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On free regular infinitely divisible distributions

By

NORIYOSHI SAKUMA *

Abstract

Free regular infinitely divisible distributions are the images of classical infinitely divisible
distributions on R4 under the Bercovici-Pata bijection. We show the time independent prop-
erties of the distributions of a free Lévy process whose distribution at time 1 is free regular
infinitely divisible, that is, the supports of free regular infinitely divisible distributions are
concentrated on positive real line. In contrast, the distributions of a free Lévy process based
on the standard positive Wigner distribution w4 are not always concentrated on R;. We also
show that wy Xw,4 and wy Xw are not free infinitely divisible where w is the standard Wigner
law.

§1. Introduction and Preliminaries

In [9], which treats the free infinite divisibility of the free mixture of the Wigner
law, the free counterpart of the classical, positively supported, infinitely divisible dis-
tributions called “free regular infinitely divisible distributions” play a key role. In this
paper, we discuss certain properties of them and give some counterexamples.

First, we start by setting notation and recalling well-known facts. Ex means the
expectation with respect to random variable X. Let P denote the set of all Borel
probability measures on R and let P and Py be the sets of all Borel probability measures
with support in Ry = [0,00) and of all symmetric Borel probability measures (i.e.
w(B) = u(—B) for all Borel set B in R), respectively. Denote the set of all infinitely
divisible distributions on R by I*. Basic facts of I* are found in [10].

In the following, we explain the main tools of free probability. For details, see [5].
Let CT := {2 € C:Im(z) > 0} and C~ := {z € C : Im(z) < 0}. For any probability
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measure p, the Cauchy transform G, : Ct — C~ is defined by

Z—X

G(2) :/R ! p(dx), zeCT.

and the reciprocal Cauchy transform of o € P is defined by

Fu(z) = Gile)’ zeCT.

F,(2) has aright inverse F~ 1(2) on the region T';) pr w.r.t. composition operation, where
Ipai={z € C:|Re(2)| < nIm(z),Im(z) > M},

for some 1 > 0 and some M > 0.
Let H denote the free additive convolution. For the free additive convolution H,
the Voiculescu transform and the free cumulant transform

ou(z) = Fu_l(z) -z, CEE(Z) = zFﬂ_l(l/z) -1, zelym,

of u € P play the role of the cumulant transform C};(z) := log ([ € p(dx)) in classical
probability theory because ¢,m,(2) = vu(z) + ¢, (2z) and C/.ELHHHV(Z) = CIEE(Z) + CHB(2).
We have a characterization, which is called “Lévy—Khintchine representation”, for the
Fourier transform of p € I*: p € I iff there exists a unique set of a, > 0, b, € R and

a measure v, on R satisfying v({0}) = 0 and [, min(1, |2|*)v,(dx) < co) such that

a . ; .
C,(t) = —?“tz +1ib,t + /}R (e — 1 —ital)y<1) vu(da).
v, is called the Lévy measure. When we consider infinitely divisible distributions with
respect to the free additive convolution H, we have “free” Lévy—Khintchine representa-
tion for their free cumulant transform as follows: p is a free infinitely divisible distri-
bution iff there exist a unique set of a, > 0, b, € R and a Lévy measure v, on R such
that
(1.1)  CEe)=buz+a z2—|—/ !

' " K K r \1—zz

—1—zxli_y (a:)) v, (dz), zeC.

We denote the set of all free infinitely divisible distributions on R by I®. It is said that
a probability measure o on [0, 00) is a free regular infinitely divisible distribution iff

1—zx

(1.2) c?(z):bc,H/R ( = —1) vy (dz), ze€C,

with b, > 0 and a measure concentrated on R, and satisfying fooo min(1, z)v, (dz) < co.
Not all nonnegative free infinitely divisible distributions are regular. We denote the set
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of all free regular distributions by ITEJF. This class is a counterpart of classical infinitely
divisible distributions on R;. o € I* NPy iff there exist b, > 0, v,((—00,0]) = 0 and
Jo© min(1, 2)v, (dz) < 0o

Ci(t) =1ibst —I—/ (e — 1) vy (dz).
Ry
We write the class I* NP, by I7.

