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Abstract

We present several singular limits of the modulated nonlinear Klein-Gordon
equation. First we derive the hydrodynamical structure of the modulated
Klein-Gordon equation then by the hydrodynamical structure we perform
the mathematical derivation of the compressible and incompressible Euler
equations. Finally, we consider the singular limits directly from the modu-
lated Klein-Gordon equation.

Keywords and phrases: Klein-Gordon equation, modulated energy, Schrodinger
equation, wave map, semiclassical limit, nonrelativistic limit, nonrelativistic-
semiclassical limit, compressible and incompressible Euler equations.

2000 Mathematical Subject Classification: 35L05, 35Q60, 76Y05.

1 Introduction

The relativistic quantum mechanic equation for a free particle can be derived
by writing

E? = 2p? + m2e
where F is energy, p is momentum, m is mass, and c is the speed of light. The
quantum mechanical description of a relativistic free particle results from
applying the corresponding principle, which allows one to replace classical
observable by quantum mechanical operators acting on wave functions [25,
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27]. Let h denote the Planck constant, then the Schrodinger correspondence
principle given by
E — iho, p — —ihV,

will result in the Klein-Gordon equation
—R202V = —*R*AV + m*ct U

for wave function ¥. The Klein-Gordon equation for the complex scalar field
is the relativistic version of the Schrodinger equation, which is used to de-
scribe spinless particles. It was first considered as a quantum wave equation
by Schrodinger in his search for an equation describing de Broglie waves.
However, this equation was named after the physicists Oskar Klein and Wal-
ter Gordon, who in 1927 proposed that it describes relativistic electrons.
Although it turned out that the Dirac equation describes the spinning elec-
tron, the Klein-Gordon equation correctly describes the spinless pion [25].
The nonlinear Klein-Gordon equation is easily obtained by adding the term
V'(|@]?)¥, where V is the potential energy density of the fields;

R, h? mc?
U— —AV+ — U+ V()T =0. 1.1
Since mc*t and ki have the same dimension of action, [mc?t] = [h] = |action],

and we may consider the modulated wave function [20]
U(z,t) = U(z,t) exp(imc’t/h), (1.2)

where the factor exp(imc*t/h) describes the oscillations of the wave function,
then v satisfies the modulated nonlinear Klein-Gordon equation
h? o,

o+ oAb = V([0 = 500 (13)

The relations between different terms in (1.3) are best seen when the equation
is written in terms of dimensionless variables, which will be adorned with
carets. The dimensionless independent variables are given by

r=Li, t="Tt,

where L and T denote the reference length and time respectively. We also
define the reference velocity by U = L/T and rescale the potential energy as

V' = mU2V".



Substituting all of these rescaled quantities into the original equation (1.3),
and dropping all carets, yields

PO + %s%w V(R = %S%Qam. (1.4)

Note that the first important dimensionless parameter v is given by the ratio
of reference velocity and speed of light, v = U/c, and the scaled Planck
constant € = WHZ’T is the second important dimensionless parameter. The
two dimensionless parameters v and e show the relativistic and quantum
effects respectively.

The Klein-Gordon equation is a relativistic version of the Schrédinger
equation. Indeed, the right hand side of Eq.(1.4) shows the relativistic effect
which is small when considering the light speed ¢ to be large while the Planck
constant £ is kept fixed. Thus, in the limit as ¢ — oo or v — 0, Eq.(1.4)

goes over into the defocusing nonlinear Schrodinger equation
1
ie0) + 552A7,/) —V'(|¥|Hw =0. (1.5)

The question of the nonrelativistic limit of the nonlinear Klein-Gordon equa-
tion has received considerable attention. In particular, Machihara, Nakanishi
and Ozawa [20] gave a very complete answer of this problem, they proved
that any finite energy solution converges to the corresponding solution of
the nonlinear Schrodinger equation in the energy space, after infinite oscilla-
tion in time is removed. The Strichartz estimate plays the most important
role to obtain the uniform bound in space and time (see also [24, 26] and
references therein). However, to the best of our knowledge, there are very
few results concerning the semiclassical or nonrelativistic-semiclassical limit
of the nonlinear Klein-Gordon equation. On the other hand, the semiclassi-
cal limit of the defocusing nonlinear Schrédinger equation (1.5) is very well
studied theoretically and numerically. In this limit the Euler equation for an
isentropic compressible flow is formally recovered [4, 5, 6] through the WKB
analysis or Madelung transform. We will employ the similar idea to investi-
gate the semiclassical and nonrelativistic-semiclassical limits of the nonlinear
Klein-Gordon equation (1.4).

In addition to the introduction this paper is decomposed into three parts.
In section 2, according to Noether’s theorem we derive the conservation laws
associated with the modulated nonlinear Klein-Gordon equation. These con-
servation laws and the hydrodynamical structure play the most important
roles of the singular limits.



