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Extreme value distributions
of noncolliding diffusion processes

By

Minami IzumMmi * and Makoto KATORI**

Abstract

Noncolliding diffusion processes reported in the present paper are N-particle systems of
diffusion processes in one-dimension, which are conditioned so that all particles start from the
origin and never collide with each other in a finite time interval (0,7), 0 < T < oo. We
consider four temporally inhomogeneous processes with duration 7", the noncolliding Brownian
bridge, the noncolliding Brownian motion, the noncolliding three-dimensional Bessel bridge,
and the noncolliding Brownian meander. Their particle distributions at each time ¢ € [0, 7]
are related to the eigenvalue distributions of random matrices in Gaussian ensembles and in
some two-matrix models. Extreme values of paths in [0,7] are studied for these noncolliding
diffusion processes and determinantal and pfaffian representations are given for the distribution
functions. The entries of the determinants and pfaflians are expressed using special functions.

§1. Introduction

For N > 2, consider the following region in RY,
(1.1) WA = {zc = (x1,%2,...,ZN) eERV iz << < CCN},

which is called the Weyl chamber of type Ay _1 in the representation theory [9]. By the
Karlin-McGregor formula [10], the density at y € W4 of an N-dimensional Brownian
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motion at time ¢t > 0, which starts from x € W% at time 0, and is restricted on the
event that it stays in W4 during a time interval [0, ], is given by

tyle) = det [p(tuile))].
where p(t,y|z) is the heat kernel, p(t,y|z) = e_(x_y)2/(2t)/\/%. It can be regarded
as the transition probability density of the absorbing Brownian motion in W% from
x € W4 to y € W4 with duration ¢ > 0.

Set 0 < T < o0, a=(ay,...,an),b=(b1,...,bn) € W]A\‘,. Then we consider the
N-particle system of one-dimensional Brownian motions starting from a configuration
a at time 0 and arriving at the configuration b at time 7', conditioned never to collide
with each other in [0, T]. The probability density at the configuration x € W]A\‘, at time
t €[0,7T] is given by

. L [R(T —t,ble) fA(t z[a)
(1.2) pnr(t z;a,b) = f4(T,bla)

We will call the above mentioned process the noncolliding Brownian motion from a to
b with duration T and write it as X®P(t) = (X>P(1),..., X3P ()),t € [0,T).
We can show that the limit of (1.2) in a — 0 = (0,0,...,0), b — 0, is given by
(1.3) lim  py o(t, z;a,b) =pi (¢, :0,0)
lal,[b]—0" " ’
=WV (x; 00 (1)), t€[0,T], xc Wk

with or(t) = /t(1 —t/T) (Proposition 13 in [15]). Here ¢GVE(x;02) denotes the

probability density of eigenvalues x € W% of random matrices in the Gaussian unitary

ensemble (GUE) with variance o2,

2

GUE (.. 2y _ g —|x|?/(20%) , 2
a§"" (250%) = o II ==
2m)N/2 [T T(k) 1<i<j<N
where |z|* = Zj\rzl 2% and T'(k) is the Gamma function. Note that, when k € N =

{1,2,...}, (k) = (k—1)l. We regard (1.3) as the probability density at a configuration
T € W% at time ¢ € [0, T'] of the noncolliding Brownian bridges with duration T denoted
by X%0(t) = (XD0(t),..., X2 (1), t € [0,T7.

When we make the configuration b at time T be arbitrary in W4, we have another
temporally inhomogeneous system of noncolliding Brownian motion, which is denoted
by X*&F(1) = (XPF(1), ..., X3%(1)),t € [0,T]. The probability density at & € W4 at
time ¢ € [0, 7] is given by

NE(T —t ) fy(t, z|a)
N{(T, a) ’

pr.r(tz;a,R) = teo,71],
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where
Ni (s, ) =/ dy fa(s,ylz), s>0, €Wy,
A

WN
is the probability that the absorbing Brownian motion in Wﬁ starting from x € W%
is not yet absorbed at any boundary of the region W% and is surviving inside of it at
time s > 0. For an even integer n and an antisymmetric n x n matrix A = (a;;) we put

1
1§Ejf§n [aij] = W Z Sgn(o-)a'a(l)a(Q)ao(3)o(4) *Uo(n—1)o(n)s
o:0(2k—1)<0(2k),1<k<n/2
where the summation is extended over all permutations o of (1,2, ..., n) with restriction

o2k — 1) < 0(2k), k = 1,2,...,n/2. This expression is known as a pfaffian (see, for
example, [24]). By using the de Bruijn identity [5], which will be given as Lemma 3.1
in Section 3, we have the formula [12, 13]

A — Al T
Ni(s. @) = 13521? [F” (\/%)} ’

N:{N, if N = even,

where

N +1, if N =odd,
2]3/\/2_: (331/\/%,“~,33N/\/%), and

1, if1<i<N,j=N+1,

Fi(y) = L |
—1, ifi=N+1,1<j<N,
0, ifi=j=N+1,

(1.4) U(u) = % /Ou e dv.

