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Even Factors: Algorithms and Structure

By

Kenjiro TAKAZAWA™

Abstract

Recent developments on even factors are presented. In a directed graph (digraph), a
subset of edges is called an even factor if it forms a vertex-disjoint collection of directed cycles
of even length and directed paths. The even factor problem is to find an even factor of
maximum cardinality in a given digraph, which draws attention as a combinatorially tractable
generalization of the non-bipartite matching problem. This problem is NP-hard, and solved in
polynomial time for a certain class of digraphs, called odd-cycle-symmetric.

The independent even factor problem is a common generalization of the even factor and
matroid intersection problems. In odd-cycle-symmetric digraphs, the independent even factor
problem is polynomially solvable for general matroids. Also, the weighted version of the (in-
dependent) even factor problem is solved in polynomial time in odd-cycle-symmetric weighted
digraphs, which are odd-cycle-symmetric digraphs accompanied by an edge-weight vector with
a certain property.

In this paper, we exhibit that several important results on non-bipartite matching such as
the Tutte-Berge formula, the TDI description and the Edmonds-Gallai decomposition extend
to the even factor problem in odd-cycle-symmetric digraphs. Moreover, we show that for the
independent even factor problem in odd-cycle-symmetric digraphs we can establish a min-
max formula, a linear description with dual integrality and a decomposition theorem, which
contain their counterparts in the matching problem and the matroid intersection problem.
In particular, we focus on augmenting path algorithms for those problems, which commonly
extends the classical algorithms for matching and matroid intersection. We also discuss the
reasonableness of assuming the digraphs to be odd-cycle-symmetric.

§1. Introduction

The non-bipartite matching and matroid intersection problems are two celebrated
combinatorial optimization problems which can be solved efficiently. Many elegant re-
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sults such as combinatorial algorithms [7, 9, 17] and totally dual integral (TDI) descrip-
tion [5, 8] are known. As a common framework of these two problems, Cunningham and
Geelen [3] introduced the independent path-matching problem and showed a min-max
formula and a TDI description, which commonly extend those for matching and ma-
troid intersection. They also claimed that this problem can be solved in polynomial time
by the ellipsoid method. Then, combinatorial approaches to path-matchings followed
[10, 24, 25]. However, it was still unsettled whether we can establish a combinatorial
algorithm for independent path-matchings.

In this context, Cunningham and Geelen [4] introduced a further generalization,
independent even factors. Let (G, ¢) be a weighted digraph with G = (V, F) and ¢ € Rf,
and let M and M~ be two matroids on V. An edge set M C E is an even factorin G if
M forms a vertex-disjoint collection of directed cycles of even length and directed paths.
Remark that an odd-length path may be contained. An even factor M is independent
if the set of vertices which have an leaving edge in M is an independent set in M™ and
the set of vertices which have an entering edge in M is an independent set in M~. We
consider the following problems.

The even factor problem (EFP): Finding an even factor M maximizing |M|.

The weighted even factor problem (WEFP): Finding an even factor M maximiz-
ing ¢(M).

The independent even factor problem (IEFP): Finding an independent even fac-
tor M maximizing |M]|.

The weighted independent even factor problem (WIEFP): Finding an indepen-
dent even factor M maximizing c¢(M).

Here, c(M) denotes ) ., c(e). It is easily seen that the EFP generalizes the non-
bipartite matching problem and the IEFP commonly generalizes the EFP and the ma-
troid intersection problem.

In [4], it is exhibited that the EFP is NP-hard in general and polynomially solvable
in weakly symmetric digraphs, in which every edge e in any directed cycle has the re-
verse edge €. For the EFP in weakly symmetric digraphs, they presented an extension
of the Tutte-Berge formula and Edmonds-Gallai decomposition, and also presented a
polynomial algorithm which extends the Tutte matrix for matchings. Moreover, they
showed that the IEFP in weakly symmetric digraphs can be solved by calling an al-
gorithm for the EFP polynomially many times. For the WEFP and WIEFP, they
considered weakly symmetric weighted digraphs. A weighted digraph (G, ¢) is weakly
symmetric if G is weakly symmetric and c(e) = ¢(€) if e,e € E. They proposed a linear
programming description of the even factors in weakly symmetric weighted digraphs
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which has dual integrality. They also proposed a primal-dual method for solving the
WEFP which calls an algorithm for the EFP polynomially many times. For the WIEFP
in weakly symmetric weighted digraphs, they gave a reduction to the valuated matroid
intersection [18, 19], which calls an algorithm for the WEFP polynomially many times.

We remark here that the class of weakly symmetric weighted digraphs is broad
enough to include the matching and matroid intersection problems. Cunningham and
Geelen’s approach [4] applies to a broader class of digraphs, called odd-cycle-symmetric.
A digraph is odd-cycle-symmetric if every odd-length cycle (odd cycle) C has the reverse
cycle C. A weighted digraph (G, ¢) is odd-cycle-symmetric if G is odd-cycle-symmetric
and ¢(C) = ¢(C) for every odd cycle C. Note that a weakly symmetric (weighted)
digraph is odd-cycle-symmetric. Kirdly and Makai [15] presented a linear description
of even factors in odd-cycle-symmetric weighted digraphs and proved its dual integral-
ity. Harvey’s algebraic matching algorithm [11] applies to the IEFP in an odd-cycle-
symmetric digraph with two matroids linearly represented over the same field.

