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The spectrum of Schrodinger operators with periodic
Aharonov-Bohm magnetic fields

By

Takuya MINE* and Yuji NOMURA**

Abstract

We shall consider the magnetic Schrodinger operators on R?. The magnetic field is the
sum of a non-zero uniform magnetic field and periodic pointlike magnetic field on a lattice. In
[1], we gave a sufficient condition for each Landau level to be a infinitely degenerated eigenvalue.
This condition is also necessary for the lowest Landau level. Moreover, in the threshold case,
the spectrum near the lowest Landau level is purely absolutely continuous. In this paper, we
shall characterize the eigenfunctions corresponding to the second Landau level and show the
absolutely continuity of the spectrum near the second Landau level in the threshold case.

§1. Introduction

We identify a vector z = (z,y) € R? with a complex number z = z + iy in the
sequel. We consider a magnetic Schrédinger operator on R?

1 2
L= (;V—I—a) s

where a = (ay,a,) is the magnetic vector potential. We assume the magnetic field
rota = dya, — Oya, satisfies

(1.1) rota(z) = B+ Z 21 (%)
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in the distribution sense, where B is a positive constant, « is a real number satisfying
0 < a < 1, I'is a lattice of rank 2 in R? and 0, is the Dirac measure concentrated at
~v € T'. The vector potential a satisfying (1.1) is constructed as follows:

a(z) = (Im¢(z), Re ¢(2)),
B
(12) 6(z) = 57+ ac(2),
where ((z) is the Weierstrass ¢ function associated with I':
1 1 1 =z
=1+ T (;5545m):
ver\{o}
We define a operator L by
Lu=Lu, wecD(L)=CPR*\T).

L is a positive symmetric operator on L?(R?). We denote the Friedrichs extention of L
by H. It is shown that

D(H)={ue L*(R*)NH: (R*\T)|Lu € L*(R?),
(1.3) lim |u(z)| =0 for any v € T'}.
z—y

From the inequality H > B, it follows that o(H) C [B, c0), where o(H) is the spectrum

of H.
We prepare some notations. Let Hy be the Schrodinger operator with constant
magnetic field B. It is well-known that

O(HO) = {En | n = 1727"'}7
where
(1.4) E,=2n-1)B

which is an infinitely degenerated eigenvalue and is called the nth Landau level. Let
wi,ws € R? be a basis of the lattice ', that is I' = w;Z ® wsZ and we assume
Im(wz/wy) > 0. The set Q2 denotes a fundamental domain of I' defined by
Qo de st twy | —r<scr —iopo)
= { Rk = Swp wo 2_8 2, 5 = 5 .

The condition

B
1. —|Q
(15) —10+a€Q
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is called the rational flux condition. The number of the left-hand side is the magnetic
flux in a fundamental domain divided by 27. For an interval I C R, Pr(H) denotes the
spectral projection of H corresponding to I. We define an entire function o by

oms I ((2)0%)

yel\{o}

which satisfies the equation

(1.6) d'(z) = ((2)o(2).
Our results in [1] are the followings.
Theorem 1.1 ([1]). Assume B >0 and 0 < a < 1.
(i) If §|Q| +a>1, then Ey = B is an infinitely degenerated eigenvalue of H,

and the eigenspace of H associated with the eigenvalue Ey is

(1.7) {6_%|Z|2|U(Z)|_a0(z)f(2) c L*(R?) | f is an entire function }

(i) If §|Q| +a <1, then Ei is not an eigenvalue of H. If we additionally
assume the rational flux condition (1.5), then there exists a positive number € such that
o(H) C [B+e¢,00).

(iii) If %|Q| +a =1, then Ey is not an eigenvalue of H, and E; is the edge
of the purely absolutely continuous spectrum, i.e. there exists a constant E such that
B < FE < 3B, [B,E) C o(H) and Ran Pg gy(H) C Hac, where Hae denotes the
absolutely continuous subspace for the operator H.

B
Theorem 1.2 ([1]). Assume B >0 and 0 < a < 1. If —I|Q|+ a > n for some
T
positive integer n, then E, is an infinitely degenerated ez’genval%e of H.

Following theorem is our main result in this paper.