Let A be the Bercovici-Pata bijection between I* and I™. It is such that if p € I*
has a characteristic triplet (a,,v,,b,), then A(p) is in I8 with triplet (ap,vy,by,). For
details and examples, see [9)].

We can find some examples which are free infinitely divisible distribution concen-
trated on R, but are not free regular infinitely divisible. A typical example is as follow:
a probability measure wy, , is a Wigner distribution with the mean b € R and variance
a > 0 if it has the density

1
fwb,a(l’) —V/4da — (z — b)Ql[b—\/@,me/E] (z)

- 2mwa

If the left edge of the density of Wigner distribution is positive, that is b—v/4a > 0, the
density is concentrated on Ry. Especially, if a = 1 and b = 2, we call it the standard
positive Wigner distribution. Let w and w' denote the standard Wigner law (i.e. a = 1
and b = 0) and the standard positive Wigner distribution, respectively.

To study the distribution of products of free independent random variables, there
is another useful analytic tool called the “S-transform”, which is defined as follows. For
i € Py, define

(1.3) U, (z) = /R - ixzxu(dx) — 271G, (x) -1, zeC\R.

It was proved in [5] that for a probability measure p with support on Ry and p({0}) < 1,
the function ¥ ,,(z) has a unique inverse x,,(z) in the left-half plane i«C* and ¥, (iC") is a
region contained in the circle with diameter (u({0})—1,0). In this case the S-transform
1tz

of p is defined as S, (2) = xu(2)=2=. It satisfies

(1.4) 2 =C, (25,(2))

for sufficiently small z € ¥, (iC™).

Following [5], the “free multiplicative convolution” of probability measures p; and
po supported on R, is defined as the probability measure p; X s concentrated on Ry
such that

(1.5) Sz (2) = Sy (2) 92 (2)
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for z € ¥, (iCT)N¥,,(1CT).

In [1], the free multiplicative convolutions are defined on P, x Ps. In [9], free
multiplicative mixtures of the Wigner law p X w with p € P, were introduced and it
showed that p X w is free infinitely divisible iff p X p € IEEJF.

In this paper, we give some properties of the class of free regular infinitely divisible
distributions in section 2. In Section 3, we show that wT K w' and w' K w is not free
infinitely divisible.

8§2. An observation from the Bercovici-Pata bijection with random
matrix model

The following observation tells us the time independent property of the free regular
infinitely divisible distributions.

In [4] and [6], random matrix models for free infinitely divisible distributions were
constructed by the idea based on the Bercovici-Pata bijection. We write the set of d x d
Hermitian matrices and the closed cone of d x d non-negative definite Hermitian matrices
by Hy and H, respectively. We define an inner product in Hy as (A, B)g, := Tr(AB*),
where A, B € H; and Tr means the trace of matrix. First we take a #-infinitely divisible
distribution p. Let My be a random matrix with its Fourier transform

Epr, [exp(iTr(AgMy))] = exp(dE,[C},({u, Aqu)ca)]), Aa € Ha,

where u is a random vector uniformly distributed on the unit sphere of C?. Let

A1 < Ay < - < Ay be the random eigenvalues of M;. Then the random spectral
d

1
distribution pug = p Z 0z, of My converges to a deterministic probability distribution
k=1
p in probability as d — oo and p = A(u). If we consider the random matrix model for

the free regular infinitely divisible distribution w, the random matrix model is concen-
trated on the closed cone of non-negative definite matrix. Then the sums and limits in
distribution of them are also non-negative definite. Therefore, the free regular infinitely
divisible distributions must be concentrated on R,. On the other hand, if 4 is in IEF,
then p®1, is also in IE_ for any t > 0. Consequencely, we have the following theorem.

Theorem 2.1. (1) Let p be in IE_. Then u®t € P, for all t > 0.
(2) uR p is also free infinitely divisible.