A combinatorial algorithm for the EFP in odd-cycle-symmetric digraphs had been
open for several years since the introduction of the problem, and it was solved by
Pap [22], who presented an augmenting path algorithm similar to Edmonds’ matching
algorithm [7]. Since then, the EFP is recognized as a combinatorially tractable general-
ization of the non-bipartite matching problem. Takazawa [26] extended Pap’s algorithm
to the WEFP by combining it with the weighted matching algorithm [6]. Iwata and
Takazawa [14] extended Pap’s algorithm to the IEFP by combining it with the ma-
troid intersection algorithms [9, 17]. More recently, a combinatorial algorithm for the
WIEFP is also proposed [27]. Even factors are not only a combinatorially tractable
generalization of non-bipartite matching, but also compatible with matroids.

As above, most work on even factors is done for odd-cycle-symmetric digraphs. You
may be worried whether assuming the digraphs to be odd-cycle-symmetric is reasonable.
A characterization of odd-cycle-symmetric digraphs is given by Z. Kirdly (see [15]).
Also, Kobayashi and Takazawa [16] showed that the odd-cycle-symmetry of a digraph
is a necessary and sufficient condition for the degree sequences of the even factors in
the digraph to form a jump system, and the odd-cycle-symmetry of a weighted digraph
is also a necessary and sufficient condition for the weighted even factors to induce an
M-concave function on the jump system. This result connects the fields of even factors
and discrete convexity analysis, and suggests that assuming that the digraphs to be
odd-cycle-symmetric is reasonable and essential in considering an optimization problem
of even factors.

This paper presents a more detailed description of the aforementioned results. In
§ 2, we introduce the EFP more formally and show how the theorems for non-bipartite
matching are extended. In particular, we devote most part of this section to exhibiting a
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combinatorial algorithm for the EFP in odd-cycle-symmetric digraphs [22] and construc-
tive proofs for these theorems. In §§ 3, 4 and 5, we deal with the WEFP, the IEFP and
the WIEFP, respectively. In § 6, we discuss characterizations of odd-cycle-symmetric
digraphs.

Let us close this section by presenting some notations which will be used in the
following sections. Let G = (V, E) be a digraph with vertex set V' and edge set E. For
u,v € V, we denote an edge e from u to v by uv. The reverse edge of e is denoted
by €. The initial vertex and terminal vertex of e are respectively denoted by e and
O~ e. That is, € = vu, 0te = u and 0" e = v. Similarly, for F C E, define 0TF =
{v|lveV,dee F,ote=v}and 0 F ={v|veV,Jee€ F,0e=v}. For U CV,
let 67U ={e|e€FE,0"ecU}and 6 U ={e|e€E,07ecU}. ForveV, i{v}
and §~{v} are simply denoted by 6"v and § v, respectively. For U C V, the induced
subgraph of U is G[U] = (U, E[U]), where E[U] = {e | e € E,07e € U,0 e € U}.
For z € R¥ and F C E, denote z(F) = > . pz(e). The numbers |V| and |E| are
denoted by n and m, respectively, which will be used for displaying time-complexity of

algorithms.

A subset of edges {eq,...,ex} is said to be a path if 9Tey, 0 e; = 0T ey, O ex =
Otes,...,0 er_1 = Oter and O~ ey, are distinct. A cycle is a subset of edges {e1, ..., ex}
such that 07e; = 0Tes, 07ea =0T es3, ..., 0 ep_1 = OTer, and O e, = 0T ey are dis-

tinct. A path or a cycle F' = {ey,...,ex} is said to be odd if k is odd, and even if k is
even. For F', V(F') denotes the set of incident vertices Uf:1{8+ei, 0~ e;} and F denotes
{ék, cey él}.

For U C V, we denote by xu the characteristic vector of U, with xy(v) = 1 for
ve U and xy(v) =0 forv € V\U. For u € V, we denote xy,} simply by Xu.

A strongly connected component that has no edge entering from other components
is called a source-component, and the number of source-components in G[U] is denoted
by odd™(U). Similarly, a strongly connected component that has no edge leaving to
other components is called a sink-component, and the number of sink-components in
G[U] is denoted by odd™ (U). For two vertex sets Xt and X, we call (X, X7) a
stable pair if there is neither an edge e with 0te € Xt \ X~ and 97 e € X, nor an
edge e with 0Te € XT and 97e € X~ \ XT.

§2. The Even Factor Problem

First of all, let us exhibit the definition an even factor, the central object in this
paper.
Definition 2.1 (Even factors [4]; see also [2]). Let G = (V, E) be a digraph. A

subset of edges M C F is an even factor in G if it forms a vertex-disjoint collection of
paths and even cycles.
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Note that this definition implies that [M NdTv| <1 and |[MN§~ v| <1 for an even
factor M and a vertex v € V, that is, |[M| = [0T M| = |0~ M]|.