In [12, 13], the process X% (t) = lim|a) 0 xR = (Xf’R(t),...,XR,’R(t)),t €
[0, 7] is constructed, where the probability density at & € W4 at time ¢ € [0, 7] is given
by

TN(N—l)/4t—N2/2

(15)  phrt,2;0.R) = e PHCO ] (@ —a)N (T~ ).

N
N2 o T(k/2) 1<i<j<N

It has been shown that (1.5) exhibits a transition from the eigenvalue distribution
of GUE to the eigenvalue distribution of another ensemble of random matrices called
the Gaussian orthogonal ensemble (GOE) as ¢t — T' [13, 14]. In other words, there
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establishes an interesting correspondence [12] between the temporally inhomogeneous
system of noncolliding Brownian motion X O’R(t),t € [0,7T] and the two-matrix model
of Pandey and Mehta [21] in the random matrix theory [20].

The equivalence of the distribution of X°°(¢) and the eigenvalue distribution of
random matrices in GUE with variance or(t)? for ¢t € [0,T] shown by Eq.(1.3), and
the correspondence between X%®(¢),¢ € [0,7] and the two-matrix model of Pandey

and Mehta are very useful to perform computer simulations of the conditional diffusion
processes X %0(t) and X% (¢),t € [0, T] [19]. Figure 1 shows samples of paths generated
by computer simulations for these two processes.

Time

(b)

Figure 1. Samples of paths for (a) X%°(t) and (b) X®®(¢),¢t € [0,T], generated by
simulating the corresponding eigenvalue processes of random-matrix models.

In the present paper, we study the distributions of the extreme values defined by

1.6 LYN,T)= min X*(t)= min X't
RYN,T)= max X*(t) = max X% (¢
(N, T) tE[SL,T] (®) tE[éL,T] n(®);

for 4 = (a,b) € Wi x W4, # = (0,0), and § = (0, R).

In this paper, we also consider the noncolliding processes “with a wall at the origin”.
Instead of the Weyl chamber of type A _; given by (1.1), we consider the Weyl chamber
of type Cy,

W%:{a::(xl,a:g,...,xN)GRN:0<331<:C2<~~<$N}~

The density at y € W% of an N-dimensional Brownian motion at time ¢t > 0, which
starts from € W at time 0, and is restricted on the event that it stays in W§ during
a time interval [0, ¢], is given by the Karlin-McGregor formula as

C _ (0,00) s
(1.7) iSyle) = | det [p0 ¢ uiley)|.
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(0,00)

abe (t,y|x) is the transition probability density of the one-dimensional absorb-

where p
ing Brownian motion with an absorbing wall at the origin. By the reflection principle
of Brownian motion, it is given as
(0,00) _
pabs (tv y|.17) _p(tv y|.17) - p(ta y' - .17)

_ 1 {e—<x—y>2/<2t>_e—<x+y>2/<2t>}
V2nt

Eq.(1.7) gives the transition probability density of the absorbing Brownian motion in

WS from x to y with duration t > 0.

For 0 < T < o0, a,b € W, we consider the N-particle system of one-dimensional
Brownian motions starting from a configuration a at time 0 and arriving at a configu-
ration b at time 7', which is conditioned so that there is no collision between any pair
of particles and that all particles stay positive in a time interval [0, T]. The probability
density at * € W, at time ¢t € [0, T] is given by

C . B fﬁ(T—t,b|w)fE,(t,cc|a)
(18) pN,T(tawvaa b) - fﬁ(T,b|a) .

The Brownian motion conditioned to stay positive for a finite time interval [0,77] is
called the Brownian meander with duration 7" [22]. So we call the N-particle system,
whose probability density is given by (1.8), the noncolliding Brownian meander from a
to b with duration T [16] and write it as Y*P(t) = (Y2P(t),..., Y&P(t)),t € [0,T).
The three-dimensional Bessel bridge with duration 7" is the conditional Brownian
motion such that it starts from the origin, stays positive in ¢ € (0,7, and first returns
to the origin at time 7. Then the N-particle system obtained by the limit YO’O(t) =
lim|a) b0 Y&P(1) = (Y2O1),...,Ya°(t),t € [0,T] can be called the noncolliding
three-dimensional Bessel bridge. It was called the system of nonintersecting Brownian
excursions in [25]. The probability density at & € W at time ¢ € [0, 7] is given by

p%,T(ta x; 0, O) = qlc\jf(xa OT(t)Q)

with o7 (t) = \/t(1 —t/T) (Proposition 14 in [15]). Here ¢$ (x;0?) denotes the proba-
bility density of positive eigenvalues * € W$ of random matrices in the ensemble called
the class C with variance o2 [1],

o—NE@N+1)

