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ON CERTAIN ESTIMATES OF SINGULAR INTEGRALS USEFUL
FOR EXTRAPOLATION

SHUICHI SATO

ABSTRACT. We consider several classes of singular integrals with rough kernels.
We prove certain LP estimates (1 < p < co) for the singular integrals. As
an application, we can prove LP boundedness of the singular integrals under a
minimum size condition on their kernels via an extrapolation argument.

1. INTRODUCTION

Let a function © in L!(S™!) satisfy
(L.1) / Q(8) do(6) = 0,
Sn—1

where S™1 is the unit sphere in R* and do is the Lebesgue surface measure on S™~1.
We assume n > 2. We consider singular integrals of the form:

(12) T(7)(@) = pv. [ Flo=0)K(w)dy,
=

where h is a function on Ry = {t e R:¢ > 0}.
Now we introduce two function spaces on S~ 1.

(1) Let Llog L(S™!) denote the Zygmund class of all functions F on S™~! satis-
fying
/n ; |F(8)] log(2 + |F'(9)]) do () < 0.
(2) The Hardy space If[ 1(8™=1) is the space of functions F' € L!(S™~!) such that
|l e (sn-1y == 1P+ Fll g sn-1) < 00,
where P+ F is the radial maximal function defined as

PTE(@) = sup / F(w) Prp(w) do(w)] -
Sn—l

0<r<1
Here P, (6) (0 <r <1, w,8 € S*1) denotes the Poisson kernel:
1-7%
Prw (9) = Cnm.
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It is known that L log L(S™"!) is a proper subspace of H(S™71).
We first assume that h is identically 1; so K is a homogeneous kernel. We write
T =Tgq. Then, .
(Taf) () = m(&)£(9),

where

m) == [ QOFE0)ds0),

Sn—1
, T ’ !
F(e,6) = [i7 sen((€',6)) +log (€', 0} -

This implies, by Young’s inequality, that Tq : L? — L2 if @ € Llog L(S™ ). Also, by
the method of rotations Calderén-Zygmund [4] proved that if Q belongs to L*(S™7!)
and is odd, then T : LP — LP for all 1 < p < oo and that if @ € Llog L(S™ 1), then
Tq:LP — LP for all 1 < p < oo.

Furthermore, Coifman-Weiss [5], Connett [6] and Ricci-Weiss [15] proved that if
Qe HY(S™ 1), then Tq : LP — LP for all 1 < p < oo by applying developed versions
of the Calderén-Zygmund method of rotations. This is an improvement over the result
of Calderén-Zygmund above, since Llog L(S™1) is a proper subspace of H!(S™1).

Next, we see the case where h is not assumed to be a constant function. For
s € [1,00), the space A, is defined as

As ={hon Ry :||h]|la, < oo},

where
21 +1

1/s
”h”As=§‘ég (/ |h(t)[3dt/t) )

Here Z denotes the set of all integers. Also, let Ao, = L*°(R;). Then, we can easily
see that A, C Ay if s >¢.

If A is not constant, the method of rotations of Calderon-Zygmund does not work
in general (see [17]), nevertheless, we have the following:
(a) (R. Fefferman [11]) If h € L*™ and Q satisfies a Lipschitz condition on $™~!, then
T:LP - LPforalll <p<oo.
J. Namazi [13] improved this result by replacing the condition on  with the L9-
condition:
(b) Suppose that h € L* and € L9(S™7?!) for some ¢ > 1. Then T : L? — L? for
all1 < p<oo.
J. Duoandikoetxea and J. L. Rubio de Francia (7] further improved this by replacing
the condition on A with the Ay condition:
(c) If h € Ay and £ € L9(S™~L) for some ¢ > 1, then T': LP — LP for all 1 < p < oo.
The L7 condition on 2 in (c) was relaxed by Fan and Pan [10] as follows:
(d) Suppose that Q € H}(S™!) and h € A, for some s > 1. Then T : LP — LP if
|1/p—1/2| < min(1/2,1/5"),s' = s/(s — 1).
We note the space LI(S™1), ¢ > 1, is a proper subspace of H!(S"!) and when
s = 2, the range of p in the conclusion of (d) is (1, c0).
Also, A. Al-Salman and Y. Pan [2] proved the following:
(e) If Q € LlogL(S™™') and h € A, for some s > 1, then T : L? — LP for all
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1<p<oo.
In (e) the condition on Q is slightly stronger than that of (d), but the range of p
shrinks to 2 as s approaches 1 in the conclusion of (d), while the range of p is always
(1,00) in the conclusion of (e), regardless the value of s.

Now, our first result is the following theorem.