The objective of the even factor problem (EFP) is to find an even factor M max-
imizing |M| in a given digraph G. In the weighted even factor problem (WEFP), we
are also given a weight vector ¢ € Rf and the objective is to find an even factor M
maximizing c¢(M) in the weighted digraph (G, ¢).

It is easy to see that even factors generalize non-bipartite matchings. Let (G, ¢) be
a weighted undirected graph with G = (V,E) and ¢ € Rf__ in which you are supposed
to find a maximum-weight matching. Then, construct an instance (G, ¢) of the WEFP
as follows: G = (V, E), where V. = V; E = {uv,vu | u,v € V are adjacent in G}; and
c(uv) = ¢({u,v}), where {u,v} € F is an edge connecting u and v. Observe that (G, c)
has a maximum-weight even factor consisting of even cycles. By alternately picking up
edges along these cycles, we obtain a vertex-disjoint set of edges, which corresponds to
a maximum-weight matching in (G, ¢).

Unfortunately, the EFP is NP-hard. It is known, however, that several nice prop-
erties of the non-bipartite matching problem extend to the even factor problem in odd-
cycle-symmetric digraphs.

Definition 2.2 (Odd-cycle-symmetric digraphs).

A digraph G is odd-cycle-symmetric if any odd cycle C' has the reverse cycle C.

For the EFP in odd-cycle-symmetric digraphs, a min-max theorem which corre-
sponds to the Tutte-Berge formula can be established [4, 22, 23].

Theorem 2.3. Let G = (V,E) be an odd-cycle-symmetric digraph. Then, it
holds that

(2.1) max{|M| | M is an even factor in G}

= (eri)r{l_){w \XT|+[V\X [+ |XTNX |—odd"™(XTNX)},

where (X, X ™) runs over all stable pairs.

Observe that we obtain the Tutte-Berge formula by applying Theorem 2.3 to a
digraph in which every edge has the reverse edge.

Here, let us show a constructive proof for Theorem 2.3 based on Pap’s even factor
algorithm [22]. First, let us prove the easier part of Theorem 2.3, max < min.

Let M be an even factor and (X, X ) be a stable pair in G. Then, it holds that
M = M1 U M2 U Mg, where
(2.2) My={eleeM, 0ecV\X"},
(2.3) My={eleeM, 0"ecV\X },
(2.4) Mz={eleec M, ec E[X " NX"]}.
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Remark that M; and M, are not necessarily disjoint. Now, we have

My < [VAXT|, Mo <[VANXT|, M3 <|XtTNX |—odd"(XTNX).
Thus,
(2.5) |M| < [My|+ [Ma| + [Ms]

SIVAXT|+VAX [+ XTNX | —odd"(XTNnX7).

Next, let us show that there exists an even factor M and a stable pair (X, X ™)
that satisfy (2.5) by equality. The existence can be verified by looking at the following
even factor algorithm.

Algorithm 2.4 (Even factor algorthm [22]).
Input: An odd-cycle-symmetric digraph G = (V, E).
Output: A maximum even factor M in G.
Step 1: Set M to be an arbitrary even factor. (For instance, M := ().
Step 2: Construct an auxiliary digraph G = (V*, E*) as follows:
V*=VTuVv; E*={utv |we E\M}U{v u" |uw € M},
where VT ={vt |v eV} and V- = {v~ | v € V} are two copies of V. Also, define
ST ={vT|veV\o"M}, S™={v  |veV\d M}

For F' C E*, denote the subset of E that corresponds to F' by E(F).

Search a path P from a vertex in ST to a vertex in S~. If such a path does not
exist, then expand each pseudo-vertex in G and return M.

Step 3: If MAFE(P) has no odd cycle, then update M := MAFE(P), expand every
pseudo-vertex in G and go to Step 2.

Step 4. Denote P = {ey,ea,...,e2;+1} and define

0 i =0,
P = {61762,...,622} i:l,”.,k7
P i=k+1.

Let i* be the minimum integer such that M AFE(P;) contains an odd cycle C. Then,
update M = MAE(P;«_1) and shrink C into a pseudo-vertex to obtain a new
digraph G’ and a new even factor M’ in G’. Set G := G’ and M := M’, and then
go to Step 2.
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Figure 1. Shrinking of an odd cycle C' (the bold edges belong to M).

Let us provide a detailed description of shrinking an odd cycle C into a pseudo-
vertex vo and expanding vo to C. Shrinking of C' consists of the following two oper-
ations: identifying the vertices in V(C') to a single vertex ve; and deleting the edges
in E[V(C)]. The resulting digraph is denoted by G’, and define M’ to be edges in
G’ which correspond to the edges M \ E[V(C)] in G. Before shrinking C, we update
M := MAFE(P;»_1) so that |[M N C| = |C|— 1. This implies that M’ is an even factor
in G’ with |[M'| = |M| —|C|+ 1. An example of shrinking an odd cycle is shown in
Figure 1.

