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In this lecture we state the Voronoi-Hardy identity and a related convergence
problem of multiple Fourier series, particularly the Fourier series of f,(z), which
is the periodization of the characteristic function x,(z) of a d-dimensional ball
with centor 0 and the radius a > 0. In the cases of d = 1,2, the Fourier series of
fa(x) converges to f,(z) (=the normalization of f,(z) ) for all z and reveals the
Gibbs-Wilbraham phenomenon at every discontinuous point. On the other hand,
the cases of d = 3,4 are the same as the cases of d = 1,2 except for revealing the
Pinsky phenomenon at £ = 0. In the cases of d > 5, the Pinsky phenomenon is
revealed at £ = 0, and the Gibbs-Wilbraham phenomenon at every discontinuous
points, moreover it diverges at every rational point and converges at almost all .

The method of the proof was done by an identity modeled on Hardy’s identity
(§4), by the estimations of lattice points problem by B. Novék (§ 3) and by analysis
of the Fourier transform of x, (§2.).

A part of this researchs was based on the joint work with Prof. Eiichi Nakai
and Kazuya Ootsubo.
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§ 1. The Voronoi-Hardy identity and its extension

Let R?%, Z¢ and T¢ = R%/Z¢ := (—1/2,1/2]¢ be the d-dimensional Euclidean
space, integer lattice and torus, respectively. The Fourier coefficients of an inte-
grable function f on T¢ and its spherical partial sum are defined by

fn):= | f@e e de, n=(ny, -, ng) € 2%,

Td

d
= ¥ fmeme, n= [ Yond, ce T
[n|<A k=1

respectively, where nx is the inner product Zﬁ=1 NpTk-
Also, the Fourier transform of an integrable function F' on R¢ and its spherical
partial sum are defined by

()= [ F@e™da, ¢= (6, &) €R

d
ANFN) = [, FOMSE, =3 6% v eR,
’ =1

respectively. For a > 0, let

1, o <a 1 |z| <a,

= Yy - 1 d

Xa(Z) 1= o(z) =1  |z|=a, z€RY
\a( ) {O |x| >a, Xa( ) 8 :x: o4

and let their periodization be f,(z), fu(z), i.e

= Z Xo(z+n), fulz):= Z Xa(z +n), zeT
nezZd nezd

Then, using the Poisson summation formula, we have that

d
T20

(d/2+1) n=0,
fa(n) = )A(a(n) = 4 ¢
— 2
(n) ((oralnl), n#0,
and . P
m2a d ¢(2maln .
S/\(fa)(x) = ———+a?2 2—e2mnx,
F(d/2 + 1) o<il<A |n|§

where J,(s) is the Bessel function.
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In connection with lattice points problem, it is known as Hardy’s identity that

1(2

Zl-l— Zl—ﬂ'a +az 7'a|n|)
In|<a |n|—a n#0 I

But this identity was first stated by Voronoi. Hardy-Landau[3] (1924) mentioned

the history of this identity.

“This identity was first stated by Voronoi[17](1905), who expressly disclaimed
possesing an accurate proof, and only two proofs have been published, each of which
presents very serious difficulties of its own, particularly when x is an integer. The
first, by Hardy[2] (1915), depends on the theory of analytic functions, Cauchy’s
theorem, and the general theory of Dirichlet’s series of type Zane'sﬁ: and in
particular on a very difficult theorem of Marcel Riesz. The second, by Landau[9]
(1920), involves real analysis only, and is in principle simpler; but, like all proofs
based upon the so-called ‘Pfeiffer’s method,’ it involves complicated distinctions
between different geometrical figures, and is intricate and difficult in detail.”

Hardy’s identity shows that
Jo(0) = lim 8,(£.)(0) ford=2.

As an extension of Hardy’s identity, we can show that, for d = 2,

fu(z) = lim S\(f,)(z) = lim (71'&2 +a Y, Mez’”m)
Ao Ao odmi<a Il
for all z € T? (Kuratsubo[4](1996), Brandolini-Colzani[1](1999)).

