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ABSTRACT. We consider the sharp constants in a Brézis-Gallouet-Wainger type in-
equality with a double logarithmic term in the Holder space in a bounded domain in
R". Ibrahim, Majdoub and Masmoudi gave the sharp constant in the 2-dimensional
case. We make precise estimates to give the sharp constants in the higher dimensions
n > 2. Solving a minimizing problem of the L™-norm of the gradients in a ball with
a unilateral constraint plays an essential role for the proof of our results. When the
domain is a ball, we also show the existence of an extremal function of that inequality
with some suitable constants.
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1. INTRODUCTION AND MAIN RESULTS

This paper is based on the joint work with T. Sato and H. Wadade [9].

In this paper, we are mainly concerned with Brézis-Gallouet-Wainger type inequalities
with sharp constants to the embeddings of the critical Sobolev space W™ (Q) with the
aid of the homogeneous Holder space C*(Q) for any bounded domain  in R”, n > 2.
Here, C’"(Q) denotes the subspace of the homogeneous Holder space of order o endowed
with the seminorm

ooy = sup D)

ERTISY) |.’If - y|a
THY

with 0 < o < 1.
First we recall the Sobolev embedding theorem. Namely, for s > 0 and 1 < p < oo,
the embedding W*P(R") — L9(R™) holds if
(i) 0<s<n/pandp<q<1/(1/p—s/n),
(ii) s=n/pand p < ¢ < oo,
(ili) s > n/p and p < ¢ < 0.
In addition, if n/p < s < n/p + 1 in (iii), then W*?(R") < C*(R") holds with
a=s—n/p<1. We also remark that W"/P*(R") cannot be embedded into L>(R")
in the critical case (ii). However, with the partial aid of the W*"-norm with s > n/r
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and 1 < r < 0o, we can estimate the L>®-norm by the W"/PP-norm as follows:
1
(1.1) lull?ae) < C+log(1+ [[uflwsrgn))

holds for all u € W™/PP(R™) N W*"(R") with ||l wn/vp@ny = 1, which is known as the
Brézis-Gallouet-Wainger inequality. Originally, Brézis-Gallouet [2] proved (1.1) for the
casen = p =r = s = 2. Later on, Brézis-Wainger [3] obtained (1.1) for the general case,
and remarked that the power p/(p —1) in (1.1) is optimal in the sense that one cannot
replace it by any larger power. However, little is known about the sharp constants in
Brézis-Gallouet-Wainger type inequalities.

In the special case p = n, if € is a domain in R"™ satisfying the strong local Lip-
schitz condition, then the inequality (1.1) holds for all u € Wy™(Q) N W*"(Q) with
|lullwiny = 1, where s > n/r, 1 <r < oco. If s > 0and n/s <r < n/(s— 1),
then the embedding W*"(Q) — C*(Q) holds with a = s — n/r, and we can consider a
slightly better inequality

(1.2) ][}, < C(1+1og(1+ [|ull¢aqy)

for u € Wy (Q) N C*(Q) with |ullwin = 1, with 0 < a < 1. In the case n = 2,
Ibrahim-Majdoub-Masmoudi [6] investigated the sharp constant in the inequality (1.2)
with €2 = By. Moreover, they also studied the crucial case more precisely as follows.
We remark that they also proved similar estimates on an arbitrary bounded domain €2
in R? instead of B,. Here, B; denotes the unit open ball centered at the origin in R"
with n > 2.

Theorem A (Ibrahim-Majdoub-Masmoudi [6, Theorems 1.3 and 1.4]). Let n =2 and

0<a<l
(i) If Ay > 1/(27a), then there exists a constant C' > 0 such that

(1.3) [ull7oe () < Avlog([[ul g s, + C)

holds for all w € Wy (By) N C(By) with ||Vul|z2(p,y = 1. Furthermore, if A\; <
1/(27a), then the inequality (1.3) does not hold for some u € Wy*(By)NC*(By)
with ||VU||L2(131) =1.

(ii) If Ay = 1/(27a), then there exists a constant C' > 0 such that

(1.4) e,y < Arlog(e® + Cllull g s, (log(2e + ullcogp,))?)

holds for all u € W,*(B,) NC%(B,) with V| 2s,) = 1. Furthermore, if \; <
1/(27a), then the inequality (1.4) does not hold for some u € Wy*(By)NC*(By)
with ||VU||L2(131) =1.

In this paper, in general dimensions n > 2, we consider a similar inequality on an
arbitrary bounded domain € in R”. Instead of the inequalities (1.3) and (1.4), we
introduce a new formulation of the inequality:

(1.5) lull78G)" < Arlog(1 + [[ull¢ngy) + Ao log(1 +log(1 + [[ull¢agqy)) + C
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for u € Wy (Q)NC*(Q) with ||Vaul|zn) = 1. We are here concerned with the sharpness
of both constants A; and Ay, where C' is a constant which may depend on €2, a, A\; and
Ao. We remark that the power n/(n — 1) in (1.5) is also optimal in the sense that one
cannot replace it by any larger power (see also Remark 3.4 below).