Expanding of v¢ is the reverse procedure of shrinking of C'. The pseudo-vertex ve
is replaced by G[V(C)] and an edge e incident to ve connected to a vertex in V(C') to
which e was incident before shrinking C. An edge in M before expanding C' remains to
be in M after expanding ve. Here, we have to take care that which edges in E[V(C)]
belong to M. In terms of |M|, we have to pick up |C| — 1 edges from E[V(C)]. Let
et denote the edge in M NdTve and e~ denote the edge in M N § ve, if they exist.
In the expanded digraph, an even path Po from 9~e~ to 0tet is contained in C U C.
Also, pick up disjoint cycles of length two that cover V(C) \ V(P¢). Adding the edges
in Po and these cycles to M, we have a new even factor in G with the desired size. An
example of expanding of C' is shown in Figure 2. The case where e or e~ does not
exist is easier.

This is a full description of the even factor algorithm. Observe that the time-
complexity of the algorithm is O(n?).



240 KENJIRO TAKAZAWA

expand
(el >

et

Figure 2. Expanding of an odd cycle C' (the bold edges belong to M).

Theorem 2.5.  Algorithm 2.4 runs in O(n*) time.

Now, let us prove that the output M of Algorithm 2.4 is a maximum even factor
by showing that there exists a stable pair (X, X ) such that M and (X, X ) satisfy
(2.5) with equality.

Algorithmic proof for Theorem 2.3. Denote by Gjs the digraph in which P was
not found in Step 2. Let R C V* be the set of vertices to which GGj; has a path from a
vertex in ST, X* = {v | v" € R}, and X~ = {v | v~ € R}. Observe that (X, X ™)
is a stable pair, and define My, My, M3 C M by (2.2)—(2.4). By the definition of R, we
have that My N My = @), and M3 = (). Moreover, E[X ™ N X | =, which implies that
Xt NX~|=o0dd™ (Xt NX™). Thus, we have that (2.5) holds with equality for M and
(XT,X7).

The argument above just assures that (2.1) holds in G, which may be obtained
by shrinking odd cycles repeatedly. In what follows, we show that (2.1) holds in the
original digraph by induction on the number of shrinking. Suppose that G is obtained
by shrinking an odd cycle C in a digraph G = (V, E) The proof gets completed if (2.1)
holds for G.

Associated with the stable pair (X, X ) in G, define X, X CVhby

oo  xr={% (e g X, o X7 (ve & X7,
XTUV(C) (v € XH), X-UV(C) (voeX).

Now we prove that (X, X7) is a stable pair which certificates (2.1).

Firstly, one can easily see that (X' -, X ~) forms a stable pair in G’, which follows
from the fact that (X, X ) is a stable pair in G.

Secondly, we estimate the value [V \ X |+|V\X | +|XTNX"|—odd" (X TN X").
Since v is the pseudo-vertex created in the latest shrinking, we have that vo &€ 07 M,
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in particular vc € XT. (Hence, in (2.6) we do not have the case ve ¢ X*t.) Thus,
VAXT = VX,

Assume ve € Xt N X ™. Then, we have [V \ X~| = |V \ X ~|. Moreover, | X NX|—
odd™(XtTNX")=|XTNX"|—odd™ (Xt NX")+|C|— 1 follows from the following
equations: |[XTNX~|=|XTNX|+|C|—1;and odd™(XTNX~) =odd(XTNX").

Assume ve € X\ X~ In this case, [V\ X | = |[V\ X | +|C| -1, and it is
obvious that [X N X| —odd™ (Xt NX")=|XtNX"|—odd"(XTNX").

Therefore, in any case we have

2.7) [VANXFT+|[V\X |+ XTNnX|—odd"(XTNnX")
=[VANXT|+|V\NX |+ XTNX | —odd"(XTNX")+|C|—1.

Since |M| increases by |C| — 1 by expanding C, we have that (2.5) holds with equality
for M and (X, X ), and hence (2.1) holds for G. O

The Edmonds-Gallai decomposition for the matching problem also extends to the
EFP in odd-cycle-symmetric digraphs [4, 23]. Algorithm 2.4 provides not only a con-
structive proof for Theorem 2.3, but also such a decomposition theorem.

Let G = (V, E) be an odd-cycle-symmetric digraph. As we have seen in the proof
for Theorem 2.3, we obtain a stable pair (X*, X ) in G minimizing the right hand side
(RHS) of (2.1) among all stable pairs, by applying Algorithm 2.4 to G. Besides, exchang-
ing the roles of V™ and V'~ in the algorithm, we obtain another stable pair (Y *,Y ™),
which minimizes

(2.8) VAYT |+ |V\Y | +|YTNY | —odd (YTNY")

among all stable pairs (Y, Y ™). For these stable pairs, we have the following theorem,
whose proof is left to the reader.

Theorem 2.6 (See also [4, 23]).  For the stable pairs (X, X ") and (YT,Y ™)
defined above, set Vi = X+, VIi=V\X~, Vo =Y, and V, =V \Y". Then, the
following 1-4 hold.