Theorem 1. Let T be as in (1.2) Suppose that Q € LI(S™ 1), h € A,, ¢,5 € (1,2].
Then

IT(Allzr < Cpla=1)7 (s = 1)1 zo(sn-) Inlla I fllze
for all p € (1,00), where the constant Cy, is independent of q,s,Q and h.

We are interested in this estimate when ¢ and s are near 1. This estimate can be
used to prove LP boundedness of T by extrapolation of Yano under L log L condition
for  and a certain condition for h. To state the condition for h, we need to introduce
two more function spaces. For h on Ry and a > 0, let

2i+1

La(®)=sup [ [ho)] Qog( -+ M) dr/r
JEZ J2i

Define the class £, to be the space of all functions h satisfying L,(h) < co. Then, we
see that if a < b, Ly C L, and that

Uags.
s>1 a>0
Also, for h on Ry and a > 0, let
Na(h) = > m*2™dm(h), dm(h) = sup2~*|E(k,m)],
m>1 €z
where
E(k,m) = {r € (2,281 : 2™ < |n(r)| < 2™}
for m > 2 and
E(k,1) = {r € (25,2541 : 0 < |h(r)| < 2}.
We denote by N, the class of the functions h on Ry such that N,(h) < co. Then, we
can see that N,(h) < co implies Lo(h) < co. Conversely, if Lo+5(h) < oo for some

b > 1, then N,(h) < co.
Now, we can state an application of Theorem 1.

Theorem 2. Let Q0 € Llog L(S™!) and h € Ni. Then

IT(Hllze < Collflize
for all p € (1, 00).

Theorem 2 follows from Theorem 1 and Yano’s extrapolation (see [26]). Al-Salman-
Pan [2] proved L? boundedness of T' under the condition that © € Llog L(S™!) and
h € A, for some s > 1. Theorem 2 improves that result by replacing the assumption
on h with the condition A € N;. Here we recall that the condition h € N; follows if
h € L, for some a > 2.
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Proofs of Theorems 1 and 2 can be found in [18]. To prove Theorem 1 we ap-
ply the method of J. Duoandikoetxea and J. L. Rubio de Francia [7] involving the
Littlewood-Paley theory. A new element of our proof is to apply a Littlewood-Paley
decomposition adapted to a suitable lacunary sequence depending on ¢ and s for
which Q € L(S™"!) and h € A,. The method of appropriately choosing a lacunary
sequence has been already used in a different way from ours by A. Al-Salman and Y.
Pan [2]. In the following sections, we shall see that Theorem 1 can extend to several
classes of singular integrals.

2. SINGULAR RADON TRANSFORMS

Let
T()(@) =p. [ fle = PGIKG)d
= lim flz— P(y))K(y) dy,
=0 ly|>e
where

K(y) = h(lyhQ@)lyl™, v =1lyl"'y,
Q€ L(S™1) satisfies (1.1), f is an appropriate function on R? (d may be different
from n) and P(y) = (P1(¥), P2(¥),- .., Pa(y)) is a polynomial mapping (each P; is a
real-valued polynomial on R™).
We assume that P(—y) = —P(y). Then we have the following theorem.

Theorem 3. Suppose that € LI(S™™ 1), h € A, ¢,5 € (1,2]. Then

IT(Nze@ey < Colg =17 s = D7THIDllpa(sm-n 1Bl a1 fllzo e

for all p € (1,00), where the constant C, is independent of q,s,Q and h. Also, the
constant C, is independent of polynomials P; if we fiz deg(F;) (j = 1,2,...,d).

By Theorem 3 and extrapolation we have the following result.
Theorem 4. Let Q € Llog L(S™ ') and h € Ny. Then
IT(Hllzr@ey < Copllfllze@e

for all p € (1,00), where C, is independent of polynomials P; if the polynomials are
of fized degree.

Previous results are as follows.
(a) (E. M. Stein [23]) Ifh = 1 and @ € C*(S™"!), then T : L? — LP forall 1 < p < co.
(b) (D. Fan and Y. Pan [10]) Suppose that & € H(S™!) and h € A, for some s > 1.
Then T : LP — LP if |1/p— 1/2| < min(1/2,1/s").
(c) (A. Al-Salman and Y. Pan [2]) Suppose that € Llog L(S™!), h € A, for some
s>1and P(~y) = —P(y). Then T : L? — LP for all 1 < p < co.

