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INVERSE SCATTERING PROBLEMS FOR DISPERSIVE
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ABSTRACT. We discuss inverse scattering problems for nonlinear dispersive equa-
tions. The nonlinearity of the equations is a non-local term with unknown interac-
tion potentials. We determine the unknown interaction potentials and reconstruct
the nonlinearity by the knowledge of the scattering states.

1. INTRODUCTION

In this note, we review the author’s works [21, 22, 23] of inverse scattering prob-
lems for dispersive equations with a non-local nonlinearity. In particular, we treat
the nonlinear Schrédinger equation

10+ Au = Vou+ F(u) in R xR™ (NLS)

Here, u = u(t,z) is a complex-valued unknown function, i = /-1, 8, = 9/0t, A is
the Laplacian in R®, F'(u) is a cubic convolution defined by

F(u) = MVi * [u]?)u, (1.1)

Vo(z), Vi(z) and A(z) are real-valued measurable functions and * is the convolution
in R™. The equation (NLS), which is initially studied by Chadam-Glassey [7], is
approximately derived by the multi body Schrédinger equation (for the detailed
derivation, see, e.g., Watanabe [31]). If A = 1, then the nonlinearity F(u) means a
non-local interaction whose interaction potential is V.

1.1. Definition of the scattering operator. The inverse scattering problem for
the equation (NLS) means to identify unknown Vy(z), Vi(z) and A(z) by using
the knowledge of the scattering operator S for (NLS). To treat inverse scattering
problems, we first consider the direct scattering problem. For this purpose, we

2000 Mathematics Subject Classification. 35Q55;81U40;35P25.

Key words and phrases. inverse scattering problem; nonlinear dispersive equations; non-local
nonlinearity .

*Supported by Research Fellowships of the Japan Society for the Promotion of Science for Young
Scientists.

© 2009 Research Institute for Mathematical Sciences, Kyoto University. All rights reserved.



126

HIRONOBU SASAKI

give some definitions. Let X be a Hilbert space. For ¢ > 0, we denote a closed ball
{¢ € X;||¢llx <6} by B(6; X). Let H be a linear operator defined by H = —A+Vj.
We now assume that H is self-adjoint on X. We remark that for any ¢ € X, e7%H ¢
solves the linear Schrodinger equation ((NLS) with F(u) = 0) whose initial data is
¢. The scattering operator for (NLS)

S:B(6;X)o2¢-— ¢ eX

is defined if the following property holds for some function space Z C C(R; X)) and
for some positive ¢:

For ¢_ € B(6; X), there exist a function u € Z and a data ¢, € X such that u(t)
is a time-global solution to the integral form of (NLS)

u(t) = e Hp_ — /t e DH B (y(1))dT (1.2)

—00

and u(t) satisfies
. _ itA _
Jim [lu(t) — e*Cosllx =0,

respectively.
In Section 2 below, we see that if Vg, Vi and X satisfy suitable conditions, then
the scattering operator for (NLS) is well-defined in some sense.

1.2. Known results. Before reviewing the works [21, 22, 23], we introduce some
known results of inverse scattering problems for nonlinear Schrodinger equations.
Strauss [25] considered the Schrédinger equation with a power nonlinearity

0+ Au =V (2)|ufu, (t,z) € R x R™

Suppose that p is an integer satisfying some conditions and V(z) is real-valued
continuous and bounded, whose derivatives up to order [ > 3n/4 are bounded.
Then the scattering operator S is well-defined. It was shown that V(z) is recovered
from the scattering operator by the following way: For s € R, let H*(R™) be the
Sobolev space (1 — A)~*/2L2(R™). For any ¢ € H'(R™) N L'*1/?(R™), we have

lim o™ ™2 1B o)
a—0

// |2 ¢ (z) [P dzdt
R JR?

where ¢q 4, (z) = ¢pla™Hz — z0)), @ > 0,z,z9 € R™,

116) = lim = (5 — id)(c9), 9},

id is the identity mapping and (,-) denotes the L*(R™) inner product. The above
limit I[¢] is called the small amplitude limit. Later, Weder [32, 34, 35, 36, 38] proved
that a more general class of nonlinearities is uniquely reconstructed, and moreover,

V(xo) =

(1.3)
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a method is given for the unique reconstruction of the potential that acts as a linear
operator and that this problem was not considered in [25].

We next review known results of the inverse scattering problem for (NLS). In
particular, we focus on the reconstruction theorem (for the uniqueness theorem, see
Watanabe [28] and Sasaki-Watanabe [24]). Remark that even if Vo =0 and A =1,
we can not determine V; by the reconstruction formula (1.3). Indeed, we formally
conclude

lim ™D [ hm] = / / Vi(0) |e"'§A¢(x)|2 * IeitA¢(x)|2 dzdt
a= R JR®

whose right hand side ordinarily diverges. Therefore, in order to determine V;, we
have to make some modified version of (1.3) or to find other methods. ‘Watanabe [27]
studied the inverse scattering problem for (NLS) with V;(z) = |z|?. It was proved
that if o is a given number, then we can reconstruct Vy and A by the knowledge
of the scattering operator. Furthermore, Watanabe [29, 30] determined unknown o
and \ of the term F(u) = A(|- |7 * |u|?)u if V5 = 0 and ) is a non-zero constant. It
was shown by [24] that if Vo =0, A =1 and V; is integrable on R", then Y//\](O) can
be uniquely determined. Here, 171 denotes the Fourier transform of V. For the time
dependent Hartree-Fock system, Watanabe [31] gave the reconstruction formula for
determining interaction potentials.

1.3. Outline of the author’s works. As we mention before, this note is devoted
to introducing the author’s works concerned with inverse scattering problems for
dispersive equations with a non-local term. Let us focus on the equation (NLS)
again. An aim of the works [21, 22, 23] is to make reconstruct formulas for deter-
mining Vg, V7 and \ in the case where we can not determine only by using the above
known results. In the rest of this section, we review an outline of such the author’s
works (the detailed statements are given in Sections 4-6 below).

In [21], it is shown that if V5 = 0, A = 1 and unknown V;j(z) is expressed by
some radial and smooth function v(r) with » = |z| vanishing at infinity, then we
can determine the exact value of M%(0) for any M = 0,1,2,---. It is also proved
by [21] that if Vo = 0, A = 1 and V;(z) is equal to S p_, \|z|™°* with unknown

<n ifn=3,4,

1<N<oo, {MH, CR, 2§0N<0N_1<--‘<02<01{§4 ifn>5

then we can completely reconstruct V;.

From [22], assuming that Vo = 0, A € (C* N WL)(R™) and V;(z) equals to |z|~°
with unknown o € [2,4] N [2,7n), we can determine \ and 0. Remark that the result
[22] is applicable to the case where both A\ and o are unknown.