Our main purpose is to show that A\; = A;/a and Ay = As/a are the sharp constants
in (1.5). Here, we define

1 A 1
A1: 7A2:_:
G none/ G

and w,_; = 27"/2/T(n/2) is the surface area of the unit sphere S" ' = {x € R"; |z| =
1}. More precisely, we have the following theorems.

Theorem 1.1. Letn > 2, 0 < a <1 and € be a bounded domain in R™. Assume that

either
A A A
D A >—= (and Xy €R) or (II) Ay = — and Xy > =2
a a a
holds. Then there exists a constant C such that the inequality (1.5) holds for all u €

W™ (Q) N C*(Q) with ||Vl = 1.

Theorem 1.2. Letn > 2, 0 < a <1 and € be a bounded domain in R™. Assume that

either
Ay

A A
(III) Ay < = (and Xy € R)  or (IV) A\; = — and Ay < —
o Q@ Q@
holds. Then for any constant C, the inequality (1.5) does not hold for some u €
WEm(Q) N C(R) with [Vl = 1.

We are also interested in the existence of an extremal function of the inequality (1.5).
Here, for fixed A\; and Ay such that (1.5) holds, the supremum of

lull ey = Mlog(1+ [lull e ) — Aalog(1 +log(1 + [[ulla (o))
over {u € W, (Q)NC*(Q); ||Vl tn(q) = 1} is called the best constant for (1.5), and g
is called an extremal function of (1.5) if ug attains its supremum. Since the inequality
(1.5) corresponds to the critical embedding, we cannot expect any compactness property
for treating that maximizing problem, and it is difficult to ensure the existence of an
extremal function, in general. However, in the special case {2 = B;, we can find an
extremal function in some cases.

Theorem 1.3. Letn > 2, 0 < a < 1 and Q2 = B;. Fix A\, s > 0 satisfying the
assumption (1) or (II) in Theorem 1.1. If the best constant C' for the inequality (1.5)
(with Q = By ) is positive, then there exists an extremal function uy € Wy (B;)NC*(By)
with [|[Vugl|zns,y =1 of (1.5).

Now we give some remarks on our results. The following two remarks are concerned
with Theorems 1.1 and 1.2.



Remark 1.4. (i) In our formulation of the problem, the behavior of the right hand side
as [|ul[¢ga(q) — oo with the normalization [|[Vul|r(o) = 1 is essential. In the inequality
(1.4) with A\; = 1/(27a) (and n = 2), the right hand side behaves like

1

1
o log||ullga (s, + Tror log(log|ul|¢a(p,)) +O(1)

as ||ul[¢a(p,) — oo with the same normalization. Hence Theorem A (ii) essentially
claims that Theorem 1.1 (II) holds in the case n = 2 and Q = B;. Indeed, we can
derive Theorem A (ii) from the special case of Theorem 1.1 (II). Similarly, Theorem A
(1) essentially claims that Theorem 1.1 (I) and Theorem 1.2 (III) hold in the same case.

(ii) In Theorem A, it is not mentioned whether the power 1/2 of the inner logarithmic
factor in the right hand side of (1.4) is optimal or not. On the other hand, we can assert
that the power 1/2 in (1.4) must be optimal by virtue of Theorem 1.2 (IV).

Remark 1.5. When we consider the inequality (1.5) without the double logarithmic
term, i.e., Ao = 0, Theorem 1.1 (I) and Theorem 1.2 (III) claim that A;/« is the sharp
constant for A\, and (1.5) with \; = A/« (and Ay = 0) fails to hold by virtue of
Theorem 1.2 (IV). Hence, only in this case, it is essentially meaningful to consider the
inequality with the double logarithmic term. Then Theorem 1.1 (II) and Theorem 1.2
(IV) claim that A/« is the sharp constant for Ay in the case Ay = A;/a, and (1.5)
holds with these sharp constants. Therefore, even in the crucial case A\; = A;/a and
Ao = Ay /a, it is essentially meaningless to consider an inequality with any weaker term
such as the triple logarithmic term; see also Remark 3.5 below.

The following remark is concerned with Theorem 1.3.

Remark 1.6. (i) The assumption of the positivity of the best constant C' for the inequal-
ity (1.5) (with Q = By) in Theorem 1.3 seems to be technical.

(ii) In the case that n is not so large and « is sufficiently close to 1, the best constant
C for the inequality (1.5) with A\; = Aj/a, Ay = Ag/a (and Q = By) is positive, and
hence there exists an extremal function of (1.5); see Remark 4.4 below.

We here mention that Ozawa [11] gave another proof of the Brézis-Gallouet-Wainger
inequality (1.1). First he established refinement of a Gagliardo-Nirenberg inequality,
which states that

_ 1—
(1.6) lullzs@n) < Cq' Pl Fotn) (=A™ *Pul iy

holds for all u € W™PP(R") with p < ¢ < oo, where 1 < p < oo and the constant
C is independent of ¢. We note that the growth order ¢'~/? of the coefficient in the
right hand side as ¢ — oo is optimal. Then, by applying (1.6), he proved the Brézis-
Gallouet-Wainger inequality (1.1).