N
gy (@;0%) = eI/ T (a2 — a2 [] o3
k=1

(77/2)N/2 Hévﬂ I'(2¢) 1<i<j<N

When we make the configuration b at time 7' be arbitrary in W$;, we have another
noncolliding Brownian meander, which is denoted by Y®®+(¢) = ( 1a’R+ t),..., Y;’RJF (1)),
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t € [0,7] with R, = {x € R: 2 > 0}. The probability density at * € W§ at time
t €[0,7T] is given by

NS(T —t,x)f$ (¢, z|a)
C . _ N ) N\Y
pN,T(t7w,a7 R-i—) - N]%(T, a) )

where
Nﬁ(s,@:/ dy fS(s ylx), s>0, @eWS,
C

N
is the probability that the absorbing Brownian motion in W% starting from x € W%
is not yet absorbed at any boundary of W]CV and is surviving inside of it at time s > 0.
We can prove the formula [12, 13]

Niv(e. ) = 1< [Fg (\/%_S)} ’
where @/v25 — (21/v25, ..., ox //25),

FC()_ U (yi), ifl1<i<N,j=N+1,
e —U(y;), ifi=N+1,1<j<N,

with (1.4) and

2 Ui U2 —U1
0 u

1—Uu2

U2 u+usg 9 9
—/ dvl/ dvg e~ V1 (v1—v2)" |
Ul U2 —U1

The process YR+ (1) = limya| o yaRe(t) = (YIO’R+ t),..., Y]?,’RJF (t)),t € [0,T] is
studied in [13, 18], where the probability density at * € W, at time ¢ € [0,7] is given
by

(1.9 pRr(t®0,Ry)
TN?/24=N(2N+1)/2

N
e—|ﬂ3|2/(2t) H (gj? —il]'zz) kaNC(T—t,ZE)
k=1

N
[T=: T 1<i<j<N

It has been shown that (1.9) exhibits a transition from the eigenvalue distribution of
random matrices in the ensemble called the class C to the eigenvalue distribution of the
class Cl as t — T [18, 15].

We can perform computer simulations of a matrix-valued Brownian bridge such
that its distribution is the same as the distribution of random matrices in the class C
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with variance op(t) = /t(1 —t/T),t € [0,T], and a matrix-valued Brownian motion,
whose distribution at time ¢ € [0,7] changes continuously from the class C distribution
to the class CI distribution of random matrices as t — 7. By numerically calculating
eigenvalues of these two matrix-valued diffusion processes in ¢t € [0,T], we can draw
samples of paths of noncolliding diffusion particles for Y%°(¢) and Y%+ (¢),t € [0, 7],
as shown in Figure 2 [19].

Figure 2. Samples of paths for (a) Y'°(¢) and (b) Y&+ (¢),t € [0,T7.

For Y* with § = (a,b) € W§ x W$, # = (0,0), and 4 = (0, R} ), we will report the

distributions of the maximum value

1.10 HYN,T) = Yit) = Yi).
(1.10) (N, T) e, (t) e ~ (1)
§2. Results

For k € Ny ={0,1,2,...}, let Hi(z) be the k-th Hermite polynomial

/2] v o2
Hy(w) = klmz:o ( m!)(k(— Q)m)! ’

where [a] denotes the largest integer that is not greater than a. We define the function
of u,v € R with an index k € Ny,

(2.1) O (u,v) = Z Hy(un + v)e_(“"+“)2.
nez
If we consider the following version of Jacobi’s theta function

19(:1:,’ y) _ Z qn222n _ Z 627r\/—_1:cn—|—7r\/—_1yn2’

nez nez
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Imy > 0, where we have set z = e™ 1% and q= e”‘/__ly, the reciprocal relation
— 1/2
19(33,:1/) = (E, _1> e‘”\/—_1x2/y <__1>
y oy Y

holds (see Sec.10.12 in [2], Sec.A.3.1 in [8]). Combining this functional equation with

the fact

2 > uk
€2u:c—u — ZHk(l,)F,
k=0

the following identities are derived for k € Ny, 7, € R (Lemma 3 in [19]);

s 2my/—1€ —1)k/2pk+1 &
2 Sootew (- I~ e (van ),
nez

The following two theorems are our main results.
Theorem 2.1.  For {,r >0,
(2.3) P( — 0 < LO°(N,T), RO°(N,T) < 7')

(=Y
- N
NOVD2 T T (k)

S l@i+j_2<2(€+r) 2 )+(_1)j@i+j_2<2(z+r),0>]’