In [23], it is proved that if we suppose that n =3, A =1 and that Vj, j =0, 1, are
expressed by the Yukawa potentials V;(z) = Q; exp(—p;|z|)/|z| with some unknown
numbers @; € R and p; > 0, respectively, then we can determine V4 and V1.
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Furthermore, in [22, 23], the author studied inverse scattering problems for some
relativistic equations with the nonlinearity F'(u) (for the detail, see Section 7).

The key of the proof of such author’s results is to calculate the parameterized
small amplitude limit. For example, assuming that V; is expressed by the radial
function v and by defining one-parameter function ¢(c) by

o(a) = a™t? 21_11% £§<(S —id)(e¢%),¢), ¢%(z) = ¢(ax),

we have for any M > 0,
dMe
M~ v qs
=(Cyl —
029(0) = ol (509
where the constant Cj is given only by M and ¢.

Introducing the contents of the rest of this note, we close this section. In Section
2, it is shown that if Vg, V1 and X satisfy suitable conditions, then the scattering op-
erator S is well-defined on some 0-neighborhood of the Sobolev space H*(R"). The
proof of such existence results is based on Stricharz estimates for linear Schrédinger
equations. In Section 3, using properties proved in Section 2, we show the small
amplitude limit of the scattering operator for (NLS). In Sections 4, 5 and 6, we
mention detailed statements concerned with the works [21], [22] and [23], respec-
tively. In Section 7, inverse scattering problems for relativistic equations with F'(u)
are studied.

2. DIRECT SCATTERING PROBLEM

In this section, we introduce existence results of scattering operators for (NLS).
We first define some notation. For 1 < p < oo, Wz} (R™) is the Sobolev space defined
by W,(R") = {¢ € LP(R"); V¢ € LP(R")}. Put X; = HY(R"), X, = L*(R®),
Z; = C(R; X;) N L3(R,; Wgn/(gn_4)(]1’\’“)) and Z, = C(R; X,) N L3(R; L*¥/5(R3)). We
again define H by H = -A+ V.

Theorem 2.1. Let n > 3. We assume that V5 =0, A € (C* NWL)(R™) and

<n ifn=3,4,

Vi(@)| < C (2]~ +]e[™), 2< ”1’02{ <4 ifn>5

for some positive constant C independent of z. Then there exists a positive number
§ such that for any ¢_ € B(0; X1), the integral equation (1.2) with H = —A has a
unique solution u € Zy satisfying

lullz, < Clig-lix., (2.1)
lu—€e*2¢-|z, < Cllg-II%, (2.2)
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and

tlh}l |lu(t) —

Furthermore, there exists a data ¢ € X1 such that

: _itA o
Jim_[juft) — 4, |x, =0.
Therefore, the scattering operator Sy : B(0; X1) 2 ¢— — ¢4 € X3 is well-defined.

Theorem 2.2. ([23]) We assume that A =1, V € X,
Vo(2) V4
/ / [Vo(z) 0(2y)|d dx < (47)%, sup | 0(y)ld <Adrn (2.3)
rs Jrs [Tl ek Jre |2 — Y|

and Vy € L3%(R®). Then H is absolutely continuous self-adjoint and there exists a
positive number § such that for any ¢_ € B(d; X2), the integral equation (1.2) has
a unique solution u € Zy satisfying

lullz, < Clio-llx. (2.4)
lu—e " ¢_|Iz < Cllg-I%, (2.5)

and
Jim lu(t) — e*2¢-||x, = 0. (2.6)

Furthermore, there exists a data <¢>J.r € X, such that
i u(t) — €46 |, =0. (2.7)
Therefore, the scattering operator Sy : B(0; X2) 3 ¢— +— ¢4 € Xy is well-defined.

Since the first theorem directly follows from Mochizuki [12], we prove only the
second one. For this purpose, we introduce the following Strichartz type estimate:

Proposition 2.3. Suppose that Vy satisfies (2.8). Then H is an absolutely continu-
ous self-adjoint operator and we have for any ¢ € Xz and any f € (CNL®)(R; Xs),

le™* ¢z, < (2.8)

t
”/ et~ H £ dr

Proof. By Rodonianski-Schlag [20], it follows from the condition (2.3) that for any
t#0,

and

< Cllflzrmixa)- (2.9)
Z2

7| ooy < Ol 3wy (2.10)
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On the other hand, by the standard argument, we immediately see that H is an abso-
lutely continuous self-adjoint operator (for the detail, see, e.g., [17, 19]). Therefore,
for any t € R, we have

el x, = [l x,- (2.11)
From the Riesz-Thorin interpolation theorem, we obtain a decay estimate
[€*H || Lo(eay < ClEI™>>F3/7| 8| Lo oy- (2.12)

Here, 2 < p < oo and p is the Hélder conjugate defined by 1/p' = 1 — 1/p.
Furthermore, the T*T' argument given by Ginibre-Velo [9] implies

e || Lar sz 2y) < Clldllxas
< C|Ifl

T
”/ ez‘(t—r)Hf(T)dT
—co L92(R;L™2 (R2))

for any 2 < ¢; < 00, 2 < 1; <6 (j = 1,2,3) with 2/¢; = 3(1/2 — 1/r;). Therefore,
we have (2.8) and (2.9). O

We are ready to prove Theorem 2.1.

L% (R;L75 (R3))

Proof of Theorem 2.1. By Proposition 2.3, we have already seen that H is an abso-
lutely continuous self-adjoint operator. Put ||¢_||x, < ¢ and
1

Glu](t) = e ™p_ — z/ e~ D B (y(1))dr.

—0oQ

From (2.8) and (2.9), we obtain
1G] (®)llz, < C (llg-

Xz F [1F ()]l 21 ®;x2))
We see that
IF (@)l < [[Va #1000 Pl| ooy 16(E) zossscmey < Cllul®)gasreqasy,
®) (®?)

where we have used the Holder-Young inequality in the second inequality. We hence
see that

IG[)®)]|z: < C(lI9-l1x, + lu®)lIZ,)-
Similarly, we obtain

IGR)() = GE®) 1z, < Cllw = Ul z(lull 2, + 1] 2,)*.

It is clear that G[u] € C(R; Xz). Therefore, we see that there uniquely exists u € Zo
such that G[u] = u for sufficiently small 6 > 0. We can immediately find that the
fixed point u solves the equation (1.2). Furthermore, we obtain (2.4) and (2.5). It
follows from u € L3(R; L'*/3(R?)) that

o)~ ol < [ 1Pt < [ [t =0 ast— oo

]
—co —00
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Furthermore, if we put

Sr(¢_) = ¢_ + % / ¢ F(u(t))dt, (2.13)

R
we have

i Jlu(t) = e Sp(¢-)lx, = 0.