Furthermore, Kozono-Ogawa-Taniuchi [8] and Ogawa [10] recently studied similar
estimates to (1.1) in the Besov or the Triebel-Lizorkin spaces, or BMO. They also
gave applications to the Navier-Stokes equations and the Euler equations.
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Let us describe the outline of the proof of our results. First we note that the inequality
(1.5) holds for all w € Wy™(2) N C*(Q) with ||Vul[zn) = 1 if and only if there exists
a constant C such that

[l oo ) )””"‘” ( [l g )
8 | o UV “alog (14 —1et@)
(HVUHLn(m [VullLn )

U Aa
“ Xy log (1 + log (1 + M)) <C
[Vl o)

(1.7)

holds for all u € W, (Q) N C*(Q) \ {0}. The key point of the proof of Theorems 1.1
and 1.2 is that we can explicitly determine the minimizer of the minimizing problem
with a unilateral constraint

(1.8) inf{|[Vul7np,); u € Wy (By),u > hy ae. on By}

for 0 < T < 1. Here the obstacle function hr is given by

(1.9) hp(z) = hp(jz|) =1 — (%)a for z € R".

This approach is based on the argument by Ibrahim-Majdoub-Masmoudi [6] in the
case n = 2. Since W,"(Bj) is not a Hilbert space for n > 3, we are not able to use
several tools for treating such a variational problem. Compared to the case in W, *(By),
little seems to be known on its regularity of a minimizer in the space W,"(B;) for
n > 3, and we are not able to assume any regularity property of a minimizer. However,
because of the uniqueness of a minimizer, it is radially symmetric and continuous on
B1\ {0}. Furthermore, we can show that the minimizer ug_p is n-harmonic on the region
{ugp > hr}. Then we can explicitly determine the shape of the minimizer with the aid
of elementary one-dimensional calculi. Although we cannot assume any regularity of
the minimizer, the explicit representation of the minimizer implies the C'-regularity on
B\ {0} as a conclusion. Our method consists of calculating the norms of the minimizer
and a simple scale argument. On the other hand, Ibrahim-Majdoub-Masmoudi [6]
made use of the C''-regularity of the minimizer and the theory of the rearrangement of
functions to obtain Theorem A.

The organization of this paper is as follows. In Section 2, we investigate the mini-
mizing problem (1.8). Then we can give the proof of Theorems 1.1 and 1.2, which will
be described in Section 3. In Section 4, for A; and Ay such that (1.5) holds, we consider
the existence of an extremal function of (1.5) with the best constant C' in the special
case ) = Bj.

2. MINIMIZING PROBLEM

Throughout this paper, let the dimension n > 2 and 0 < a < 1. First of all, we
introduce some function spaces. Let {2 be a bounded domain in R™. In what follows,
we regard a function u on € as the function on R™ extended by u = 0 on R™ \ Q, and

5



we denote

[ully = lullzr@m, [Vullp = 1TV ul [l
for 1 <p < oo,

u(z) — u(y)|
ull(a) = ||v]| pamny = sUp —————=,
oy = Wlleny = sup P22

TFY

for simplicity. Note that we have
IVull, = [[Vull o), [[ull@ = e

for all u € Wy P (Q), and u € C*(Q) with suppu C Q, respectively. We also note that
the norm of W, ”(Q) is equivalent to |[Vul|, if Q is bounded and 1 < p < oo, because
of the Poincaré inequality. We denote by By the open ball in R” centered at the origin
with the radius R > 0, i.e., B = {x € R"; |z| < R}.

In order to prove our results, we examine a problem of minimizing ||Vul|? with a
unilateral constraint. More generally, for 1 < p < oo, we formulate the following
minimizing problem:

(MP: Q. h) m[Q, h] = 1nf{||Vu||p u € KI[Q,h]},
where the obstacle h is a measurable function on  and
K[Q,h) = {u e Wy"(Q); u>h ae. onQ}.

In this section, we prove three propositions. The first one ensures the existence
of a unique minimizer whenever the set K[, h] is nonempty. Since the functional
K[Q,h] 3 u + [[Vu|} € [0,00) is continuous, strictly convex, coercive, and K[, h]
is convex, (weakly) closed, we can obtain the following proposition with the aid of [4,
Chapter II, Proposition 1.2].

Proposition 2.1. Let 1 < p < o0, Q be a bounded domain in R™, h be a measurable

function defined on Q, and assume that K[, h]| is nonempty. Then there exists a
mianimizer ut = uf[Q, h] € K[Q, h] of (MP; Q,h) uniquely, that is, |Vu?|[2 = m[Q, h].

The second one shows that the minimizer is p-harmonic on the (open) set {u® > h}
in the weak sense. We can prove the proposition below by a similar argument to [5]
and we omit the proof in this paper; see [9] for details. This property is well-known for
the case p = 2; see e.g. [5] and [7].