L. Vg = {v | v €V, Imazimum even factor M,v ¢ 9t M}, and V, = {v | v €
V, Imazimum even factor M,v ¢ 0~ M}.

2. For every strongly connected component C in GV N(V\ V)] orin G[V, N(V \
Vi)l [V(C)] is odd.

3. If M is a mazximum even factor, then the following (a)—(c) hold.

(a) For every strongly connected component C in G[V4 N (V\ V)] orin G[V, N
(VAVOL IMnEC)] =[C]— 1.
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(b) VAVE COtM, V, Co M,V CoOtM, and (V\ V) C O M.
(c) For a vertex v € Vy N0~ M, there exists a vertex u € V5 with wv € M, and
for a vertex v e V, NOTM, there exists a vertex u € V, with vu € M.

4. Any stable pair (U*,U~) minimizing the RHS of (2.1) satisfies that V5 C U*
and V, CU~. Similarly, any stable pair (UT,U™) minimizing (2.8) satisfies that
VA CUY and V, CU™.

§3. The Weighted Even Factor Problem

Let (G, c) be a weighted digraph with G = (V, E) and ¢ € R¥. This section con-
siders the weighted even factor problem (WEFP), finding an even factor M maximizing
c(M).

The WEFP is NP-hard in general, since its special case, the EFP, is NP-hard. Here,
we deal with odd-cycle-symmetric weighted digraphs, which are defined by extending
Definition 2.2 to a weighted version.

Definition 3.1 (Odd-cycle-symmetric weighted digraphs). A weighted digraph
(G,c) is odd-cycle-symmetric if any odd cycle C has the reverse cycle C such that

c(C) = ¢(C).

Define i = {U | U CV, |U| is odd and > 3}. The following is a linear relaxation
of an integer program for the WEFP in (G, ¢).

(P-EF) max. Z cle)x(e)

ecE

sub. to x ((5+v) <1 vevV,
z(07v) <1 veV,
z(EU)<|Ul-1 Ue€lU,
z(e) >0 ec k.

Observe that a characteristic vector of an even factor in G is an integer feasible solution
for (P-EF). The dual program of (P-EF) is given by

(D-EF) min. > (y"(v) +y (v) + > (U] = 1)=(V)

veV veu
sub. to ¥y (u) +y (v) + Z 2(U)>cle) e=uveE,
vel,
ecE[U]
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For these two linear programs, Kirdly and Makai [15] showed the following integral-
ity theorem. We say that a set family F is laminarif Uy C Uy, Uy C Uy or Uy NU = ()
for all Uy,Us € F.

Theorem 3.2 ([15]).  If (G, c) is an odd-cycle-symmetric weighted digraph, then
(P-EF) has an integral optimal solution. Moreover, if (G, c) is odd-cycle-symmetric and
c is integer, then (D-EF) also has an integral optimal solution (y™,y~,z) such that
{U | 2(U) > 0} is laminar.

This theorem is an extension of the TDI theorem for non-bipartite matching [5].
Denote the polytope defined by the constraints in (P-EF) by Pgr, and that of (D-EF) by
Dgp. Theorem 3.2 claims that if (G, ¢) is odd-cycle-symmetric then Pgp has an integer
extreme point in the direction of the vector c¢. Moreover, Dgr also has an integer extreme
point in the direction of the vector corresponding to the objective function of (D-EF) if
(G, ¢) is odd-cycle-symmetric and c is integer. Remark that neither Pgp nor Dgp has
an integer extreme point in all directions, which is expected by the NP-hardness of the
EFP.

Several algorithm for the WEFP in odd-cycle-symmetric weighted digraphs are
proposed [4, 26]. Cunningham and Geelen’s [4] is a primal-dual method that calls
an algorithm for the EFP polynomially many times. Incorporating Algorithm 2.4,
their method obtains a combinatorial algorithm which runs in O(n”) time. Takazawa’s
algorithm [26] is also a combinatorial and primal-dual algorithm. It finds integer optimal
solutions for (P-EF) and (D-EF) by combining Algorithm 2.4 and the weighted matching

algorithm [6]. The time-complexity of the algorithm is O(n3m).

§4. The Independent Even Factor Problem

Let G = (V, F) be adigraph, and M* and M~ be matroids on V whose independent
set families are Z7 and Z—, respectively. In this paper, we indicate a matroid by a pair
of its ground set and independent set family. So, M™ = (V,Z1) and M~ = (V,Z7).

Denote the rank function and closure function of Mt by pt and cl™, respectively.
The fundamental circuit with respect to I € Z+ and v € V' \ cI™(I) is denoted by
C*(I | v). Their counterparts in M~ are denoted by p~, ¢I” and C~ (I | v).

Definition 4.1 (Independent even factors). Let G = (V, E) be a digraph, and
M* = (V,Z7) and M~ = (V,Z7) be matroids. An edge set M C F is an independent
even factor in (G,MT ,M™) if M is an even factor in G such that 9" M € T and
O"Mel .

The objective of the independent even factor problem (IEFP) is to find an in-
dependent even factor M maximizing |M| for given (G,M™*,M~). In the weighted
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independent even factor problem (WIEFP), we are also given a weight vector ¢ € Rf
and the objective is to find an independent even factor maximizing c¢(M). Of course, the
IEFP generalizes the EFP and the WIEFP generalizes the WEFP (consider a special
case where M and M~ are free matroids). Moreover, the independent even factors
also generalize matroid intersection.

