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Some abstract considerations on the homogenization
problem of infinite dimensional diffusions

By

Sergio ALBEVERIO * and Minoru W.Y OSHIDA**

Abstract

By generalizing the concrete formulations in [ABRY1,2,3], a general framework for the
homogenization problem of infinite dimensional diffusions is proposed.

§1. Introduction

We present a general formulation on the homogenization problem of infinite dimen-
sional diffusions. By discussing the problem in an abstract way we clarify some concrete
considerations performed in [ABRY1,2,3], where several explicit results have been de-
rived. We state the results without detailed proofs, because some of them are simple
mathematical generalizations of the corresponding results in [ABRY1,2,3], and all of
them shall be given rigorously in forthcoming papers. In the present paper, we assume
that the systems we consider, infinite dimensional diffusions on Z?, satisfy the Poincaré
inequality, which then yields their ergodicity. We then consider weak convergence for
the sequence of the processes (i.e. their scaling limit). We consider the processes with
the index Z? as random variables taking values in a direct product space (equipped
with the direct product topology) of continuous functions. We are also preparing a paper
where a stronger form of ergodicity is assumed, namely the ergodicity which follows from
a logarithemic Sobolev inequality (cf. [ABRY3]), and there we shall derive a stronger
result than the one given here, and provide complete proofs.
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§2. Probability space (©,B,7) on which the random coefficients are
defined

Suppose that we are given the following;:
{(Ox, Bk, Ak) }yeza: @ system of complete probability spaces, where d is a given nat-
ural number.
(©,B,)): the probability space that is the completion of (T, Ok, ®, Bk, [T Ak), i-e-,
the completion of the direct product probability space.
(©,B,u):  a complete probability space (corresponding to a Gibbs state) defined as
follows:
for VD cC Z* and for any bounded measurable function ¢ defined on [], . Ok with
some VD' CC Z4, i satisfies

(2.1) (EP o, 1) = (0, 1),
where
(2.2) (EP2)(0)= [ #(0 - 0p-)E"(d9'0-)
_ /@ o0 - Op)mn (0 - O YN(d0'),
and
(2.3) mp(0 - Ope) = me—%%'@w), Up= > Uk

keDt

©30—0pc H@k

keD
is the natural projection,
‘5 - Ope is the element 0” € © such that
0% =0, 0% = Ope,

DT = {K/|support of U N D # B},

also, for each k € Z?, Uy is a given bounded measurable function of which support is
in Hlk’—kl <7 Ok, where the number L (the range of interactions) does not depend on
k, and Zp(0p-) is the normalizing constant.

§3. The ergodic flow

On (O, B, )\) we are given a measure preserving map Ty as follows:
Suppose that

(3.1) IM; < 0o and Vk € Z¢ there exists a dy € R, such that dx < M.
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For each x € [],, R% such that x = (x*)yeza with x* = (2f,... 2k )
the map Tx on (©, 5, \) with values in © defined by i)-v) below is:
i)
Tk is a measure preserving transformation with respect to the measure A
ii)
To = the identity,

and for x, X' € x € [[icpa R%* Txix =1x0Tx,

where
x4+ x' = (x 4+ x4,
with
Kk k
xK 4 x = (X 27w 2 ),
for
x = (x5) ez, xK = (zk, ... ,xgk),
Kk k Kk
x' = (x¥)xezd, X" =(2'],...,4g),
and

0= (0%)epa, 0% = (0,...,0) € R%;
iii)
x.0) (][] R*) x0 —T(0) € ©
keZd

185

is B( H R%%) x B/B—measurable, where H R% is assumed to be the topological

keza keza
space with the direct product topology;

iv) A function which is Tk invariant for all x € [, .. R% is a constant function on

(0, B, );
v) For D C Z4, let

H R% SX+——Xp € Hde
kezd keD

be the natural projection. If xpe = 0pe, then

(Tx(0))pe =60pe, VOe©, VDcczs

§4. The core

We assume that an existence of a core D®. Namely, there exists D® which is a

dense subset of both L?(y) and L*(p), and Vo € D€ satisfies
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(D-1) ¢ is a bounded measurable function having only a finite number of variables
0p for some D CC Z¢,
(D-2)

0(Typ, (0) € CZ(]] R™ - R), VO€O,

keD

(cf. v) in the previous section) where we identify xp € [[ecpR%™ with an x €
(ITxeze R%<) of which projection to [T, p R% is xp,
(D-3) in (D-2) for each 0 € O, all the partial derivatives of all orders of the function
o(T.(0)) (with the variables xp) are bounded and

(4.1) Vo eD, IM < oo;  |Vip(T(0))| < M, V60 €O, ¥x, Yk € Z°,

where

9 9
Vi = ()., —),
of

§5. Probability space (2, F, P; ;) on which the infinite dimensional
diffusions are defined
Suppose that we are given a family of functions aifj, keZ%1<i,j<dgon
(©, B, 7i) such that for each k € Z% and each 1 < 4,5 < dj, ai-‘j is a measurable function
on Oy and there exists My € (0,00) and

My HxP < Y al(Bminy < Ma|x|?, k€ Z¢, Vo) € O,
1<4,5<dy

(5.1) Vx = (z1,...,2q,) € R%,

also
aki () = alf ()
We assume that
Uk, af; €D°, ke Z¥ 1<i,j<dy.