Proof. (1) For every p € I, p** is also in I. From the definition of IE_, for any
pE IEF, there exists p € I} such that p = A(u). Therefore, it is enough to show that
MY is concentrated on H:{ if 4 € I7. Since p € I7, there exist b, > 0 and a measure
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v, satisfying v, ((—00,0]) = 0 and f;° min(1,z)v, (dz) < co such that

C,(t) = ib,t —l—/ (e —1) v, (da).

Ry

We have, for any A € Hy,

Er, lexp(iTr(AgMY))] = exp {dIEu {ibu (u, Agu)ca + /0 b (eiwﬂf‘d%dw - 1) J/M(dx)] } .

Then, by writing V; = uu™ and by using the polar decomposition we have
o0 . *
Elexp(iTr(AqMY))] = exp {dIEu {ib“Tr(uu*Ad) + / (eZTr(u“ Az _ 1) l/u(dx):| }
0
= exp {dIEVd libuTr(AdVd) +/ (eiTr(VdAd):c . 1> V,Ad:l’!)] }
0

= exp i<Ad, b,u,ld>]HId —I—/ (ei<Ad,Xd>Hd — 1) Du(dXd) ,
H

where 14 is identity matrix, X4 = 2Vy and v, = dpy,v,. Here py, is the distribution
of V4 on H. Since Vg is in H, 7, (H;\H}) = 0 and fHI min(1, || Xq4||)7,.(dX4) < oo.
bu1lq is also in HJ. Thus M/ is concentrated on Hj by Proposition 3.1. in [2].

(2) In Belinschi and Nica [3, eq (3.9)], they showed the following remarkable prop-
erty related to the free multiplicative and additive convolutions. For any probability
measures 1 and po on Ry,

(2'1) Dt(ul X NQ)Et = (,uliElt) X (N;Et)7 t>1,

where Dy is the dilation of a measure p by ¢, that is Dyu(B) = u (%B) for any Borel
set B. Hence, we have (2). O

Remark.  For the general polar decomposition of characteristic function of this
model and concrete examples, see [7].

8§ 3. Positive Wigner distributions

When we consider the H-convolution semi-group of the positive Wigner distribu-
tions, they are not always concentrated on R ;

—|—)EE|t 1

(w =5 At — (= 20)*L9y o /7201007 (T)-

Proposition 3.1.  Ift> 1, (wH)®™ € P,. Otherwise, (wt)® ¢ P,.
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A similar example can be found in Hasebe [8, Chapter 10]. From Theorem 2.1
(1), these facts also show that these examples are not free regular infinitely divisible.
We find some different properties which cannot be found if we condsider free regular
infinitely divisible distributions.

We state the main theorem and give the proof.

Theorem 3.2. Let p=w'"XKw". Then u is not free infinitely divisible.

When we check the free infinite divisibility of a Borel probability measure, the
following result by Bercovici and Voiculescu [5] is useful.

Proposition 3.3. A Borel probability measure j on R is in I iff the Voiculescu
transform of p extends to an analytic function p,(z): Ct — C~.

Proof of Theorem 3.2. The free cumulant transform of w is
Co (2) = 22 + 22.
From the equation (1.4), C®, (2S,+(2)) = 2, we have

Vi+z-—1

SW+ (Z) = >

Therefore,

24+z2z—2V1+=%
S,u(z) = > :

and use (1.4) again, we get the free cumulant transform and the Voiculescu transform

of 1 as follows:
422
Pu(z) = m

If we set z =1/3+1/5,

14760

Im(p,(1/3 +14/5)) = 77557

So the range of ¢, is not in C~. It does not satisfy Proposition 3.3. Hence we conclude
that p is not free infinitely divisible. O

From this theorem, we obtain the followings.

Corollary 3.4.  The free multiplicative convolution of free infinitely divisible dis-
tributions may not be free infinitely divisible.

The following example is related to the free type W distribution in [9].

Corollary 3.5.  The distribution u = w X w is not free infinitely divisible.
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Proof. It can be shown by Theorem 2.1 and [9], Theorem 22. O
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