In order to prove the existence of the scattering operator for (1.2), we denote wave
operators 2_ and 2, by

QL =s— lim e ®#Ae #H
t—+oo

respectively. Since (). are unitary operators in X,, there exists some §y > 0 such
that if ¢_ € B(8p, X2), then there uniquely exists v € Z, satisfying G[v] = v and

Jim_o(t) — e 0 (9-)llx, =0. (214)

Moreover, we have

lim |jv(t) — e *HSpQ_(¢)

t—o0

By (2.11), we see from (2.14) and (2.15) that
l[o(t) — e*2¢-l1x,

< llo(t) — e*FQ_(g-)lIx, + e Q-(¢-) — *24-Ix,

= [lo(t) — e*HQ_(-)x, + [1Q-(¢-) — ™

—0 ast— —

x, = 0. (2.15)

le

and
lo(t) — e*2Q31SFQ-(¢-)llx
< Jlv(t) — e SpQ_(¢-)1x, + le SrQ-(¢-) — e* QT SFQ-(¢-) 1x,
= [lo(t) — e SpQ_(¢-)lIx, + [1S7Q-(¢-) — 7 e* 2 SpQ_(0-) 1 x,
— 0 ast— 400,

respectively. Thus, (2.6) and (2.7) hold if we define S; = Q7'SrQ_. This completes
the proof. O

3. SMALL AMPLITUDE LIMIT

In this section, we focus on the small amplitude limit of the scattering operator
for S; derived by Theorems 2.1. The following proposition will be used in Sections
4 and 5 below:
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Proposition 3.1. Let n > 3. We assume that Vo =0, A € (C* N WL)(R™) and

<n ifn=3,4,
<4 ifn>5

for some positive constant C' independent of x. Then for any ¢ € X1, we have
i £ (51— id)(e6), ) = [ (F(e2),%6) . (3.1)
e—0 g R

Remark 3.1. From Theorem 2.1, S; is well-defined on B(d; X1) with sufficiently small
positive §. Thus, the left hand side of limit (3.1) makes sense.

munsowwﬂ+Mﬁﬂ,25mn4

Proof of Proposition 3.1. Let € be a sufficiently small positive number. From the
proof of Theorem 2.1, we see that S; is expressed by

Siet) =eo i [ e Put)at
R
where u(t) is the solution to (1.2) with ¢_ = e¢. Therefore, we obtain
(S1 — id)(eg) = —i / =it (1)) dt.
R

Set F'(vy1,vs,v3) = (V1 % 1173)v3. Then it follows that

3
||F(’Z)1,'02,v3)||zl < CH ”Ujuzl (3'2)

=1
and we see that

(S id)(e)8) = [ (Pluct) o) e
=& /R (F(e"¢),e"¢) dt
[ 4 (ult) = (68, ) a(0) 26)
+ [ (F (e, ut) = (e, ue) )
b [ (F (€268, 00) - 42(e8) .40}
— (D) + (I + (IN)s + (ID)s.

By (3.2), (2.1) and (2.2), we obtain for any j = 1,2, 3,

((ID);] < Cllue(t) = €4 (e®) 2, lue )17, €™ bllx, < Clledk, I,
Therefore, we have (3.1). O
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4. NLS (Case I)

In this section, we review the work [21] concerned with the inverse scattering
problem for (NLS). Let n > 3 and S(R"™) be the Schwatz class. Suppose that,
Vo = 0 and A = 1. Moreover, assume that V) satisfies either the following two
conditions:

(A) Vi is equal to S m_; Nilz| ™7 with
<n ifn=23,4,

1< N <o, {)\k}k]\;lcR, 2§0N<0N_1<---<02<01{S4 ifn>5

(B) Vi is radial function belonging to S(R3).

From Theorem 2.1, we see that the scattering operator S; : B(0; X1) 2 ¢— +— ¢_ €
X, for (NLS) is well-defined. The goal of [21] is to identify unknown V; under the
assumption (A) or (B). In order to state main results of [21], we list some notation.
For ¢ € Xj, let Z[@] be the small amplitude limit

A hm — (51— id)(e9), 8) - (4.1)
For j=1,2,.--- N, we put

I = L |—oj itA 2, A 112 dt.

j= [ (1177 <o e*2P)

For ¢ € X1, a > 0 and z € R", put ¢(z) = ¢(a'z). We define ¥(a) and ¢(a) by
¥(@) = o~ I{¢d]

and
p(a) = o™ I{e-],
respectively. The Fourier transform on S(R™) is given by

(FONE) = i | = blo)ie

for all ¢ € S(R™). It is well-known that the Fourier transform on S'(R") is defined
uniquely. We also define the inverse Fourier transform on S'(R™) by

(F719)(©) = (FH(E),
where we set $(x) = ¢(—z). We are ready to state the main results.

Theorem 4.1. Assume that Vo = 0 and X\ = 1 and that V; satisfies the condition
(A). Put ¢ € X1\ {0}. Then we can determine N, {\;}L, and {o;}IL, by the
following steps:

(Step 1.) We have

|4 (ea)]

h(e) + 1 (4.2)

o1 = hm In ———
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Furthermore, using the given o1, we obtain
M = I lim (™ (a)). (4.3)

(Step II-1.) Suppose that we have already determined {\;}5_; and {o;}5_,. Put
P*(a) = P(a) zoz 7N I;.

If lim,_o [¥*(a)| = 0, then N = k.
(Step II-2.) Suppose that we have already determined {N;}f_, and {o;}j_,. If
lim,_g [¥*()| = oo, then we have N > k and

[¥*(e)]
() + 1

Furthermore, using the given op41, we obtain
Merr = Ity hn%,(aak“@bk(a))'
o—

Ok+1 = hm In

Remark 4.1. The value of lim,_¢ |*(c)| must be either 0 or co.