Also, we assume that there exists a common M < oo by which the bound (4.1) holds
for all a%‘,j and Uy.

Finally, suppose that we are given a complete probability space (2, F, P;F:),
(t € Ry) with a filtration F;. On (9, F, P; F;) suppose that there exists a system of
independent 1-dimensional F;-adapted Brownian motion processes

{(Bk’i(t))tzo}kezd, 1<i<dy-
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Now, for each 0 € ©, let

X7 = {(XP%N(1) 120 eeza, 1<i<dy-

be the unique solution of

Xe,k,i(t) — X9,k i /0 (TX9 k(s)(e))
1<g<d

o (Do) g (Y Uk/<TXe<s>(e>>>>}ds

J kle{k}"l‘

(52) S[Y T @an, 120
0 1<j<d

where, in the matrixz sense,
1
(035) = (2a35)2,

and
XOK(E) = (XOHA(e), L X0 () (I}t = (K] support of Uy N {k} # 0},
also, by X%(t) we denote the vector

(XOK())keza € ] R
keZd

To get the unique solution for (5.2) we assume the following:

Assumption 1.  All the coefficients appeared in (5.2) are uniformly bounded and
equi-continuous for all 1 < i,j < dyx and k € Z4.

O

Then, for each § € ©, the random variable X? on (Q, F, P; F;) is the one taking

values in

C([0,00) = ] R™).

keZzd

Moreover we have

Proposition 5.1.  For each 6 € © and n € N, let X[i] be the unique solution of
the SDE which is a modification of (5.2) such that it is the same equation as (5.2) for
k| < n, and for |k| > n

X[f;;"i(t) = X%%N0), V>0, 1<i<dy.
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Then C([0,00) — [Txeza R%)-valued random variable X? on (Q, F, P; F,) is the limit
of the sequence of C([0,00) — [[ycza R%)-valued random variables {X[en]}nEN on
(Q,F, P; Ft) such that

lim E[p(X’, X{,))] =0,

n—oo

where the metric p on C([0,00) — [Ticza R%) is given by

p(x(). X () = 3 o e (3 S i) — )y AL

neN 0<t<n 1<i<dy

Through X? = (X%(t));>0 we define a © valued process such that

{T'xo(1)(0)}e>0-

Proposition 5.2. i) If Txo)(0) = Txor (o) (), P—ae weqQ,
then

’

(XO(t) — X7(0)) >0 = (X7 (£) — X7 (0))so0, P—ae weQ,

it)  For
(53) 9/ - TXG(O) (9),
(54) (TXe(t) (9)),520 = (TXg/ () (9/)),520, P—ae weq,

where Xg, (t) is the diffusion defined by (5.2) with Xg/ (0) = 0 and replacing 0 by ¢ in
1t.
For the case where (5.3) holds, setting

(Yo (1) 150 = (T (1 (0130

we have:
ii)  The process (Yo (t))e>0 satisfies Yo (0) =0, V0’ € ©, and

[ Bleto @) u@) = [ @) nia@s).  ve=0, vpeD°.
© ©
O

For each § € © let us define two o-fields o(7.(0)) and (T.())~!(B) which are sub
o-fields of B([[cp R%) as follows:

o(T.(#)) = the totality of A € B([ycp R%) such that
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dBe€© and A= {x|1x(0) € B}.

(T.(0)) " (B) ={A € B(] [ R™)| 3B € B and Tx(0) € B}.
keD

Proposition 5.3. By Proposition 5.2, and the Markov property of (X%(t))i>0
(noting that this process is the unique (strong ) solution of the SDE (5.2)), it is possible
to define Markovian semi-groups p;;X 6 resp. p; corresponding to the processes (X e(t))tzo
resp. (Y.(t))e>0 as follows:

i) Let DX be the totality of f such that f € C}([[xep R™ — R) ,with some bounded
D cc Z%, on which all partial derivatives of f are bounded.
For f € DX,

(') = B[f(X°) [ X°0)=x], xe][R%*,
k
defines a Cy semi-group on DX.

it1)  For each 0 € O, if
a(T.(0)) C (T.(8))~(B),

then there exists a B-measurable function (p} ©)(-) on (©,B,T) such that
for ¢ € D®

(Pt ©)(Txo(s)(0)) = Elp(Txo(s11)(0)) | Txo (o (0)], Vs, >0, V0 €O,
P—asweQ,

and {p} }1>0 is a a Co semi-group on L?(p).

