+ ”8t<vw>6u2”L,?7L$°LZ, + |l(vw>5u2|lL§L$°L$~
In the following, we estimate the right hand side of (4.1). For that purpose, we prepare
the following lemma.
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Lemma 4.1. Let s > 0 and 1/p = 1/¢1 +1/r1 = 1/ga + 1/r2, 1 < p < 00, q1 # 00,
r9 # 00. Then, we have

I fgllzsn(sty S I lzsasyllgllorcsty + 1| zaz sy lgllrema(sny.-

For the proof of this lemma, see e.g. [7, §2].

Estimate of the first, the second, the fourth, and the fifth term on RHS of (4.1).
Since vy = up — u2/2, we have
(V) 2vollmz S lluollzzqaz) + (V) il 2. (42)

Applying Lemma 4.1 we estimate the second term on the ritht hand side of (4.2) as
follows. We first consider

118,08 (V) i 12

S IVVL)ouoll el Vol s + (V) uoll eo g VP00l 2222, + lloll o= | V2 (Ve) ol 2
S (Vo garslluollzrve + (V) ol 2o 1V ) 9 o] 2 + [[uol| 2 lwo | 2
S “u0“§{2(HE,)’

where we take 1/p+1/¢ = 1 and we applied the Sobolev embedding H'/4(S') — LP(S?).
The other terms ||V(V,,)%u}||z2 and ||(V.,)°ud|| 2 are easily handled to yield

(V) vollmz S Nuoll a2y + lluollie us)-

Meanwhile, since v; = u; — ugu1, we have

Vo) 2o lmy S llunllarsgargy + 14V) (o) | - (4.3)
For the estimate of the second term on the right hand side of (4.3), we first consider
IV (Vo) (uour)llzz S (V) Vol zallua |l o + [|Vetoll 4 (V) un | o
+ (V) ol e g Vel ae, + 1ol zee (V) Vit [ 12
S ||U0||H2(Hg)||’U'1|1H1(Hg).

The other term [[(V,,)°(uou1)||z2 is easily handled to yield

(V) urllm S luall e cesy + luollmags) vl as)-

The estimate of the fourth and the fifth term are essentially the same as above, and we
obtain
(V) ?? || 502 + I1{Veo) uBitsl| o S Null%-
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Estimate of the third term on RHS (4.1).

Now we estimate the cubic nonlinearity. Recall that
C(u,0u) = —u((Ou)® — |Vul® — u?/2).
So, to estimate ||(V,,)°C(u, 8u)|| 11y we begin with

”v<vw>6u(atu)2”L}L§
S V) Vull o2 18ull32 o0 + 1Vl goL2rp 18eull 2o (V) et 2160 g
+ ”(vw>6u“L§L$°LZ,”atu”LfL;f”vatu”Lf"L,%Lﬁ
+ ||U||L§Lg°||(Vw)éatU”L’ngoLg||V3tu||Lg°LgL£,
+ ||u||L3Lg°||3tu||L§Lg°||<Vw>5vatu||Lg°Lg
S el go gy 1V ) Bsul| G2 oo s
+ ||(Vw)JU”LngoLg||(Vw>6atul|L§Lg°L3,||3tu||L$°H1(Hg)
< lullk,
where we take 1/p+1/q = 1 and we applied the Sobolev embedding H/9(St) — LP(S?).
Since it is easier to show [|[(V,,)%u(8;u)?|| iz S llull%k, we obtain

(Vo) ou(@w)?ll e S llullk
We next consider

IV (V) oulVul iz S (V) Vel gz | VullZope
+ ”(Vw>5u”L';’L$°Lﬁ,”vu“L;-’Lg°“vzu”Lt‘x’LELﬁ
+ ||U||L§Lg°”(Vw>5vu||Lng°L3,||V2U||L5°L$Lg
+ ||u||L§Lg°||Vu||L$Lg°||(Vw>6V2U||Lg°L§
S el s oy (V) Vull 22 oo g
+ ||<Vw>5U||L§Ls°L?,”(wasVU“L%LgoLg||u||Lg>°H’-’(Hg)
< Nl

Since it is easier to show [|[(V.,)?u|Vul?||zir2 S llull%k, we obtain

(V) ul Vel amy < Tullk-

Moreover, it is easier to show ||u®|| 11 < [lul %. Therefore, combining the above estimates

we finally obtain
IC(u, 803y S Ilull-
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Estimate of the sizth, the seventh, and the eighth term on RHS (4.1).
Since those terms are similarly treated, we only estimate the sixth term here.
”V(Vw>5U21|L2L;>°L3 S ||<Vw>6u||L§°LgoL3,||VU||L$Lg° + “u“Lf“Lg"“(vw>5vu||L§L$°L3,
S ||u||Lg°H2(Hg)||(Vw>6VU|IL3LgoLg,
< Nlullk,
where we have used the Sobolev embedding H?(R?) — L*(R?).

Combining the estimates above, we conclude that
12fulllx < Coe + Chllulll + Cellullk,

where Co = Co(||luollm2ms), |uall 2 (ms)). Furthermore, from a similar argument we also
obtain

1@fu] — @lw]llx < Ci(llullx + lullk + lwllx + lwlf) v — wilx.

Form the above estimates, we are able to observe that ® is a contraction map on a ball
in X with radius 2Cye if € > 0 is sufficiently small. This completes the proof of Theorem
2.2.
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