1<i,j<N V2T V2T V2T
and
(2.4) P(— < LOF(N,T), RO%(N,T) < 1)
~1 N(N+1)/2 /
ON(N-D/AT],_ T(k/2) 1<ij<N VT' VT
where
15, if 1<i,j<N,
GA<—L L)_ I, if 1<i<N,j=N+1,
Y\ VTVT) | -5 if i=N+L1<j<N,
0, if i=j=N-+1,
with
200+71) 20 ) , (2(€—I—T) >
A )
zi(r) =0,_ , +x|+(-1)0;, 1| ——,x
@) 1( V2T V2T VO \ "7
r/\2T
IiA:/ 2 (x)dz,
—¢/\2T
Alpp) 22
1A = / dot | 1T E @D g
—0/ 2T <xy<xp<r /2T Zj (xl) Zj (.732)
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Theorem 2.2.  For h > 0,

2.5 P(HO’O N,T) < h) _ (D7 det |© 2h_
( . ) ( ’ - 2N2 HiVZI F(Qk) 1Si§SN 2(i+j—1) \/2—7 )
and
(2.6) P(HO»R+(N, T) < h> = = < Pf [G% (iﬂ :
N(N=D/2TT, | T'(k) 1<ij<N VT
where
IS, if 1<i,j<N,
ao (M \_) I i 1<i<N.j=N+1,
Y\VT) | -If, if i=N+11<j<N,
0, if i=j=N-+1,
with
2h
z7(x) =091 | —,
(o) =01 (Jg77)
h/V2T
= [ S
0
C C
Ig :/ det ch(xl) 1(3(@ dxidrs
0<z1<z2<h/V2T Zj (z1 Zj (2
Remarks.

53

1) By the scaling property of Brownian motion, we have the equalities in distribution
y g Yy

LN, T) £ VTL}(N,1), R{N,T)< VTRY(N,1),
for 4 = (0,0), (0,R), and

HYN,T) = VTH!(N,1)

for 4 = (0,0),(0,R;), VI' > 0. As a matter of fact, the probability distributions
(2.3) and (2.4) in Theorem 2.1 are functions of £/v/T and r//T, and (2.5) and (2.6)

are of h/ VT, respectively.

(2) For N =1, (2.5) gives

1 2h 2,2
P(H*°(1,T) < h)=-=> Hy (—n) e 2 /T
( ) 2 ne”Z \/ﬁ

4h2 2
_ Z (1 _ T’”) 6—2h2n2/T’

nez



54 MiINAMI IZUMI AND MAKOTO KATORI

since Ho(x) = 42% — 2. This is a classical result for the height distribution of
the three-dimensional Bessel bridge. It should be remarked that this result for
distribution is equivalent with the fact on moments

7l

E[(HO»O(LT))m] =2 (7>m/2 &(m), meC

with

(m) = 3mm — 1T () Cm),

where ((m) is the Riemann zeta function

1
neN
See [3] for interesting relations of the probability laws of one-dimensional conditional
Brownian motions to the Jacobi theta functions and the Riemann zeta function.

(3) In [11], N = 2 case of the formula (2.5) of Theorem 2.2 and moments calculated
from it have been intensively studied, which are related to the double Dirichlet

series.

(4)  The formula (2.3) of Theorem 2.1 gives the joint distribution of two extreme val-
ues LOO(N,T) and R®°(N,T) of the process X%°(t),t € [0, T]. The distributions
of single variable R%-9(N,T) was studied in [7] and [23]. Feierl [7] also reported the
distribution of the width (or “range”) defined by

WO,O(Na T) = RO,O(Na T) - LO,O(Na T)
= X0 —X0’0t>.
tgfgg]( N () = X7 ()
(5) A part of results recently reported by Borodin et al. [4] may be stated as follows
in the present notations; if NV is even, for each fixed T' > 0,

1 0,0 d 0,0
max ————— X%0() 2y 2%(T/2),
te0.7/2 \/2(1 — t/T) (1) = Yyp(T/2)

where Y]?,’/OQ(T/ 2) in the RHS denotes the position of the top particle at time 7°/2
of the N/2-particle system Y%°(t) = (Y2°(1),... ,YJS’/OQ(t)),t € [0,T]. The distri-

bution of the top path Y]?,’/OQ (t),t € [0,T] was studied by Tracy and Widom [25].

(6)  The distribution of the “maximum height” H%®(N, T') of the process Y %0(t),t €
[0,T] has been studied by Feierl [6] and by Schehr et al. [23] in different context
and by different methods. See [19] for comparison.



EXTREME VALUE DISTRIBUTIONS OF NONCOLLIDING DIFFUSION PROCESSES 55

§3. Proof of Theorem 2.1

Let 1{w} be the indicator function of a condition w. Assume that —¢ < a;, —¢ <
bi,an < r,by < r. By definition of the process and (1.6), for (a,b) € W4 x W4

(3.1) P( — 0 < L*P(N,T), R*P(N,T) < r)
- E(1{—£ < X2P(1), X3P(t) <1, Vt € 0, T]}>
:E(l{—£ < X*P(t) <1, 1<Vi<N,Vte [o,T]}).
For £,r > 0, we introduce the following restricted region in Wﬁ,
W (=4, 1) = {:I; = (x1,...,x5) E WA : £ <zp,2n < r}.

