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1 Introduction.

Let Q be an open set in R3. It is well-known that if u; — u, v; — v weakly in L*(Q) and if
{div u; }]“:1 and {rot v; }‘]";1 are bounded in L?(£2), then it holds that u;-v; — u-v in the sense
of distributions in . This is the original Div-Curl lemma. For instance, we refer to Tartar
[5]. The purpose of this article is to deal with a similar lemma to bounded domains where the
convergence u; - v; — u - v holds in the sense that

(1.1) /uj~vjda;—>/u~vdx as j — co.
Q Q

Our result may be regarded as a global version of the Div-Curl lemma, which includes the
previous one. To obtain such a global version, we need to pay an attention to the behaviour of
{u;}521 and {v;}52; on the boundary 0% of Q. Indeed, an additional bound of {u;-v[sq}32,, or

that of {v; x 1/|3Q}39‘;1 in H? (892) on the boundary 992 plays an essential role for our convergence,
where v denotes the unit outward normal to 9.

In what follows, we impose the following assumption on the domain :
Assumption.  is a bounded domain in R? with C*°-boundary 9.

Before stating our result, we first recall the generalized trace theorem for u - v and u X v on
0% defined on the Banach spaces EJ, () and EZ,(Q) for 1 < ¢ < oo, where

EL.(Q) = {ueLiQ);divue LIN)} with the norm ||u||ng = |Jullq + [|div ul|g,
EZ.(Q) = {ue LYQ);rot u € LYQ)} with the norm lullge, = llullg + [lrot ullq.
Here and in what follows, || - ||q denotes the usual L%-norm over Q. It is known that there are

bounded operators v, and 7, on E () and E; () with properties that

Yiu€ EL ()~ vuce W1~1/f1”<1’(an)*, Tu=u-v|sq ifue CHQ) ,
7w € BL(Q) — mu e WYIC(0Q)* ) mu=uxv|sgifueCHQ),
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respectively, where 1/q + 1/¢’ = 1. The range W'=Y/ 7.4 (9Q)* of v, and 7, is the dual space
of W1-1/4'¢ (9Q) which is the image of the trace on 9§ of functions in W1 (Q). Indeed, the
following generalized Stokes formula holds

(1.2)  (u,Vp)+ (div u,p) = (1u, Yop)oo for all u € E%, () and all p € Wh7 (),

(1.3)  (u,rot ¢) = (rot u, @) + (T, u,Yod)an  for all u € E,(Q) and all ¢ € whd'(Q),
where g denotes the usual trace operator from Whe' () onto W=V 4.4 (8Q), and (-,-)aq is
the duality paring between W1=/77 (9Q)* and W'~1/4:4(9Q). Here and in what follows, (-,-)

denotes the duality paring between L4($2) and L% (2). For a detail of (1.2) and (1.3), we refer
to Borchers-Sohr [1], [2], Simader-Sohr [3] and Temam [6].

Our result now reads:

Theorem 1 Let  be as in the Assumption. Let 1 < r < co with 1/r + 1/7' = 1. Suppose that
{u;}52, C L7(Q) and {v;}52, C L™(Q) satisfy

(1.4) u; —~u  weakly in L"(Q), v; —v weakly in L™ (Q)

for some u € L"(Q) and v € L™ (Q), respectively. Assume also that

(1.5) {div u;}32; is bounded in LU(Q) for some ¢ > max{1,3r/(3 + r)}
and that

(1.6) {rot v;}32, is bounded in L*(R2) for some s > max{1,3r'/(3+ 1)},

respectively. If either

(i) {nwu;}2, is bounded in W'=1/99(59),

or

(i) {mv;}32; is bounded in Wi-1/55(5Q),
then it holds that
(17 /Quj~vjd:v—>/9u-vdx as j — 0.
In particular, if either vyu; =0, or nyv; =0 for all j = 1,2, - is satisfied, then we have also
(1.7).

As an immediate consequence of our theorem, we have the following Div-Curl lemma in an
arbitrary open set in R

Corollary 1.1 (Tartar [5]) Let D be an arbitrary open set in R3. Let 1 < r < co. Suppose
that {u;}32; C L"(D) and {v;}52; C L (D) satisfy

(1.8) u; = u  weakly in L"(D), wv; —v weakly in L™ (D)

for some u € L"(D) and v € L™ (D), respectively. Assume also that

(1.9) {div u;}%2, and {rot v;}32, are bounded in L"(D) and L™ (D),
respectively. Then it holds that

(1.10) uj-v; = u-v in the sense of distributions in D.
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Remarks. (i) Since Q is a bounded domain, we may assume that 3r/(3 +7) < ¢ < r and
3r'/(3+1') < s = ', and hence it holds that {u;}32, C EJ; (Q) and that {vi}521 C E2nu(Q).
Then we have that {y,u;}52, C W'~1/4'¢(90)* and {nv}R, C W=/ (9Q)*.