Theorem 4.2. Let n > 3. Assume that Vo =0 and \ = 1 and that V1 satisfies the
condition (B). If we define V(p), p > 0, by V(|¢]) = FVi(§) and we set d = d/dp,
then we have for any M = 0,1,--- and any ¢ € HM/>+/4~12(R) \ {0},

lim, o (dM(p) (a)
L P 0

Remark 4.2. Suppose that V) satisfy (B) and that we have already seen that FV; is
analytic. Let ¢ € S(R™) \ {0}. If we obtain limsup,;_,o |(@™V)(0)|'/M = 0, then it
follows from the Maclaurin theorem that

— (d"V)(0)
V(p) = ;L:,O TPM

(d™V)(0) =

(4.4)

Therefore, for any x € R™, we can reconstruct V; by

Vi(a) = (2m) 7" /R 3 @O (dMV (O gimeyepi e

" M=0
Proof of Theorem 4.1. Suppose that V] satisfies (A) and 0 < o < 1. Since

(V)a-1(z) = Za TiNj|z| 7%,
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we obtain
N
'(,b(Oé) = / <(Z a_UjAjl . l_o'j) * leitA¢‘2’ |€itAd)l2>dt.
R

Hence we see that

N N
Pla) = a ) /P <(| 7) x €A leim¢|2>dt =Y a NI (45)
J=1 s =1
Therefore, we obtain
[Y(ea)l !Zﬁl e_aja_aj)\j—’j‘ B ’Z?I:I eI\
()| + 1 ‘ >N e

+1 | sV aal-amjfj‘ +on
By o1 > o; for any j > 1, it follows from the boundedness of I; that

GO

SO e +1

Thus, (4.2) holds. From (4.5), we immediately obtain (4.3).
Since

N
PHa)= Y eI\,
Jj=k+1
we can determine N, {\;}1L, and {o;}}L, by using the steps (Step II-1) and (Step
I1-2). This completes the proof. a

For the proof of Theorem 4.2, we prepare the following lemma:

Lemma 4.3. Let n > 2. For any s > 0 and any ¢ € HT4~1/2(R™), we have

REERS
R

Proof of Theorem 4.2. Suppose that V; satisfies the condition (B) and 0 < o < 1.
By

2
LZ(]Rn)dt S C”¢“?{s+n/4—l/2(kn). (46)

FWa = o™ (FVi)a-t1,
it follows from (3.1) and the Plancherel theorem that
p(@) = & Tlgors] = [ ((FVe)orsF(1420), F (16 )t

By (4.6) and (FVi)e-1(§) = V(|€]), we obtain

M
el = [ (1 M@V @)F (e49F), 7 (4 9P) o
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for any M =0,1,---. The Lebesgue dominated theorem implies that
lim(@¥p)(a) = @V)(0) [ (|- PF(0), F(1e4gP)
a—0 R
Thus, we have (4.4). This completes the proof. d

5. NLS (Cask II)

In this section, we review a part of the work [22] which treats the inverse scattering
problem (NLS). Suppose that n > 3 and that V5, V4 and A satisfy the following
condition:

(C) Vo and X satisfy Vo = 0 and A € (C* N WL)(R™), respectively. Furthermore,
A(0) # 0 and V() is expressed by Vi(z) = |z|~7 for some unknown o € [2,4]N[2,n).

From Theorem 2.1, we see that the scattering operator S; : B(d;X1) 3 ¢_ +—
¢— € X for (NLS) is well-defined. The goal of [22] for (NLS) is to identify unknown
A and o. In order to state the main result of [22] for (NLS), we list some notation.
Let e be the base of the natural logarithm. For ¢ € X;, the small amplitude
limit Z[@] is defined by 4.1. For ¢ € X;, @ > 0 and z,zo € R™, we again put
Baze(z) = ¢(a (z — zp)). In particular, we denote @0 by @,. We are ready to
state the main result.

Theorem 5.1. Let n > 3. Assume that Vo, Vi and A satisfy the condition (C).
Then for any ¢ € X1, the unknown o is given by

|Z[geall

J—9n+2—hman (51)
Furthermore, using the given o, we have for any o € R",
li s —(2n+2— a)l- é -
Aao) = a0 @ [Gezo] (5.2)
[ 16716 6@ - )Pl s(a)Pat 2.6)
Proof. By (3.1), it follows that
7= [ | @Il e e sty (63

(t,2,y)
Having in mind that
QA L (itaT2A
"o = (e })a

we see that
T(pa] = a2 / Aoz)R()(t,7,9)d(t, 7, ),

14+n+4n
R(t.z,y)

where

R(¢)(t,z,) = [y 71" ¢(z — y)Ple* 2 p(z) .
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We see that R(¢) is integrable. Hence it follows that

A(Bz)R(¢)(t, =, y)d(t, z,y)

Riear
~ [ MNOR@)(t )t z,y) A0 asf—0
L
if ¢ # 0. Hence we obtain
2n+2—0 by
Zlell N M0 RO T | amisce o g

IZ(gall + 02+2 — | [ Moz)R($)d(t, z,y)| + o

Thus, we have (5.1). We immediately see that the remainder (5.2) follows from
(3.1). This completes the proof. O

6. NLS (Cask III)

In this section, we review a part of the work [23] which is concerned with the
inverse scattering problem for (NLS). Suppose that n = 3 and that V5, Vi and A
satisfy the following condition:

(D). A satisfy A\ = 1. Furthermore, V;, 7 = 0,1, are expressed by the Yukawa
potentials

Vi(z) = &%—M r R (6.1)
Here, Q; € R and p; > 0 are unknown parameters with

|Qol < po- (6.2)
Since the condition (6.2) implies (2.3), we see from Theorem 2.2 that the scattering
operator Sz : B(0;X5) D ¢- — ¢_ € Xs for (NLS) is well-defined. The goal of
[23] is to identify unknown Q; and p;. In order to state the main result of [23] for
(NLS), we list some notation and proposition. We set r(z) = |z|. we again put wave
operators Qi = s — limy_400 e~ #*e™*H and remark that Q1 are bijective functions
from X, into itself. We define a mapping Sy, by

SVO = Q:_IQ_ . X2 — XQ.

The operator Sy, is the scattering operator for the linear Schrédinger equation
((NLS) with F(u) = 0). Using the method of [27, 32, 34, 35, 36], we see that
Sy, can be determined from the knowledge of 5.

Theorem 6.1. ([27, 32, 34, 35, 36]) Assume that (6.1) and (6.2) hold. For any
¢ € X2\ {0}, we have

lg ~S2(e6) = Su(6) in Xa. (63
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Once we have determined Sy,, we can reconstruct Vo, e** Q.. Q3! by Enss—
Weder [6]. The main result of [23] concerned with (NLS) is to determine the re-
mainder ¢ and p.