In section 3, we discuss the hydrodynamic limits of the Klein-Gordon
equation. First, we consider the nonrelativistic-semiclassical limit, i.e. the
two parameters ¢, v — 0 simultaneously, of the modulated nonlinear Klein-
Gordon equation (1.4). To avoid carrying out a double limit, we restrict the
case when v and ¢ are related. In this situation, the compressible Euler equa-
tions are recovered as the nonrelativistic-semiclassical limit. Furthermore, if
we rescale the time variable, then the extra degree of the parameter ¢ en-
ables us to discuss the semiclassical limit no matter when v is of order O(1)
or tends to zero as ¢ — 0 and the limit of the current is shown to satisfy the
incompressible Euler equations.

In section 4, we investigate the singular limits of the Klein-Gordon equa-
tion. We show that the semiclassical limit of the modulated cubic nonlinear
Klein-Gordon equation is a relativistic wave map and the associated phase
function satisfies a linear relativistic wave equation. The nonrelativistic limit
of the modulated defocusing nonlinear Klein-Gordon equation is the defocus-
ing nonlinear Schrédinger equations. The nonrelativistic-semiclassical limit
of the modulated cubic nonlinear Klein-Gordon equation is the classical wave
map for the limit wave function and the typical linear wave equation for the
associated phase function.

2 Hydrodynamical Structure

A fluid mechanical interpretation for the linear Schrodinger equation was put
forth by Madelung in 1927 and applies to nonlinear Schrodinger equations.
Indeed, as shown in [5], the same idea also applied to the modulated nonlinear
Klein-Gordon equation (1.4). We introduce the complex wave function, the
so-called Madelung transformation,

= Aexp(iS/e), (2.1)

in which both A, the amplitude, and .S, the action function, are real-valued
function. Plugging (2.1) into modulated nonlinear Klein-Gordon equation
(1.4) and separating the real and imagine parts, we obtain

DA + é(AS — 2025) + VA - VS — 120,40, = 0. (2.2)
1 2 1o 2 10A2Y — 5_2DVA
0S + 5IVSP = v (@8) + V(A% = ==, (2.3)
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where the d’Alerbertian [0, is defined by O, = A — v292. Equation (2.2)
turns out to be the continuity equation for the relativistic quantum fluid
and equation (2.3) is the relativistic quantum Hamilton-Jacobi equation.
Introducing the new functions

— Ay, (2.4)
e 1
u=VS = SE (VI -TV), (2.5)
r =85 =5 L (g - Fou), (2.6)
=05 = S o v |

we can rewrite (2.2)—(2.3) as the dispersive perturbation of the compressible
Euler type equations

O (p(1 —v?1)) + V- (pu) =0, O =Vr, (2.7)

O (pu(l —v*1)) + V- (pu @ u) + VP(p)

(2.8)
— %V- (PV2 log P) - 62:2 O (pvat log P)v "

where P(p) = pV'(p)—V (p) is the pressure and V? denotes the Hessian. Egs.
(2.7)—(2.8) is constituted by the Euler, relativistic and quantum parts. If the
“Euler part” of these equations is to be hyperbolic, then the pressure P(p)
must be a strictly increasing function of p; in that case, P'(p) = pV"(p) > 0.
This means that V must be a strictly convex function of p and corresponds to
a defocusing nonlinear Klein-Gordon equation. The compatibility condition
Oyu = V1 also implies that

t
u(z,t) = V(/ 7(x,&)dé + S(z, O)) . (2.9)
0
Defining the Schrodinger part energy density Es and relativistic part energy
density Fx respectively by

e |Vpl|?

S v = Siwervier). e

|(9t,0|2 g2

1
Es = 5,0|u|2

v 10, (2.11)

1
Ex = §V2P|7'|2 8



we obtain from (2.7)—(2.8) the conservation of energy
g2 Vp
Oy(Es+ Ek)+ V- ((ES + P(p))u) = ZV “|uldp—V - (pu)T . (2.12)

In the formal nonrelativistic limit ¥ — 0, one neglects the O(v?) terms ap-
pearing in (2.7)—(2.8) and the limit densities p, u and P satisfy the quantum
hydrodynamical equations

O+ V- (pu) =0, (2.13)

(pu) + V- (pu®u) + VP(p) = %V : [pV2 log p} : (2.14)

which are exactly the fluid formulation of the defocusing nonlinear Schrédinger
equation. In this case the relativistic part energy density Ej vanishes and
the limit energy density £ will be given by

1
E = Zplu]* +
5Plul

e |Vpl?
8

+V(p) (2.15)

and will satisfy

= [ = Vol (216

@E+V-QE+mmm):Zv.um7§—vmw)p

Next letting v — 0 and ¢ — 0 simultaneously, both the relativistic and
quantum correction terms in (2.7)—(2.8) vanish and the limit densities p, u
and P will satisfy the compressible Euler equations

Op+V-(pu) =0, (2.17)
O(pu) + V- (pu®@u)+ VP(p) =0, (2.18)
and the limit energy density F will be given by
1
B = pluf? +V(p) (2.19)
and will satisfy
@E+V-QE+P@WQ=0 (2.20)

hence playing the role of a Lax entropy for the Euler system.
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In order to investigate the incompressible limit, we introduce the scaling

t=¢e"t, r=ux, a>0.