Theorem 4 improves the result (c) by replacing the assumption on h with h € Ny.
For Theorems 3 and 4, see [18]. Relevant results can be found in [14], [24].
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3. SINGULAR INTEGRALS ASSOCIATED WITH FUNCTIONS OF FINITE TYPE

We consider a singular Radon transform of the form:

T(f)(@) = pov. /B f(z - 3(y)K () dy,

where K(y) = Qy")|y|~", @ € L*(S™Y), v’ = |y| ™'y, ® : B(0,1) = R? is a smooth
function, B(0,1) = {z € R : |z| < 1}. We assume that Q satisfies (1.1) and that @
is of finite type at the origin, where @ is said to be of finite type at the origin if for
any £ € S9! there exists a multi-index « = (@y,...,as) such that || > 1 and

97 (2(2), §)le=0 # 0.
Then we have the following theorem.
Theorem 5. Let g € (1,2] and Q@ € L9(S™71). Then
IT(A)le@ey < Cplg — 1) HIQ Lagsn-1) | fll Lo
for all p € (1,00), where the constant C, is independent of q and .

By Theorem 5 and extrapolation, we can give a different proof for the following
result of Al-Salman-Pan [2]:

Theorem A. Suppose that Q € Llog L(S™~!). Then
1T (Hllze@ey £ CollfllLe@ay
for all p € (1,00).
Relevant results are in [8]. See [20] for Theorem 5.

4. SINGULAR INTEGRALS ALONG SURFACES OF REVOLUTION
Let
r':[0,00) =+ R™
be a continuous mapping satisfying T'(0) = 0. We define a singular integral operator
along the surface (y,T'(|y|)) by

Tf(e,2)=pv. | flo =12~ T)KG) dy

where K (y) = h(|ly|)Q(y')|y| ™. We assume that Q € Llog L(S™~!) satisfies (1.1).
Let

R
Mrg() = sup R /0 lo(z — T(2))| dt.

We assume that Mp : LP(R™) — LP(R™) for all p > 1. An example of such I is a
polynomial mapping. I' may have infinite order contact with its tangent at the origin.
Under this condition on I', we have the following theorem.

Theorem 6. Suppose that Q@ € LI(S™ 1) for some q € (1,2] and h € A, for some
s > 1. Then,

ITfllzo@n+my < Cplg = 1) M IQlGlAl LN Fll o @n+m)
if |1/p — 1/2| < min(1/s',1/2), where the constant C, is independent of q¢ and Q.
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An extrapolation implies the following.
Theorem 7. Suppose Q € Llog L(S™7!) and h € A, for some s > 1. Then, T is
bounded on LP(R**™) if |1/p — 1/2| < min(1/s',1/2).

When m = 1 and T is a C?, convex, increasing function, Theorem 7 was proved
by Al-Salman and Pan [2]. In that case, Mr is bounded on LP(R') for all p € (1, 00).
See [19] for Theorems 6 and 7.

5. LITTLEWOOD-PALEY FUNCTIONS

We consider the Littlewood-Paley function on R defined by

o , dt\?
sun@=([ e sord)
where 1 is in L' (R"?), 1:(2) = t "¢ (t"*z). We assume that

Y(z)de = 0.
Rn

One of the well-known sufficient conditions for L? boundedness of S, is the follow-
ing:
Theorem B. Suppose that there exists ¢ > 0 such that
(@) < CA+ )™

[ e =)~ via)de < Clyl.

Then the operator Sy is bounded on LP(R™) for all p € (1, 00).

This is due to Benedek, Calderén and Panzone [3]. It is known that the second
assumption in Theorem B is not needed (see [16] and also [9]):

Theorem C. Suppose that
l(z)] < CA+|z)7"¢ for some ¢ > 0.
Then
Sy : LP(R™) — LP(R™) for all p € (1,00).
Let
P(z) = |27 )Xo (o), & =z/l2l,
where @ € L1(S™1) satisfies (1.1) and xg denotes the characteristic function of E.
Define
ue(f) = Su(f)-
Then, uq(f) is called the Marcinkiewicz integral (see Stein [22] and also Hérmander
[12]). T.Walsh [25] proved the following result.
Theorem D. If Q € L(log L)'/?(S™1), then

pa s L*(R?) = L2(R™).
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Here Q € L(log L)Y/?(S*!) means
/ 1206 082 + [2(O))]? do () < co.
Sn—l

Al-Salman, Al-Qassem, Cheng and Pan [1] extended Theorem D to all L? (1 < p < co)
spaces.

Theorem E. If Q € L(log L)/2(S™1), then
po @ LP(R™) — LP(R™) for all p € (1, 00).

We can give a different proof of Theorem E by extrapolation and the following
result (see [21]).

Theorem 8. If Q € LI(S™1) for some q € (1,2], we have

llsa(Plls < Cola — 1212l £l
for p € (1,00), where the constant C), is independent of ¢ and Q.
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