Let M; = (V,Z;) and My = (V,Z,) be matroids and ¢ € RK a weight vector. You
are supposed to find a common independent set I € Z; N Zy maximizing ¢(I). This
problem is reduced to the WIEFP. Construct an associated bipartite digraph G' =
(V1,Va; E) as follows. The vertex set Vi and V, are copies of V, respectively, and
the edge set is £ = {vjvg | v €V}, where vy € V; (resp. vo € Va) denotes the copy
of v € V. On the edge set E, define a weight function ¢’ by ¢(viv2) = ¢(v). Let
M+ = (V;UV5,Z7") be a matroid which is the direct sum of M; and a free matroid on
Vo, and let M~ = (V3 U Va,Z7) be a matroid which is the direct sum of a free matroid
on V7 and Mjy. Then, it is easily seen that a subset I C V belongs to Z; NZs if and only
if the edge set Er = {(v1,v2) | v € I} is an independent even factor in (G,M™,M™),
and ¢(I) = d(Ey).

By the NP-hardness of the EFP, we know that the IEFP is also NP-hard. In odd-
cycle-symmetric digraphs with general matroids, however, we can establish a min-max
formula, decomposition theorem and a polynomial algorithm, which commonly extends
those for matching and matroid intersection.

Theorem 4.2 ([14]). Let G = (V,E) be an odd-cycle-symmetric digraph and
M* = (V,I%), M~ = (V,Z7) be matroids. It holds that

(4.1) max{|M|| M is an independent even factor in (G,MT, M™)}

— (eri)?_) {pT(V\NXT)+p  (V\NX )+ |XTNX|—odd"(XTNX)},

where (X, X7) runs over all stable pairs.

Observe that this theorem is a common extension of Theorem 2.3 and a min-max
formula for matroid intersection [8].

Several algorithms are proposed for solving the IEFP in odd-cycle-symmetric di-
graphs [4, 11, 14]. Among them, Iwata and Takazawa’s one [14] is a common extension
of Algorithm 2.4 and the classical matroid intersection algorithms [9, 17]. This algo-
rithm provides a constructive proof for Theorem 4.2 and a decomposition theorem which
commonly extends the Edmonds-Gallai decomposition for matching and the principal
partition for matroid intersection (cf. [12, 13]).

Algorithm 4.3 (Independent even factor algorthm [14]).

Input: An odd-cycle-symmetric digraph G = (V, E), and two matroids M+ = (V,Z1)
and M~ = (V,Z7).
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Output: A maximum independent even factor M in (G, M,/ M™).
Step 1: Set M to be an arbitrary independent even factor. (For instance, M := ().)
Step 2: Construct an auxiliary digraph Gy = (V*, E*) as follows:
V¥=VTuv,
E*={uv |we E\M}U{v ut |uv € M}
U{(wmv") Jued ™M, vecd (OTM)\0"M, uc CT(OTM |v)}
U{(u o) Juecd (0" M)\O M, ved M, veC (0 M |u)};
where V= {vt |v €V} and V- ={v™ | v € V} are two copies of V. Also, define
St ={wT [veV\d (M)}, ST={v" |veV\cd (0" M)}

For F C E*, denote the subset of E that corresponds to F' by E(F).

Search a path P from a vertex in ST to a vertex in S~ with minimum number of
edges. If such a path does not exist, then expand every pseudo-vertex in G and
return M.

Step 3: If MAE(P) has no odd cycle, then update M := MAFE(P), expand every
pseudo-vertex in GG and go to Step 2.

Step 4. Denote F(P) = {e1,ea,...,e2+1} and define

0 i =0,
E(Pz): {61,62,...,622'} ’izl,...,k,
E(P) i=k+1.

Let * be the minimum integer such that M AE(P;) contains an odd cycle C'. Then,
update M := MAFE(P;«_1) and shrink C' into a pseudo-vertex to obtain a new
digraph G’ and a new independent even factor M’ in G’. Set G := G’ and M := M’,
and then go to Step 2.

One would see that this algorithm is a natural extension of Algorithm 2.4 which
contains the idea of simultaneous exchangeability in matroids. The time-complexity of
Algorithm 4.3 is O(n*y), where v is the time for an independence test.

Remark. In Algorithm 4.3, a non-trivial operation appears in Step 4, shrinking
an odd cycle C. When shrinking C, not only the digraph G but also the matroids M
and M~ should be changed in order to maintain M to be an independent even factor
in (G,M*,M™). In [14], an operation shrinking of C' for matroids is proposed, which
constructs a matroid on (V \ V(C)) U {vc} from a matroid on V.
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As Algorithm 2.4 provided a proof for Theorems 2.3 and 2.6, Algorithm 4.3 gives a
proof for Theorem 4.2 and a decomposition theorem. First, Algorithm 4.3 finds a stable
pair (X, X 7). This stable pair (X*, X ) and the output M can be proven to satisfy
(4.1) with equality, and thus Theorem 4.2 follows.