After dropping the tilde, the modulated nonlinear Klein-Gordon equation
(1.4) becomes

62-1—204 2
i T — a2zp+ Aw V(|9 (2.21)

For this model the corresponding fluid dynamics equations (2.7)—(2.8) turn
out to be

O (p(l —v*e®1)) + V- (pu) =0, (2.22)
5 9 e2p? 1
O (pu(l vre*ir) + TpV@ log ,0) + V- (pu@u)+ gTaVP(p)
(2.23)
82—2()

= V- (p7%10gp).

and the associated energy equation becomes

i@)“) = ?V- {(pu)% -V (pU):—p;-)

where the Schrodinger part energy density Fg and relativistic part energy
density Fx are given respectively by

%(Es+ Ex)+ V- (( s

1 g2 |Vpl2 1
Ee = = 2,z 'R L — 2.25
s SPlul” + —3 St (P) (2.25)
20,2 20 8,2
Er = —— 2y . 2.26
K 5 plT|* + g (2.26)

It follows immediately from the energy equation that

SZaVZ 8p|2 2 2c vp|2 )
/2 plT2 + 8|tp 5||2 8|p ggad<C (2.27)

for all 0 < t < oo if the initial energy is bounded. Assuming the minimum
of the convex function V(p) occurs at p = 1 then the energy bound (2.27)
implies p — 1 as ¢ — 0. Formally the density p goes to 1, thus we expect



that the equation (2.22) yields the limit: V -« = 0. Writing VP(p) =
V(P(p) — P(1)), we deduce from (2.23) that

du+V-(u®u)+VP=0, (2.28)

where P is the limit of %. In other words, we recover the incompress-
ible Euler equations. The reader is referred to [18] for the detail discussion

of the incompressible Euler equations.

3 Hydrodynamic Limits

We apply the modulated energy method to study the hydrodynamic limits,
i.e., the compressible and incompressible Euler limits of the modulated Klein-
Gordon equations. The modulated energy method was introduced by Brenier
[1] to prove the convergence of the Vlasov-Poisson system to the incompress-
ible Euler equations. It was immediately extended by Masmoudi in [22] to
general initial data allowing the presence of high oscillations in time (see also
[10] for the quantum hydrodynamic model of semiconductor). The same idea
is also applied to study various singular limits of other equations, for exam-
ple the Schrodinger-Poisson equation [29], the Gross-Pitaevskii equation [16]
and the coupled nonlinear Schrédinger equation [7, 17].

3.1 Compressible Euler Limit

In this subsection, we consider the convergence towards the compressible
Euler equations. In fact, we will consider the so called nonrelativistic-
semiclassical limit, i.e. ¥ — 0 and ¢ — 0 simultaneously. In order to avoid
carrying out a double limits the parameters v and ¢ must be related. For
convenience we set v = & for some k > 0, 0 < ¢ < 1 and assume the
potential energy V'(|¢°]?) = [¢°|?0~Y. Indeed we consider the modulated
nonlinear Klein-Gordon equation

1 1
20" — O + St AYT — Y POyt =0, (3.1)
supplemented with the initial conditions:

wa(% O) = %(x) ) 3t¢a($: O) = ﬁ(l’) ) zeT", (3'2)



satisfying the energy bound

1 1 1
|32 i + 520 + Sl < € (3.3)

Here C' denotes various positive constants independent of e.

Associated with (3.1) are the local conservation laws corresponding to
charge, momentum (current) and energy conservation. In fact, we have
the hydrodynamical variables: Schrodinger part charge p%, relativistic part
charge p%, Schrodinger part momentum (current) Jg, relativistic part mo-
mentum (current) Ji and energy e° given as follows:

i .
o5 = W% o = 52 (000 — o),
7 -

J5 = (5 S50 J5) = 52 (4 VI = §2907),
(3.4)
1 — —
T = Ui Tias o Tica) = 552 (00 VI + 007V 0%,

1 1 1
e = §€2+2n|atws|2 4 §€2|vwe|2 + ;|w6|2’7'

The local conservation laws of the modulated Klein-Gordon equation (3.1)
are the charge, momentum (current) and energy given below:
(A) Conservation of charge

9
ot

(B) Conservation of momentum (current)

(v — i) + V- J5 =0, (3.5)

1 _ —
9 (U5~ Ji0) + 1 - [V @ VI + VI © V) - V()

(3.6)
L oo caTE L T e y—1 12y _
72220, (VO + o) + =V =0,
4 gl
(C) Conservation of energy

0 1, — —
—ef — -l = ¢ € € 9 = 3.7
St =V - | (VU + Vo) = 0. (3.7)
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They play the crucial roles of the proof of the hydrodynamics limits. Moti-
vated by Brenier’s pioneer work [1], we can define the modulated energy of

(3.1) as )

He(t) = 5 (V — ie™ u)y® |*da
’H‘TL
(3.8)
—I—1 et 0,f | d —I—/ O(p5, p)dz
where
5 1 £\Y o1 y—1( ¢
<x%4»=;(@g =) = ok~ p) (3.9)

is a convex function, minimum occurs at pg = p and satisfies O(p3) > 0. We
also assume

1
(V- is_1u0)¢8|2d93 + = |61+’“‘7,Z)i|2d93

HE(0
(0) 2 /.