(i) In Theorem 1, it is unnecessary to assume both bounds of {y,u;}$, in W=/ (9Q)
and {r,v;}52; in W=/ (9Q). Indeed, what we need is only one of these bounds.

2 L"-Helmholtz-Weyl decomposition.

In this section, we recall the Helmholtz-Weyl decomposition for vector fields in L"(Q2). For a
detail, we refer [2]. According to the two types u-v =0 and u x v = 0 of boundary conditions
on 09, we first define harmonic vector spaces X (2) and Vi () as

Xhar(2) = {heC®(Q);div h=0,rot h=0in Q with h-v =0 on 80},
Vhar() = {h e C®(Q);divh=0,rot h =0 in Q with h x v = 0 on 90}.

Moreover, for 1 < r < co let us define divergence-free vector fields X7 () and V7 () by

Xe(Q)
Vs (Q)

{u € WL (Q);div u = 0, y,u = 0},
{u e WH(Q);div v = 0,7,u = 0}.

Il

Then we have the following decomposition theorem. For a detail, we refer Kozono-Yanagisawa,
2]

Proposition 2.1 ([2]) Let Q be as in the Assumption. Let 1 <1 < oo.

(1) Both Xpar () and Vi () are finite dimensional vector spaces.

(2) For every u € L"(Q), there are p € WL (Q), w € VI(Q) and h € Xpor(Q) such that u
can be represented as
(2.1) u = h+rot w+ Vp.

Such a triplet {p,w, h} is subordinate to the estimate

(2:2) Ipllwrr + lwllwrr + 120 < Cllullr

with the constant C = C(Q,r) independent of u. The above decomposition (2.1) is unique. In
fact, if u has another expression _
u=h+rot w4+ Vp

for p € W (Q), @ € V(Q) and b € Xpor (), then we have
(2.3) h=h, rotw=rotw, Vp=Vp.

(8) For every u € L"(Q), there are p € Wol’r(Q), w € X5(N) and h € Vier(Q) such that u
can be represented as
(2.4) u = h+rot w+ Vp.

Such a triplet {p,w,h} is subordinate to the estimate

(2.5) Ipllwrr + llwllwrr + Al < Cllull.
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with the constant C' = C(,r) independent of u. The above decomposition (2.4) is unique. In
fact, if u has another expression B
u=h+rotw+Vp

for pe WP (Q), @ € X5(Q) and b € Viar (), then we have
(2.6) h=h, rotw=rot®w, p=3p.
An immediate consequence of the above theorem is

Corollary 2.1 Let Q be as in the Assumption.
(1) By the unique decompositions (2.1) and (2.4) we have two kinds of direct sums in algebraic
and topological sense

(2.7) L'(Q) = Xna(Q)@rot VI(Q) OV WH(Q),
(2.8) L'(Q) = Vhar(Q) @rot X5(Q) @V Wy ()

forl<r<oo.

(2) Let Sy, R, and Q, be projection operators associated with both (2.1) and (2.4) from
L7(R) onto Xnar(Q), rot VI(Q) and V WH(Q), and from L™(Q) onto Viar (), rot X7() and
V Wy (), respectively, i.e.,

(2.9) Ssu=h, Rau=rotw, Qyu=Vp.

Then we have

(2.10) 1Srull- £ Cllullr,  [|Reullr = Cllullr, Qrullr = Cllullr

for all u € L"(2), where C = C(r) is the constant depending only on 1 < r < co. Moreover,

there holds
{ 572‘ =Sy, S: = Ol

(2.11) R}=R,, R:=Ry

Qr=Qr, Qi=Qr,
where S, R} and Q; denote the adjoint operators on L™ (Q) of Sy, R, and Q., respectively.

If u has an additional regularity such as div u € L9(£2) and rot u € L%(f2) for some 1 < ¢ < 7,
then we may choose the scalar and the vector potentials p and w in (2.1) and (2.4) in the class
W24(Q). More precisely, we have

Proposition 2.2 Let  be as in the Assumption and let 1 < r < 0o. Suppose that u € L"(1).
(1) Let us consider the decomposition (2.1).
(i) If, in addition, rot u € LI(Q) for some 1 < q < r, then the vector potential w of u in
(2.1) can be chosen as w € W29(Q) NV (Q) with the estimate

(2.12) lwllwza = Cllrot ullg + flulr)-

(ii) If, in addition, div u € LI(Q) with v, u € Wi-199(8Q) for some 1 < q¢ <, then the
scalar potential p of u in (2.1) can be chosen as p € WH4(Q) N WL (Q) with the estimate

(2.13) Ipllwza < C(Idiv ullg + llullr + I llwi-1/aaen))-
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(2) Let us consider the decomposition (2.4).
(i) If, in addition, div u € LY(Q) for some 1 < q < r, then the scalar potential p of u in
(2.4) can be chosen as p € W>9(Q) N W, (Q) with the estimate

(2.14) Ipllwza < Clldiv ullg.