Then we consider the absorbing Brownian motion in this region starting from a €

WA (—¢,7). Let the transition probability density of a one-dimensional Brownian motion

in an interval (—/¢,7), where two absorbing walls are put at * = —¢ and =z = r, be

p;gf ™) (¢,-|-),t > 0. Then, by the Karlin-McGregor formula, the probability density

that the absorbing Brownian motion in W4 (—£,r) arrives at b € W (—¢,7) at time

T > 0, avoided from any absorption at boundary of the region Wﬁ,(—ﬁ, 1), is given by
b = g, )]

The probability density p;gf ™) (t,y|z) is obtained by solving the diffusion equation

Ou(t,y) /0t = (1/2)0%u(t,y)/d0y?, —¢ < y < r with the Dirichlet boundary condition
u(-,—¢) = u(-,r) = 0 and with the initial condition u(0,y) = 6,(y), —¢ < z,y < r. The
solution is given by

—or 2 _ . .

t>0,z,y € (—4,r).
Then the following equality will be established,
A(—4,r
_ AT bla
fN(T.bla)

(3.2) E(l{—£ < X2P(t) <1, 1<Vi<N,Vte [O,T]})

And then we have the equalities

(3.3) P

/N

— 0 < I*R(N,T), R*}(N,T) < r)
- E(l{—£ < X*R(t)<r, 1<Vi<N,Vte [o,T]})
db 3T, bla)

W% (_e"r)
N{ (T, a)
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Now we want to take the limit a,b — 0 in (3.2) and a — 0 in (3.3) in order to

prove Theorem 2.1. The following asymptotics in |a] — 0 for the denominators of (3.2)
and (3.3) are given in [15, 17]; as |a| — 0,

T—N?/2
(2m) ™2 [y T(k)
< T {@ a0} x {1+0(a)}.

1<i<j<N

(3.4) ST, bla) = e PI/CD

N
(3.5) NA(T,a) = W}i/z 11 Félzéi)T—N(N—l)/4
k=1

x II (a—a)x{1+0(a)}.

1<i<j<N

By multilinearity of determinants, we have
A(—L,r
(36) Sy (T bla)
_ 2 T2 {2004} i LA ai (Lt
—1§§1§th £_|_7=Z€ sin 776_'_7471Z sin 776_'_7,71Z

1 2 \V
_ 3 o~ TInl2/{2(6+7)%)
N!'\l+7r

neNN
(+a; (L +bq
X det |sin ﬂinj det |sin |7 a ng ||,
1<i,j<N C+r 1<a,B<N b+r

N . . :
where |n|? = "." | n?. We will use the series expansion

(3.7) sin (%i%) = 3" p(n)(an)?

r

preNo
with
(3.8)
= L (2 iy (ST ¢ oty ()

p € Ng. We will also use the property of the Vandermonde determinant

13?,?%1\7 [ag_l] - H (aj —a;).

1<i<j<N
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Then

(3.9) fu (T, bla)

1 2 \V
_ 3 o~ TIn 2 /{2(0+1)?)
N\l +r

neNN

. {+b
X Z det [a;‘?’ } det [cp (n(;)ng”} det |[sin (7 + “ng
1<ij<N L' Ji<ys<n L7 1<a,B<N L+
0<p1<---<pn

N
_ 1 (2 72 T|n|2/{2(647)%} [ 7—1}
- (HT> %;Ne det[eyoa(ns)n]

< dee o (w2 200) | TT (=00 x {1+ 00D}

1<a,B<N iy
1<i<j<N

(-2 ) det Z e~ T /{2(64r)" 1(n)n® tsin 7r€ + bﬂn
{4+ 1<a,B<N | £ a- {4+ r

< I (ay—a)x {1+0(a)}.

1<i<j<N

By (3.8), we have

S e T 2 e ()0 sin (Wﬁj bs n)
neN T

- (;(1(34(0;_12;!/2 (e 47: T>°“1

Z a1 g, [ 2T 2+7r\/—1€n sin 7T€+b3n
o N (NP A B 07

X
neN
+1%(_n)a—1 exp (_2(21—1;)2(_@2 + Wg\/—'——_:g(—n)) sin (ng—:_bf (—n)>]

(_1)(a—2)/2 T 1
 2(a—1)! <£+r>
2
o1 T, w4
xZn exp( 2(6—}-1“)2” + Tt n | sin 7T€+TTL .

nez

— (=1l T\ a-1 _ T, mV/=1(20+ bs)
 4la—1)! \l+r %n P 2(£—|—7*)2n + C+r "

2
e o1 T T/ —1bg
+(—-1) E n exp( 2(£+T)2n + )

nez
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By the identity (2.2), the above is equal to

(=1)*(l+r)
2(a+2)/271/2 (o — 1)!