Theorem 6.2. Assume that (6.1) and (6.2) hold and that ¢ € C°(R3*\{0}) satisfies
¢ #0 and (A2 +1)71¢ € CX(R?\ {0}).
(i) We have
& Jim iot (4507 — id) (e °da), $a)

“1_ __ . (6.4)
I 4Ar|| e pl|Te e ey

(1) Suppose that Q1 # 0. Put
0, |12
ut

W)= | <L_ VIl | g |e_itH<b)¢|z> i ackR,

r

b= ) H(b) = _A_bQ()@(__TbM—OT),

a = hil’(l) i€_3b_7 <(Q+SZQ:1 - Zd) (8¢b)) ¢)b> )
mo = max {m € Zyo; ¥1(m) < |al},

¢ =maX{q=0,1;\Ifl (m0+%) < Ial},

J
dj+1 =nla‘x{q=0a1;\]:ll (7710"_2%—]_%) < |a’|}y J= 1a2:”' .
k=1 -

Then we have
Q1 = sign (Q—21> (mo + Z g—;—) . (6.5)
/’Ll j=1 =

6.1. Proof of Theorem 6.2. In the rest of this section, we give the proof of The-
orem 6.2. For this purpose, we first list some notation and propositions. For oo > 0
and y € R3, let H(o,y) be a linear operator on X» defined by

D(H(e,y)) = D(=4), H(a,y) = -4+ a’Volaz —y).

Furthermore, we put

H(a) = H(e,0).
The operator H(c, y) becomes a self-adjoint operator on X,. We denote norms ||-|| x,,
| llzees) (g € [L,00]) and | - [[Ls@zecesy by I - Il, I - [lg and || - [l¢a,0), respectively.

For E C R3, let C®°(E) be the set of all smooth functions with compact support in
E.

Proposition 6.3. Let a > 0 and ¢ € Xo. Then we have the following identities:



(1)
(7 0s) (z) = (77" (@¢) (a7a). (6.6)
(i)
(7 (g) (z — a7ly) = (e OV rm1y9) (2), (6.7)
where T,¢(x) = ¢p(z — 2), z € R3.
Proposition 6.4. If ¢ € C=(R3\ {0}), then we have
lm ||(e @) — &) (A +14)(-A —i)p)|| = 0. (6.8)

a—Cco
Proposition 6.5. For any o > 0 and for any ¢ € C°(R?\ {0}), we have
[ @ ]|y < Ce) (L +[e) 7> (6.9)
Here, the constant C(¢) is independent of a and t.

We omit the proof of Proposition 6.3. We now show Proposition 6.4. The proof
of is essentially similar to that of Theorem VIII.20 in [16].

Proof of Proposition 6.4. We give the proof dividing two steps. .
(Step 1) For o € R and m € Zso, let f(a) = e™®* and gm(o) = e~ /m?  Let
1 € X5 and € > 0. Then there exists some mgy € Zx( such that

lgm(=A)Y — 9|l < e (6.10)

for any m > mg. Henceforth, we assume that m = my. Since g, is a continuous
function vanishing at infinity, it follows from the Stone-Weierstrass theorem (see,
e.g., [16]) that there exists some two-parameter polynomial P(c, 5) such that

ilég |gm(a) —P((a+i) " (a— i)'1)| <e.

Therefore, for any self-adjoint operator A, we have
lgm(4) = P (A+) 7 (A-0) )| <e (6.11)
Thus, we obtain

1(gm(H (0, 9)) — gm(—2)]
< lgm(H(a,9)) = P ((H(e,y) + )7 (H (e ) — )7 || 1]
+[lgm(=2) = P (=2 +4) 7", (A —&)7) || 1]
+]|P (H(owy) +4) 7% (H(ayy) =) ) = P((=A+1)7H (=A—1)7") ¢

< 2|yl + | P (H(ey) + )7 (Hay) =) ) ¥ = P((=A+) 7 (A=) ™) 9|

(6.12)
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Here, we have used the property (6.11) in the last inequality. Since it follows that
P(on, 1)=P(as, ) = D Ciy {(Oll — o) P (o, 00) B + (81 — ﬁ2)ﬁl‘1(ﬂl,ﬁ2)a§}
ki

for some two-parameter polynomial ﬁ’" k=-1,0,1,2,---, we obtain
|P ((H(a, )+ )", (H(e,y) — 1) 1)7,11 P((-A+d)™ (A -yl
SC’{H H(oyy)+49) ™ = (A +1)” 7,0||—|—||((H(oz y)—i) = (=A—1)” )wu}

(6.13)
Henceforth, we put ¢ = (—A +i)(—A — )¢, ¢ € C(R®\ {0}). Then we see that
”((H(oz,y):l:i)'1 (—A+4)” )1/)”
S”((H(a,y):l:z) — (=A%) )( A+i)(— —z¢||

= |[(H(a,y) £ )7 a?Vo(- — o 'y) (~A F 0)g|
< [le®Vo(- — a7ty (A F i)g| -
We set n = dist(supp@, 0). If o > 0 is sufficiently large, then we have
) exp(—uolan —y )
(o) )7 = (-a£7) 9] < ClQuia? 22Ty p 7 4.
(6.14)

We see from (6.12)—(6.14) that
Tim g (H(0,)0 = g (~ Al = 0. (6.15)

(Step IL.) Since fg, is a continuous function vanishing at infinity, it follows from
the same argument of the proof of (6.12) that

I/ (H (0 0)) = F(=A))l

<\ (fom) (H o)) = F(H (0,9l + 1| (fgm) (—A)0 = F(=A)0
+ 11 o) (H (0, 0) = (Fgm) (—A)|

< FCH (e ) g (H (2 9)% = Il + | F (=) llgm(— A = w]| + 2¢][]
|| (o) + 7 (o) =) = B (A +07 (<A - ) o

< Nl gm (H (@, )1 = g~ A)bl| + 2l gim(—A) — 1] + 22|
+||B ((H (o) +)7 (Hey) =) p = B (~A+0)7 (~a =) ) o

(6.16)

for some two-parameter polynomial P. Here, we have used the unitarity of f (A) in
the last inequality. By (6.10) and (6.13)—(6.15), (6.8) holds.

We next show Proposition 6.5.
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Proof of Proposition 6.5 . Let Cy be the best constant for the embedding WQ(R:”) —

HE o
Cy= sup 8
YEHI\{0} V||

Then we obtain
le @[> < CF || Ve @g||"

< Cg <V e—-itH(a) 6,V e—itH(a) ¢>
< C’f <(_ A) e itH(e) &, g~ itH (o) ¢>
< Cb2 <H(a)e—itH(a)¢7 e—itH(a)¢> _ Cg <a2(V0)a_le—itH(a)¢, e—itH(a)¢>
< CZ (H()$,8) + CEllo? (Vo) gosllays || H @9 :
< CEIVSI? + C2 (> (V) aor, 8)| + C2[Vollsyz [l H @ .

It follows that

|Qllll?