On the other hand, it is known that S\(f,)(z) converges to f,(z) a.e.z € T¢
as A — oo for all dimensions d. However, Pinsky, Stanton and Trapa[l5] (1993)
(See [16], p. 245) proved that, if d > 3, then S\(f,)(0) diverges as A — oo.
This is called the Pinsky phenomenon. Calculating numerical data by computer,
Kuratsubo-Nakai-Ootsubo[8] (2006) gave the graphs of Si(f,)(z) with a = 1/4
and 1 < d < 6. We can see the Gibbs-Wilbraham phenomenon and the Pinsky
phenomenon on the graphs. Moreover, if d = 5 and d = 6, then we can see the third
phenomenon, that is, Sx(f,)(z) diverges at many points. Recently, Kuratsubo[6]
proved that, if d > 5, then S\(f,)(z) diverges for all rational points .

In this paper, we deal with analysis of the Fourier inversion formula of the
indicator function x4(z) of a d-dimensional ball and with an extension of the
Voronoi-Hardy identity where the identity means

S\(fa) (@) = fa(z) + Gap(2) + Pan(@) + Ko (@),
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where G, »(z) contributes to the Gibbs-Wilbraham phenomenon, P, x(z) is the
essence of the Pinsky phenomenon and /C, \(z) results from lattice points problem,
and in the particular case of d = 2, Py x(z) = 0 and K, 5(z) = o(1).

§ 2. Analysis of the Fourier inversion formula of x,

From the formulae for Bessel function :

sV sv ’

—(s”J (s)) = *J,_1(s), = (J (3)> _Jv(s)

— () (";‘ﬁ)) + /0 (s”“J,,H(ts))l (‘t—f)) ds.

Therefore we have the following Lemma.

Lemma (2.1) Fort >0, A >0,

/ Jur1(ts)Jy+a(s) ds = t/ W (t8)Ju41(8) ds — Jup1(tA) Ju1(R).

For the partial sum of the Fourier transform of the indicator function of a d-
dimensional ball, we define the one variable function x,, 4 as Xa, N (r) :== oa(xa)(2)
for |z| = r. Then we have

a

ld] = (=
) =G

27 \a
= [T 1oy ds — (T eran T (2ra)
= Xan3(r) — (g)%‘1Jg_1(277/\r)J%_1(27r)\a).

d_ 2w \a r
[ Iy Ca)ay(s)ds

Therefore, iterating this calculus mgy times, we have
ma o\ -k
XaA P (r) = xap 2 (r) = Y (;) J%_k(QﬂAr)J%_k(%)\a),
k=1
where mg = the integral part of (d—1)/2 (d—2my =2if diseven and d—2my =1

if d is odd).

In the case of d = 1 the behavior of ox(x4)(x) is well known: ox(xa)(z)
sins 1 oo sins

1 o)
= Xa(lol) = Xe(w) + sign(je] - @) /27r/\||zl s T %/ —

S 27 \(|lz|+a) S
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1 oo sin s . . 1

= Xa(z) +sign(|z] — a)= /z e Td s+ O( ) uniformly in R'.
From this equality we see that o (Xa)(ﬂﬂ) converges to Xo(z) uniformly in the exte-
rior of any neighborhood of |z| = a and reveals the Gibbs-Wilbraham phenomenon

at |z| = a.

In the case of d = 2 the result is the same as the case of d = 1 but the calculus
is not trivial, which was proved essentially by Landau[10].

Lemma (2.2) Ifd= then we have the following: ox(xa)(z) = Xa 2 (o]

sms
= Xo(x) + sign(|z| — a /
Xalo) +sign(lal —a) | =

see that o\(x.)(z) converges to xa( ) uniformly in the exterior of any neighbor-
hood of |z| = a and reveals the Gibbs-Wilbraham phenomenon at |z| = a.