Next, by exchanging the roles of M™ and M™, we obtain another stable pair
(YT,Y ™), which minimizes

(4.2) pT(VAY ) +p (VAY )+ [YTNY | —odd (YT NY ™).

For these two stable pairs, the following theorem holds. Observe that this theorem
commonly extends Theorem 2.6 and the principal partition for matroid intersection.

Theorem 4.4 ([14]).  For the stable pairs (X, X ) and (Y+,Y ™) defined above,
set Vi =Xt Vi=V\X", V) =Y, and V, =V \Y*. Then, the following 1-4
hold.

L. V3 = {v | v €V, Imazimum independent even factor M,v & clt(0* M)}, and
Vp ={v|v eV, Imazimum independent even factor M,v ¢ cl” (0~ M)}.

2. For every strongly connected component C in G [VB’ N(V\ Vj’ )] orin GV, N (V' \
V.l [V(C)] is odd and V(C) e Tt NI .

3. If M is a mazimum independent even factor, then the following (a)—(c) hold.
(a) For every strongly connected component C' in GIV4 N(V\ V)] orin G[V, N
(VAVOL IMNEC)]=|C|—1.
(b) [(VAVp)NaTM| = pT(V\Vp), [Vy N9~ M| = p=(V)), [Vy NoTM| =
pt (Vi) and |(VAVE)NO~ M| =p~(V\Vp).

(c) For a vertex v € Vy N0~ M, there exists a vertex u € V5 with wv € M, and
for a vertex v € V, NI M, there exists a vertex u € Vi, with vu € M.

4. Any stable pair (U*,U~) minimizing the RHS of (4.1) satisfies that V5 C U+
and Vi, CU~. Similarly, any stable pair (UT,U™) minimizing (4.2) satisfies that
VA CUY and Vp, CU".

§5. The Weighted Independent Even Factor Problem

An instance of the weighted independent even factor problem (WIEFP) is denoted
by (G,e, MT,M™), where G = (V,E), c € RE, M* = (V,Z7) and M~ = (V,I7).
The objective of the WIEFP is to find an independent even factor in (G,M™*,M™)
maximizing c¢(M).
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The WIEFP in odd-cycle-symmetric weighted digraphs is polynomially solvable [4,
27]. The algorithm in [4] reduces the problem to valuated matroid intersection, and it
calls an algorithm for the WEFP polynomially many times. Incorporating the algorithm
in [26], this algorithm archives the time-complexity O(n®m + n3v), where « is the time
for an independence test.

On the other hand, the algorithm in [27] combines the algorithm in [26] and Algo-
rithm 4.3 and runs in O(n® 4+ n*y). It is a primal-dual algorithm which finds integer

optimal solutions for the following linear programs:

(P-IEF) max. Z cle)x(e)
sub. to z (6TU) < pt(U) UCYV,
z(0°U)<p (U) UCYV,
(EU) <lUl-1 Uelu,
0 ec k.

(D-IEF) min. Y (0" (U)y"(U)+p W)y (V) + D (Ul - 1)z(V)

Ucv veu

sub. to Z y T (U) + Z y (U)+ Z 2(U)>cle) e€E,
Ucv, Ucv, ved,
Usdte U9~ e ecE[U]

y (U)>0 UCYV,
y (U)>0 UCYV,
2(U)>0 Ucl.

Thus, the algorithm constructively proves the following integrality theorem, which
corresponds to the TDI theorems for matching [5] and matroid intersection [9]. We say
that a set family F is laminar if Uy C Us, Uy C Uy or Uy NUy = () for all Uy, Us € F.
Also, we say that F is nested if U; C Uy or Uy C Uy for all Uy, Uy € F.

Theorem 5.1 ([27]).  For an instance (G,c, M ,M™) of the WIEFP, (P-IEF)
has an integral optimal solution if (G,c) is odd-cycle-symmetric. Moreover, if (G, c)
is odd-cycle-symmetric and c is integer, (D-IEF) also has an integral optimal solution
(yT,y™, 2) such that {U | y*(U) > 0} and {U |y~ (U) > 0} are nested and {U | 2(U) >

0} is laminar.
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§ 6. Characterization of Odd-Cycle-Symmetric Digraphs

In the preceding sections, we dealt with (independent) even factors in odd-cycle-
symmetric digraphs. We viewed that in odd-cycle-symmetric digraphs,

e the non-bipartite matching and matroid intersection problems can be reduced,

e the EFP, WEFP, IEFP and WIEFP can be solved in polynomial time, and

e important theorems of non-bipartite matching and matroid intersection extend.

Now, in the last section of this paper, we discuss how broad the class of odd-
cycle-symmetric digraphs is. The following is a characterization of odd-cycle-symmetric
digraphs by Z. Kirdly (see [15] for details). A block is a strongly connected component
whose underlying graph is biconnected. A digraph is said to be bipartite if its underlying
graph is bipartite.

Theorem 6.1. A block of an odd-cycle-symmetric digraph is either bipartite or
symmetric. That is, in a block of an odd-cycle-symmetric digraph, no odd cycle exists
or every edge has the reverse edge.