2
2 S
(3.10)

-I-/ O(|Y§|*, po)dr — 0 as & — 0,

i.e., we consider the well-prepared initial data. Therefore to obtain the hy-
drodynamic limit, we only need to show that the modulated energy H¢(t)
tends to zero as ¢ — 0. Indeed, we have the following theorem [15].

Theorem 3.1 Let v > 1 for even spatial dimension n and v > "5 for odd
n. Let 1° be the solution of the modulated nonlinear Klein-Gordon equation
(3.1)(3.2) and the initial condition (1§, ¢5) € H*T(T*)@H*(T"), s > 2+1,
satisfying (3.3) and (3.10). Then there exist T, > 0 such that

65 =P Ol =0, okl 2, =00 (31
15 = ), 2 = 00 RGOy =0, (3.12)

fort € [0,T.) as e | 0, where (p,u) € C([0,T); H(T™)) is the unique local
smooth solution of the v-law compressible Euler equations

O+ V- (pu) =0, zeT", tel0,T.),
Oi(pu) + V- (pu®u) + VP(p) =0, (3.13)
p(2,0) = po(z),  u(z,0) = uple),  weET".
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where 0 < pg € H*(T"), ug € H*(T™) and the equation of states is given by
P(p) = =2p7.

3.2 Incompressible Euler Limit

In this subsection, we study the convergence from the modulated nonlinear
Klein-Gordon equation to the incompressible Euler equations. To obtain the
incompressible limit, the time variable has to be rescaled, t — ¢“t,a > 0 and
potential energy is given by V'(|4°?) = (|[¢¢|” — 1)|¥°|7"2,v > 2. More pre-
cisely, we will investigate the time-scaled modulated nonlinear Klein-Gordon
equation

82+2a 2
e oo — S gy 4 S AU — (T — D =0, (3.14)

supplemented with initial conditions

¢€(9‘3, 0) = wg(ﬂi) ) aﬂﬁe(l’a 0) = ﬁ(x) ) zeT", (315)

satisfying the uniform bound
[ EPICTIT I P e|2 1 ey 2

We will consider the limit as the scaled Planck constant € — 0 and the para-
meter v is kept fixed. To prove the incompressible limit of (3.14) we have to
define the hydrodynamical variables; Schrodinger part charge pg, relativistic
part charge p%, Schrédinger part momentum (current) J§, relativistic part
momentum Jj, and energy e as follows:

i .
o5 =P, ok = 5 (VO — o),

Js = (T Tags s J5) = 520 (W VIF — 5707

. (3.17)

£ € £ £ Ve EXT e e £
Jie = Uxa, Jicas o Jien) = T(atw Ve + Oy Vp ) ;

1 2
¢ = g+ 5T+ — (1w - 1)
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The local conservation laws associated with the rescaled modulated nonlinear
Klein-Gordon equation (3.14) are the charge, momentum and energy given
respectively by:

(A) Conservation of charge

0
(05— i) + V- J5 =0, (3.18)

(B) Conservation of momentum

] 1 e
= (J5 = Jg0) + 3227V - [V © VI + VI @ Vo) - V()

1 _
+ 3020, (V0 + 0 )

1
o V(= DI = (= 2) =0,

(3.19)
(C) Conservation of energy
0 1 — —
ST = V[ S (VU0 + ViEo)| = 0. (3.20)
Similarly, we define the modulated energy
2-2a 2.2
He(t) = & / (V= ieo | da + L / 100° | da
2 T 2 Tn
(3.21)
1 o\ 2
v | (1) as
which satisfies the well-prepared initial condition
2-2a 2.2
HE(0) = = (V=i ug)iPda + = | |offda
2 T 2 T
(3.22)
1
B /Tn (Jugl" — 1)2dx —0 as £—0.

To obtain the hydrodynamic limit, we also need to show that the modulated
energy H¢(t) tends to zero as ¢ — 0. We have the following theorem [15].
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Theorem 3.2 Leta > 0, v > 2 and y° be the solution of the time scale mod-
ulated nonlinear Klein-Gordon equation (3.14) with initial condition (V§, ¥]) €
HsTY(T™) @ H*(T"), s > 2 +1, satisfying (3.16) and (3.22). Then there exist
T, > 0 such that

5 = DB = 00 oDl 2, =00 (329
1075 = 5Ol 2 =00 IR Dl =0, (3:24)

for t € [0,T,) as e | 0, where u € C([0,T.); H*(T")) is the unique local
smooth solution of the incompressible Euler equations
Ou+ (u-Vyu+Vr=0, V-u=0,
(3.25)
u(z,0) = up(x), V-uy=0.