Proposition 2.2. Let 1 < p < oo, Q be a bounded domain in R* and h € C(Q).
Assume that K[Q, h] is nonempty and the minimizer uf = wQ, k] of (MP; Q,h) is
continuous on for some open subset Q of €. Then it holds

(2.1) / VUl (2) P2V () V(z)de = 0 for all ¢ € CL(O[S, 2, ),
O[Q,,h)

where
0[Q,Q, h) = {z € Q; uf(x) > h(z)}.
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The goal of this section is to prove the following proposition, which explicitly gives
the minimizer ugp of the specific minimizing problem (M"; By, hy) with a parameter
0 < T < 1, where hy is defined by (1.9). We also denote Ky = K|[Bj, hy]. Since
the function (0,1] > s — s(alog(1/s) + 1)/* € (0,1] is increasing, we can determine

0 < 7 < T uniquely by
1 1/a
TzT(alog——l—1> :
T

Proposition 2.3. For any 0 < T <1, the (unique) minimizer ug_p of (M"; By, hr) is

given by
ﬁ u hr(x) forz € B,
(2.2) up(x) = p(lz|) = T\, 1
Q (?) log m forx € By \ B;.

In what follows, we prove Proposition 2.3. We need several lemmas; see [9] for the
proof of Lemma 2.5.

Lemma 2.4. Let h € C(B,) be a radially symmetric function and assume that K[B;, h]
18 nonempty.
(i) The minimizer u* = uf[By, h] of (M™; By, h) is radially symmetric and contin-
uous on By \ {0}.
(ii) The set O = O[By, By \ {0}, h] can be decomposed into a disjoint (at most
countable) union {O,}; of annuli, that is,

0= UOj, O; = {rw; a; <r <b;,we S} = (aj,b;) x S",
J

where 0 < a; < b; <1, and {(a;,b;)}; is disjoint.
(iii) For each j, there exist two constants c¢;,¢; € R such that

1
ut(x) = @(|z]) = ¢ logm +¢; forz e 0.

Proof. (i) The minimizer u* of (M"™; By, h) is radially symmetric because of the unique-
ness. Then we can write uf(r) = @*(|z|) for x € B, by using a one-variable function .
Since @t € W2"((0,1]), the Sobolev embedding theorem in one dimension implies that
@ is continuous on (0, 1], and hence v is continuous on B; \ {0}.

(ii) By virtue of (i), there exists an open set O in (0,1) such that O = O x S"'.
Hence there exist disjoint (at most countable) open intervals {(a;,b;)}; such that O =
U, (aj,b;). Then the assertion holds by putting O; = (a;,b;) x S*.

(iii) Since the function R" 3 2 — &(|z]) € R belongs to C1(0;) for all& € Cl((a;,b))),
we have from (2.1) that

- / (@ (r)r~2(@) (r)rd(r)dr = 0 for all 6 € C((aj,by)).



By applying [1, Lemme VIII.1], there exists a constant ¢; € R such that

(@ (r)r|"2(@®) (r)r = —|¢j|"2¢; and (@")(r)r = —c¢; for a.e. a; < r < b;,

because the function R 3 s +— [s]"2s € R is bijective. Therefore, there exists a

constant ¢; € R such that @*(r) = ¢;log(1/r) +¢; for a; < r < b;, and then u!(z) =
c;jlog(1/|z]) +¢; for z € O;.

O

Lemma 2.5. Let 0 <T <1, c,c€ R and 0 <a <b<1. Ifu(r) = clog(1/r) + ¢ for
a <71 <band hy(a) =u(a), hy(b) = a(b), then hy > @ on (a,b).
Lemma 2.6. For any 0 <T <1 and 0 < a <1, we define
hr(z) forz € By,
Wy o (2) = Wy, ([z]) = 1= (a/T)*
log(1/a)
(i) There hold wy., € Wy™(By) and
n_ n (Lo/T) {1 = (a/T)%]"
IVl =onre (505 +
(ii) It holds wy, € Kt if and only if 7 <a < 1.

1
logm forx € By \ B,.

) fort <a<1.

Proof. (i) We can show the assertion by the direct calculation.
(ii) We define P
1—(a/T)*
Ur(a) = —log(l/a)
Then we can easily show that ¢¥(a) — 0as a N\, 0, ¥(T") = 0 and ¢ increases on (0, 7)
and decreases on (7,T'). Hence for any 0 < a < 7, there exists 7 < r, < T uniquely such
that 1p(a) = ¥p(r,). This implies that 1y ,(a) = hr(a), Wy, (1a) = Wy, (Ta) = hr(r,)

and

forO<a<T.

1 ~
Wy o (r) = Yr(a)log - < hr(r) fora<r<r,
by virtue of Lemma 2.5. This means wy, ¢ Kr.

On the other hand, we can easily show that @y, > hr on (0,1) for 7 < a < 1, and
wTﬂEKTforTgagl. O

Lemma 2.7. For any 0 <T <1, there exists T < ap < 1 such that uﬁT = wp, onBi.

In particular, uﬁ = hy on Bj.