. Particularly we

Proof. Let 0 <r <1-4. For 0 <t¢<rands > 0 we have (Landau[11], Satz
518, (722))

Jl (tS) tJo(tS)

dt.
o 2—1

f Jo(ru)Ji(u)du =1 — Jo(s) — sy s)/ dt + sJ1(s)

By the second mean value theorem we have

r Ji(ts) 1 4 1 Jo(ris) — Jo(rs)
= = < <
/0 1_t2dt T2 /n Ji(ts)dt 9 . (0<3r <r) and

1—r
7 tJo(ts) 1 rdy(rs) —reJ

1 T
| = /MtJo(ts)dt= — 1r23) (< 3, <),

/Os Jo(ru)J1(u)du
=1- Jo(S) + Jo(S) (

= 1+O(%)

27 a |ZI}| 1
Therefore /0 Jo(zs)Jl(s)ds =1+ O(ﬁ)

Next by the same method with Satz 520 (Landau[10], p. 218), we have the
following inequality.

1—7r2 1—17r2

Jo(ry8) — Jo(rs)) — () (rJl(rs) - r2J1(1*23)>

uniformly in r € [0,1 —4].

uniformly in {z| I%l <1-46}

sin s

= 5l 0\ el — 2 [C oS
/m BV he)ds + () sign(lel - ) /%Hzl_m “2ds

C 1 1 1 o 1 . |zl
o <= Lind SN
a/\\/_<1+ >+a7r)\ A<\/S<1+6>+1) it g =0

/\
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) 2wal |.’B| _ 0 xl o |CC|
Thelefore/0 {jE;S)JI(S)dS _,[3 Jo(—a—s)Jl(s)ds - [mu Jo(zs)Jl(s)ds
- a . 2 [ sin s 1 v ||
= —_ — — - — A —_
Xa(z) + <|x|> sign(|z| a)7r rlelain 5 ds+0(>\) (unif. in{z| 2 6})
_ . 2 [ sin s
= Xa(z) + sign(|z| — a); ~/27r||:c|—a|,\ ~—S—ds

Wl

a . 2 oo sin s 1
+ ((m) - 1) sign(|z| — a)— fzwllzl—ap\ —ds + O(X)’

™ S

a 12 2 [ sin s
where — — 1] sign(|z| — a)—/ —ds
|| 7 Jorllz|—ar S

(ﬁ) -1 2 [ sin s o0 sin s
= —2———sign(|z| — a)= —ds K x—a/ —ds
(F)2+1 en(lz] )7T f’-’ﬂllwl—alA s 2 =l 2rlcl—alA S ’
< sup (t / ﬁdsl) /A< 1/A  uniformly in {z| lal > 6}
>0 t s p

Theorem (2.3) Suppose d > 1, a > 0 and my is the integral part of (d —1)/2,
we have the following.

my gk
) 0x(10)@) = a2 = 3% (&) 7y elomiel) g s(2mha

k=1
ma(d Ja_,(2mA|z])
— a2z = S (P& - k)Y
4Y 7A (l I) = (2 ) (7TA|x|)g——k
g—k-1 g p-1
T2 (,\a)z 3 d—2k+1 d_p_3
( P peT) e M O ))

(2) () Ifd=1,23, oa(xa)(z) is uniformly bounded in z, and if d > 4,
ox(xa)(z) is uniformly bounded in the exterior of any neighborhood of
z=0.

(i) Ifd=1,2, ox(xs)(2) is uniformly convergent in the exterior of any
neighborhood of spherical surface |z| = a, and if d > 3, o\(xa)(2) is
uniformly convergent in the exterior of any neighborhood of spherical
surface |z| = a and of z = 0.