A characterization of odd-cycle-symmetric weighted digraphs immediately follows
Theorem 6.1.

Theorem 6.2.  Let (G,c) be an odd-cycle-symmetric weighted digraph. Then,

c(C) = ¢(C) holds for any cycle C' in a non-bipartite block of G.

Remark. By these characterizations, we can test in linear time whether a given
(weighted) digraph is odd-cycle-symmetric.

Another characterization of odd-cycle-symmetric digraphs is proposed [16], which
is from a view point of discrete convex analysis [20]. We devote the rest of this section
to presenting this characterization.

Let V be a finite set. For z = (2(v)),y = (y(v)) € RY, define

[z,9] = {z | z € RY,min(z(v),y(v)) < z(v) < max(z(v),y(v)),Vv € V}.

For 2,y € ZV, a vector s € ZV is called an (z,y)-increment if s = x, or s = —x, for
some u € V and x + s € [z,y].

Definition 6.3 (Jump systems [1]). A non-empty set J C Z" is said to be a
Jump system if it satisfies the following exchange axiom:

For any x,y € J and for any (x,y)-increment s with x + s ¢ J, there exists an
(z + s,y)-increment ¢ such that z + s+t € J.
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A set J C ZV is a constant-parity system if x(V) — y(V) is even for any x,y € J.
J.F. Geelen characterized constant-parity jump systems by a stronger exchange axiom
(see [21] for details).

Theorem 6.4. A non-empty set J is a constant-parity jump system if and only
if it satisfies the following exchange axiom:

(EXC). For any xz,y € J and for any (z,y)-increment s, there exists an (x +
s,y)-increment t such that x +s+teJ andy—s—t e J.

An M-concave (M-convez) function on a constant-parity jump system of [21] is a
quantitative extension of a jump system.

Definition 6.5 (M-concave functions on a constant-parity jump system [21]).
For J C ZV, wecall f:J — R an M-concave function on a constant-parity jump system
if it satisfies the following:

(M-EXC). For any x,y € J and for any (x,y)-increment s, there exists an
(x + s,y)-increment ¢t such that x + s+t € J,y—s—t e J, and f(z)+ f(y) <
flx+s+t)+ fly—s—1).

Observe that (M-EXC) implies that J satisfies (EXC), i.e., J is a constant-parity
jump system.

A jump system and an M-concave function on a constant-parity jump system ap-
pear in many combinatorial optimization problems which can be solved efficiently. For
instance, in undirected graphs, it is known that the degree sequences of all subgraphs
and those of all matchings are jump systems. Formally, for an undirected graph G with
vertex set V and edge set F, the degree sequence dp € ZF of F C E is defined by

dr(v) = |{e| e € F, e is incident to v}|.
Define Jsq(G) € ZV and Jy(G) € {0,1}V by

Js(;(G) = {dF | F C E},

JMm(G) = {dp | M is a matching in G}.

Then, both Js¢(G) and Jy(G) are constant-parity jump systems, provided that G has
no loops.

In a weighted undirected graph (G, ¢), M-concave functions on Jgg and Jy also
naturally arise. Define fsq : Js¢ — R and fyr: Ju — R by

fsa(z) = max{c(F) | F C E, dp = x},
fum(z) = max{c(M) | M is a matching, dy; = x}.
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Then, fsg and fyr are M-concave functions on Jgg and Jy, respectively.

Kobayashi and Takazawa [16] considered whether an analogous statement holds
for even factors. To begin with, let us introduce the degree sequence in digraphs. Let
G = (V, E) be a digraph with vertex set V and edge set E. Make two copies V' and
V= of V. The copy of v € V in VT (resp. in V™) is denoted by v (resp. v™).

Definition 6.6 (Degree sequences in digraphs).  For a digraph G = (V, E) and
its edge set F' C F, the degree sequence of F' is a vector dp € ZV UV defined by

dr(vt) =|Fndétv|, dp(v™) =|FNd v (veV).

Let Jgr(G) C ZV UV be the set of the degree sequences of all even factors in G.
That is,

Jer(G) = {dp | M is an even factor in G}.

By the definition of even factors, one would easily see that Jep(G) C {0,139V and
Jer(G) is a constant-parity system. Then, the following theorem holds.

Theorem 6.7 ([16]).  The set Jgr(G) is a constant-parity jump system if and
only if G is odd-cycle-symmetric.

Moreover, this relation is extended to a weighted version. For a weighted di-
graph (G, c), define fgr : Jgr(G) — R by

fer(z) = max {C(M) ‘ M is an even factor, dy; = x}

for x € Jgr(G). As an extension of Theorem 6.7, we have the following theorem.

Theorem 6.8 ([16]).  The function fgr is an M-concave function on a constant-
parity jump system if and only if (G,c) is an odd-cycle-symmetric weighted digraph.

Theorems 6.7 and 6.8 exhibit necessary and sufficient conditions for the even factors
to have a matroidal structure. These theorems suggest that the assumption of the odd-
cycle-symmetry is reasonable and essential in dealing with optimization problems on
even factors.
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