§6. Statement of the problem on (2 x ©,F x B, P x [1; F; x {©,0})
Consider the probability space (2 x ©,F x B, P x [1; F; x {©,0}), then

{(XE(1))i>0, (Yg(t))s>0)} is a random variable on this probability space (cf. Proposition
5.2).

Problem. For each 6 € ©, pu — a.s., we are concerning the scaling limit of
(XY())¢>0 such that

, ¢
(6.1) lelfg{eXg(e—Q)}tzo
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More precisely, we consider the weak convergence of (6.1), where the sequence of the
processes {eX{ (%) }:>0 is understood as the sequence of random variables on (2x©, F x
B,P x m; F; x {©,0}) taking values in the direct product space H C([0,00) — R%)

kezd
equipped with the direct product topology.

O

Definition 6.1. For each k € Z? and i = 1,...,dy, define an operator
D% . D® — D such that

: 0
(D*'0)(0) = 5 @(T(®)lx=0. ¢ €D deo.

Also, define a quadratic form € on L?(p) such that
o)=Y [ (R0l O)DR)O) udd). g€ DO
kezd 1<i,j<dx ” ©

O

By (2.1), (2.2), (2.3), (5.2) and the above definition we can show that the following
holds:

Proposition 6.2.  The probability law of (Yy(t))i>0) is identical with the proba-
bility law of a Markov process that corresponds to a Dirichlet form, a Markovian closed
extention (£,D(E)) of the quadratic form & on L*(u1) defined on the dense domain D®
( c¢f. Def. 6.1). The analytic property of the semigroup py can be investigated through
E on L2(u).

O

Next, we put a key assumption yielding the ergodicity of the processes that we are
discussing;:

Assumption 2. There exist ¢ > 0, « > 1 and K > 0 such that
(62) ||p7¥90_ <@, pu> ||L2(,u) < K(C+ t)_a||90||L2(,u)7 Vi > 07 VQO € D@'

O

(6.2) has the form of a Poincaré inequality and was also a key assumption in
[ABRY1,2].
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Proposition 6.3.  Assume that Assumptions 1,2 and the assumption of Propo-
sition 5.3 hold, then the following holds:
For each k€ Z% i=1,...,dx let

oy = {(Dkﬂag;)(e) 0D S Ui } 0co,

1<j<dx k’e{k}+

then (cf. Prop. 5.8 and Prop. 6.1)

i)
V() = / (Y ¥)()dt € D(E).
0
xX(0) satisfies
ii)
(6.3) O, ¢) = / D(6) o(6) u(d6), Vi € DO.
©

i)  For each k € Z% and each 0 < i < dy let

(6.4) pﬂ"i(9) =05 (0) + Z o (0)(D*PXE)(0), 1< j<dy,
1<p<dy
and
(6.5) PO = D ok (0D EXN0), 1<) <de,
1<p<dy

then there exists M3 < oo and

(6.6) Z 1ok

dyr

ey + 0 > el < M, ke Z
k' #£k j=1

§7. The result

By Proposition 6.2 we can show that for u-a.s. 8 € O, the following holds:
(7.1) X% = (E(Typ (o (0) —X5(0) + ME(), ke Z%, 1<i<di Pas.,

where {Mik(t)}7520 is an {F;} martimgale such that

(72)
Z /pj (Txg(5)(0) ))dB( +Z Z /Pk/ (Txo(s)( 0))dBj (s).

1<i<dy k' £k 1<j<d
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Let
(7.3) P =< (>, e =< () >
then, again by Propsition 6.2 and 6.3 we can define the following:
(7. 4)
= > pJ’ZBk +> > p‘” B¥(t), t>0,ke2z?1<i<dx.
1<i<dy KAk 1<j<dys
We denote

(75) X = {5120}

In order to state the final result, we put an assumption:

kezZd, 1<i<dy

Assumption 3. There exists a number My < oo such that the following holds:
XE(O) <My,  YkeZd 1<i<de, V9€O.
OJ

By using Assumption 2, Propositions 5.2, 6.2 and the expressions (7.1), (7.2) and
(7.4), since boundedness Assumptions 1 and 3 are assumed here, through the same dis-

cussions on {eXO( 5)}i>0 performed in [ABRY1,2,3], we are able to derive the following
result:

Theorem 7.1.  Assume that Assumptions 1,2,3 hold. Then for p-a.e. 0 € O,
t
the scaling process {eXO( 5) >0 with the scaling parameter € >0  converges weakly,

as € | 0, to X defined by (7.4) and (7.5). X is a Gaussian process with a constant
covariance matriz characterized by afj, Xf’k, kezd 1<i,j<d.

O
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