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Long time asymptotics of heat kernels for one
dimensional elliptic operators with periodic
coefficients

By

Tetsuo T'SUCHIDA*

§1. Results

This is a summary of the paper [11]. Let L be an elliptic differential operator on
! L= —i(a(@i) + c(z)
dx dx ’
where a(z) and ¢(x) are real-valued periodic functions with period 1. We assume that
a(x) is absolutely continuous, and a(x) > « for some positive constant «, and that
c € L} .(R). For each v € R, let L., be the operator on the torus T = R/Z defined by
d

Ly = Lo = —( — Y)a(e) (4 ~ ) + c(a).

Regard L. as a closed operator on L?(T) with the domain D(L,) = {u € H'(T);
L,u € L*(T)}. {L,}er is a holomorphic family of type (B). In [1], [5], and [10], the
following results were studied. L. has an eigenvalue E(v) € R of multiplicity one such
that the corresponding eigenspace is generated by a positive function w.(z) on T. Since
(Ly)* = L_,, we have E(y) = E(—7y). We call E(v) the principal eigenvalue of L.
Facts. The function E(7) is real analytic. E" () <0 for any v € R.

E"(y) = =2/d; + O(]7|™") as |y| — oo.

sup E(y) = E(0) = info(L).
vER

For each k € R, we consider the equation with respect to

E'(v) = —k.
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From the facts above we see that the equation has a unique solution v = v¢. For v € R,
let p,(z,2") be the positive continuous function on R x R defined by

u’)’(x)u—’y(x/) CIZ/ < .
fol uw(a:)u_,y(a:)dx’ -

p’y(xa CIZ/) = p’y(xla CC) =

Put -
d(z,z") ::/ a(s)"Y%ds and dy := d(1,0).
xT

’

Let e~ 'L(z, ') be the integral kernel of the semigroup e~*Y of L, where L is regarded as
the selfadjoint operator on L?(R) with the domain D(L) = {u € H'(R); Lu € L*(R)}.
Our main theorem is the following.

Theorem 1.1. e '(z,2) admits the following asymptotics as t — oo:
—tL no__ / Dy (33‘, 33/) -1
et (,a") = exp[—HB(w) — (& — 2l g e (1 O(7Y),

where k = d(x,2")/dyt. Here the term O(t™1) satisfies the estimate |O(t~1)| < C/t for
some constant C > 0 independent of t > 1, and x, ¥’ € R.

Let Ao =info(L).

Corollary 1.2.  There exists a positive constant C such that
x,x’ x —a')? C
z,2'€R (4mmgt)1/2 dmt t
where

Mg = —EHQ(O) = (/0 u%(w)dax/o up *(z)a()dz) .

In particular, if ¢(x) = 0, then

—

_ 1 (x —2')? C
tL /

_ M N <« 2
mi9£R|e (@) = e P =3
where @ 1= (fol a (x)dz)~t.

If ¢(x) = 0, the corollary is known in [2].

Corollary 1.3.  There exist positive constants C' and T such that for anyt > T
and z,2’ € R,
—C(z—a")?/t —(z—a')?/Ct

Cvt Vi
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There are some other results for long-time behaviors of the heat kernel for operators
with periodic coefficients (e.g. [9], [8], [4]).

§2. Outline of the proof of Theorem

Corresponding to the equation (L — A)¢ = 0, we consider the equation

dfa@\_( 0 a0 (e
(2.1) dz <¢2(a:)> (c(x)—)\ 0 ><¢2(x)>

for A € C. By the standard iteration method of ordinary differential equations, we can
find unique solutions (1 (z, A), p2(x, A)) and (1 (x, A), 2 (z, A)) to (2.1) with the initial

conditions
(1)-() = (323)-
©2(0, ) 0 ¥2(0, ) 1)’

respectively, in the space of C2?-valued absolutely continuous functions. We can also see
that p;(z, ) and ¢;(z, \) are C([—R, R])-valued entire functions of A for any R.
Since L is of limit-point type at oo and at —oo, for A non-real, the equation

(2.2) (L-Ay=0

has unique solutions in L2(0, 00) and in L?(—o0,0) up to a constant multiple, and these
solutions can be written as

X-l—(xa )‘) = Spl(xaA) + m+()‘)¢1(x7>‘) € L2(07OO)7
X_(il'},)\) = 901(377)‘) + m—()‘)wl(xa)‘) € L2(—oo,0),

where m4 (A) are analytic functions on C; U C_ such that £Im AImm(A) > 0. The
functions x4 (x,A) and m4 () depend on the coefficients a(z) and ¢(x), and we some-
times denote these by x4 (x, \;a,c) and my(A;a,c). Let w(\) be the analytic function

on C, U C_ defined by
/ m4 (A as,cs M4 (As s, Cs) 5

) = a(z+ s) and c4(x) = c(z + s) Let D(X) be the discriminant of (2.2):

where ag(x
D(X) :=p1(1,\) + ¢2(1,A). It is known that there exists a sequence of real numbers

—00 <A < g S pp <A < Ag < -

such that it tends to infinity, D(\,) = 2, D(u,) = —2, and the spectrum of L is written
as

o(L) ={A e R;[D(N)] < 2} = UpZo([Aan, an] U [pan+1, Aanga]).
We summarize some basic facts. The proofs are based on the theories of Johnson and
Morser [3] and Marchenko [6].
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Lemma 2.1. (i) x+(z,\) are expressed as

X )\.
Y (2. A) = exp / MmNy C) (o tuNey () 3) = eEUN@ /1y, (3
0 a(s)

where uy (x, A) and vy (xz, N) are some periodic functions of x with period 1.