Proof. We denote O = O[By, By \ {0}, hr] as in Proposition 2.2 (or Lemma 2.4) and
O=0x 8"

(Step 1) First we show that either O is empty or O = (a, 1) with some 0 < a < 1. To
prove this, we have only to show that 0 < a; < b; = 1 for each j. If 0 < a; < b; < 1,
then @4(a;) = hr(a;) and @4(b;) = hy(b;), and it follows from Lemma 2.4 (iii) and
Lemma 2.5 that

1 N
ih(r) = ¢; log; +¢; < hp(r) fora; <r <b,,
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which contradicts the definition of O. If 0 = a; < b; < 1, then Lemma 2.4 (iii) implies
VU o (0;) = 00, which is a contradiction. Consequently, the claim is proved.

(Step 2) The case 0 < T < 1. Since @k (1) = 0 > hp(1), we see that O is nonempty
and O = (ap, 1) with some 0 < a; < 1. From the continuity of ﬁg_p on (0, 1], Lemma 2.4
(i) and Lemma 2.6 (ii), we have 7 < a, < 1 and v}, = Wy, on By

(Step 3) The case T' = 1. Suppose that O is nonempty, i.e. O (a1,1) with some
0 <a; < 1. As we argued in Step 2, we have 7 < a; < 1 and ul W14, O By, Since
7 =1, this is a contradiction. Therefore, O is empty, and hence u1 =hy =wi,. Il

We can determine a, in Lemma 2.7 by using the following lemma. We shall omit the
proof in this paper; see [9].
Lemma 2.8. For p > 0, we define
o" (1—0o)"
H(o;p) = — 0 <o<
(:6) (o Toalo(o+ D) 17 5

Then for any p > 0, H(o; p) attains its minimum only at o = 1/(p+ 1).

We are now in the position to prove Proposition 2.3.

Proof of Proposition 2.3. (Step 1) In view of Lemma 2.7, we may assume 0 < T < 1.
By the definition of ug_p, we can characterize a, in Lemma 2.7 as

(23) [V, I = win [Veop, [

By virtue of Lemma 2.6 (i), we have that
IVwr ol > [[Vwrpll; for T < a <1,

and hence 7 < a, <T.
(Step 2) By virtue of Lemma 2.8, we have that

H (a/7) ;Ozlogl >H 1 ;(leog1 forr<a<T
alog(l/T)+1 T alog(l/7)+1 T

and the equality holds only if a = 7. Then we obtain
(/T | (1= (/7))
n (alog(1/a))n—1
(a/7)"
alog(l/T) + 1
1
> . n—lH
= o1 (alog(l/T w1
= [Vwyp, |l form <a<T,

I (

g wn_lan_lH ( log

)
)

and a; = 7 follows. Therefore, we conclude that ugp = wyp, on By. O
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Remark 2.9. As is mentioned in the introduction, we cannot assume that the minimizer

u% is of class C' in By \ {0}. However, in our argument, we determined a, so that

(2.3) holds, which yields necessary that a;, = 7. As a conclusion, the minimizer has the
C'-regularity except for the origin. In fact, we see that w;,, € C*(By \ {0}) if and only
ifa=r.

3. SHARP CONSTANTS FOR A; AND Ay
In this section, we prove Theorems 1.1 and 1.2. We use the notation
l(s) =log(1l +s) fors >0,

for simplicity and then £ o ¢(s) = log(1 + log(1 + s)) for s > 0. In order to examine
whether (1.7) holds or not, we may assume A; > 0 and we define

Flus hy, Ag] = (e RN A (1 SR W 4l 128
P UVl S\vall,) 1Vl
for u € Wy™(Q) N CY(Q) \ {0}.

Note that
Flcu; A, Ao = Flu; A\, Ao] for all c € R\ {0}.

Under the notation
F*[A, Ag; Q) = sup{ Flu; M, Xo]; w € W™ (Q) N CQ) \ {0}} for Ay >0, Ay € R,
Theorems 1.1 and 1.2 are equivalent to the following:

Proposition 3.1. Let Q be a bounded domain in R™. Then the following hold:

(i) For any A\ > A1/ and Ay € R, it holds F*[\1, Ay; Q] < o0

(il) For any Ay > Ao/, it holds F*[A1/a, Ao; Q] < 00;
(iii) For any 0 < Ay < Ay/a and Ag € R, it holds F*[\i, \y; Q] = o0;
(iv) For any Ay < Ag/a, it holds F*[Ay/a, Ae; Q] = 0.

In what follows, we shall concentrate to prove Proposition 3.1. Let us first reduce
our problem on the general bounded domain €2 to that on the unit open ball B;. We
set

K = {u € Wy (Bi) N C*(By); [Jullo = u(0) = 1}
and
F* A, Ag) = sup{F[u; A, \y); u € K} for Ay >0, Ay € R.

Let s, denote the positive part of s € R, i.e., s, = max{s,0}.