Theorem 1.3. Assume B >0 and 0 < a < 1.
(i) If 2—|Q| + a > 2, then Ey is an infinitely degenerated eigenvalue of H, and the
etgenspace O}IH associated with the eigenvalue Fy is

(1.8) {AT (e_%Z'Q|J(z)|_°‘0(z)2f(z)) € L*(R?) | f is an entire function },

where

Al = =20 + 6(2).
B
(ii) If 2—|Q| + a = 2, then Ey is not an eigenvalue of H and
T
E2 & O’aC(H),

where o,.(H) is the absolutely continuous spectrum of H.
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§2. OQOutline of the proof of Theorem 1.1

Proposition 2.1. We have
Hu = Fju
foruw e D(H) if and only if
(21) u(z) = e T ()"0 (2) [ (2)

for some entire function f(z) and u(z) € L*(R?).
Proof. We define an operator A by
A - 28z + ¢(2)7

1
where 0, = 5(893 — 10y). From (1.6), we have

(2.2) A= 11 o(2)|7%(20,)e T o (2) |
Then three operators A, A" and £ satisfy the following relations:

L=AA"+ B
(2.3) —ATA- B.

Since H is the Friedrichs extension of L, (2.3) implies that

(2.4) ((H — B)u,u) = (AT Au,u) = ||Aul?

for w € D(H). Therefore we have that Hu = Bu if and only if

(2.5) Au=0in C\T

for w € D(H). By (2.2), any solution of (2.5) is written as
u(z) = e~ 1 jo ()| ~h(2),

where h(z) is a holomorphic function on C\I'. From the boundary conditions lim |u(z)| =0
z—y

for any v € T, the function h(z) must be factorized as h(z) = o(2)f(z) with an entire
function f(z). O

We denote n; = ¢ (%) for j = 1,2. Then we have the Legendre relation:

(2.6) Mmws — Naw1 = 274,
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and
(2.7) o(z+7) = (~1)m (=), (),

where 7 = mw;y + nwy and n = may + nng for m,n € Z (see, e.g. [3]).
Outline of proof of Theorem 1.1. (i) Let

f(2) = P(z)e*" DM,

where P(z) is an arbitrary polynomial and u = 4|LQ (mwz — newr). Let u be the function

given by (2.1) with the above function f. By (2.6) and (2.7), we have

u(z2)] < Q(z)el,

B 1-
where Q(z) is some function of polynomial order and d = 1 + %

negative by the assumption, the solution u belongs to L?(R?). Thus E; is an infinitely

. Since d is

degenerated eigenvalue of H.
(ii) Let f(2) be an arbitrary entire function which is not identically equal to 0 and
let

u(z) = e ¥ o (2)] "o () [ (2).
Putting g(z) = f(z)e_(o‘_l)’“‘z2, we have

(2.8) u(z)| > Ce¥*F|g(2)]

for z satisfying dist(z,I") > € for some € > 0. Since d is positive by the assumption, the
solution u dose not belong to L*(R?) by (2.8).

8§3. Outline of the proof of Theorem 1.3
By using of the following Proposition 3.1 we can prove Theorem 1.3.

B
Proposition 3.1.  Assume 2—|Q| +a>2. If Hu = Fsu for u € D(H), then
T
we have
A%u = 0.

For a > 0 and w € C, let
By(w)={z€C ||z —w|<a}

and

D,=C \ UVEFBa(7)~



140 T. MINE AND Y. NOMURA

For sufficiently small § > ¢’ > 0 and € > 0, we define
D? = DsNQ, and D}, = D N Qp e,

where . X
Qr={z€C| |Rez|<r+§, |Imz|<r+§}.

Proposition 3.1 is derived from the following Lemmas.
Lemma 3.2. IfLf = Exf for f € H:.(R*\T), then we have
142 fll 2 (pg) < CllF 22,

for some C > 0 which is independent of f and n € N.

B
Lemma 3.3. Assume —|Q| +a > 2. If Hu = FEyu and A%u # 0, then there
7r
exists a constant ¢; > 0 such t%at

“AQUHL?(DQ) 2 ecln2
for any n € N.

B
Lemma 3.4.  Assume 2—|Q| +a=2. If Hu = Esu and A%u # 0, then there
™
exists a constant co > 0 such that

| A%ul| L2 (pny > can

for any n € N.
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