T—a/2

Then we have the following asymptotics in |a| — 0,

(3.10)  fN" (T, bla)
(_1)N(N—|—1)/2

- ON(N+1)/4,N/2 Hi‘le (k)
< dot [@a_l (2(€+7‘) 2€+b3> +(_1)a@a_1 (2(€+T) bﬁ )]

T-N(N+1)/4

1<a,B<N VoT V2T VT 2T
< I (aj—ai)x{1+(9(|a|)}.
1<i<j<N

From (3.6) to (3.9), we performed the series expansion (3.7) in only one of the two
determinants in (3.6). If we perform the series expansions in both of them, we have the
following estimate,

A(—4,r
ST, bla)

1 2 \V
_ = S o~ T 0|2 /{2(6+7)%}
N!'\ ¥l +7r

neNN

E P .
. 1Sk [aij] 1<gegt<N [Cpa (ng)nj }
0<pi<—-<pn 07 SCHEAS
E : a0 "
. 1<i§le':B<N [bilj } 1<a(/ieﬁt/<N [an’ (nﬁl)nﬂ’ ]
0<q1<-<qn = SQLPS

N

2 —x2Tn? )2 atB—

B (€+r> 1<ccvleﬂt<N [Ze IR ey (n)ep—r (n)notP 2]
== Lnen

x TI {(a;—ane;— b))} x {1+ 0(al, b)}.

1<i<j<N
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By (3.8), we see

Z e—7r2Tn2/{2(€+r)2}ca_1 (n)cﬂ—l (n)na+5—2

neN
_ (_1)(Oé+ﬁ)/2 T OZ+B—2 Z 6—7T2Tn2/{2(‘€+T)2}na+13_2
dla—-DNB-1)!\L+r =
2m/ =14 2m/ =14
A 1) 4 (=1)F 4 (—1)>FP _Ivo
fon (B s o et (2T
(—1)(etb)/2 TP
~4(a—DI(B-1)! (£+ r)
A5 ()

+(—1)# E ex —7r2—Tn2 neth—2
P 200 +1)? '
By the identities (2.2), the above is written as

(=Dl +7) T (a+B-1)/2
20atB8+1)/271/2 (o — 1)I(B — 1)!

Therefore, we have the following asymptotics in |a] — 0 and |[b| — 0,

(311) 37T, bla)
o (_1)N T—N2/2
- N
N2 N/2 [T= T'(k)?

_— {@a+5_2(2(€+r) %>+(—1)B@a+ﬂ_2<2“”),o>}

1<a,f<N V2T V2T V2T
x I {(as—an;— b} x {1+ 0(al, b }.
1<i<j<N

By the equalities (3.1) and (3.2), and using the asymptotics formulas (3.4) and
(3.11), we can take the limit

lim P~ (< I*P(N,T),RP(N,T) <r) = lim (T, bla)
lal,|b]—0 ’ ’ ’ lal,[b|—0 f]%(T,b|a) 5

and then the formula (2.3) is obtained.
By the equalities (3.3) and using the asymptotics formulas (3.5) and (3.10), we
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have
(312)  P(—t< LO%(N,T), ROF(N,T) <)

/ db fACE (T, bla)
. Wﬁ(—ﬁ,r)
= lim

la]—0 N{ (T, a)
(_1)N(N+1)/2

NN, T(k/2)

20+r) 2 b >
X db det |©;_ : + —2
/M (—tm) 1Si,jSN[ ' ( V2T V2T V2T

T—N/2

(_1)N(N+1)/2
ONWEDATTY T(k/2)

2(¢ 20
X/ dx  det [@i_l( ( +T), +asj>
W& (—£/V2T,r/v/2T) 1<i,j<N V2T 2T

o (5]

If we apply the following lemma, which is known as the de Bruijn identity [5], the
formula (2.4) is obtained.

Lemma 3.1.  Letzi(x),1 <i< N be an integrable piecewise continuous function
on a region A C R. Let WR(A) = {:L‘ EWR m €N 1<i< N}. Then

(3.13) /WQ(A) e 1S?§t§N [Zz(xj)} - 1§if,)jf§ﬁ [Zij}’

where
I’L:/Z’L(x)daja
A
zi(xl) Zi(ai'g)

I :/ det dzryidzs,
“ (xl,x2)6A2:x1<x2 [Z] (xl) Zj (xz)]

and

Lij, of 1<i,j<N,

Ii, if 1<i<N,j=N+1,
—I;, if i=N+1,1<j<N,
0, if i=j=N+1.
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The proof of Theorem 2.1 was then completed.