Lemma 3.2. Let €2 be a bounded domain in R™ and Ay > 0, Ay € R. Then, e A1, Ag] <
oo holds if and only if F*[\1, \y; Q] < 0.
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Proof. (Step 1) For any u € W, ™(Q) N C*() \ {0}, which is regarded as a function on
R™, there exists z, €  such that ||ul/s = |u(2,)] > 0, and we define

(2) = Sgnu(zu)u(

vu(z) = dox + z,) forz € R",
[ulo

where dg = diam Q = sup{|z — y|; z,y € Q}. Then we have v, € K and
[Vulln

][00

Since max{{(st), (s +t)} < {(s)+ L(t) for s,t > 0, we have
A )"“"‘” ( ! ||vu||<a>> ( ! ||vu||<a>>
Flu; A, A :( — M| — —Xlol | —
%A1, 2 V0l U \dg Vol 2 g Vvall

< ( [l oo )"/(n_l) Wi ( “”“”“”) + A 6(dg)
~ \UIVoulln [VUu|ln

[[0ull o) A
—Xlol Aoll o l(dy™" ™
06 (Ol )+ palt o (a3

- F[Uu; A1 )\2] + Alg(dg) + |)\2|£ o g(dgsgnkz)
< P, ]+ A0(d2) + Pall 0 £(d2) for u € WA (9) 0 Co() \ {0},

o l4ll @)

Vo = )

) ”UuH(a) =d

Therefore, if 13’*[)\1, o] < 00, then F*[\1, Ag; Q] < 0.

(Step 2) Fix z € Q and R > 0 such that B = {x € R"; |[x — z| < 1/R} C Q.
Assume that F*[A\;, A\s] = co. Then there exists a sequence {vi}5e, C K such that
Flvj; A, Xs] — o0 as j — oo. If we define u;(z) = v;(R(z — 2)) for z € R, then
u; € Wy™(B) N C*(B) € Wy (Q) N C*(Q) and we have

[uillco = N[0jlloc [VUslln = V0510, lujll@) = B0l @)-
A similar calculation to Step 1 yields
Floj; M, Ae] < Flugs A, Ao] + MUR®) + | Ao|€ 0 £(R™"22),
and it follows F'u;; A\, o] — 00 as j — oco. Therefore, F*[A, Ag; 2] = o0, O

For x > 0 and py, te > 0, we define

| (st )" 1/(n—1) ke’ 7 ke’
GH(S,,Ul,,UQ)— (S+1/n Iulg (3+1/n)1/n ngog (3+1/n)1/"

for s > 0.

We also denote G,(s) = Gu(s;1,1) for simplicity. The following lemma tells us that
the behavior of the function G,(s; 11, p2) as s — oo plays an essential role for proving
Proposition 3.1. We shall omit the proof in this paper; see [9]. We shall use it also in
Section 4.

Lemma 3.3. Let k > 0.
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(i) If either pn > 1, ps € R, or pg = 1, pg > 1, then G.(s;p1, p2) — —00 as
s — o0o. In particular, there exists s, [y, po] > 0 such that

(3.1) Go(Sulpn; pal; p, p2) = sup G (S5 1, p2)-

(ii) There exists $, > 0 such that
Gl (s) <0 fors > 3.

Furthermore, there exist G, € R and s.[1,1] > 0 such that G.(s) — G, as
s — 00, and (3.1) holds with puy = pg = 1.
(iil) If either py < 1, o € R, or pg = 1, po < 1, then G.(s; pi, flo) — 00 as § — 00.

We now show Proposition 3.1 by using Lemma 3.3.

Proof of Proposition 3.1. (Step 1) First we show that
(3.2) K= |]J Kr
0<T<1
where
Kr = {u€ KrNC(By); |lull@ = 1/T* |Julloe = u(0) = 1}.
It is trivial that Ky C K forall 0 < T < 1. Conversely, for any u € K , we have

|u(z) — u(0)|

—1
|| ’

ull(@) = sup
r€IB1

and
u(z) =1— |u(z) — u(0)] > 1 — ||u|(o|z|* forz € By.

Then, u € Ky with 1/T* = ||ul|() > 1, and hence we obtain (3.2).
(Step 2) Next we show that

(3.3) Flu; M, (M) 4] < Flubs My, Xo]o for u € Ky
Note that |[Vul, > ||[Vul|, for all u € K. We also remark that u} € Kp be-
cause Hug_pH(a): 1/T* and |jul]|c= u%(0) = 1. Since the functions (0,00) > s

s m=1¢(1/s) € (0,00) and (0,00) > 5 — s ("D o ¢(1/s) € (0,00) are both increas-
ing, we have

IVl "V F [ Ay, (M)

1 1 1 1
1 — [V (— ) Q) Va0 6 (— )

T [ Vull, T [ Vull,
1 1 1 1
<1 =\ Vi ||/ =D | — — X[ Vb |V ol | —
= 1“ uT”n To ||VUﬁT||n 2” uT“n © Ta ||VUﬁT||n

= ||VUﬁT||Z/(n_1)F[UﬁT§ AL, Ag]
< ||Vl "D Flubs Ay, Aoy for u e Ko,
which implies (3.3).
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(Step 3) We can calculate the norms of uk as