4 Singular Limits

In this section we discuss the singular limits of the modulated nonlinear
Klein-Gordon equation and the detail of the proof is referred to [13, 14]. The
main idea is based on the conservation laws of charge and energy;

7 |08 + 3200w = o) + V- [ 39T - Tow)| =0, ()

0 _ _
= [(V2|0t¢|2 + vy + %V] V- [(V4a + Viaw)] =0, (12)

Examining the charge equation (4.1) we see that although [¢|?, Schrodinger
part, is positive-definite but Klein-Gordon part %eyZ(Eﬁtw — 1pOpp) is not.
Here we face one of the major difficulties with the Klein-Gordon equation.
However, the energy density is positive-definite and can be employed to ob-
tain the estimate of the Schrodinger part charge. Thus we introduce the
charge-energy inequality to establish the singular limits. This is consistent
with Einstein’s relativity of mass-energy equivalent.

4.1 Semiclassical Limit

First we discuss the semiclassical limit of the modulated cubic nonlinear

Klein-Gordon equation

|77 — 1
€

iBb — %aﬂ@fw + gmpe . ( )we —0, (4.3)
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supplemented with initial conditions
Y (z,0) = 5(z),  Of(z,0) =¢i(z), zeT". (4.4)

Notice that the 4th term % of (4.3) can be served as the density fluctu-
ation of the sound wave which is similar to the acoustic wave as discussed in
the low Mach number limit of the compressible fluid [2, 11, 19, 21]. For this
model (4.3)—(4.4) we have the following existence result.

Theorem 4.1 Let v, T > 0 and 0 < ¢ < 1. Given initial data (V§,¢5) €
€2
HY(T™) @ L*(T™) and WO'T_I € L*(T"), there exists a function ¢° such that

U € L¥([0. 70 H'(T%) N C([0. 7 L(T™)) (15)
o € L0, T L2(T") N C(0.T): H™(T)). (16)
WY e o1y 22y, (17)

and satisfies the weak formulation of (4.3) given by

0 = (0 Cota) = 1), ) — 5B 1) — B ), )

- 5 [ vt ey [T v ar,
(

1
for every [t1,ts] C [0,T] and for all p € C3°(T™). Moreover, for allt € [0,T],
it satisfies the charge-energy inequality
C12 4219 |2 o, L —1)? 2 9
R R e dx§201+(1+2e V)CQ,
Tn

(4.9)
where

i _
Cr = [ 105 + 5o i — TEuds.
’]I‘n

L/ gl —1\?
e G =

are the initial charge and energy respectively.

(4.10)
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The charge is constituted by the Schrédinger and the Klein-Gordon parts.
Although the Schrédinger part is positive definite but the Klein-Gordon part
is not necessary positive definite. However, the total charge can be bounded
by the energy of the modulated Klein-Gordon equation.

We assume the initial datum satisfy |¢)5| = 1 almost everywhere and
(5, v5) — (¢o,0) in HY(T") & L*(T") as ¢ — 0, thus || = 1 almost
everywhere. First we deduce from the charge-energy inequality (4.9) that

{4*}. is bounded in L>([0,T]; H'(T™)), (4.11)
{07}, is bounded in  L>([0, T]; L*(T™)), (4.12)
{WT_l} is bounded in  L>([0, T; L*(T™)), (4.13)

then the classical compactness argument shows that there exists a subse-
quence still denoted by {¢°}. and a function v satisfying

e L(0, T HY(T™), b € L=([0,T]; L*(T™))
such that

¢ — b weakly x in  L*([0,T]; HY(T™)), (4.14)

o — O weakly xin  L>([0,T]; L*(T™)) . (4.15)
Also, from (4.13), we have
[4°|*> — 1 a.e. and strongly in L?(T"). (4.16)

Note that (4.13) only shows that {% }E is a weakly relative compact set in
L>([0,T); L*(T™)). In order to overcome the difficulty caused by nonlinearity,
the fourth term on the right hand side of (4.8), we use the compactness
argument to prove ¥° — 1 strongly in C([0,T]; L*(T")). Moreover, the
quantity M is bounded in L*°([0,T]; L*(T™)), and hence it converges
weakly * to some function w € L>([0,T]; L*(T™)). To find the explicit form
of w, we define two functions W (4¢) and Z(¢°) respectively by

W) = L (6 TV, 2(0) = L2 (FFar 0 . (417)
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We rewrite the conservation of charge (4.1) as

[P, ) =1 ~Z(4F) + Z(¥(2,0)) — / div W(yf)dr.  (4.18)

€ 0

|9° ()21 }
£

To obtain the compactness of the sequence { , we have to treat

the compactness of {Z(¢*)}. and {W(¢°)}. sepa,ra,tely.8 In fact, we have
Z(°) = Z(), Z(¢*(x,0)) — 0 and
¢ ¢
/ div W (y%)dr —\/ div W(y)dr
0 0
in D'((0,T) x T™), thus

e =1
£

—Z() — /0 div W (4)dr (4.19)

in D'((0,T) x T™), and the limit function w is given explicitly by
4
w=—Z() — / div W (4)dr .
0