§4. Proof of Theorem 2.2

For h > 0, consider the restricted region in W%,
WS (h) = {w = (21,...,2n) EWS 1 ay < h}.

The transition probability density of a one-dimensional Brownian motion in an interval
(0, h), where two absorbing walls are put at x =0 and z = h > 0, is given by

2
PO (¢, yla) = - %e‘”zt””(%z) sin (—Wzn) sin (%) :

t> 0,2,y € WS (h). For a,b € W§ (h), let
C(h 0,h
V@ bla) = | det [pi(T.biay)].

By the Karlin-McGregor formula, it gives the probability density that the absorbing
Brownian motion in W (h) starting from a € W, (h) at time 0 arrives at b € W (h)
at time 7.

Then we have the equalities, for h > 0

C(h)
ab _ In (I'bla) ¢
(4.1) P(H (N,T)<h> = e Tom a,b e WS (h),
[ s @la
aR _ JWR () c
(4.2) P(H (N,T) < h) - NCTa) . acWS(h).

The following asymptotics in |a| — 0 were reported in [13, 15, 19]; as |a] — 0,

(4.3) fN(T,bla) = T-N@N+1)/2,~|b[*/(2T)

/2 HZ:I I'(2m)
T {0 a0} T {oshe) = {1+ 00ap).

N/2 N
(4.4) NS(T, bla) = (%) L(m) v

m=1

< 11 (a§—a3)ﬂakx{1+0(|a|)},

1<i<j<N k=1
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By multilinearity of determinants and by performing the series expansion of a sine
function in a determinant,

(4.5) (T, bla)

_ 1 (E)N S e T2
!
N!'\ h S
. [(Ta; N
< ey [sin (T )| _det {Sm (T”ﬂ)]
(_1)N(N—1)/22N7TN2
~ RNOED LY T(2m)
—m2Tn?/(2h?), 2a—1 _: mbgn
% 1§S,eBtSN [Z ¢ n St ( h

neN

N
x I (@-a)Jaxx{1+00a)}.

1<i<j<N k=1

Here we note that

Z 6—7T2Tn2/(2h2)n2a—1 sin (befn>

neN
1 2T Vv—1b
= — E n2*~Lexp (—th n? + T - Bn)

G 2h by
_2a7-‘-(4a—1)/2 2a—1 \/ﬁ’\/ﬁ ’

where we have used the identity (2.2). Then (4.5) is written as

(4.6)  fy"(T,bla)
T—-N(N+1)/2 2h b
IN(N—1)/2,N/2 [1,—, [(2m) 1sa.B<N V2T 2T

N
« I @-a)Jarx{1+00a)}.
k=1

1<i<j<N
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On the other hands, in |b| — 0, (4.5) has the asymptotics
C(h
V(T ba)

N
1 (%) Z o~ Tl (20
Hz 1

“ NI\

nenNy
X det [niﬂ _1} det [nff‘l}
1<a,B<N 1<7,6<N
N
< I {(a§ —a2)(B2 — B2 } H {akbk} x {1 +O(|al, |b|)}
1<i<j<N k=1
2
_ 2N 2N det Z p2a+28-2,—m°Tn?/(2h%)
ORNENHY) TTY  T(2m)2 1<a,B<N
h Hm:l ( m) - 0= neN

< I {(a§—a3)(b§—b§)}ﬂ{akbk}><{1+0(|a|,|b|)}.

1<i<j<N k=1
By using the identities (2.2), the above is written as follows,
C(h
(1 (T bla)
_ (=N T-N@N+1)/2
ON(2N-1)/2,N/2 HN (2m)2

% 133,%t§1v {@2(“5 b ( ’0)]

< I {(a§—a —b2}ﬁ{akbk}x{1+(9(|a|,|b|)}.

1<i<j<N k=1
Using the asymptotics formulas (4.3) and (4.7), we can take the limit |a|, |b] — 0

n (4.1). Then (2.5) is obtained.
By the equality (4.2), and using the asymptotics (4.4) and (4.6), we have

P(HO’RJF (N,T) < h)
/WC h dbe(h)(Tab|a)
N laluilglo . )Nﬁ(T,a)
TN o%h b,
5 o™ 5 o1 (75|

TN TN Tk
2h
to, gt [0 (gpm) |

TNl
INWN-D/2 TN T(k) Jwg (n/vaT)
Then, we use the de Bruijn identity given in Lemma 3.1 and the formula (2.6)
obtained. The proof of Theorem 2.2 was then completed.




64

MiINAMI IZUMI AND MAKOTO KATORI

Acknowledgements. The present authors would like to thank Professor N. Minami

for giving them an opportunity for publishing the present manuscript. They also thank

Dr.N. Kobayashi for giving them the figures, which illustrate samples of paths of non-

colliding diffusion processes discussed in the present paper.