1 1
lezlloe =1 Ml = 72 = iogti/m + 1)

S = (& " alog(1/7) + 1/n
IVurl (A1> (alog(1/7) + 1)n’

and hence

A

I
(34) F[Ugw, )\1, )\2] G(Al/a)l 1/n (Oé lOg A1 )\1, A )\2) forO0<T <1

(and then for 0 < 7 < 1). Then we have

. Ay
3.5 F* A, (Mg)y] < = G (A, Ja)i-1/n A, —X ) .
85 A ()] € Zhop G (500 o0 )

Indeed, combining (3.2)—(3.4) yields
sup Flus A, ()] < sup sup Flus Ay, (o))

uek 0<T<1 yeKyp
1.
< sup Flugp; A, Aoy
0<T<1

A1 1 (6]
=— sup GG - | alo )\ L, —A
a o<r I<)1 (Aafa)=/ ( &7 AT A 2)+

A
- _1$qu(A1/a1 1/n ( Al)\l’A )\2) )
+

a s>

By virtue of Lemma 3.2, the assertions (i) in the case Ay > 0 and (ii) follow from Lemma
3.3 (i) and (ii), respectively.
(Step 4) Consider the case A\; > A;/a and Ay < 0. Since £o{(s)/l(s) — 0 as s — o0,
for any ¢ > 0, there exists a constant C. > 0 such that
lol(s) <el(s)+ C. fors>0.

By choosing ¢ > 0 such that A\; —§ > A;/«, we have from Step 3 that F A1 —0,0] < 00
Then

0 llull [[ull (@)
sup F'lu; A\, As] = sup (Fu;)\ —0,0]— A (—K( +/lol
up Fles ool = omp { Flus A =001 2 G 2, [Vul
< F* (AL —0,0] = MO s,

< 00,

and the assertion (i) (in the case Ay < 0) follows.

(Step 5) To prove (iii) and (iv), in view of Lemma 3.2, it suffices to show that
limsupp o F' [uds A1, Xo] = o0, because uk € K for all 0 < T < 1. This follows immedi-
ately from Lemma 3.3 (iii) and (3.4). O

Thus we have proved Theorems 1.1 and 1.2.
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Remark 3.4. As is mentioned in the introduction, the power n/(n — 1) in the left hand
side of (1.5) is optimal in the sense that ¢ = n/(n — 1) is the largest power for which

(3.6) |ul|dy < Arlog(1 4+ [|ul|()) +C

can hold for all u € W,™(Q) N C*(Q) with ||Vu|, = 1. Indeed, if ¢ > n/(n — 1), then
for any A, > 0 and any constant C, (3.6) does not hold for some u € W, () N C*(Q)
with [|[Vu|l, = 1. On the contrary, if 1 < ¢ < n/(n — 1), then for any \; > 0, there
exists a constant C' such that (3.6) holds for all u € W, (Q) N C*(Q) with || Vul[, = 1.
To verify these facts, we have only to consider the behavior of the function

n\ 4/n s
Gi(s; 1, pia) = ((S+1) ) — ((L> fors >0

s+1/n s+ 1/n)l/n

as s — oo instead of G (s; 1, f2).

Remark 3.5. As is mentioned in Remark 1.5, it is essentially meaningless to consider an
inequality with any weaker term. More precisely, we can prove the following facts. We
shall omit the proof because one can prove them by a slight modification of the proof
of Lemma 3.3.

(i) We choose a continuous function v: [0,00) — [0, 00) such that

oo, 72
and consider the inequality
ull2"D < M l(llull @) + Aol 0 £(][ull @) + M ([[ull @) +C
for u € W, (Q) N C*(Q) with ||Vul|,, = 1. Then this inequality holds if and only if one
of the following holds:

(I) Al >A1/Oé (a,nd AQ,AER),
(II—].) A= Al/Oé, Ag > AQ/OC (a,nd AE ]R),
(11—2) )\1 = Al/Oé, )\2 = AQ/OC and A Z 0.

(ii) Let N > 3 and consider the N-ple logarithmic inequality

— 0 as s — oo,

N
lul 2D <> Ao o hlllullw) +C

J=1 J
for u € Wy (Q) N C*(Q) with ||V, = 1. Then this inequality holds if and only if one
of the following holds:

(I) AL > Al/OZ (and )\2,...,)\]\] S R),
(II-l) A= Al/oz, Ay > AQ/OZ (and A3, ..., AN E R),

(I1-2") Ay = Ay/a, Ao = Ag/a, Ag =+ = Aoy =0, Ay, > 0 for some 3 < m < N (and
)\m+1,...,)\NER);
(11—2”) )\1 = Al/oz, )\2 = AQ/OZ and )\3 == )\N = 0.
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4. EXISTENCE OF AN EXTREMAL FUNCTION

In this section, for fixed A, Ay > 0 such that the inequality (1.5) holds, we consider
the existence of an extremal function of (1.5) with the best constant C. Though it is
difficult to ensure the existence of an extremal function for cases with general domains,
we can find an extremal function in the special case () = B; with constants A\; and
Ao in a suitable region. Our method is due to the argument described in the previous
section.