Letting ¢ — 0 we can show that the limit wave function v satisfies

iOpp + {Zw) + / div W(¢)d¢]¢ —0 (4.20)

0

in the sense of distribution. Using [¢|* = 1 and differentiating (4.20) with
respect to time variable ¢, one can show 1 satisfies the relativistic wave map
equation

(14 2) 0% — Agp = [|w|2 —(1+ y2)|at¢|2}¢, =1 ae. (4.21)
supplemented with the initial conditions
U(z,0) =Yo(x), O)(x,0) =0, zeT", o] =1 ae. (4.22)
Using the fact || = 1 and writing ¢ = ¢ shows
(1407870 =70,  6(x,0) =argty, 0(z,0)=0, (4.23)

i.e., 0 is a distribution solution of the linear relativistic wave equation, the
v? terms in (4.21) and (4.23) show the relativistic effect.
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Theorem 4.2 Let (¢5,v5) € HY(T") D L*(T"), [¢¥5| = 1 a.e. and (¥§,95) —
(v0,0) in HY(T") @& L*(T"), || = 1 a.e., and let ¢ be the corresponding
weak solution of the modulated cubic nonlinear Klein-Gordon equation (4.3)—
(4.4). Then the weak limit ¢, satisfying || = 1 a.e., solves the relativistic
wave map (4.21)~(4.22). Moreover, let 1) = € then the phase function 0
satisfies the relativistic wave equation (4.23).

If we further assume the asymptotic expansion
Y =1 + ew + O(e?)

and let R = wip + @ and I = —i(wi) — ) be the real and imaginary parts
of 2w respectively then R and I formally satisfy

OR = —0?20, R(x,0) = wotbo + Doo. (4.24)
and

(1402021 — AT = 020(2R + 40°0,0) + 2VR - VO — 8:|VO]?,  (4.25)

I(z,0) = —i(wothy — Wotho), I (x,0) = —|Vho|* + iv? (w1% - w_ﬂ[)())
respectively. The detail is referred to [14].

4.2 Nonrelativistic Limit

We also discuss the non-relativistic limit of the modulated nonlinear Klein-
Gordon equation

1 2
0 — eV I + %Awy Pyt =0, p>0 (4.26)

W’(l’, 0) = wG(x) ) 3t¢y($, O) = W(x) ) reT", (427)

by the compactness method as the previous subsection. For the complete
study of the non-relativistic limit of the Cauchy problem for the nonlinear
Klein-Gordon equation we will refer to Machihara-Nakanishi-Ozawa [20] (see
also [24, 26] and references therein).

First, we state the existence theorem of the modulated Klein-Gordon
equation (4.26)—(4.27).
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Theorem 4.3 Let p,e, T >0 and 0 < v < 1. Given initial data (Yg,9Y) €
HY' N LPF2(T™) @ L*(T™), there exists a function ¢* such that

Y € L=([0,T); HY(T")) n C([0, T]; L*(T")), (4.28)
Opp” € L>([0, T]; L*(T™)) N C([0, T); H~H(T")) (4.29)
" € L=([0,T); LPF(T")) (4.30)
and satisfies the weak formulation of (4.26) given by
0 = _%€2V2<atwy('a tZ) - (9t¢l/(', tl): 90> + i€<¢y('= tZ) - W/('; tl): §0>

- S [ (vt ey [ (e pertn. o
b b (4.31)

for every [t1,t] C [0,T] and for all ¢ € C3C(T™). Moreover, ¥" satisfies the
charge-energy inequality

|¢”|p+2

1 2
|¢”I2+562v2|6t¢”|2+%|v¢”|2 ——dr < 20, +(1+20%)Cy, (4.32)
’H‘n

where C7 and Cy are the initial charge and energy given respectively by

i _
= | WGP + et (U1 — i) de
’H‘n
(4.33)
Co= [ 3P+ IV + sl
2 ) g IRl 9o '

The proof of the theorem is the standard energy method. To study the
nonrelativistic limit we will assume the initial condition (¢§,v}) converges
strongly in H'(T™)NLPT2(T™) & L*(T") to (1o, 0) as v tends to 0. We deduce
from the charge-energy inequality (4.32) that

{4"}, s bounded in  L*([0,T]; H*(T")), (4.34)
{vo”}, is bounded in  L*°([0,77]; L*(T™)), (4.35)
{4"}, s bounded in  L*([0,T]; LP**(T™)). (4.36)

In the case of semiclassical limit, we have L°L2 bound for 9y, but for non-
relativistic limit, we only have L$° L2 bound for v, hence to show " — 1
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in C([0,T7]; L*(T™)), we need further argument than semiclassical limit. But
Y — ¢ in C([0,T); L*(T™)) is not enough to overcome the difficulty caused
by nonlinearity, we need more integrability, in fact, we have ¢ — % in
L>=([0,T]; LPT(T™)). Thus, passage to the limit » — 0 we deduce that the
limit wave function ¢ is a distribution solution of the defocusing nonlinear
Schrodinger equation;

ic0 + %Aw P =0, (z,t)eT"x (0,T),  (4.37)