(i) If d > 3, we have

d—-4 d-3
.. . 0axa)(0) =1 T2az o a
lim inf - = — , limsu ~ =

A—co N F(g) A—»oop en F(g)
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(iv) Foralld=1,2,---, the Gibbs-Wilbraham phenomenon for o(x,)(z)
reveals at spherical surface || = a. That is

1 1 1 /7 sins
AIE}OXQ,A (a 2)\) 2+7r A ds =1+ 0.08949 - -
and

1 1 1 /7 sins
] [d] — [ — — _ — ...
)\hm Xax“(a + 2)\) =3 /0 5 ds = —0.08949

§ 3. On the results of B. Novék for lattice points problem

Breislav Novak (1938-2003) published many outstanding papers on lattice points
problem from the 1960’s to the 1980’s. We introduce only a small parts of his work
which is used here and is contained in [11], [12], [13] and [14].

¢1l+a
P (t . .Z’) — Z (t _ |nl )oz 2wine __ ﬂf_____d(x)
R I‘(a+1 oA TE+a+1) 7

M,(t,z) / |Py(s: x) |2ds and

Ta(tz) = <1M(t x)) =<%/Ot |Pa(s:x)|2ds)%,

1 if xeZz4
here §(z) i= |
where 6(z) { 0 otherwise.

I.  For every x we have

O(tz~1) 0<a<d-2
Py(t:z)=1{ O(t: 'logt) O<a=$%-2
O(ti+%) a>2-2

and

l%m+1nf — 1( /|Pos x)lds)

II.  For every z € Q% we have

) (If z ¢ Q?, then o(t571)).

0<a<g—-2 = PRyt:z)= o(ts~!
(@)t + O(tP) (Ku(z) > 0).

0<a<®t = Mt:z)=K
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III.  For almost all z we have
0<ax< %l —2= P(t:z)= O(t%+% log®*t)

and
Mo(t: ) = O(t*F log®*+% ).

IV.  On 7y(z), where v(z) = v(z1, 22, - -, Zq)
= sup{8| (x;k) < k7” for all jhave infinitely many solutions in k € N},

we have
d . log|Pu(t:z)| d d_1-q
<a<=—-2-—— 1 —_— = -1l
=Sy 2w TR T et 3 TG0 D
d 3 . log | My (t : z)| i
<a<=—Z_ sup ——— """ —d—-1- d
Osasy -3 g = mswp— v +1 7
0z>§——§—L and 0z>0=>limsuw/j—°&i)l El+oz—|-l
2727 () = S T gt 2 2

Remark. It is well known cll < () < +oo for all z, y(z) = +oo for z € Q7 ,

and v(z) = %l for almost all z € R%.

We can prove the following two lemmas by using these.

Lemma (3.1)
If d > 5 and z € Q¢ then we have lim sup (/\5—741P0(/\2 :x)Ao(a: /\2)|) >0

A—00

Lemma (3.2)
Ifd > 5 and z € R, then we have lim sup ()\ 7 |\ ) Ay(a )\2)|) 0(l>1).

A—00

§ 4. On the result of Kuratsubo-Nakai-Ootsubo

The following theorem was proved completely in our paper (Kuratsubo, Nakai
and Ootsubo[8]) and the method depends on analysis of the Fourier inversion
formula of ,, the method of Kuratsubo[4], [5] and the results of B. Novak.

Theorem (4.1) (An extension of the Voronoi-Hardy identity)
Let f, and f, be asin § 1. Then

Sk(fa)(x) ( ) + ga \(l) + Pa \(.’Z?) + Kq A( )
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where

. 1 foo sin s
Gop(z) =sign(|z| — a)—/ ——ds
T Jor||z|-a] S
dJ;_l'H"d

sin s

1 foo
sign(|z — n| — a)ﬂ /ZTF\”:t—nl—a| — ds+ O(1/X)),

n#O ( .’1? - T'Ll
mqg a %—k
Pap(z) ==> (E) Ja_p(2mA|2|)Ja_ (27 Aa),
k=1 - =
Kap(z) =

ka (wa
o Z{I‘(0¢+ 1 (

where kg = (the smallest integer k& which satisfies & > d—;—l) = myg + 1. The terms
have the following properties:

(A2 — [¢[2)lePme dg) Jg+l(27ra)\) } )