Proposition 4.1. Fiz A, \o > 0 satisfying the assumption (I) or (1I) in Theorem 1.1.
(i) If

4.1 1/n —A —)\ >
( ) iglgG/h/al / ( Al 1=A2 2) —07

then there exists 0 < Ty < 1 such that

i SV S ( ay A)
_ 5 = — X aQ)l—-1/n , .
“vuToHn b a ss0 o (afa)t=t Ay 1 Ao

In particular, uﬁTO/HVuTOHn is an extremal function of (1.5) with Q = Bj.
(ii) The best constant C' for the inequality (1.5) (with Q@ = By) is positive if and

only if

(6] [0
4.3 G i | 83—, —Aa | > 0.
(4.3) gg (A1 /a)t=V/ (S’ AU A, 2>

(42) F*[)\l, )\2, Bl] =F

Because of Lemma 3.3 (i) and inf,s ¢(ke®/(s + 1/n)/™) > 0, choosing a sufficiently
large A; forces (4.3) to fail for any fixed Ay > 0. In particular, we obtain the following
corollary.

Corollary 4.2. Let n > 2, 0 < a < 1 and Q = By. If \y > Ai/a is sufficiently
large, then the best constant C' for the inequality (1.5) with Ao = 0 (and Q = By) is
nonpositive. In particular,

]2 < M log(1 + Jlullw)
holds for all u € Wy™(By) N C%(By) with ||Vul|gns,) = 1.
We need the following lemma to prove Proposition 4.1.
Lemma 4.3. If A\, Ay > 0, then F*[\i, Ao; By] < F*[A\, Ao
Proof. Since u*/||u*||o € K for all u € Wy (B;)NC*(By)\ {0}, it suffices to show that

*

Here, u* is the symmetric decrea,smg rearrangement of u. It is known that

(4.4) Flu; A\, D] < F { DR AQ} for u € W™ (By) N C*(By) \ {0}.

+

[u" oo = l[tlloos [VUlln < IV ulln, e [l@) < [lull@)-
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Since the functions (0,00) 3 s — s(=1¢(1/s) € (0,00) and (0,00) 3 5 - s1( o
¢(1/s) € (0,00) are both increasing, we have

IVl D Flu; 2,
= a2 = Ml (L) vl e ([l )

[Vull, [Vull,
< D = | V[ (—““*“@) — X[ VDot (—”“*“W)
el vl vl = vl

— IV E |
< ||Vu|Y -V E l” q )\1,)\2] for u € Wy (By) N C*(By) \ {0},
U*|| 0o N
which implies (4.4). O

Proof of Proposition 4.1. (i) By virtue of Lemma 3.3 (i)—(ii), the function s
G (ay Jayi-1/m (83 @1 /A1, @)z /Ag) is bounded from above and there exists sy > 0 such

that
(07
G(Al/a)l_l/" (301 Al)\ly A )\ > = iggG(Al/a)l_l/n ( A )\1, A )\ >

and we can define 0 < 79 < Ty < 1 by

1 1 1/a
so = alog—, Ty = 19 (alog— + 1) .
To To
By applying (4.1), it holds

1
UTO

IV 1

Indeed, in view of (3.5), we have

ﬂ

(4.5) F =F = F*[\, A\g) > 0.

)\17 )\2

;)\17)\2

HUTOHOO

Ay Q «
F )\ )\ < — 1-1/n ; —)\ —)\
[ 1, 2] sup G(Al/a) / (S’ Al 1y A2 2>+

a s>

Al «
— —G(Al/a)l 1/n (So, Al )\1, A—Z)Q)

4
u
ﬁ—TO;)\l;)Q] )

[, lloo

=F

which implies (4.5) because ug_pO/Hug_pO | € K. By virtue of Lemma 4.3, we obtain (4.2).
(ii) Note that the best constant C' for the inequality (1.5) with € = B coincides with
F*[A\1, Ag; Byl. If F*[\1, Ag; B1] > 0, then we have from Lemma 4.3 and (3.5) that

Ay o
F* By] < F* < — 1-1/n — AL, A
0 < F™[A1, Ag; By (A1, Ao sup G(n, ja)-1/ ( AU 2>+,

a s>
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and (4.3) follows. Conversely, if (4.3) holds, then F*[A1, Ag; By] > 0 follows immediately
from (i). O

Remark 4.4. (i) If we define
Ap = {0 < a <1; (4.1) holds with A\ = Aj/a and Ay = As/a}
={0 < a <1;supys G, ja)i-1/n(5) = 0},

then it holds either Ay = @) or Ay = [, 1] for some 0 < op < 1. See [9] for details.
(ii) If n < 131, then G 1-1/x(s1) > 0 for some s, > 0, which implies that Ay = [, 1]
1
for some 0 < ag < 1. Indeed, we can observe it by choosing s; = 6.
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