¥(x,0) = o(x), xeT". (4.38)
Theorem 4.4 Let (i, 47) € H'(T") N LP(T") @ LA(T7), (uf,44) —
(v0,0) in H'NLPT2(T™) e L*(T™), and 4" be the corresponding weak solution
of the modulated nonlinear Klein-Gordon equation (4.26)—(4.27). Then the

weak limit ¢ of {"}, solves the defocusing nonlinear Schrédinger equation
(4.37)—(4.38).

4.3 Nonrelativistic-Semiclassical Limit

In this section we consider the nonrelativistic-semiclassical limit of the mod-
ulated cubic nonlinear Klein-Gordon equation

io we 1+2a827’[)a 4= A77[)E (|we|2 B 1)we _ 0 (439)

¥(,0) = wo( ) W(as 0) =4i(x), zeT". (4.40)

Theorem 4.5 Given (¥§,v5) € H(T")®L*(T") and WJO L e LA(T"), there
exists a function = such that

v € L(0.7): H'(T") 1 O(0, T); L(T")) (1.41)
o € LX(0.TH AT NO(0.TEHATY),  (142)
W2 e peo. s 22r). (1.43)

and satisfies the weak formulation of (4.39) given by
1 N &g £
0 = —§€1+2a<3t¢6(';752) - 3t¢€(',t1),90> + Z<¢ (t2) — ¢ (',t1),90>

%/ttz <V¢E(.,7),w>d7_/t <(|¢€|2—1>¢5( ) S0> o

1 1 (4.44)
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for every [t1,ts] C [0,T] and for all p € C§(T™). Moreover, it satisfies the
charge-energy inequality

L/ —1\?
[ |2 4 €2 |0pp°)? + | VU |? + 5 (—'w |€ ) dr < 2C) + (14282720,
’I[‘n

(4.45)
where Cy and Cy denote the initial charge and energy given respectively by

i .
Cr= | WGP+ e T — T
’]rn
(4.46)
2a),/,€|2 12 1 |w8|2_1 2
Cy = ™ |i|" + Vg +§ - dx.

Similar to the semiclassical limit, we also assume [§| = |¢] = 1 and
(5, ¥5) — (¥o,0) in HY(T™) @ L*(T") as € — 0. It follows immediately from
the charge-energy inequality (4.45) that

{4}, is bounded in  L*([0,T]; H'(T™)), (4.47)
{0}, is bounded in  L*([0, T]; L*(T™)), (4.48)
{WT_l} is bounded in  L>([0, T; L*(T")). (4.49)

We deduce from (4.49) that
[4°]* — 1 a.e. and strongly in L?(T")

as € tends to 0. Note that (4.49) only shows that the quantity {%}6
is a weakly relative compact set in L*°([0,7]; L*(T")), then (up to a sub-

sequence) the sequence {%}E converges weakly * to some function in
L>([0,T); L*(T™)). From equation of continuity, we can show

WrE-1 / div W ()dr (4.50)

€ 0

weakly x in L°°([0, T]; L*(T™)), and thus

(W—‘1>¢e ~_y /0 v W()dr i D(O0,T) x T, (451)

€

20



We deduce from the above convergent results that the limit ¢ satisfies || = 1
a.e. and

idnb + ( / div W(¢)dr>w ~0 (4.52)

0

in D’'((0,7") x T™). Similar discussion as the case of semiclassical limit using
|| = |vo] = 1 a.e., we can prove that 1 satisfies the classical wave map
equation

Ok = ap = (|90 — 0w )w,  wl=1 ae. (4.53)

¥(x,0) = po(x), Op(z,0)=0, xreT". (4.54)
Using the fact || = [¢] = 1 again and writing v = e shows

020 = A0,  O(x,0)=arg )y, 00(x,0)=0. (4.55)

Theorem 4.6 Let (¢5,45) € HY(T") & L*(T"), [¥5| = 1, and (¥§,¥5) —
(v0,0) in HY(T™)® L*(T™), |1bo| = 1, and let 1° be the corresponding weak so-
lution of the modulated nonlinear Klein-Gordon equation (4.39)—(4.40). Then
the weak limit 1 satisfies || = 1 a.e. and solves the wave map (4.53)—(4.54).

Moreover, let 1 = € then the phase function 0 satisfies the wave equation
(4.55).

References

[1] Y. Brenier, Convergence of the Vlasov-Poisson system to the incom-
pressible Euler equations, Commun. in Partial Differential Equations,
25(2000), 737-754.

[2] D. Bresch, B. Desjardins, E. Grenier and C. K. Lin, Low Mach number
limit of viscous polytropic flows: Formal Asymptotics in the periodic
case, Studies in Appl. Math., 109(2002), 125-149.