(ii) w(N), x+(z,\), us(x,\) and vL(z,\) extend analytically from Cy to C_
through the interval (—oo, o).

(171) Im AIm w () > 0 for A non-real, and Rew(\) < 0 for A € C\ [Ag, o0).

(iv) w(X) <0 for A < Ao, and )]\lTI>I\l w(A) = 0.

0

(v) For any e > 0 and 6 > 0 there exists a positive constant T such that for any

k=o0+iT € Cy withdlo| <7 andT>T,

sup |vs (2, &%) — (a(0) /a(2))/4| < e.
zeR

(vi) The function w(\) admits the following expressions:

1 [ 1 t
A) = — — tydt, AeC\ [\
w) =at - [ (5 - It A€ C\ Po,oc)

where a € R and n(t) := Imw(t +i0) is a continuous nondecreasing function such that
suppdn = o(L).
(vii) Let 6(C) be the analytic function on Cy defined by

0(¢) == —iw(¢C* + Xg), C€C,.

Then 0(C) admits the expression:

1 [ 1
00 =g+ [ (g - ) e

where A(t) = ImO(t + i0) is a continuous, bounded, even, and non-negative function
such that supp 7(t) = p, where

ﬁ = Uzo:o [(VQna V2n—|—1) U (Vén—l—lv Vén+2) U (_V2n+1’ —Vgn) U (_Vén+2’ _Vén‘i‘l)]

with vy, == lin — Ao and v}, := /A, — Ag. Furthermore, 0(C) extends analytically
through the interval (—vg,vo) from Cy to a domain in C_.

We write

0(¢) = 01(&,n) +102(&,m), ¢ =&+

By Lemma 2.1(vii) we can see that 61(£,n) and 05(£,n) are odd and even in &, re-
spectively. We have w(\g — %) = —02(0,n) for n > 0. By Lemma 2.1(i), (L —
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NetrMzy (2, 0) = 0, and so (L — Ao + n?) exp(F02(0,n)x)ux(z, \g — 5?) = 0. Since
m(Ao—n?) are real, ux(x, \g—n?) are positive. Thus A\g—n? is the principal eigenvalue
of L(%i62(0,7)), i.e.,

(2.3) E(02(0,m)) = E(=02(0,m)) = Xo — 1,

and the corresponding eigenspace is generated by u-(x, A\g — 1?).
By Lemma 2.1(iv), for A € C \ [Ag, ), x4+ (z,\) € L*(0,00) and x_(z,)\) €
L?(—00,0). Note that for A € C\ [\, 00), the relation

1
i () - (@ V) = [N (o A)da

holds (see [7]), and the left-hand side does not vanish. Therefore, the integral kernel
R (z,y) of the resolvent (L — \)~! is expressed as

o) = Rota'o) = AT,
ug (z, Nu_ (2, \)
fol uy (2, Nu—(z, A)dz
vy (z, Nv_(z', N
fol v (2, A)v— (2, A)d ,

= w/()\)ew()‘) (x_x/)

<z

Y

(2.4) _ ' (N)er Wiz /b

for A € C\ [Ag, ).
By the inverse Laplace transformation we have

1
e—t(L—)xo) — _/ e—t)x(L — )Xo — )\)_ld)\,
2m Jo

where C = C; U (C5 U (3 and
Cp={re ®r:00 =1}, Co={ree”;0:21—0y — 6y}, Cs={re"®;r:ry— oo},

for 0 < 0y < m/2 and 79 > 0. Changing the integral variable so that A = ¢? and taking
account of the estimate || (L—Xo—\) Y| < C/|\| for A € C with 0 < §p < arg A < 27—0y,
we have by Cauchy’s integral theorem

B0 — o [ L d - )2,
r

27

where I' =T'; UT'3 UT'3 and

Ty = {re'™ %) —ay +iag;r:00 — 0}, Ty ={6+ia;€: —ay — a1},

T3 = {re’ + ay 4 iag;r: 0 — oo},
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for any aj, as > 0 and 0 < 0; < w/4. We consider the function
1
e(t,z,2') == — 6_tC2RC2+>\O($,x/) 2¢d¢
T Jr

in the case 2’ < z. Let g¢(z,2") be the C(T x T)-valued analytic function of ¢ € C
defined by
v (2,6 + Ao)o—(2', €% + Mo) :

2.5 ) =g x) = e
( ) QC(l';x ) QC(QZ 7517) fol ’U_|_(33, CQ + )\0),0_ (il'}, <2 + )\o)dfﬂ v v

By (2.4) and (2.5) we have

1 /
et z,7) = o — /F e~ (A @aN g (3 2 Y (¢ + Ng) 2¢dC
1
™

(26) — 5 [ Qa0 (O dc,

where
op(C) :=C* —ik0(C), k:=d(z,2")/dit > 0.