[ (V5),18 )| < @0l Z2ELD 2 < [0l

where 7 = dist(suppg,0). By Aubin and Talenti [1, 26], the best constant C; is
explicitly given by C, = 371213743, Therefore, we have

)

c2 e: s 1. (6.17)
We hence see that )
s V612 + 1L o2
e @] < T Cad (6.18)
Ho T li3/2

Furthermore, by [20] and (6.6), we have
“ omitH() ¢||e _ “ ( oita®H(a) %)

— o2 ‘

a~tllg

< O Pt g

= Ca A g

= Ot o (6.19)
From (6.18) and (6.19), we have (6.9). d

We are now ready to state the proof of Theorem 6.2.
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Proof of Theorem 6.2. We first show (6.4). Remark that for any ¢ € X, \ {0} and
any o > ||9]|3/2671, (250" — id)(a~3¢,) is well-defined because we have

llo™*gall < &l
Let uq be the time-global solution to (1.2) with ¢_ = a~3¢,. Put
ul = e~ H(a3¢,), W = e H(g),  ul = ug —ul.
Then we obtain
i04{ (2507 = id)(2™%¢a), @) = (Da+ (IDs+ (ID%+ (D,
where

/ (Vi % wdul ) ud, ul )d,

( )
(II)L / < (Vi ulud)u ,&E>dt,
{ )

II)2—04/ (Vi * uqul )ud, ul )dt,

(I =« / <(V1 * uau_a)ui,z’;@dt.
R
Following the proof of Proposition 3.1, we see that for j = 1,2,3,
[(I1)i|< Ca™|g|® = 0 as & — co.
By proposition (6.3), we obtain

—a‘5/ O, exp(— M1|y|)| —ia ZtH(a)¢(a-1x o y)| le—za“’tH(cv)(D (o~ 1, I d(t, z,y)

ex Y| —itHa 20 it 2
- [ 7Q1p—(lyf|‘1—J')|e e, (@) e H@g(a) fd(t,2,0)

Qlwﬂa y)dy
|yl e

where
Boy) = [ | 0,900 0(a) 7).
R1+3
For the function @, we have the following property:

Lemma 6.6. Assume that ¢ € C(R®\ {0}) satisfies ¢ # 0 and (A +1)7'¢ €
C(R3\ {0}).

(i) For anyy € R3, we have
lim ®(0,) = [|€**4][{1.0)-



INVERSE SCATTERING PROBLEMS FOR DISPERSIVE EQUATIONS WITH A NON-LOCAL NONLINEARITY

(i) For any o > 0 and y € R3, we have
[®(e,y) < C(6),

where the constant C(¢) is independent of o and y.

Proof of Lemma 6.6. 1t follows from the Holder inequality that
|<I>(a,y) - ”eim¢”?4,4)|

< / (|e‘itH(°"y)Ta-1y¢(x) |2|e—itH(a)¢(x) |2—|€itA¢(ZC)I4> d(t, z)
R1+3
< / |e—itH(a,y)Ta_1y¢(x) _ eitA¢(x) | |e—itH(a,y)7_a_1y¢(x)| |e—itH(a)¢(x) |2d(t, x)
R1+3
b [, 1) — (o) | (a) P, 2
R1+3

g
R1+3

b [ 0@ e 2p(a) — e0(0)|d(2)

&4 (@) " @ (z) - *4 ()| | () d(, 2)

< [ feritenir, oy — o] [l
# [ el e e r,mny = 2] =g
[l el — e e,
[l e — o] a
where we have used the equality
ey = [l

which is given by (6.7), in the last inequality. We can easily see that

€|, < (1 + 1) (1Yl + l1¢lless) -

Therefore, by Propositions 6.4 and 6.5 and by applying the Lebesgue dominated
theorem with respect to the variable ¢, we obtain (i). Similarly, we have (ii). O

Let us go back to the proof of Theorem 6.2. Henceforth, we suppose that
¢ € C(R®\ {0}) satisfies ¢ # 0 and (A% +1)71¢ € C(R?\ {0}). Using the
above Lemma 6.6, we see from the Lebesgue dominated theorem with respect to the
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variable y that
i i exp(—
lim (D) = el [ @22y
a—00 R? |yl

Q1
= 45 [|e* |l (a5
Ky

which implies (6.4).

We next show (6.5). Suppose that Q1 # 0. Recall the definition of b, ¥1, mg and
gj, j =1,2,---. It follows from Propositions 3.1 and 6.3, that

a=0b""K[p)] = b_7Q1/ <M % |e-itH¢bl2 1 |e——z’tH¢b|2> dt
R

= b‘7Q1 /R <§_Xp(;—,u17”) " |<e—itb—2H(b)¢>b‘2 ’ ’ (e—itb‘2H(b)¢)b‘2> "

_ b_7+2+3+3Q1/ <£(;‘b/i_1?") % |e—itH(b)¢l2, |e—itH(b)¢|2> dt
R 7

=@ B <M * |e_itH(b)¢|2 , |e—itH(b)¢|2> dt

r

= IIII(Ql)‘

By the Plancherel theorem, we have

Uy () = 4r /R /R 3m‘Q|e-itﬂ<b)¢|?) (,g)’zdgdt.

Therefore, ¥; : R — ¥ (R) is odd, continuous, bijective and monotonically increas-
ing. Thus, we obtain

J j
3 o 1
¥y (mo + E %) <UL (|@1]) < ¥y <mo+ E % + 9—])
k=1" k=1 -

and
j J
P qa 1
m0+2§§|Q1|<m0+ §+53
k=1 k=1 -

Hence (6.5) holds. O

7. APPLICATIONS

In this section, dividing two subsections, we review a part of the works [22] and [23]
which is concerned with the inverse scattering problem for relativistic equations with
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a non-local term. In the first subsection, we consider the nonlinear Klein-Gordon
equation

Fu—Aut+u=\(Vix[uf)u, inRxR" (NLKG)

Here, Vi and X satisfy the condition (C) appeared in Section 5. The existence of
the scattering operator for (NLKG) is directly proved by [12]. We introduce the
result of [22], which is concerned with determining unknown o and \ by using the
scattering states.

On the other hand, in the second subsection, we consider the semi-relativistic
Hartree equation

B — (1 — A2y = (W x |u|2> u, inR xR® (SRH)
Here, the real number @), and the positive number p; are unknown. The existence of
the scattering operator for (SRH) is directly proved by Cho-Ozawa [5]. We introduce
a part of the result of [23], which is concerned with determining unknown @Q; and
u1 by using the scattering states.

Before treating the inverse scattering problem for the above two relativistic equa-
tions, we first review known results for nonlinear Klein-Gordon equations. Morawetz—
Strauss [11] initially studied the inverse scattering problem for the Klein-Gordon
equation with power nonlinearity. Later, Bachelot [2] considered more general cases.
Weder [33, 37] proved that a more general class of nonlinearities is uniquely recon-
structed, and moreover, a method is given for the unique reconstruction of the
potential that acts as a linear operator and that this problem was not considered in
[11, 2]. The inverse scattering problem for the Klein-Gordon equation with a cubic
convolution

Fw—Aw+w=(Vxww, in(z)eR™

was initially studied by Sasaki-Watanabe [24]. As far as the author knows, there is
no result except [23] of the inverse scattering problem for semi-relativistic Hartree
equation.