[3] B. Desjardins, C. K. Lin and T. C. Tso, Semiclassical limit of the deriva-
tive nonlinear Schrodinger equation, Math. Models Methods Appl. Sci.,
10(2000), 261-285.

21



[4]

5]

[6]

[13]

[14]

I. Gasser, C. K. Lin and P. Markowich, A review of dispersive limit of the
(non)linear Schrédinger-type equation, Taiwanese J. of Mathematics,
4(2000), 501-529.

E. Grenier, Semiclassical limit of the nonlinear Schrédinger equation in
small time, Proc. Amer. Math. Soc., 126(1998), 523-530.

S. Jin, C. D. Levermore and D. W. McLaughlin, The semiclassical limit
of the defocusing NLS hierarchy, Comm. Pure Appl. Math., 52(1999),
613-654.

C. C. Lee and T. C. Lin, Incompressible and compressible limits of
two-component Gross-Pitaevskii equations with rotating fields and trap
potentials, Journal of Math. Phys., 49(2008), 043517,

J. H. Lee and C. K. Lin, The behavior of solutions of NLS equation of
derivative type in the semiclassical limit, Chaos, Solitons & Fractals,
13(2002), 1475-1492.

J. H. Lee, C. K. Lin and O. K. Pashaev, Shock waves, chiral solitons
and semiclassical limit of one-dimensional anyons, Chaos, Solitons &
Fractals, 19(2004), 109-128.

H. L. Li and C. K. Lin, Zero Debye length asymptotic of the quan-
tum hydrodynamic model of semiconductors, Commun. Math. Phys.,
256(2005), 195-212.

C. K. Lin, On the incompressible limit of the compressible Navier-Stokes
equations, Commun. in Partial Differential Equations, 20(1995), 677-
707.

C. K. Lin and Y. S. Wong, Zero-dispersion limit of the short-wave-long-
wave interaction equation, Journal of Differential Equations, 228(2006),
87-110.

C. K. Lin and K. C. Wu, Singular limits of the Klein-Gordon equation,
submitted for publication, (2008).

C. K. Lin and K. C. Wu, On the fluid dynamical approximation to the
nonlinear Klein-Gordon equation, submitted for publication, (2009).

22



[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

C. K. Lin and K. C. Wu, Hydrodynamic limits of the nonlinear Klein-
Gordon equation, submitted for publication, (2009).

F. H. Lin, and P. Zhang, Semiclassical limit of the Gross-Pitaevskii
equation in an exterior domain, Arch. Rational Mech. Anal., 179(2005),
79-107.

T. C. Lin, and P. Zhang, Incompressible and compressible limit of cou-
pled systems of nonlinear Schrédinger equations, Commun. Math. Phys.,
266(2006), 547-569.

P-L. Lions, Mathematical Topics in Fluid Mechanics, Vol. 1, Incom-
pressible Models, New York: The Clarendon Press, Oxford University
Press, 1996.

P. L. Lions and N. Masmoudi, Incompressible limit for a viscous com-
pressible fluid, J. Math. Pures Appl., 77(1998) 585-627.

S. Machihara, K. Nakanishi and T. Ozawa, Nonrelativistic limit in the
energy space for nonlinear Klein-Gordon equations, Mathematische An-
nalen, 322(2002), 603-621.

A. Majda, Compressible Fluid Flow and Systems of Conservation Laws
in Several Space Variables, Appl. Math. Sci., Vol. 53, Springer-Verlag,
(1984).

N. Masmoudi, From Vlasov-Poisson system to the incompressible Euler
system, Commun. in Partial Differential Equations, 26(2001), 1913
1928.

N. Masmoudi and K. Nakanishi, From nonlinear Klein-Gordon equation
to a system of coupled nonlinear Schrédinger equations, Math. Ann.,
324(2002), 359-389.

N. Masmoudi and K. Nakanishi, Nonrelativistic limit from Maxwell-
Klein-Gordon and Maxwell-Dirac to Poisson-Schrodinger, Int. Math.
Res. Notice 13(2003), 697734

A. Messiah, Quantum Mechanics, Vol. 1 & 2 (two volumes bound as
one), Dover Publications Inc., (1999).

23



[26] K. Nakanishi, Nonrelativistic limit of scattering theory for nonlinear
Klein-Gordon equations, J. Differential Equations 180(2002), 453-470.

[27] H. M. Pilkuhn, Relativistic Quantum Mechanics, Texts and Monographs
in Physics, Springer-Verlag, (2003).

28] L. M. Pismen, Vortices in Nonlinear Fields, International Series on
Monograph on Physics Vol. 100, Clarendon Press, Oxford (1999).

[29] M. Puel, Convergence of the Schrodinger-Poisson system to the incom-
pressible Euler equations, Commun. in Partial Differential Equations,
27(2002), 2311-2331.

[30] W. Strauss, Nonlinear Wave Equations, CBMS Vol. 73, American Math.
Soc., (1989).

24