In the following we regard k as a nonnegative parameter.
We can write

$i(Q) = Re dp(&,m) +ilm @y (€, 1) = (62 — n® + k02(&,m)) +i(26n — k01 (€. 1))

Put ly := /2. In the region {(&,n);|¢| < lo,n > 0}, we shall find a critical point of
¢r(¢), that is a solution to

(2.7) 20+ k0g02(&,m) =0,  —2n+kdy02(¢,m) = 0.
Lemma 2.2.  There exists a constant C > 0 such that for |£] < ly and n > 0,
c! < 87702(5777) <C, ct < 817[77/87702(5777)] <C.

Let k > 0. Since 03(§,n) is an even function in &, the first equation of (2.7) is
satisfied for £ = 0,7 > 0. By Lemma 2.2 there exists a unique solution n = n(§, k) to

the second equation of (2.7), i.e.
n _k

61792 (67 77) B 5 .

Thus (0,7(0,k)) is a critical point of ¢.
We replace I' with I') UTY,, where

I = A{&+ (& k)& —lo — lo},

b= {E+i[-(E+10)/2 4+ n(—lo,k)];€ : —00 — —lo}
U{§ +i[(§ —10)/2 +nlo, k)];€ = lo — oo}
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We can see that the amplitude function g¢(z,2")8’(¢) in the integrand in (2.6) satisfies
lgc(z,2")0'(¢)| < C for ¢ € T} UTY, for some C' > 0 independent of £ > 0 and z, 2’ € R.
For the integral on I} we have

(28) o / 41 g (2, 2')0/ (C)dC

- L / XDl k(€ + (€, k)] ingepy (@20 (€ + (€, K))(1 -+ i0en(E, k) de.
The following holds.

Lemma 2.3. (i) There exists a constant C' > 0 independent of k > 0 such that

O < O¢[dn (& + in(&, k))lle=o = O [Redw (&, (€, k)]le=0 < C.
(ii) For any integer n > 1 there exists a constant Cy, > 0 such that for any &,
€] < lo, and k >0,
|0 [6x(§ + (€, K))]| < Cn.

(iii) For any integer n > 0 there exists a constant C, > 0 such that for any &,
€] <lp, and k>0 and z, ' € R,

|08 [ge+ince oy (@, )07 (€ + in(&, k) (1 + i0en(&, k)] | < Ch.

Put n, := n(0, k). Taking account of this lemma, we apply a saddle point method
to the right-hand side of (2.8). Then it is equal to

exp|—tex (i)
(2rtD2[Re 9(&, n(E, k))le=o)

_exp[—t(k02(0, ) — 17)]
~(2mt(2 — k92020, k)Y

el (2:80,0:(0.0) + O]

5 Qing (CE, x/)aHQQ(Oa nk)(l + O(t_l))a

where O(t~1) satisfies |O(t~1)| < Ct~! with a constant C' > 0 independent of ¢ > 1 and
z,2' € R.

On the other hand, for the integral on I') we can show that

/ e—t¢k(<)q<(aj’x/)0l(<)d< < Ce “texp[—t(kb2(0,m1) — n2)],

for some positive constant C'. Thus we have proved

a1792 (07 nk)qu (:l'}, .17/)
2mt(2 — k0202(0, ne)))/2

(2.9)  elt,z,a") = exp[~t(kb2(0, k) — 7] ( (1+01™).

By (2.3) and Lemma 2.2 we have

El(92(0777)) = _277/87702(0777)7 n 2 0.
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This implies that 7(0, k) is the unique solution to E’(62(0,1)) = —k. By Lemma 2.2,
the map n € [0,00) — 62(0,n) € [0,00) is a one-to-one correspondence, therefore the
equation E’'(vy) = —k < 0 has a unique solution v = 7, that is

(2.10) Vi = 62(0,1(0, k)).
This together with (2.3) yields that

(2.11) E(y) = Ao — 1(0, k),
(2.12) —E" (k) = [2 — k82602(0,1(0, k))]/8,02(0, (0, k))?.

Furthermore, note that

Uiy () = cxtuz (@, B(y)) = cae™ 0@y, (2, B(v))
for some constants c4. Hence
(2.13) oy (,2") = el@=a)—d@a/dilg, (g 20,

By (2.9-13) we have the desired asymptotics

—t no_ Giny (7, 2) -1
e L(x,x)_exp[—t(E(vk)+mk)](_2mE/,(%))l/2(1+0(t )

= expl=tB() ~ (0 = Pl g S (1 O ).
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