[1]
2]
3]

[4]

[5]
[6]

[7]

(8]

[9]
[10]
[11]
[12]
[13]
[14]
[15]
[16]

[17]

References

Altland, A. and Zirnbauer, M. R., Nonstandard symmetry classes in mesoscopic normal-
superconducting hybrid structure, Phys. Rev. B, 55 (1997), 1142-1161.

Andrews, G. E., Askey, R. and Roy, R., Special Functions, Cambridge University Press,
Cambridge, 1999.

Biane, P., Pitman, J. and Yor, M., Probability laws related to the Jacobi theta and
Riemann zeta functions, and Brownian excursions, Bull. Amer. Math. Soc., 38 (2001),
435-465.

Borodin, A., Ferrari, P.L., Prahofer, M., Sasamoto, T. and Warren, J., Maximum of Dyson
Brownian motion and non-colliding systems with a boundary, Elect. Commun. in Probab.
14 (2009), 486-494.

de Bruijn, N. G., On some multiple integrals involving determinants, J. Indian Math. Soc.
19 (1955), 133-151.

Feierl, T., The height of watermelons with wall (extended abstract), Proceedings of the
2007 Conference on Analysis of Algorithms, Discrete Mathematics and Theoretical Com-
puter Science Proceedings, (2007).

Feierl, T., The height and range of watermelons without wall (extended abstract), Pro-
ceedings of the International Workshop on Combinatorial Algorithms, edited by J. Fiala,
J. Kratochvil, and M. Miller, Lecture Notes in Computer Science, Springer-Verlag, Berlin,
vol. 5874 (2009), 242-253.

Fulmek, M., Asymptotics of the average height of 2-watermelons with a wall, Electron. J.
Comb., 14 (2007), #R64/1-20.

Fulton, W. and Harris, J., Representation Theory, A First Course, Springer, New York,
1991.

Karlin, S. and McGregor, J., Coincidence probabilities, Pacific J. Math., 9 (1959), 1141—
1164.

Katori, M, Izumi, M. and Kobayashi, N., Two Bessel bridges conditioned never to collide,
double Dirichlet series, and Jacobi theta function, J. Stat. Phys., 131 (2008), 1067—1083.
Katori, M. and Tanemura, H., Scaling limit of vicious walks and two-matrix model, Phys.
Rev. E 66 (2002), 011105/1-12.

Katori, M. and Tanemura, H., Functional central limit theorems for vicious walkers, Stoch.
Stoch. Rep., 75 (2003), 369-390.

Katori, M. and Tanemura, H., Noncolliding Brownian motions and Harish-Chandra for-
mula, Flect. Comm. in Probab., 8 (2003), 112-121.

Katori, M. and Tanemura, H., Symmetry of matrix-valued stochastic processes and non-
colliding diffusion particle systems, J. Math. Phys., 45 (2004), 3058-3085.

Katori, M. and Tanemura, H., Infinite systems of non-colliding generalized meanders and
Riemann—Liouville differintegrals, Probab. Theory Relat. Fields, 138 (2007), 113-156.
Katori, M. and Tanemura, H., Noncolliding Brownian motion and determinantal processes,
J. Stat. Phys., 129 (2007), 1233-1277.



[18]

[19]

[20]
21]

[22]
[23]
[24]

[25]

EXTREME VALUE DISTRIBUTIONS OF NONCOLLIDING DIFFUSION PROCESSES 65

Katori, M., Tanemura, H., Nagao, T. and Komatsuda, N., Vicious walk with a wall, non-
colliding meanders, chiral and Bogoliubov-de Gennes random matrices, Phys. Rev. E 68
(2003), 021112/1-16.

Kobayashi, N., Izumi, M. and Katori, M., Maximum distributions of bridges of noncollid-
ing Brownian paths, Phys. Rev. E, 78 (2008), 051102/1-15.

Mehta, M. L., Random Mairices, 3rd ed., Elsevier Academic Press, London, 2004.
Pandey, A. and Mehta, M. L., Gaussian ensembles of random Hermitian intermediate
between orthogonal and unitary ones, Commun. Math. Phys. 87, (1983) 449-468.
Revuz, D. and Yor, M., Continuous Martingales and Brownian Motion, 3rd ed., Springer,
New York, 1998.

Schehr, G., Majumdar, S. N., Comtet, A. and Randon-Furling, J., Exact distribution of
the maximum height of p vicious walkers, Phys. Rev. Lett. 101, (2008) 150601/1-4.
Stembridge, J. R., Nonintersecting paths, pfaffians, and the plane partitions, Adv. in Math.
83 (1990), 96-131.

Tracy, C. A. and Widom, H., Nonintersecting Brownian excursions, Ann. Appl. Probab.
17 (2007), 953-979.