7.1. Nonlinear Klein-Gordon equation. Let us focus on the inverse scattering
problem for the nonlinear Klein-Gordon equation (NLKG). We here suppose that
V1 and A satisfy the condition (C) appeared in Section 5. We first mention the
existence theorem for the scattering operator for (NLKG).

Theorem 7.1. Letn > 3,2 <0 <4 and 0 <n. Put X3 = H'(R") & L*(R") and
Zs = C(R; HY(R™)NCL(R; L2(R)) N L3(R; HL %) with 1/g5 = 1/2—2/3(n—1+6),
p3=(m+1+0)/3(n—1+0) and 0 =2 — o /2. There exists some § > 0 such that
for any _ = *(¥1,9?) € B(J; X3), we uniquely have w € Zs and ¥y € X3 such
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that
W = Yw, dw) € CHR; H'(R™)) ® C(R; L2(R™)),

W) =U(t)p- + %/_ Ut—1) ( ZF(’L?)(T)) > dr,
W) —Ut)bxllx; =0 ast — oo,
lwllz, < CllY- @y, (7.1)

Hw - (cos(tw)wl_ +w™? sin(tw)zﬁ) HZ?, < Cllv-I%» (7.2)

/ e (Vi % (w1 W3z) )wadt
R

< OIS, ||w; | z-
L2(R™)
forw; € Z3, j =1,2,3. (7.3)

Moreover, we can define the scattering operator for (NLKG)

S B(6; X3) 3 v_ H¢+=¢_+%AU(—t) < Z.F(g(t)) )dteXg.

The goal of [22] is to identify unknown A and ¢. In order to state the main result
of [22], we list some notation. For ¢ € L*(R™), the small amplitude KC[¢] denotes

KI6] = lim = (S = D(E,0)), 10, 6) -

For s € R and ¢ € [1,00], we denote by H; the Sobolev space H:R?) = (1 -

A)~*/2[3(R™). For q € [1,00], ¢ means the Holder conjugate of g. We are ready to
state the main result.

Theorem 7.2. Suppose thatn > 3,2 <o <4, 0 <n,

+1)(1/2—1/r
¢€HlnﬂH£7 )(1/2-1/r)
rel

and ¢ #0. Let I = (6(n —1)/(3n — 5),2n/(n — 2)]. Then we have the formula for
determining o

, IKlgeall
c=2n+1-— ili% In W. (74)
Furthermore, the reconstruction formula for A can be also given by
lim,,_, —(2n+1-0) -
YeApp— L il R (7.5

/ I~ wolt, = — 9)Placolt, 2)d(E, 7, )

where wy = cos(tv/—A)¢.
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Now we prove Theorem 7.2. To derive (7.4), we follow the line of the proof of
Theorem 5.1. Let o € [2,4] N [2,n).

We here assume that

¢ c A= Hl N ﬂ H(n+1)(1/2—1/7’)
. ,rl
rel

and ¢ # 0, where I = (6(n—1)/(3n—5),2n/(n—2)]. By Theorem 7.1, and A C H',
K[¢] is well-defined. By (7.1)—(7.3), it follows from the proof of (3.1) that

Kol = [, A = I 6 o) e 2,0,

(t.z,y)

where I'™(t) = cos(tv/m? — A)¢.

Having in mind that

oy

eit\/l—_A(pa — (eita_lvai—Aqs)
we also have

Klad == [ Maa)Qe(@)(t.a,0)d(t,2,u),
(t,z,y)

where
Q™(9)(t,z,) = [y 7™tz — y) I (¢, 2) .
In order to see the convergence of |Kldeq)|/(|K[¢al] + a®1), we give the following
lemma:
Lemma 7.3. Let [ = (6(n—1)/(3n—5),2n/(n—2)] and0 < B < 1. Forn/(n—1) <
c<4,0<n, and
¢ c H1 n ﬂ H787.+1)(1/2—1/r),

rel

then QP(¢)(t,z,y) is integrable on ]R%j ;‘;)" Moreover, we have

[ @@t~ [Q@@itay ws—0 (7.6
Proof. We first state L? — LP estimates (see, e.g., [14, 15])
Heitm(ﬁ“r < C't‘—(n-l)(l/z—l/"')”¢||H(?+1)(1/2—1/1‘) (77)

and
”eit\/l—Aqb“T < C|t‘—(n—l)(1/2_1/’")|I¢|IH£7+1)(1/2—1/r), (78)

where 2 < r < co and H; is the homogeneous Sobolev space (for the definition, see,
eg. [3, 8]).
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By the embedding HS < H? and H™Y/2-/") — [7(R™), it follows from (7.7)
that

=5 ]l < C(1+ [¢]) = DO2IN (), (7.9)
where
Ny (¢) = max{||$l| gncr/2-1/m), ||¢”H§7+1><1/2-1/’>}’
On the other hand, Using the identity
gitVm?=A b= GtmVI=A bm)

m~1,
and (7.8), we obtain

”eit\/mf—Aqb“T — ,'n—n/r itm\/l—A¢m|lr

lle
< Cm="r|tm|~(r-10/2=1/m) émll nenare-1rm
< Cm DO/ (1 4 m—(n+1)(1/2:1/r))
% |t|_(n—1)(1/2—1/7‘)||¢||H£7+1)(1/2—1/r)
< C|t|—(n—1)(1/2—1/r)||¢||Hg,+1><1/2—1/r>
if 0 < m < 1. By the embedding H™/2-1/7) — L7 it follows from (7.9) that

[e*VE 2]l < C(L+ [t ~HAEIN, (9). (7.10)

Let s € [0,1]. By the Hardy-Littlewood-Sobolev inequality, the Holder inequality
and the embedding L(1/2+s/") ™" (R™) < H~* we have

1Q™(6)-Q°(S)lrwzz )
< 77 (0™ = DT T 1 ey
+ (] - |77 * To(T™ — TO) I T™|| 11 )
+ (] - 177 TOTO)(I™ — TO)T7| o ey
+ (] - 177 TTO)TO(T™ = T9)|| 1 ey
< >0 (T DAY T IE™ = T ey

B1,82€{0,1}
<ol | N o 1 N (R | na DT [P
B1,82€{0,1}
<O =Tl S 101 DI g
B1,82€{0,1}

<CIT™ = Tl {IT™ 12 + IT°1123,
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where we have used the equality

S o= [ 17 o

for the second inequality, and r satisfies

3 s

3 c 3
§+E=E+;’ 2<r<oo.
Using (7.10), we see that
m —3(n— —1/r 3 m
1Q™(@) = Q)| @zn ) < C(1L+ [t 7@ DEZTYI(N, ()70 = T°. - (7.11)

Sincen/(n—1) < o < 4and 0 < n, wecanput r € I. Thus, we have n(1/2—1/r) <1
and —3(n—1)(1/2—1/r) < —1. Hence, Q(¢) is integrable, and the right hand side
of (7.11) is bounded by some integrable function which is independent of m. For all
t € R, we can easily show that

IT™(t) = T%(t)||gs — 0 asm — 0.