(ii) If, in addition, rot u € LI(Q) with ,u € W'Y94(dQ) for some 1 < q < 7, then the
vector potential w of u in (2.4) can be chosen as w € W29(Q) N X5 () with the estimate.

(2.15) lwliwz.a < Cllrot ullg + llullr + 17 ullwi-1/e(a0))-

Here C = C(Q,1,q) 1s the constant depending only on Q, r and q.

3 Proof of Theorem 1.

(1) Let us first consider the case when {152, is bounded in W1-1/249(50). In such a case,
we make use of the decomposition (2.1). Let S,, R, and @, be the projection operators from
L"(Q) onto Xpar (), rot VI (Q) and VWLT(Q) defined by (2.9), respectively. Notice that the
identity

(3.1) (u,v) = (Spu, Spv) + (Rpu, Rov) + (Qru, Qriv)

holds for all u € L™(R2) and all v € L™ (Q). Indeed, by the generalized Stokes formula (1.2) and
(1.3), we have

(vp) h) = —(P, div h‘) + (711]7" 70p>39 =0,
(rot w, k) = (w,r0t h) + (T, w, Yoh)an = 0

for all pe W (Q), w € VI (Q) and h € X} (), Similarly, we have
(rot w, Vp) = (7, (rot w),vop)aq =0 for all w € V7(Q), p € WH'(Q).

Thus we obtain (3.1).
Now, by (3.1), we see that the convergence (1.7) can be reduced to

(3.2) (Sruj, Spvy) —  (Sru, Spv),
(33) (R"‘ujy R’r’vj) - (R"u7 Rr’v))
(3.4) (Qr"-"j, Qr’vj) - (Qru, Qrv).

By Proposition 2.1 (1), the ranges of S, and S, are of finite dimension, which means that both
Sy and S, are finite rank operators, therefore compact. Hence, we have by (1.4) that

Sru; — Spu strongly in L™(Q2), Spv; — Spv  strongly in L' (@),

from which it follows (3.2).
Next, we apply Proposition 2.2 (1) to (3.3) and (3.4). Since § is bounded, we may assume
that

3r 3r ,
max{l,m} <qZ<r, max{l,g—_i_?} <s< 7.
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By (1.6) and (2.12) with ¢ and r replaced by s and !, respectively, we see that Ryv; = rot w;
with @; € V7' () satisfies w; € W25(Q) NV '(Q) with the estimate

[@jllwzs £ Cllvot vills + llvsller) < M, forall j=1,2,--

with a constant M independent of j. Since 1/r/ > 1/s — 1/3, the embedding W**(Q2) C
wir’ (Q) is compact, and hence we see that {1; };”;1 has a strongly convergent subsequence in

WL (Q), and hence {R,v; }$21 has a strongly convergent subsequence in L" (). Since (1.4)
yields rot @; = Ruv; — Ryv weakly in r (), it holds, in fact, that
(3.5) R,v; — R.v  strongly in L' (Q).

Obviously by (1.4), Rru; — Ryu weakly in L"(£2), and hence (3.3) follows.
Since {7y, u;}32; is bounded in W1-1/249(9Q), we see from (1.5) and (2.13) that Q,u; = Vp;
satisfies that p; € W>9(€2) with the estimate

Ipsllwze < CUlldiv ujllg + lulle + lntsillwr-1/aape) S M forall j=1,2,--

with a constant M independent of j. Since 1/r > 1/q — 1/3, again by the compact embedding
W24(Q) ¢ WI(Q) and by the weak convergence Vp; = Qru; — Qru in L7(Q2), implied by
(1.4), it holds that

(3.6) Qruj — Qru  strongly in L"(£2).

Since (1.4) yields Quv; — Qv weakly in L™ (), we see that (3.4) follows.
(ii) We next consider the case when {7,v;}32; is bounded in W1-1/55(9Q). In this case, we

make use of the decomposition (2.4). Then the argument is quite similar to the former case (i)
above. So, we may omit the proof. This proves Theorem 1.

Proof of Corollary 1.1. We may prove that for every ¢ € C§°(D)

/<puj~vjda:—>/ ou - vdz.
D D

Let us take a bounded domain Q C R® with the smooth boundary 02 so that supp ¢ C 2 C D.
Then it suffices to prove that

(3.7) / pu; - vjdr — / wu - vdz.
Q Q
Obviously by (1.8), it holds that
(3.8) ouj = pu  weakly L"(2), vj —v weakly L (Q).
Since div (pu;) = @div uj + uj - Vip, we see by (1.8) and (1.9) that {div (vu;)}52; is bounded
in L™(Q) with
(39) ,YV(QDUJ) = 0) .7 = ]-’ 2) e
Since (1.9) states that {rot v;}$2; is also bounded in L™ (Q), by taking ¢ = r and s =’ in (1.5)

and (1.6), respectively, we see that the convergence (3.7) follows from (3.8), (3.9) and Theorem
1 (i). This proves Corollary 1.1.
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