A5+

2 l 21rmm
> 02 = fnfyerns— [

[n]<X [€l<A

(1) (a) For all dimensions d, G,A(z) — 0 as A\ — oo for all z € T¢. The
convergence is uniform in the exterior of any neighborhood of U,cz«{z €
T¢: |z —n|=a}.
(b) For all dimensions d, we can choose ) € T¢ so that |zy — n| = a F 5
foralln € G, ={n€Z?: |z —n|=a} and G,(z)) — *czju(z) as
A — 00, where

1 reosins . . .
Cg = / — ds (= —0.08949- ), ja(2) = Jim ( sup fa(y) — |x12f<5fa(y)> :

™Jr |lz—y|<d

(2) (a) If1<d<2, then P, (z)=0.
(b) If d > 3, then

L P, \(O) ﬂ%a% . P, )\(O) ﬂ%‘lad;zs
liminf ——+ = — , limsup ,
Ao )\5E r'(%) Amoo AT r(g)

and Py a@) — 0 as A — oo for z # 0. The convergence is uniform in
the exterior of any neighborhood of z = 0.

(3) (a) If 1 <d <4, then Ky (x) — 0 as A\ — oo uniformly for all z € T¢.
(b) If d = 5, then I, \(x) — 0 as A — oo for all non-rational points z and

0< Iim sup |Kax(z)] < oo for all rational points x.
(c) Ifd>6 thenICa,\(x)-—>0as)\~oof01 a. e. xa,nd

0 < lim sup —=—-= Kar ()| a)‘( 2

A—00 / 2

< oo for all rational pointsz.
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§ 5. On the graphs for d =6

When d = 6, a = 9/8 and z € T®, |z +n| < 9/8 = |n| < 9/8 + |z| <

9/8 ++6/2 < 3.

Therefore

Z Xa(T) = g E::

nezd -2

i o(T +n).

The main term of K, () is the first term (I = 0), where Ky 5 (z) =

] . . Jav(2wa
I Z{ (ai 5 ( S = mpyeme— [ (02— fep)etnes df) %_)} '

In|<A

Particularly we remark the sign of J3(27a)) and it is determined by cos(2m(9/8)A—

r/4).

cos(m/4) = 1//2 if \ =800,

cos(m/2) =0 if A\ =801,

cos(3/4m) = —1/v/2  if A =802,

cos(m) = —1 if A =803,

—Tn/4) =

cos(2m(9/8)A = Tr/4) cos(5/4m) = —1/\/2 if A =804,
cos(3/2m) =0 if A =805,

cos(—m/4) = 1//2 if A =806,

cos(0) =1 if A\ =2807.

3k
On the other hand P, \(x z <| |> J3—k(2m\|z]) J3—r (27 Aa)

_ (P(3)J2(2m|x1)>< ( 0)"? os(2mha — 54m) + O(Am))

(Alz[)?

Jr(2m\|z])
||

2

+ <I‘(2)

) (7r(/\a)1/2 cos(2mAa — 3/4w) + O(/\‘1/2)) .

When A = 803, cos(2rAa — 5/471) = 0 and cos(2nAa — 3/47) = —1, and
when A = 807, cos(2mrAa — 5/47) = 0 and cos(2wha — 3/47) = 1.

Figure 1: The graph of f,(z1,0,0,0,0,0)

Figure 2: The graph of S, s00(21,0,0,0,0,0) ,
Figure 4: The graph of S, g02(21,0,0,0,0,0),
Figure 6: The graph of S, s04(21,0,0,0,0,0) ,
Figure 8 The graph of S, s06(21,0,0,0,0,0),

(a=9/8)

Figure 3: The graph of S, s01(21,0,0,0,0,0)
Figure 5: The graph of S, s03(21,0,0,0,0,0)
Figure 7: The graph of S, s05(21,0,0,0,0,0)
Figure 9: The graph of S, s07(21,0,0,0,0,0)
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