Thus, applying the Lebesgue dominate theorem on R;, we have (7.6). This completes
the proof. a

Let us go back to the proof of Theorem 7.2. We again assume ¢ € A. From
Lemma 7.3, we see that

R1+n_m>\(aa:)Q°‘(¢) (t,z,y)d(t, z,y)
(t.z,y)

- N0)Q°(9)(t, =, y)d(t,z,y) #0 as a— 0.

14+n+n
R(t»wxy)

So we obtain
Kléeall  _ = [ Ae0)Q)B20] | anros

[Klgall + 024~ | [ Maaz)Q() (¢, 2, y)| + 0

Thus, we have (7.4).

as a — 0.

It remains to show the reconstruction formula (7.5). We put ¢ € A. Then we
have
IC[QSCVJO] = a2n+1—a /\(CY.’L' + xO)Qa(¢) (ta z, y)d(ta Z, y)

1+n+n
R(t,x,y)

Here, o is a known number which is determined in the above. Since A is bounded
and continuous, it follows from Lemma 7.3 that

lim o~ 1) b 00] = / Mz0)Q%(9) (¢, z,y)d(t, , 7).

a—0 th-)-:;lj—)n

Thus, we have (7.5). This completes the proof of Theorem 7.2.
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7.2. Semi-relativistic Hartree equation. Let us focus on the inverse scatter-
ing problem for the semi-relativistic Hartree equation (SRH). We first mention the
existence theorem for the scattering operator for (SRH).

Theorem 7.4. Let s > 5/6. Put Up(t) = e™I8 X, = H*R®) and Zy =
C(R; X4) N L*(R; Hi°/%(R®)). Then there ezists some § > 0 satisfying the following
properties:

If _ € B(6; X4), then there uniquely exist w € Zy and ¢ € X4 such that

w(®) = Un(t)o- + / Us(t — ) F(w(r))dr,

b=+ % / Uz (=) F(w(t))dt,
R
lwllz, < Cll¢-Ix4s
||'LU - UZ(t)¢—”Z4 < C”¢- |§{4’
Jim [lw(t) = Ua(t) el x, = 0.

Therefore, we can define the scattering operator for (SRH)

Sy B(6, ){4) S ¢_— P € Xy

The goal of [23] for (SRH) is to identify unknown A and o. The main result of
[23] is the following state:

Theorem 7.5. Let s be a positive number given by Theorem 7.4. Let 1 <p < 12/7
and k > 11/12. Assume that

¢ € (H°(R®) N Hy(R)) \ {0}
(i) we have

lim i014 (S4 — 7«d) (Ol_gﬁba)) ¢a
Q_21 _ asoo < e > (7.12)
drrlle"2 ¢||(4,4)

Hq
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(ii) Put
1/2

@
i

— . 2 . 2
Uy(a) = / <%|Ollr—2 * ‘e"“d —Agﬁ‘ ,’e"“d _Aqb‘ >dt, a€R,
R

d=

?

r
h = limie=*d™" ((S4 — id)(e¢a), 4a) ,
£—
lp = max {l c ZZO; \Ijg(l) < |h|} s
1 = max {P =0,1; ", <lo + g) < |h|} )

J
Dk p .
Di+1 =max{p=0,1;‘112 (l0+ o T 2j+1> < |h|}, j=12,--
k=1

@, = sign (%) (lo + > %) . (7.13)

In order to show Theorem 7.2, we first prepare the following lemma:

Then we have

Lemma 7.6. For o > 0, let

U« (t) — eitaz—ita\/ai—A, U (t) i%A'

=e
Assume that 1 < p < 12/7 and k > 11/12. If ¢ € H*(R®) N HE(R®), then we have
lm [U%(96 — U= (@)l wg = 0. (7.14)

Proof. We again denote the norm ||-||pews) (¢ € [1, 00]) by ||-|l¢- From the embedding
H3*4(R?) — L*(R®) and the Plancherel theorem we obtain

|02 ()¢ = U=(t)glla < CIU (D)6 — U (1)l o)
< C| (et sta /TP =i 12) (11 e[/ Fg

L2(R)

Since (£)** F¢ € X, and

Y — 2 2 — —_ —_
o’ —ay/a?+ €2 = I Pl 5 as a — 00

for any & € R3, it follows from the Lebesgue dominated theorem that

lim ||[U%(t)¢ — U®(t)¢|la =0 for anyteR. (7.15)
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Now we put a > 1. By the L? — L7 estimate for the free Klein-Gordon equation in

[4], we obtain
(3 —ita?V/I-A 4
1=l = | (75 ga) .,
= o~ s

< C’a_3/4]to¢2|"3/4|[¢l|HZ§
< C'|t|_3/4||¢||H2;34o (7.16)

Using the complex interpolation method for the linear operator U%(t), we see from

1U%(®)¢lla < CIU ()Ml rors < Cligl| pr2va
and (7.16) that

[U(#)glla < CQA+ [£)75*|8]| ap (7.17)
where
Ay = H¥4(R3) N H*(R? k—3 4 _1,9 0<h<1
0 = ( )n pg( )) 9_Z+§) P0—§+Z, >V > L.

Thus, we can easily see that the left hand side of (7.17) belongs L*(R) if 1/3 < 6 < 1.
Therefore, we obtain

[U*(t)¢ — U= (t)¢lla < Cy(2),

where g € L*(R) is some suitable function independent of a. By (7.15), it follows
from the Lebesgue dominated theorem with respect to time ¢ that (7.14) holds. O

We are ready to prove Theorem 7.2.

Proof of Theorem 7.2. Following the line of the proof of (6.4), we obtain
lim i ((S4 - id) (@~6), b )
a—o0

_ lim ia~F /R (FUt)62), Ualt)se e

=i [ Q=PRI g - ooty oo e 2.0)

By (7.14), we have (7.12). The remaining formula (7.13) can be shown by the same
argument as the proof of (7.12). O
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